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Problem 1-1 


Determine the resultant internai normal force acting on the cross section through point A in each 
column. In (a), segment^Cweighs 300 kg/m and segment CD weighs 400kg/m. In (b), the column 
has a mass of 200 kg/m. 


(a) Given: 


m 

g ; = 9.81 — 
s 


l bc := 3m 


Fg := 5kN 
F c := 3kN 


kg 

W BC := 300 — 
kg 

w CA := 400 — 


Lq A := 1.2m 


Solution: 





F y - 0; FA _ ( w BC'g)' L BC _ ( w CA'g)' L CA _F B _2F C = 0 

F A := ( w BC'§)' L BC + ( w CA'g)’ L CA + F B + 2F C 
F a = 24.5 kN Ans 



(a) 


(b) Given: 


m kg 

g := 9.81 — w := 200 — 

2 m 

s 

L := 3m Fj := 6kN 

F b := 8kN F 2 := 4.5kN 


Solution: 

+ tsF > ,= 0; F A -(wL)-g-F B -2F 1 -2F 2 = 0 


F A := ( w 'L)-g + F b + 2Fj + 2F 2 


F a = 34.89 kN 














































Problem 1-2 


Determine the resultant internai torque acting on the cross sections through points C and D of the 
shaft. The shaft is fixed at B. 

Given: T A := 250N m 

:= 400N-m 

:= 300N-m 

Solution: 

Equations of equilibrium: 



t a- t c=° 



Tj) = 150N-m Ans 




Problem 1-3 


Determine the resultant internai torque acting on the cross sections through points B and C. 


Given: T D := 500N-m 
:= 350N-m 
Tab : = 600N*m 


Solution: 

Equations of equilibrium: 

SM, = 0; t b + T bc -T d =0 

t b := -t bc + t d 

Tb = 150N-m Ans 



XM x = 0; T c -T d =0 


T 


C := T D 


T c = 500Nm 


Ans 








Problem 1-4 


A force of 80 N is supported by the bracket as shown. Determine the resultant internai loadings acting 
on the section through point^. 

Given: P ;= 80N 

0 := 30deg § := 45deg 

a := 0.3 m b := O.lm 


Solution: 

Equations of equilibrium: 

^F x ,= 0; - P-cos((|) - O) = 0 

N a := P*cos(<J) - e) 

N a = 77.27 N 


Ans 


V 27y=0; V A - P- sin(<t> - e) = 0 
V A := P-sin(([) - e) 

V A = 20.71 N Ans 



C + ZM Ã = 0; M a + P-cos4) •acos(o) - P-sin((|))*(b + asin(o)) = 0 

:= -P-cos((|))-acos(0) + P-sin 4)-(b + asin (e)) 
M A =-0.555 N-m Ans 


Note: Negative sign indicates that M Á acts in the opposite direction to that shown on FBD. 










Problem 1-5 


Determine the resultant internai loadings acting on the cross section through point D of member AB. 
Given: Mp := 70N •m 

^ 5Ü mm 50 mm 

a := 0.05m b := 0.3m / 

Solution: 

Segment AB: Support Reactions 

Ç+ ZM a =0; - M e - B y - (2- a + b) = 0 200mm 


At B: 


-Mi 


R, : 


^ 2a + b 




Segment DB: Ng := -B x 

+► XF=0; N D + Ng = 0 
N D := -Ng 


B y = -175N 


B y = -131.25 N 

À 


V B •■= “By 



ilSí* 

-*=* 


MM* 






-UU 


N d =-131.25 N Ans 


\ 


mis •* 


4 SF =0; v n + Vr = 0 


D + V B 
V D := -Vg 


V D = -175N Ans 


Ç+ ZM d = 0; -M d - M e - B y - (a + b) = 0 


Md := -M e - B y -(a + b) 


M d = -8.75 N-m 


Ans 


















Problem 1-6 


The beam,42? is pin supported at A and supported by a cabl qBC. Determine the resultant internai 
loadings acting on the cross section at pointZ). 

Given: P : = 5000N 

a := 0.8m b := 1.2m c := 0.6m d := 1.6m 
e := 0.6m 


Solution: 


0 := atan 


:= atan 


«fi 
d J 

a + b^ 


0 


0 = 36.87 deg 
4> = 14.47 deg 


Member AB: 

(^+ TM a =0; Fg^-sin((|))-(a + b) -P (b) = 0 

P(b) 


Segment BD: 

V ZF= 0 ; 


BC 


sim 


i((|))-(a + b) 

F bc = 12.01 kN 

-Ng - Fg^-cos((()) - P-cos(o) = 0 
Ng := -Fg(jcos(<))) - P-cos(o) 
N D =-15.63 kN Ans 




V £^=0; 


í + SM o =0; 


Vg + Fgç-sin((j)) - P-sin(o) = 0 
Vg := -Fg^-sin(())) + P-sin(o) 

V D = OkN Ans 

( F BC' sin ( ( t ) ) - P ' SÍn ^ e ^)"~(^ - M D = 0 

M D := ( F BC sin W _ P ' SÍn ^ e ^)'“(^ 
Mj) = OkN-m Ans 


Note: Member AB is the two-force member. Therefore the shear force and moment are zero. 



























Problem 1-7 


Solve Prob. 1-6 for the resultant internai loadings acting at point E. 
Given: P •= SOOON 



Member AB: 


Ç+ ™ A = 0; 


Segment BE: 


V x/7 ,=°; 


Fg^-sin((|))-(a + b) - P(b) = 0 

, P-(b) 

^ sin((|))*(a + b) 

F bc = 12.01 kN 

-Ng - F B ç-cos((|)) - P cos(o) = 0 
Ng := -F b ^-cos((|)) - P-cos(o) 
Ng = -15.63 kN Ans 



ZF y =0; Vg + F B ^-sin((|)) - P sin(o) = 0 
Vg := -F B Q*sin((|)) + P-sin(o) 


(^+ ^M e = 0; ^F B ^-sin(c|)) - P sin(o)j e - Mg = 0 

Mg := ^Fg^*sin((|)) - P-sin(o)j-e 
Mg = OkN-m Ans 


Note: Member AB is the two-force member. Therefore the shear force and moment are zero. 



















Problem 1-8 


The boom DF of the jib crane and the column DE have a uniform weight of 750 N/m. If the hoist and 
load weigh 1500 N, determine the resultant internai loadings in the crane on cross sections through 
points A, B , and C. 


B 


Given: P : = 1500N 


N 

w := 750 — 
m 

a := 2.1 m b := 1.5m 


c := 0.6m d := 2.4m e := 0.9m 

Solution: 

Equatio ns of E quilibrium: For point A 

Ans 


*F = 0 ; 

+f ZF= 0; 
Ç+ zm a =o; 


N a :=0 

Va - w-e - P = 0 
Va := w-e + P 



-Ma - (w-e)-(0.5-e) - P-(e) = 0 
Ma := -(w-e)-(0.5-e) - P-(e) 


M A =-1.654 kN-m Ans 


Note: Negative sign indicates that M A acts in the opposite direction to that shown on FBD. 

j 


Equatio ns of E quilibrium: For point B 

*f = 0 ; 

+f *F= 0; 

Qr 271^=0; 




N B :=0 

Ans II 



J 



Vg - w-(d + e) - P = 0 
V B := w (d + e) + P V B = 3.98 kN 

-M b - [w*(d + e)]*[0.5*(d + e)] - P (d + e) = 0 

M b := -[w*(d + e)]-[0.5-(d + e)] - P-(d + e) 


Ans 


M 


B = -9.034 kN-m 


Ans 


Note: Negative sign indicates that M B acts in the opposite direction to that shown on FBD. 


Equatio ns of E quilibrium: For point C 




ZF=0- 

-f 2F= 0; 


V r 


0 


Ans 


-N q -w-(b + c + d + e)-P = 0 
Nc := -w-(b + c + d+e)-P 


N r 


-5.55 kN 


Ans 



T.M b =0; -M c - [w-(c + d + e)]-[0.5-(c + d + e)] - P-(c + d + e) = 0 
Mq := —[w-(c + d + e)]-[0.5-(c + d + e)] - P-(c + d + e) 

M c = -11.554 kN-m 


Ans 


Note: Negative sign indicates that N c and M c acts in the opposite direction to that shown 
on FBD. 






































Problem 1-9 


The force F = 400 N acts on the gear tooth. Determine the resultant internai loadings on the root of the 
tooth, i.e., at the centroid point.4 of section a-a. 

Given: P ;= 400N 

0 := 30deg § := 45deg 

a := 4mm b := 5.75mm 

Solution: a := $ - 0 

Equations of equilibrium: For section a -a 


V s/ v=o; 


V ^F y ,= 0; 


V A - P-cos(a) = 0 
V A := P-cos(a) 


V A = 386.37 N Ans 


N A - sin(a) = 0 
N A := P-sin(a) 


N A = 103.53 N Ans 


C+ ™ A = 0; 



4 mm 


:= -P-sin(a)*a + P-cos(a)-b 


= 1.808 N-m Ans 







Problem 1-10 


The beam supports the distributed load shown. Determine the resultant internai loadings on the cross 
section through point C. Assume the reactions at the supports A and B are vertical. 



f 2F= 0; A y + B y - w r Lj - 0.5w 2 -L 2 = 0 


Ay := -By + wj-Lj + 0.5w2*L2 


A y = 12.29 kN 


Equations of Equilibrium: For point C 


+ 

II 

O 

N C :: 

= 0 Ans 

4 

II 

o 

[Ay- 

wj-(a + b)J - Vç = 0 



V C := 

- [Ay - w i • (a + b)] 

<4 

IM C =0; 

M c + 

||wj*(a + b)J*0.5*(a + 1 



M C := 

-|jw|-(a + b)||*0.5*(a 





[12.9M 


V c = 3.92 kN Ans 

Ay* (a + b) = 0 
+ A y -(a + b) 

Mç = 15.07kN-m Ans 


Note: Negative sign indicates that V c acts in the opposite direction to that shown on FBD. 





































Problem 1-11 


The beam supports the distributed load shown. Determine the resultant internai loadings on the cross 
sections through points D and E. Assume the reactions at the supports A and B are vertical. 

kN kN 

Given: wi := 4.5— w? := 6.0 — 

m rn 

a := 1.8m b := 1.8m c := 2.4m 


d := 1.35m e := 1.35m 
Solution: := a + b + c = 3 .?^ 


6.1 

4 S kN/m 

Jk 

N 

N/m 







LJ 



F 1 



1^^!N 




L 2 := d + e 


Support Reactions: 

Ç+ ZM a = 0; 


-f 0; 


1 

í ■“ r.T-k. 

í j =3 

\ Sn, t 3Í*' ^ 


L8 m 


D 


L8m 


C 

-24m- 


£ 


135 ml .35 m 


1 


L 2 ^ 


B y' L l - ( w l L l)(°- 5 L l) - (°.5w 2 - L 2) [ L l + —J = 0 

l 2 ^ 

B y :=(w r L 1 )-(0.5)+(0.5w 2 -L 2 ) ‘ 


1 + 


3L 


1) 


Ay + By - wj-Lj - 0.5w2*L2 = 0 
Ay := -By + wj-Lj + O.5W2 L2 


B y = 22.82 kN 


A y = 12.29 kN 


Equations of Equilibrium: ForpointZ) 


^ *F= 0; 
-f SF= 0; 


N D :=0 


Ans 


[Ay" W l‘( a )] - Vj) = 0 

V D := A y - w r (a) 

C + m D + [wr( a )]-0.5-(a) - Ay-(a) = 0 

m D := _ [ w l (a)]'0-5‘( a ) + A y'( a ) 


ii-,£ d . 3 ) -- a.iF^j 

IZ-.Z-ÍfM 


V D = 4.18kN 


Ans 


M d = 14.823 kN-m Ans 


Equatio ns of E quilibrium: For point E 


2F =0; 


-f ZF= 0; 


Np := 0 


Ans 







V E -0.5w 2 -(0.5-e) = 0 
V E := 0.5w 2 -(0.5-e) 


i-s*. 


V E = 2.03 kN Ans 


£+ 2A^=0; -M E -[0.5w 2 -(0.5-e)]-^ = 0 


M 


E := [-0.5w 2 -(0.5-e)]-l- 


0 


3 ) 


Mc = -0.911 kN-m Ans 


Note: Negative sign indicates that M E acts in the opposite direction to that shown on FBD. 


































Problem 1-12 



4 ZF=0; 


ZF=0; 


Ay - w*L*sin(0) = 0 
Ay := w*L*sin(0) 


A y = 22.91 kN 


B x - w*L*cos(0) + A x = 0 

A x := w L cos(0) - B x A x = -OkN 



rv 


(a) Equations of equilibrium: For Section 




a - a : 


V 

ii 

o 

Nç + Ay-sin(0) = 0 






Nq := -Ay*sin(0) 


N C = 

-16.2 kN Ans 

V 

2 ^=0; 

Vç + Ay-cos(0) - w-a = 0 






Vç := -Ay*cos( 0 ) + w-a 


v c = 

-5.4 kN Ans 

C + 

ZM a =0; 

-Mç - (w*a)*(0.5*a) + A y 

cos(0)*a = 

0 




Mq := (w*a)*(0.5*a) - AyCos(0)*a 

M C = 

-12.96 kN-m Ans 


f (I.Ü - IC^F*J 


(b) Equations of equilibrium: For Section b - b : ^ 


*±_ ZF x =0; Nç + w*a*cos(0) = 0 
Nc := -w*a*cos(0) 

+ f ZF y =0; Vq - w*a*sin(0) + A y = 0 
V C := w-a*sin(0) - A y 

^M a = 0; -Mq - (w*a)*(0.5*a) + A y cos(0)-a = 0 

Mq := (w*a)*(0.5*a) - A y cos(0)*a 




N c = -7.64 kN Ans 


V c = -15.27 kN Ans 


= -12.96 kN-m Ans 








Problem 1-13 


Determine the resultant internai normal and shear forces in the member at (a) section a-a and (b) 
section b-b , each of which passes through point4. Take 6= 60 degree. The 650-N load is applied 
along the centroidal axis of the member. 

650 N 


Given: p := 650N 0 := ÓOdeg 

(a) Equations of equilibrium: For Section a - a : 

4 SF v=°; p-N aa = o 

N a_a : = P 

N a a = 650 N Ans 



+► 2F=0; V aa :=0 Ans 

(b) Equations of equilibrium: For Section b-b : 

^F y = 0; -V b b + P cos(90deg - 0) = 0 

V b b := P-cos(90deg- 0) 

V b b = 562.92 N Ans 

^ ZF x =0; N b b - P-sin(90deg - 0) = 0 
N b b := P-sin(90deg - 0) 

N b b = 325 N Ans 























Problem 1-14 


Determine the resultant internai normal and shear forces in the member at section b-b , each as a 

function of 0. Plot these results for 0° < 0 < 90°. The 650-N load is applied along the centroidal axis 
of the member. 

650 N 


Given: P : = 650N 0 := 0 

Equations of equilibrium: For Section b-b : 

V ZF x 0; N b b - P-cos(e) = 0 

N b b := P-cos(o) Ans 

+ / XF= 0; -V bb + P-cos(0) = 0 

V b b := -P-cos(g) Ans 


























Problem 1-15 


The 4000-N load is being hoisted at a constant speed using the motor M, which has a weight of 450 N. 
Determine the resultant internai loadings acting on the cross section through point B in the beam. The 
beam has a weight of 600 N/m and is fixed to the wall at A. 


Given: 




M 


N 


W l := 4000N w:= 600 — 


|q45 m 


w ? := 450N 

r 


CSi BS 


1*—1.2 m—- 

-üm- 

^0.9 m-4^0.9 m— 



a := 1.2m b := 1.2m c := 0.9m 
d := 0.9m e := 1.2m 
f := 0.45m r := 0.075m 


Solution: 

Tension in rope: 


Wi 


T := 


ÜA IIi!' j' 


1.2 m- 


0.075 m 


T = 2.00 kN 


Equations of Equilibrium: For point B 

+► XF= 0 ; (-N b -T)=0 




Ng := -T 

Ng = 

-2kN 

Ans 

4 

II 

O 

Yg-w(e) - Wj = 0 






V B ;= w(e) + Wj 

v B = 

4.72 kN 

Ans 

<4 

ZM b = 0; 

-Mg-[w(e)]-0.5'(e) 

- W r (e + r) + T-(f) = 0 




M b := -[w-(e)]-0.5-(e) - W r (e + r) +T-(f) 


Mg =-4.632 kN-m Ans 

























Problem 1-16 



Qr YM C = 0; -M c - [w(l c )]-0.5-(l c ) - W r (L c + r) + T-(f) = 0 

M C := -[w(L c )]-0.5-(L c ) - W r (L c + r) + T-(f) 

M c =-9.123 kN-m Ans 




■vífi 



GMIt-.l 

i 

) = Z..££njí 

L ] 

2-.K 

1 2-.I1E* 


Ii-fM 


Equations of Equilibrium: ForpointZ) L D :=b + c + d + e 


b 

II 

O 

N D :=0 

n d = 

OkN 

Ans 

■f 

II 

O 

O 

II 

£ 

1 

£ 

1 

£ 

I 

Q 

> 





V D := w(l d ) + Wj + w 2 

v D = 

6.97 kN 

Ans 


Qr YM C = 0; -M d - [w (l d )]- 0.5- (L D ) - Wj • (l d + r) - W r (b) = 0 

M D := -[w(l d )]-0.5-(l d ) - W r (L D + r) - W 2 -(b) 

M D =-22.932kN-m Ans 

































Problem 1-17 


Determine the resultant internai loadings acting on the cross section at point B. 

m LN/m 


1<N 

Given: w := 900 — 


m 


a := lm b := 4m 

Solution: L := a + b 


Equatio ns of E quilibrium: For point B 
N B :=0 


ZF= 0; 


-f 0 ; 


C+ ™ B = 0; 



N B = OkN 
Vg-0.5- 


Ans 



f b Tl 

w 

Uí. 


(b) = 0 


Hf >.!/■*, 

r .. 


V B := 0.5- 


w- — 


M' 

Li 




•(b) 

Vg = 1440kN Ans 
Mg - 0.5 




3|S 


Í»Ü Ir -- 


h——^ 

1 


w- 


b T 

LÍ 


(b)- 


->o 

3) 


Mg := -0.5- 



f b T| 

w* 

Uí. 


• (b) -7 


Mg = -1920 kN-m Ans 









































Problem 1-18 


The beam supports the distributed load shown. Determine the resultant internai loadings acting on the 
cross section through point C. Assume the reactions at the supports A and B are vertical. 


kN 

Given: wi := 0.5 — a := 3m 

m 

kN 

W 9 := 1.5 — 
z m 


1.5 kN/m 


Solution: 


L := 3* a w := W 2 - W] 



Support Reactions: 

C + ^M a =0; B y L - (w r L)(0.5-L) - [0.5(w)-L]-(yJ = 0 


B y := (w r LV(0.5) + [0.5(w)-L]- 


?) 


B y = 5.25 kN 


-f ZF= 0; 


Ay + By - wj-L - 0.5(w) L = 0 
Ay := -By + W|*L + 0.5(w)*L 


A y = 3.75 kN 








f 


£ A U 


í.if ÍAJ 


T L , üíJ 
- * W ^ L fa 7 ^ 






7"> <k#J 


Equations of Equilibrium: For point C 

N c := 0 N c = OkN 


^,=0; 


4 2F = 0; 


Ans 


V C + wj-a + 0.5- 


a 

wl — 


J 

Lj. 




f a AH 

A 

d 

l 

cd 

eT 

w 

Id_ 


(a) - A y = 0 


(a) + A v 


V c = 1.75 kN Ans 


mjv!^ 


l.M c =0; Mç + |wj-aj(0.5-a) + 0.5- 


w 


A 

L J. 


• C a )‘| £} “ A y‘ a= 0 


Mq := ^-wj*aj(0.5*a) - 0.5- 
= 8.5kN*m Ans 


a 

wl — 


Yl r 

1 *(a)* 


Lj. 


ã\ 

-j + A y a 


















































Problem 1-19 


Determine the resultant internai loadings acting on the cross section through point D in Prob. 1-18. 

kN likN/m 


Given: wi := 0.5 — a := 3m 

m 

kN 

W 9 := 1.5 — 
z m 

Solution: L := 3*a w := W2 — W] 

Support Reactions: 



Ç+ZM a =0; B y L - (w r L)(0.5-L) - [0.5(w)-L]-(yJ = 0 


B y := (w r L)-(0.5) + [0.5(w)-L]- 


'D 

3 J 


4,SM 


B y = 5.25 kN 


-f ZF= 0; 


Ay + By - W|-L - 0.5(w) L = 0 
Ay := -By + wpL + 0.5(w)-L 




5 .7íA-J 


n 




A y = 3.75 kN 


Equations of Equilibrium: For point D 
+► IF =0; N n := 0 N n = OkN Ans 


f. 4. * 1 A 




I ^ 


lí.S 




1 


W- 


+4 ZF y =0; Vd + w p(2a) + 0.5 

V D : =-w r (2a)-0.5- 
V D = -1.25 kN Ans 

(^Y,M d = 0; Mj) + ||wj-(2a)j|(a) + 0.5 

Mj) := ||-wp(2a)J(a) - 0.5 


2a\ 
w- — 

U ). 

2-a\ 

l). 


•(2a) - A y = 0 


'(2a) + A 


w- 


w 


2jTj 
L )_ 
Za) 
L )_ 


(2a\ 

(2a)|—j-A y -(2a) = 0 


(2a\ 

(2a)|yj + A y .(2a) 


= 9.5kN-m Ans 
















































Problem 1-20 


The wishbone constmction of the power pole supports the three lines, each exerting a force of 4 kN 
on the bracing struts. If the struts are pin connected at A, B , and C, determine the resultant internai 
loadings at cross sections through points D , E , and F. 

Given: P := 4kN a := 1.2m b := 1.8m 

Solution: 

Support Reactions: FBD (a) and (b). 

Given 


4 

ZM a = 0; 

B y -(a) + B x -(0.5-b)-P- 

<2 

IM C =0; 

B x -(0.5-b)+P-(a)-B y - 

Solving [1] and [2]: Initial guess: B 


( B x) 

:= FindÍB , B ) 

W ' y) 

í 

, B yJ = 

From FBD (a): 



+ 

II 

O 

B x -A x = 0 

A x := B x 

A x = 

4 

II 

o 

A y - P - B y = 

= 0 

From FBD (b): 

Ay := P + By 

A y 

k 

a 

II 

O 

C x -B x =0 




c x := B x 

c x = 


—► 

II 

o 

C y + B y - P - 

- P = 0 


2.67^ 
2 ) 


kN 



2.67 kN 


2.67 kN 


C y := 2P - B y 


C y = 6kN 


Equations of Equilibrium: ForpointZ) [FBD (c)]. 



k 

í 

II 

O 

; V D := 0 

v D = 

OkN 

Ans 

F 

II 

o 

; N D := 0 

n d = 

OkN 

Ans 

Ç+zm d =o-, 

O 

II 

m d = 

0kN-m 

Ans 

ForpointE [FBD (d)]. 




k 

a 

II 

o 

; A x - V E = 0 


= A x 

V E = 2.67 kN 

F 

II 

o 

2 

M 

1 

F* 

II 

o 

N e : 

= A y 

N e = 6kN 

Qr y,M e = 0; 

m e - A x -(°- 5 ' b ) 

= 0 

M E := 

A x -(0.5b) Mj 

ForpointF [FBD (e)]. 




k 

a 

II 

O 

V F + A x-Cx=0 


Vp 

: = “A x F C x 

F 

—► 

II 

O 

O 

II 

O 

1 

< 

1 

P^H 

£ 


Np 

A y + Cy 



í, 


F*J-| 
F H.l j 1 




£.6? Itf 


Ans 

£ = 2.4kN*m 


T 


>v 


Ans 




Vp = OkN 


Np = 12kN 


Ans 

Ans 


Qr^M F = 0; Mp-(A x + C x )-(0.5-b) = 0 Mp := (A x + C x )-(0.5-b) Mp = 4.8kN-m Ans 








































Problem 1-21 


The drum lifter suspends the 2.5-kN drum. The linkage is pin connected to the plate at A and B. The 
gripping action on the drum chime is such that only horizontal and vertical forces are exerted on the 
drum at G and H. Determine the resultant internai loadings on the cross section through point I. 

Given: p : = 2.5 kN 0 := 60deg 25 kN 



i-t ZF= 0; -Nj + F-sin(e) =0 Nj := F-sin(e) 

Ç+ Y.Mj=0; -Mj + F-cos(e)-(a) = 0 


Nj = 1.25 kN 


Ans 


Mj := F-cos(e)-(a) Mj = 0.144kN-m Ans 




























Problem 1-22 


Determine the resultant internai loadings on the cross sections through points K and J on the drum lifter 
inProb. 1-21. 


2ükN 


Given: P : = 2.5 kN 0 := 60deg 

a := 200mm b := 125mm c := 75mm 
d := 125mm e := 125mm f := 50mm 

Solution: 

Equations of Equilibrium: Memeber Ac and BD are 

two-force members. 

IF y = 0; P-2F sin(o) = 0 [1] 

F :=-[2] 


2-sin(o) 
F = 1.443 kN 


\í/' 


Vj := 0 


Equations of Equilibrium: ForpointJ. 

V ZF/= 0; 

y ZF X ,= 0; Nj + F = 0 Nj := -F 



Vj = OkN 


Ans 

Nj = -1.443 kN Ans 
Mj = OkN-m Ans 

Note: Negative sign indicates that Nj acts in the opposite direction to that shown on FBD. 


Mj := 0 


Support Reactions: For Member DFH : 

(^+ Y,M h = 0; Fgp-(c) - Fcos(o)-(a + b + c) + F-sin(0)-(f) = 0 

, i- , 

F-sin(o)- 


(\ f a + b + 

F ef :=F-cos(0)- - 1 


J 


(Ti 

w 


F ef = 3.016 kN 


Equations of Equilibrium: ForpointK 


s F X~ n k + f ef = 0 n k f ef 

N k = 3.016 kN 

+ T ^F y =0; Vk := 0 

V K = OkN 


SA^—0* := 0 

Mr = 0kN-m 


A 




Ans 

Ans 

Ans 



































Problem 1-23 


The pipe has a mass of 12 kg/m. If it is fixed to the wall at A, determine the resultant internai loadings 
acting on the cross section at B. Neglect the wemht of the wrench CD 



T Bx ;= -p.(b) + P (b) + (wb)-(0.5b) T Bx = 9.42 N-m Ans 


^My= 0; M B y-P-(2a) + (w-b)-(c) + (w-c)-(0.5-c) = 0 

M B y := P-(2-a) - (w-b)-(c) - (w-c)-(0.5-c) M B y = 6.23 N-m 

ZM= 0; M Bz := ON-m 


Ans 











Problem 1-24 


The main beam AB supports the load on the wing of the airplane. The loads consist of the wheel 
reaction of 175 kN at C, the 6-kN weight of fuel in the tank of the wing, having a center of gravity at 
D , and the 2-kN weight of the wing, having a center of gravity at E. If it is fixed to the fuselage at A , 
determine the resultant internai loadings on the beam at this point. Assume that the wing does not 
transfer any of the loads to the fuselage, except through the beam. 




ZM= 0; M Ax -P D (a) -P E (a + b + c) +P c (a + b) = 0 

M Ax Pp)*(a) + ^E*( a + b + c) - Pç-(a + b) M Ax = _ 507kN-m Ans 

*My= 0; T Ay + P D -(d)-P E -(e) = 0 

T Ay : = - p D'( d ) + P E'( e ) T Ay = ~ 2A kN ' m Ans 


Maz := OkN-m 


ZM=0; 


Ans 










Problem 1-25 


Determine the resultant internai loadings acting on the cross section through point B of the signpost. 

The post is fixed to the ground and a uniform pressure of 50 N/m 2 acts perpendicular to the face of the 
sign. 


Given: a := 4m d := 2m 

b := 6m e := 3m 
c := 3m 

Solution: P := p-(c)-(d + e) 

^,=°; v Bx -p=o 

v Bx - p 

V Bx = 750 N Ans 

IF = 0; Vd„ := ON Ans 


N 

p := 50- 

2 

m 


By 

4 Bz 


ZF z = 0; := 0N Ans 


XA/=0; Mg x := 0N-m Ans 



ZMy= 0; M By - P (b + 0.5-c) = 0 

M By := P (b + 0.5 c) 

MB y = 5625N-m Ans 

^M= 0; T Bz - P [e - 0.5 (d + e)] = 0 


T Bz := P-[e - 0.5-(d + e)] 


T Bz = 375 N-m Ans 

























Problem 1-26 


The shaft is supported at its ends by two bearings A and B and is subjected to the forces applied to the 
pulleys fixed to the shaft. Determine the resultant internai loadings acting on the cross section through 
point D. The 400-N forces act in the -z direction and the 200-N and 80-N forces act in the +y 
direction. The journal bearings at A and B exert onlyy and z components of force on the shaft. 


Given: 


P lz := 400N 
a := 0.3m 


P 2y := 200N 
b := 0.4m 

c + d 


P 3y := 80N 
c := 0.3m 


Solution: L:=a + b 

Support Reactions: 

ZM= 0; 2P 3y - (d) + 2P 2y - (c + d) - A v - (L) = 0 

A, 


2 ^= 0 ; 


y' 


2P 3y'L +2P 2y' 


y 

c + d 


Eh 


2P- 


‘y ~y ' ~ " 2y 
B,, := -A.. + 2-P 


L 

245.71 N 


2. p 3y =0 



2y + 2 ‘ P 3y 


B y = 314.29 N 


400 N 


ZMy= 0; 2P lz -(b + c + d) - A Z -(L) = 0 

b + c + d 

A z := 2P lz --- A z = 628.57 N 

SF z =0; B z + A z -2-P lz =0 

B z :=-A z + 2-P lz B z = 171.43N 

Equations of Equilibrium: For point D. 


^F= 0; 

N Dx := 0N 

Ans 

ii 

o 

V Dy _B y + 2 ' P 3y = 

V Dy := B y _2 ' P 3y 

0 


V Dy = 154.3 N 

Ans 

SF z =0; 

V D z +B z=° 



V D z - - B z 


SM=0; 

V Dz =-171.4 N 

t Dx := 0N ' m 

Ans 

Ans 



^My= 0; M Dy + B z -(d + 0.5-c) = 0 

M Dy : =-[B z (d + °.5-c)] 


Mpj y = -94.29 N-m Ans 


ZM= 0; M Dz + B y -(d + 0.5-c) - 2-P 3 -(0.5-c) = 0 
m Dz := -By-(d + 0.5-c) + 2-P 3 -(0.5-c) 


M Dz = -148.86N.m Ans 


















Problem 1-27 


The shaft is supported at its ends by two bearings A and B and is subjected to the forces applied to the 
pulleys fixed to the shaft. Determine the resultant internai loadings acting on the cross section through 
point C. The 400-N forces act in the -z direction and the 200-N and 80-N forces act in the +y 
direction. The journal bearings at A and B exert onlyy and z components of force on the shaft. 


Given: P lz : = 400N P 2y := 200N P 3y := 80N 



x 400 N 

^My= 0; 2P lz -(b + c + d) - A Z -(L) = 0 


b + c + d 

A z := 2P lz --- A z = 628.57N 

SF z =0; B z + A z -2-P lz =0 

B z : =-A z + 2.P lz B z = 171.43 N 


Equations of Equilibrium: For point C. 


II 

o 

N Cx :=0N 

Ans 

ZF= 0; 

< 

O 

1 

4* 

II 

o 



V C y - A y 



V Cy = 245.7 N 

Ans 

ZF= 0; 

^Cz + A z ~ ^lz “ 

0 


^Cz = _A z + ^lz 



V Cz = 171.4 N 

Ans 

ZA£=0; 

T Cx := 0N ' m 

Ans 


^My= 0; M Cy -A z -(a + 0.5-b)+ 2-P lz -(0.5-b) = 0 

M C y := A z (a + 0.5-b) - 2-P lz -(0.5-b) 
^M= 0; M Cz + Ay-(a + 0.5-b) = 0 

Mç z := -Ay-(a + 0.5-b) 



M Cy = 154.29 N-m Ans 


M(-> z = -122.86 N-m Ans 












Problem 1-28 


Determine the resultant internai loadings acting on the cross section of the frame at points F and G. 
The contact at E is smooth. 



B y := F AC 
B y = 360N 


j^-Np-sin(o) 


Equations of Equilibrium: ForpointF. 

V ZF/= 0; 

V ^,'=0; V F - p = 0 

Ç+Y.M f = 0; Mp - P (0.5 a) = 0 

Equations of Equilibrium: For point G. 

^ x/ 7 a=o; b x - n g = o 

+t *F= 0; V G -B y =0 

Ç+ ZM g = 0; -M g + By(0.5d) = 0 


2 

TI 

lí 

O 

£ 

O 

II 

£ 

< 

TI 

lí 

T 

V F = 400 N 

Mp := P-(0.5-a) 

Mp = 240 N-m 



N G - B x 

N g = 83.54 N 

V G - B y 

V G = 360 N 

M g := By.(0.5-d) 

M g = 162N-m 


Ans 

Ans 

Ans 

Ans 

Ans 

Ans 























Problem 1-29 


The bolt shank is subjected to a tension of 400 N. Determine the resultant internai loadings acting on 
the cross section atpoint C. 

Given: 



A B 


Equations of Equilibrium: For segmenta C. 

ZF =0; N c + P = 0 N c := p N c = 400N Ans 

+f ZF y = 0; V c := 0 V c = ON Ans 

Ç+ ZM g = 0; M c + P-(r) = 0 M c := -P-(r) M c = -60N-m Ans 








Problem 1-30 


The pipe has a mass of 12 kg/m. If it is fixed to the 
acting on the cross section throughi?. 


Given: p : = 750N 

:= 800N*m 

M kg 
p := 12 — 

m 

m 

g:=9.81- 

s 

a := lm 

b := 2m c := 2m 

Solution: ( 

Py := 1 

'4\ 3 

5) z 5 


Equations of Equilibrium: Forpointi?. 
ZF X =0; Vg x := Okip Ans 

ZFy= 0; N By + P y =0 


at A, determine the resultant internai loadings 



SF z =0; 


IM=0; 


N By := _P y 

Ans 

N By = -600 N 

Ans 

V Bz + P z-P§ c - 

p-g-b = 

v Bz : = -P z + p-g-c+ p-g-b 

v Bz = 920.9 N 

Ans 


M Bx + P z'( b ) _ P'g- C '( b ) - p-g-b- 


£ 



m Bx := _P z'( b ) + p-g-c-(b) + p-g-b-(0.5-b) 



M Bx = 1606.3 N-m 

Ans 

S^=0; 

T By : = 0N -m 

Ans 

2M=0; 

Mgy + M c — 0 



£ 

"C 

lí 

1 

2 

o 



Mgy = -800 N-m 

Ans 










Problem 1-31 


The curved rod has a radius r and is fixed to the wall at B. Determine the resultant internai loadings 
acting on the cross section through^ which is located at an angle 0from the horizontal. 


¥ 



IF X = 0; -N a + P-cos(e) = 0 

N A := P-cos(0) Ans 

+ / XF v =0; V A - P-sin(e) = 0 

V A := P-sin(e) Ans 

Ç+I.M a = 0; M A -P-r-(l -cos(0)) = 0 

M a := P r-(l - COS (e)) Ans 










Problem 1-32 


The curved rod AD of radius r has a weight per length of w. If it lies in the horizontal plane, determine 
the resultant internai loadings acting on the cross section through point B. Hint : The distance from the 
centroid C of segmentai? to point O is CO = 0.9745r. 

kN 

Given: 0 := 22.5deg r := m a := 0.9745r w := —— 


Solution: 


Equations of Equilibrium: For point B. 


m 




ZF=0; 

SF=0; 


0 ; 


Vo -r-w = 0 

B 4 


Tg - —-r-w-(0.09968r) = 0 


Vg := 0.785-w-r 
N B := 0 


Tg := 0.0783w-r 


Ans 

Ans 

Ans 


M b + — • r* w* (0.37293r) = 0 


Mg := -0.293w-r 


Ans 




Problem 1-33 


A diíferential element taken from a curved bar is shown in the figure. Show that dN/dO = V, 
dV/dd= -N, dM/dO = - T, and dT/dO = M, 

M+dM T+d 



H 

dNJÍS 

Sá# 4 áY ■+ - ^ * fl 

* Jlf - O 

tt - H QEC 

A 

fcjOk fc—M W» - J7> - O 

ri |.l Ili i i J AU# - dl - 0 

ri 

fc+ «>»!■■■ 

ri.imt çfc iHMd flí*Tma». ím + éi- 9 



-r uia> 





Problem 1-34 


The column is subjected to an axial force of 8 kN, which is applied through the centroid of the 
cross-sectional area. Determine the average normal stress acting at section a-a. Show this distribution 
of stress acting over the area’s cross section. 














Problem 1-35 


The anchor shackle supports a cable force of 3.0 kN. If the pin has a diameter of 6 mm, determine the 
average shear stress in the pin. 


Given: P ;= 3.0kN 


d := 6mm 


Solution: 

+f ZF y = 0; 2-V - P = 0 

V := 0.5P 

V = 1500N 


¥ 


A := 


71 • d 


A = 28.2743 mm 


V 

C avg Ã 


x ava = 53.05 MPa Ans 
avg 












Problem 1-36 


While running the foot of a 75-kg man is momentarily subjected to a force which is 5 times his 
weight. Determine the average normal stress developed in the tibia T of his leg at the mid section a-a. 
The cross section can be assumed circular, having an outer diameter of 45 mm and an inner diameter 
of 25 mm. Assume the fibula F does not support a load. 


Given: g = 9.81 — 

& 2 
s 

M := 75kg 
d Q := 45mm 


Solution: 



5Mg 

a :=- 

A 










Problem 1-37 


The thrust bearing is subjected to the loads shown. Determine the average normal stress developed on 
cross sections through points B, C, and D. Sketch the results on a differential volume element located 
at each section. 

5ÜGN 


Units Used: kPa := 10 3 Pa 

Given: p : = 500N Q := 200N 

dg := 65mm d^ := 140mm dg := lOOmm 

Solution: 




n -d. 


A C := 


u c 


Aq = 15393.8 mm 


c>ç :=- c>ç = 32.5 kPa Ans 


V C 


Ssori 

X 


f4& 


r 


Soori 




71-d 


A D : = 


•u D 


Ag = 7854.0 mm 


cjg :=- erg = 25.5 kPa Ans 


V D 






Sb 


£5-5 Kt* 


£0O*> 


























Problem 1-38 


The small block has a thickness of 5 mm. If the stress distribution at the support developed by the load 
varies as shown, determine the force F applied to the block, and the distance d to where it is applied. 


Given: a := 60mm b := 120mm 

'■= OMPa a 2 := 40MPa 


t := 5mm 
<73 := 60MPa 


Solution: 

r 

F = 


a dA 


F := 0.5*a2*( a d) + «^-(b-t) + 0.5*(a3 - «^-(b-t) 
F = 36.00 kN Ans 

Require: 


F-d = 


x a dA 



rí^T-A 



|j0.5•a 2 *( a *t)J--^ + ||cj 2 *(b*t)J-(a + 0.5-b) + |1 o.5-^cj 3 - cj 2 )*(b*t)J*^a + 


d := 


d = 110 mm Ans 





Problem 1-39 


The lever is held to the fixed shaft using a tapered pin AB, which has a mean diameter of 6 mm. If a 
couple is applied to the lever, determine the average shear stress in the pin between the pin and lever. 


Given: a := 250mm 

b 

:= 12mm 

d := 6 mm 

P 

:= 20N 


Solution: 

Ç+ l.M 0 = 0; V-b - P-(2a) = 0 

-Ít) 

V = 833.33 N 

,2 

rc-d 2 

A :=- A = 28.2743 mm 

4 


O 

H 


£j 12 mm 

^ = 


20 N 


♦ 

H 



-r- jP f 4 2 ™ tH 




J. | 






T avg : 


V 

Ã 


x„ vo = 29.47 MPa Ans 
avg 













Problem 1-40 


The cinder block has the dimensions shown. If the material fails when the average normal stress 
reaches 0.840 MPa, determine the largest centrally applied vertical load P it can support. 


Given: CT allow := 0.840MPa 

a Q := 150mm aj := lOOmm 
b 0 := [2 (1 + 2 + 3) + 2] • mm 
bj := [2 (1 + 3)] - mm 

Solution: 

A := a Q -b 0 - apbj A = 1300 mm" 

^allow •“ a allow’(A) 
p allow= 10S> 2kN Ans 









Problem 1-41 


The cinder block has the dimensions shown. If it is subjected to a centrally applied force of P = 4 kN, 
determine the average normal stress in the material. Show the result acting on a differential volume 


element of the material. 

Given: P := 4kN 

a Q := 150mm aj := lOOmm 
b 0 := [2 (1 +2 + 3) + 2]-mm 
bj := [2 (1 + 3)] - mm 

Solution: 

2 

A := a 0 *b 0 - apbj A = 1300mm 

P 

a := — 

A 

a = 3.08 MPa Ans 












Problem 1-42 


The 250-N lamp is supported by three Steel rods connected by a ring at A. Determine which rod is 
subjected to the greater average normal stress and compute its value. Take 6= 30°. The diameter of 
each rod is given in the figure. 


Given: W := 250N 0 := 30deg 

4> := 45deg 

ü D 

dg := 9mm dç := 6mm 

dg := 7.5imn 

/ 

A 

7.5 mm 

Solution: Initial guess: := IN 

f ad - 1N 

45" 

Given 



+► IF x =0; F ac -cos(0) - F ad -cos(())) = 0 [1] 



-f 'ZF y =0 ; F AC’SÍn(0) + Fad-síh^) - W = 0 [2] 


Solving [1] and [2]: 


AC 




f ad ) 


\ 

( F 


:= Find( 

AC^l ( 183.01 ^ 
224.14 ) 


F AC’ F AD 


.) 


f ad ) 


N 


Rod AB : 


71-d 


B 


V AB 


CT AB := 


4 

W 

X AB 


RodAD : 


71-d 


'AD •= 


CT AD := 


Rod^C: 


•u D 


AD 

^AD 


k • d. 


'AC 


CT AC := 


U C 


AC 

^AC 


Aab - 63.61725 mm 
a AB = 3.93 MPa 


Aad - 44.17865 mm 


a AD = 5.074 MPa 


Aac - 28.27433 mm 


a AC = 6-473 MPa Ans 


v 


n /v 

«YV-1 



\ 

6 mm 


4p; 


15 DJ 


















Problem 1-43 


Solve Prob. 1-42 for <9=45°. 

Given: W := 250N 0 := 45deg $ := 45deg 


dg := 9mm 


dç := 6mm 


dg := 7.5mm 


Solution: Initial guess: l' A g := IN F A g := IN 

Given 

+► ZF x =0; F AC -cos(0) - F A g-cos(())) = 0 [1] 

+f £F_y=0; F AC -sin(0) + F A g-sin(())) - W = 0 [2] 


Solving [1] and [2]: 


AC 




f ad ) 


AC 


" AD ) 


:= Find( 


F AC’ F AD 


f 176.78 ^ 
176.78 ) 


N 


Rod AB : 


ti- d 


B 


V AB 


CT AB := 


4 

W 

X AB 


RodAD : 


71-d 


'AD •= 


CT AD := 


•Ug 


AD 

V AD 


Aab - 63.61725 mm 
a AB = 3.93 MPa 


Aad = 44.17865 mm 


a AD = 4.001 MPa 






Rod^C: 


a ac := 

CT AC := 



A AC = 28.27433 mm 2 


a AC = 6.252 MPa Ans 















Problem 1-44 


The 250-N lamp is supported by three Steel rods connected by a ring at A. Determine the angle of 
orientation ^of^Csuchthat the average normal stress in rod^Cis twice the average normal stressin 
rod AD. What is the magnitude of stress in each rod? The diameter of each rod is given in the figure. 

Given: W := 250N § := 45deg 


dg := 9mm d r '•= 6mm dp> := 7.5mm 


J C 


D 


Solution: 


Rodv42?: A 


ti -d 


AB 


B 2 

Aab - 63.61725 mm 


Rodv4Z> : A ad := 


71-d 


Aad = 44.17865 mm 2 


7i-d c 9 

Rod^C: A ac :=- A AC = 28.27433 mm 


Since a AC = ^ a AD Therefore 


f ac f ad 


a ac a ad 



Initial guess: F A ç := IN F A j) := 2N 0 := 30deg 
Given „ „ 


AC 


AD 


A AC A 


[ 1 ] 


AD 


+► ZF X = 0; F AC -cos(0) - F AD -cos(())) = 0 [2] 

+f 2Fy=0; F AC -sin(0) + F AD -sin(())) - W = 0 [3] 


^ f ac^ 


Solving [1], [2] and [3]: 


F AD I := Find ( F AC’ F AD’ 0 ) 
. 6 ) 


CT AB := 


CT AD := 


W 

Vb 

f ad 

4 ad 


c>ab = 3-93 MPa Ans 


CT AD 


= 3.19 MPa Ans 



v F AdJ 


A 180.38 ^ 
v 140.92 ) 


0 = 56.47 deg 





















Problem 1-45 


The shaft is subjected to the axial force of 30 kN. If the shaft passes through the 53-mm diameter hole 
in the fixed support^, determine the bearing stress acting on the collar C. Also, what is the average 
shear stress acting along the inside surface of the collar where it is fixed connected to 
the 52-mm diameter shaft? 


Given: p ;= 30kN 



d hole := 53mm 

^shaft : 

= 5 2 mm 

d collar := 60mm 

^collar 

:= lOmm 


Solution: 

Bearing Stress: 


71 f 2 2 

^b "^v^collar ” ^hole 



a b := 


P 


= 48.3 MPa Ans 


Average Shear Stress: 


A s ; ti • (dgj^j• (h co ii ar ) 


av ê* A, 


T avg = 18.4 MPa 


Ans 





















Problem 1-46 


The two Steel members are joined together using a 60° scarf weld. Determine the average normal and 
average shear stress resisted in the plane of the weld. 

Given: 


25 mm 


P := 8kN 

0 

:= 60deg 

b := 25mm 

h 

:= 30mm 




8kN 


ÓOP 


Solution: 

Equations of Equilibrium: 


30 mm 


+ / IF X = 0; N - P-sin(e) = 0 

N := P-sin(e) N = 6.928 kN 

V-P-cos(0) = O 
V := P-cos(e) V = 4kN 


h-b 


sin(0) 

N 

a := — a = 8 MPa 

A 


Ans 



T avg : 


V 

Ã 


t j, vo = 4.62 MPa Ans 
avg 










Problem 1-47 


BC 


(a + b)-cos(0) 




F BC = 471.28 N 


Average Normal Stress: 


^ f g - Í- n 

I ^ 'j Aj rfl.r, 


ZO M 

<~ÒCm 


The J hanger is used to support the pipe such that the force on the vertical bolt is 775 N. Determine the 
average normal stress developed in the bolt BC if the bolt has a diameter of 8 mm. Assume ,4 is a pin. 

Given: P : = 775N 

a := 40mm b := 30mm 

d := 8mm 0 := 20deg 

Solution: 

Support Reaction: 

í + ^F a = 0; P (a) - FgQ-cos(o)*(a + b) = 0 

P-a 



7i-d 


V BC 


f bc 

a := - 

a bc 

a = 9.38 MPa Ans 













Problem 1-48 


The board is subjected to a tensile force of 425 N. Determine the average normal and average shear 
stress developed in the wood fibers that are oriented along section a-a at 15° with the axis of the board. 


Given: P : = 425N 0 := 15deg 

b := 25mm h := 75mm 

Solution: 

Equations of Equilibrium: 

+ / ^F= 0; V-P-cos(e) = 0 



V := P-cos(ô) V = 410.518N 


N+SF^O; N - P-sin(e) = 0 

N := P-sin(e) N = IN 



Average Normal Stress: 


A := 


c> := 


hb 

sin(0) 

N 

A 


cr = 0.0152 MPa 


Ans 


T avg : 


V 

Ã 


Tj, vo . = 0.0567 MPa 
avg 


Ans 














Problem 1-49 


The open square butt joint is used to transmit a force of 250 kN from one plate to the other. Determine 
the average normal and average shear stress components that this loading creates on the face of the 
weld, section^^. 



A := 


a := 


h-b 

sin(20) 

N 

A 


T avg : 


V 

Ã 


a = 25MPa Ans 

T = 14.434 MPa Ans 

avg 









Problem 1-50 


The specimen failed in a tension test at an angle of 52° when the axial load was 100 kN. If the diameter 
of the specimen is 12 mm, determine the average normal and average shear stress acting on the area of 
the inclined failure plane. Also, what is the average normal stress acting on the cross section when 
failure occurs? 


Given: P := 100kN 

d := 12mm 0 := 52deg 

Solution: 

Equations of Equilibrium: 

¥ ZF x =0; V-P-cos(e) = 0 
V:= P-cos(e) 

V a^=0; N - P-sin(e) = 0 
N := P-sin(e) 



V = 61.566 kN 


N = 78.801 kN 



Inclined plane: 


f 


A := — 
4 


i 2 ^ 


ksm 1 


in(e)J 


N 

c> := — 
A 


_ V 

C avg Ã 


a = 549.05 MPa 

T „ w = 428.96 MPa 
avg 


Ans 

Ans 


Cross section: 



(j = 884.19 MPa 

Ans 

t„,,„ = OMPa 

Ans 

a v s 



















Problem 1-51 


A tension specimen having a cross-sectional area.4 is subjected to an axial force P. Determine the 
maximum average shear stress in the specimen and indicate the orientation doí a section on which it 
occurs. 


Solution: 

P * 

/ 

Â 

Equations of Equilibrium: 


/ 


•w 



V SF =0; V-P-cos(e) = 0 


v = p-cos(e) 


Inclined plane: 


e l— 


* H 

X 


A 


incl 


A 

sin(0) 


V P-cos(0)-sin(0) 

T = - T = - 

^incl A 

dx _ P- cos(20) dx _ 0 

d0 " A d0 " 


x 


P-sin(20) 

2A 


cos(20) = 0 
20 = 90deg 
0 := 45deg Ans 


T max 


P-sin(90°) 

2A 


P 

T max = ^ Ans 



















Problem 1-52 


The joint is subjected to the axial member force of 5 kN. Determine the average normal stress acting 
on sections AB and BC. Assume the member is smooth and is 50-mm thick. 

Given: p := 5kN 0 := 45deg <|> := 60deg 

dy^g := 40mm dgç := 50mm t := 50 mm 
a := 90deg - § a = 30.00 deg 


Solution: 


V AB 


V BC 


t-d 


* U AB 


t-d 


* U BC 


ZF x =0; N^g-cos(a) - P-cos(o) = 0 



P-cos(o) 

n ab == —ry 

cos [a) 

N AB = 4.082 kN 

+f ^F y = 0; -N^g-sin(a) + P-sin(o) - Ngç = 0 

Ngç := -N^g-sin(a) + P-sin(o) 
Ng C = 1.494 kN 

N AB 

a^g :=- a AB = 2.041 MPa Ans 

A AB 

n bc 

çjg^y :=- qbc = 0.598 MPa 

a bc 



Ans 






Problem 1-53 


The yoke is subjected to the force and couple moment. Determine the average shear stress in the bolt 
acting on the cross sections through A and B. The bolt has a diameter of 6 mm. Hint: The couple 
moment is resisted by a set of couple forces developed in the shank of the bolt. 

Given: p : = 2.5kN M := 120N-m 


h Q := 62mm 


d := 6mm 


hj := 50mm 


0 := 60deg 


Solution: 

As a force on bolt shank is zero, then 
x A ;= 0 Ans 

Equations od Equilibrium: 

IF Z = 0; P - 2F Z = 0 


F z := 0.5P 


SM z =0; M-F x -(hj) = 0 


M 

F x : = — 

x h i 


Average Shear Stress: 


F z = 1.25 kN 


F y = 2.4 kN 

À 


A := 


rcd 


The bolt shank subjected to a shear force of Vg := 



C B 


V B 

=- xg = 95.71 MPa Ans 











Problem 1-54 


The two members used in the construction of an aircraft fuselage are joined together using a 30° 
fish-mouth weld. Determine the average normal and average shear stress on the plane of each weld. 
Assume each inclined plane supports a horizontal force of 2 kN. 


37.5 mm w 


Given: 


P := 4.0kN 


b := 37.5 mm hj^jf := 25m 

4 kN -1 

0 := 30deg 

: 

Proh. 1-54 

Solution: 



Equations of Equilibrium: 

+ / ZF X = 0; -V + 0.5P-cos(e) = 0 

V := 0.5P-cos(e) V = 1.732kN 

V IF= 0; N - 0.5P-sin(e) = 0 

N := 0.5P-sin(e) N = 1 kN 


Is rii mí Ú- 

25m,ür~^ - ^ 


■ 4lcN 


30" 



Ui 

IU 


Average Normal and Shear Stress: 

(h half)*^ 
sin(0) 


N 

a := — 
A 

T avg 


V 

Ã 


a = 533.33 Pa 

t «vo = 923.76 Pa 
avg 


Ans 


Ans 












Problem 1-55 


The row of Staples AB contained in the stapler is glued together so that the maximum shear stress the 
glue can withstand is r max = 84 kPa. Determine the minimum force F that must be placed on the 

plunger in order to shear ofif a staple from its row and allow it to exit undeformed through the groove 
at C. The outer dimensions of the staple are shown in the figure. It has a thickness of 1.25 mm 
Assume all the other parts are rigid and neglect friction. 

Given: x max := 0.084MPa 

a := 12.5mm b := 7.5mm 
t := 1.25 mm 

Soiution: 

Average Shear Stress: 

A := a-b - [(a - 2t)• (b - t)] 

T max " V “ \ T maxj‘ 

V = 2.63 N 



F min == V 
F mi n = 2.63 N 


Ans 














Problem 1-56 


Rods AB and 2?Chave diameters of 4mm and 6 mm, respectively. If the load of 8 kN is applied to the 
ring at B , determine the average normal stress in each rod if 6= 60°. 

Given: W := 8kN 0 := 60deg 

:= 4mm dç := 6mm 

Solution: 


Rodv42?: A 


7T- d A 


AB 


k -dc 

Rod BC : Agç := —-— 

+f 2^=0; F BC -sin(e) - W = 0 

w 

Fbc := 

F bc = 9.238 kN 

+► ^F= 0; F bc -cos( 0)-F ab = 0 
F AB : = FbC' cos ( 0 ) 


ct ab : = Ã 

CT BC ' A 


h AB 


L AB 

F BC 

BC 


F AB = 4.619 kN 


a AB“367.6MPa Ans 
a BC = 326.7 MPa Ans 


TÁ* 



*T. 


»« 


S 















Problem 1-57 


Rods AB and 2?C have diameters of 4 mm and 6 mm, respectively. If the vertical load of 8 kN is 
applied to the ring at B, determine the angle Oof rod BC so that the average normal stress in each rod 
is equivalent. What is this stress? c 

Given: W := 8kN 




:= 4mm dç := 6mm 



/ 

Solution: 

A 2 
n -d A 



J 

Rod AB. A AB 4 



®T 

n -d c 2 

Rod BC : Agç := —-— 

í- 

56/57 

I 

8 kN 

+f ZFy= 0; F BC -sin(e) - W = 0 




^F= 0; F BC -cos(e)-F AB = 0 






T 

Smce F AB =aA AB 



Uu 

f BC = ctA BC 




Initial guess: a := lOOMPa 0 

:= 50deg 



Given 

a-ABc* s i n (o) - W = 0 

[1] 



a-ABc* cos (0) _ a ‘^AB = ® 

[2] 




^ := Find(c>, 0) 

w 


0 = 63.61 deg 

Ans 

a = 315.85 MPa 

Ans 


Solving [1] and [2]: 












Problem 1-58 


The bars of the truss each have a cross-sectional area of 780 mm 2 . Determine the average normal 
stress in each member due to the loading P = 40 kN. State whether the stress is tensile or compressive. 


Given: P ;= 40kN 


Solution: 


a := 0.9m b := 1.2m A := 780mm 
c := yj a 2 + b 2 c = 1.5m 


h:=Í 

c 


a 

c 



Joint ,4: 

+t (v)-f ab -p = o 

+► ^F= 0; (h)-F AB - F AE = 0 F ae := (h)-F AB F AE = 53.333 kN 


AB •= 


F AB = 66.667 kN 


CT AB 

1 AB 

A 

CT AB = 

85.47 MPa 

(T) 

Ans 


f ae 

A 





CT AE 

CT AE = 

68.376 MPa 

(C) 

Ans 





U-Dp ^ 


Joint E: 


+T ^=í 

l; P EB _ 

0.75P = 0 

F EB := 0.75P 

F eb = 30 kN 

+► XF=C 

l; F ED “ 

F AE = 0 

f eb 

A 

P ED := P AE 

F ed = 53.333 kN 


CT EB := 

(jgg = 38.462 MPa 

(T) Ans 



f ed 

A 




CT ED := 

cj| 7 £) = 68.376 MPa 

(C) Ans 




L 3Üt<J 






Joint B: 

+f ZF y = 0; (v)-F BD -(v)-F AB -F EB = 0 
+► 2F*=0; F bc - (h)F AB - (h)F BD = 0 


F BD F AB 


^ f eb^I 
v v j 


f BC := ( h ) F AB + ( h ) p BD 


CT BC 

BC 

A 

CT BC = 

188.034 MPa 

(T) 

Ans 


f bd 

A 





CT BD 

CT BD = 

149.573 MPa 

(C) 

Ans 


F bd = 116.667 kN 
F bc = 146.667 kN 

F„ .llft.CMH 
F„=JI£.£«nl 


7&K 















































Problem 1-59 


The bars of the truss each have a cross-sectional area of 780 mm 2 . If the maximum average normal 
stress in any bar is not to exceed 140 MPa, determine the maximum magnitude P of the loads that can 
be applied to the truss. 

Given: a allow 140MPa 

2 


Solution: 


a := 0.9m b := 1.2m A := 780mm 

c := y[c 


f 2 u 2 

a + b 


c 


c = 1.5 m 
a 
c 


For comparison purpose, set P := lkN 



Joint ,4: 

-f 1F= 0; ( v )-F ab -P=0 


AB •= 


F ab = 1.667 kN 


SF,=0; (h)-F AB - F AE = 0 F AE := (h)-F AB F AE = 1.333 kN 


CT AB := 


CT AE := 


AB 


AE 


ct AB = 2.137 MPa 


(T) 


ct AE = 1709 MPa (C) 



Joint E : 


+1 

II 

O 

'5 F eb - 0.75P = 0 

F EB := 0.75P 

f eb = 

= 0.75 kN 



k 

a 

II 

o 

F ed - F AE = 0 

f eb 

f ed := f ae 

F ED = 

= 1.333 kN 

1 

Í.ílí ? 

\ ffZ 



g EB = 0.962 MPa 

(T) 


í V 



CT EB- A 



* * 



f ed 

a ED= . 








a ED = 1-709 MPa 

(C) 




4 

Joint B: 

^F y = 0; 

( v )' f BD _ ( v )' F AB _F EB = 0 f bd 

:= f ab + 

^ f eb^1 

1 V J 

P BD = 

2.917 kN 

+ 

II 

O 

f BC “ ( h ) p AB - 

( h ) F BD = 0 F BC 

: = ( h ) F AB + ( h ) p BD 

P BC = 

3.667 kN 


CT BC := 


CT BD := 


BC 


BD 


a BC = 4.701 MPa (T) 

cr BD = 3.739 MPa (C) 


ST?. 


Fbilf f 


& t 






Since the cross-sectional areas are the same, the highest stress occurs in the member BC, 
which has the greatest force 


F max : = max 


P allow • 


( F AB.' 

' p 1 
^ F max ) 


AE > r EB ’ f ED ’ f BD’ r BC 


) 


F max - 3.667 kN 


( a allow‘^) 


F allow = 29.78 kN Ans 



































Problem 1-60 

The plug is used to close the end of the cylindrical tube that is subjected to an internai pressure of p 
650 Pa. Determine the average shear stress which the glue exerts on the sides of the tube needed to 
hold the cap in place. 

Given: p := 650Pa a := 25mm 


dj := 35mm d Q := 40mm 


Solution: 


2 


35 mm P 



( n 'd 0 )( a ) 


P-(a) - Fg^-cos(0)-(a + b) = 0 



P = 0.625 N 


Average Shear Stress 


P 



L s 


T 


avg 


= 199.1 Pa Ans 
















Problem 1-61 


The crimping tool is used to crimp the end of the wire E. If a force of 100 N is applied to the handles, 
determine the average shear stress in the pin at A. The pin is subjected to double shear and has a 
diameter of 5 mm. Only a vertical force is exerted on the wire. 

Given: P := 100N 100N 

a := 37.5mm b := 50mm c := 25mm 


d := 125mm 


dpin . 


:= 5 mm 


Solution: 


From FBD (a): 


+► ZF= 0; B v := 0 


Ç+XM d =0; 


B x = ON 


P-(d) - B y -(c) = 0 


B := P- 
y c 

B y = 500N 


From FBD (b): 


+► SF =0; A x := 0 


A x = 0N 


Ç + ™e= 0; A v -(a) - B • (a + b) = 0 


y 

a + b 


A y : =By- a 






Pi 


vi- ÍJ3.3 3\l 

i >Y 




A y = 1166.67 N 


Average Shear Stress: 

. 2 
n ' ^pin 


Apm ' 4 


V A 0.5.(A y ) 

V A = 

V A 


T avg • A . 

^pm 

T avg ; 



















Problem 1-62 


Solve Prob. 1-61 for pin B. The pin is subjected to double shear and has a diameter of 5 mm. 
Given: a := 37.5mm b := 50mm c := 25mm 

d := 125mm dpj n := 5mm P := 100N 


Solution: 

From FBD (a): 

+► XF=0; B x :=0 


B x = ON 


Ç+ZM d = 0; P(d) -B v -(c) = 0 


100 N 



B := P- 
y c 

B y = 500N 


Average Shear Stress: Pin B is subjected to doule shear 


m 


A - - — P 
Pm' 4 


V B :=0.5-(B y ) Vg = 250N 


V 


B 


avg 


"^pin 


x„ vo = 12.732 MPa 
avg 


Ans 


fep 




















Problem 1-63 


The railcar docklight is supported by the 3-mm-diameter pin at A. If the lamp weighs 20 N, and the 
extension arm AB has a weight of 8 N/m, determine the average shear stress in the pin needed to 
support the lamp. Hint: The shear force in the pin is caused by the couple moment required for 
equilibrium at A. 


Given: 



m 


P := 20N 



a := 900mm h := 32mm 
dpj n := 3mm 


Solution: 


í-l 


l(-£ 


1 4-í 




Z-D*J 


From FBD (a): 

+► XF=0; B x := 0 

TM a =0; V-(h) - (w-a)-(0.5a) - P(a) = 0 


f 


V := (w-a)- 


a 


a 


0.5- +P— 
V h) h 


V = 663.75 N 


Average Shear Stress: 

A 2 
k • dp j n 

Vn := 4 


T avg : 


V 

Apin 


x„ vo = 93.901 MPa 
avg 


Ans 

















Problem 1-64 


The two-member frame is subjected to the distributed loading shown. Determine the average normal 
stress and average shear stress acting at sections a-a and b-b. Member CB has a square cross section 
of 35 mm on each side. Take w = 8 kN/m. 


kN 

m 


Given: w := 

a := 3m b := 4m 
Solution: c := yfí 


! 2 u 2 

a + b 


h := — 
c 


A := (o.035 2 )m 2 

c = 5m 
_ b 
c 


Member AB: 


í + ^M a = 0; By-(a) - (w- a)-(0.5a) = 0 


By := 0.5w-a 


B y = 12kN 



+t 1F= 0; (v)-F AB -B y =0 

B y 

F AB:=V F AB=!5kN 

Section a-a : 

f ab 

c> a a :=- c>a a = 12.24 MPa Ans 

— A. — 

x a a := 0 x a a = OMPa Ans 

Section b-b: 



4 


*F X = 0; N - Fab- (h) = 0 N : = f ab' ( h ) 

ZF= 0; V - Fab- (V) = 0 V : = F AB'( v ) 

A 

A b_b := 7 

CT b b : = ~r~ a b b = 4 - 41 MPa Ans 
A b b 


T b b •= a 

^ = 5.88 MPa 

Ans 

A b_b 





N = 9kN 
V = 12kN 


























Problem 1-65 


Member^ of the timber step joint for a truss is subjected to a compressive force of 5 kN. Determine 
the average normal stress acting in the hanger rod C which has a diameter of 10 mm and in member B 
which has a thickness of 30 mm. 


Given: p ;= 5kN 

0 

:= 60deg 

(|) := 30deg 

drod := 10mm 

h 

:= 40mm 

t := 30mm 


Solution: 

A b := t-h 

n 2 
^rod "^‘^rod 

■i*. ZF X = 0; P-cos(o) - Fg = 0 

Fg := P-cos(e) Fg = 2.5 kN 

+f ZFy=0; F c - P-sin(0) = 0 

F c := P-sin(e) F c = 4.33 kN 

Average Normal Stress: 

c>g = 2.083 MPa Ans 

cr c = 55.133 MPa 


erg := 


B 


V B 


Vod 




CT C : = 


Ans 












Problem 1-66 


Consider the general problem of a bar made from m segments, each having a constant cross-sectional 
area A m and lengthZ m . If there are n loads on the bar as shown, write a Computer program that can be 

used to determine the average normal stress at any specified location x. Show an application of the 
programusing the values L x = 1.2 m, d l = 0.6 m, P x = 2 kN, A l = 1875 mm 2 , L 2 = 0.6 m, d 2 - 1.8 m, 

P 2 = -1.5 kN, = 625 mm 2 . 



LI 

s»- 




.-r. 




—rfl— 






Ai < 





_-L 


^2- — 


- -► Aoi 

- - L 

Pi 

'1 

- — L-. —■ 

1 * 2 

K 

- 

























Problem 1-67 


The beam is supported by a pin at A and a short link BC. If P = 15 kN, determine the average shear 
stress developed in the pins at A, B, and C. All pins are in double shear as shown, and each has a 
diameter of 18 mm. 

Given: p : = 15kN 


a := 0.5m b := lm c := 1.5m 
d := 1.5m e := 0.5m 
0 := 30deg dpj n := 18mm 

Solution: L:=a + b + c + d+ e 

Support Reactions: 

C + Y.M a = 0; -B y - (L) + P- (L - a) + 4P- (c + d + e) + 4P- (d + e) + 2P- (e) = 0 

L-a c+d+e d+e e 

B., := P-+ 4-P-+ 4-P-+ 2-P- — 

y L L L L 

B y = 82.5 kN 



4 *F = 0 ; 


-By + P + 4-P + 4-P + 2-P - Ay = 0 

Ay := -By + P + 4-P + 4P + 2-P 

A y = 82.5 kN 
B„ r 


io** SC Kri 


315 




Fbc - sin(e) 

F bc = 165 kN 

A x J F bc cos(9) 

A y = 142.89 kN 

A 

Average Shear Stress: 


, 2 


k • dp j n 


A pm •“ 4 


For Pins B and C : 


°- 5F BC 


t B and C “ A 

^pin 

T B_and_C = 324.2 MPa 

For Pin A: 


F A - JK + A y 2 

F a = 165 kN 

0.5F a 





Ans 






fcH 




Ta := 


v 


t A = 324.2 MPa 


Ans 


m 





















Problem 1-68 


The beam is supported by a pin at A and a short link BC. Determine the maximum magnitude P of the 
loads the beam will support if the average shear stress in each pin is not to exceed 80 MPa. All pins are 
in double shear as shown, and each has a diameter of 18 mm. 


Given: T allow : = 80MPa 

a := 0.5m b := lm c := 1.5m 
d := 1.5m e := 0.5 m 
0 := 30deg dpj n := 18mm 


Solution: 



L:=a + b + c + d + e 


For comparison purpose, set P := lkN 

Support Reactions: 

C + ZM a =0; -B y - (L) + P- (L - a) + 4P- (c + d + e) + 4P- (d + e) + 2P-(e) = 0 

L-a c+d+e d+e e 

B„ := P-+ 4-P-+ 4-P-+ 2-P — 


4 SF=0; 


-B y + P + 4-P + 4-P + 2-P - Ay = 0 
Ay := -By + P + 4-P + 4P + 2-P 


B, 



F - y 

F bc = 11 kN 


BC - sin(ô) 


A x = r iK'' cuslul 

A x = 9.53 kN 

Require: 

f a - J\ 2 + V 

F A = 11kN 

F max : = max ( F BC’ F A) 

F max=H™ 



B y = 5.5 kN 


A y = 5.5 kN 


TT-dpi 


m 


Pin ' 4 

( P ^ 


^allow • 17 ,‘[ T allow‘(^pin)] ^allow 3.70 kN Ans 


y^ma x) 


















Problem 1-69 


The frame is subjected to the load of 1 kN. Determine the average shear stress in the bolt at A as a 

fimction of the bar angle 0. Plot this function, 0 < 0 < 90°, and indicate the values of 0for which this 
stress is a minimum. The bolt has a diameter of 6 mm and is subjected to single shear. 

Given: p ;= lkN ^bolt 

a := 0.6m b := 0.45m c := 0.15m 

Solution: 


Fm 








CMi-í \ 
In.l 


Support Reactions: 



AB 


P*(a + b) 


cos(0)-(c) + sin(0)-(a) 


Average Shear Stress: Pin B is subjected to doule shear 

2 


T = 


AB 

^bolt 


ti -d 


bolt 


T = 


v bolt 


4P*(a + b) 


[cos(e)-(c) + sin(e)-(a)]-f 7i-d bolt 


dx _ 4P-(a + b) sin(0)-(c) - COS (e)-(a) 
d ° n ' d bolt 2 [cos(e)-(c) + sin(e)-(a)] 2 



^ = 0 
de 


sin(0)-(c) - cos (e)-(a) = 0 


tan(e) = — 

C 

f 

0 := atan 


a 


W 


0 = 75.96 deg 


Ans 































Problem 1-70 


The jib crane is pinned at A and supports a chain hoist that can travei along the bottom flange of the 
beam, lft < x < 12ft. If the hoist is rated to support a maximum of 7.5 kN, determine the maximum 
average normal stress in the 18-mm-diameter tie rodi?C and the maximum average shear stress in the 
16-mm-diam et er pin at B. 


Given: P : = 7.5kN 
a := 3m 
d ro d 18mm 

Solution: 


x max := 3 - 6m 
0 := 30deg 

dp^ := 16mm 



Support Reactions: 




IM C =0; 


F BC -sin(e)-(a) - P.(x) = 0 

_ P-(x) 

BC sin(e)-(a) 



Maximum Fbc occurs when x= x max . Therefore, 


BC •= 


( x max) 

in( 0 )-(a) 


F bc = 18.00kN 


v rod 


c pm 


n • d ro( j 
4 

°- 5 ' f BC 

^pin 


A - - — P 
P m * 4 


m 


Tpin zz 44.762 MPa Ans 


a rod : 


r BC 

^rod 


a rod = 70.736 MPa Ans 
































Problem 1-71 


The bar has a cross-sectional area.4 and is subjectedto the axial loadP. Determine the average normal 
and average shear stresses acting over the shaded section, which is oriented at om the horizontal. 

Plotthe variationof these stresses as afimction of 0(0° < 0 < 90°). 

Solution: 

Equations of Equilibrium: 

IF X = 0; V - P-cos(e) = 0 


+ / *F y = 0; 

Inclined plane: 

A 


v = p-cos(e) 

N - P-sin(e) = 0 
N = P-sin(e) 



p 


-V 


A o = 


sin(o) 


N 

G = — 

A 


avg 


V 

Ã 


c> = —sinÍG) Ans 

A 


x„vo = -sin(20) Ans 

av 8 2A 




















Problem 1-72 


The boom has a uniform weight of 3 kN and is hoisted into position using the cable BC. If the cable has 
a diameter of 15 mm, plot the average normal stress in the cable as a function of the boom position 6 for 


0° < 0 < 90°. 


Given: W := 3kN 
a := lm 


d Q := 15mm 


Solution: Angle B: (|> B = 0.5(90deg + 0) 

(|> B = 45deg + 0.50 

Support Reactions: 

^M a =0 ; F B ^-sin^(|) B j-(a) - W-(0.5a) cos(o) = 0 

0.5W- cos(o) 


BC 


sin(45deg + 0.50) 


Average Normal Stress: 


a BC = 


AB 

V BC 


ti • d^ 


V BC 



Ans 


























Problem 1-73 


The bar has a cross-sectional area of 400 (IO -6 ) m 2 . If it is subjected to a uniform axial distributed 
loading along its length and to two concentrated loads as shown, determine the average normal stress in 
the bar as a fimction of for 0 < x < 0.5m. 


Given: 


Pj := 3kN 

p 2 

:= 6kN 

kN 


í - 

w := 8 — 

A : 

= 400- (10 

m 



a := 0.5m 

b := 

= 0.75m 



Solution: L := a + b 

+► IF= 0; -N + Pj + P 2 + w-(L-x) = 0 
N = Pj + ?2 + w*(L - x) 





Average Normal Stress: 


N 

a = — 

A 


Pi + Po + w*(L - x) 

a = - Ans 

A 















Problem 1-74 


The bar has a cross-sectional area of 400 (IO -6 ) m 2 . If it is subjected to a uniform axial distributed 
loading along its length and to two concentrated loads as shown, determine the average normal stress in 
the bar as a fimction of for 0.5m < x < 1.25ra 


Given: 


Pj := 3kN 

p 2 

:= 6kN 

kN 


í - 

w := 8 — 

A : 

= 400-(lO 

m 



a := 0.5m 

b := 

= 0.75m 


U L 

, 3 kN 


H-l 

-0.5 m—- 

--0.75 m - 



Solution: L := a + b 

+► IF= 0; -N + Pj + w(L-x) = 0 

N = Pj + w(L-x) 





h 




Average Normal Stress: 


N 

a = — 

A 

Pj + w-(L - x) 

a = - Ans 

A 















Problem 1-75 


The column is made of concrete having a density of 2.30 Mg/m 3 . At its top B it is subjected to an axial 
compressive force of 15 kN. Determine the average normal stress in the column as a function of the 
distance z measured from its base. Note: The result will be useful only for finding the average normal 
stress at a section removed from the ends of the column, because of localized deformation at the ends. 


Given: 


Solution: 


P := 3kN 
r := 180mm 


:= 2.3(l0 3 ) — 


m 


h := 0.75 m 


A := 71-r 


w := p-g-A 


+t s/7 z=0; 


N - p - w(h - z) = 0 
N = P + w*(h - z) 


Average Normal Stress: 


N 

a = — 

A 


m 

g:=9.81- 

s 



tU» 



a 


P + w*(h - z) 
A 


Ans 













Problem 1-76 


The two-member frame is subjected to the distributed loading shown. Determine the largest 
intensity of the uniform loading that can be applied to the frame without causing either the average 
normal stress or the average shear stress at section b-b to exceed a= 15 MPa, and r = 16 MPa 
respectively. Member CB has a square cross-section of 30 mm on each side. 

Given: CT allow := 15MPa T allow := 16MPa s 

a := 4m b := 3m A 

w 


Solution: 


, 2 u 2 

a + b c = 5m 


h := — 
c 


Set 

Member AB: 


- b 
c 


kN 

W 0 := 1 — 
m 



C + ™ A =0-, -By-(b) - (w o -b)-(0.5b) = 0 


4 m 


Section b-b: 

By=F BC (h) 


By := 0.5w o b 
B y = 1.5 kN 


B y 

f bc := t~ 


M 


F bc = 1.88 kN 

^ ^,=0; F BC .(h)-v bb =o 

-f YF y = 0; -N bb + F BC (v) = 0 


-P-JüT 






V b_b : = F BC ( h ) 
V bb = 1.5kN 

N b b := F B C‘( v ) 


jí, fíc x f£7f lif 

y? 


A b_b 

A 



V 


CT b_b 

N b b 

a b_b = 



A b_b 


T b_b : 

v b b 

T b_b = 

A 


A b_b 



N b b = 1.125 kN 


1 MPa 


Assume failure due to normal stress: w a ll ow w 0 ‘ 


Assume failure due to shear stress: w allow := w o‘ 


a allow^ 
V CT b_b ) 

^allow^l 


kN 

w allow ““ ^0-00 


m 


V 


c b_b ) 


kN 

w allow _ 


Ans 


m 


Controls ! 































Problem 1-77 


The pedestal supports a load P at its center. If the material has a mass density p , determine the radial 
dimension r as a fimction of z so that the average normal stress in the pedestal remains constant. The 
cross section is circular. 


Solution: 

Require: 


P + wi 


P + wi + dw 


a = 


a = 


A A + dA 

P- dA + w i • dA = A- dw 
dw P + w i dw 


dA 


dA 


= a 


dA = n (r + dr) 2 - 7tr 2 


dA = 27ir-dr 
dw = 7tr^-(p*g)-dz 


[ 1 ] 



From Eq.[l], 


nr 


2 (p-g)-dz 


27ir-dr 


= a 


•(p-g)- dz 
2dr 


= a 


rX 


P'g 

2a 


(1) dz = 


- dr 
r 


P-g-z 

2 CT 


= ln 


W 


r = rie 


^P-g^l 

2a) 


However, 


a = 


n-ri 


r = ri*e 


2 ^ 

Ti-rj -p-g 1 

. 2P j 


Ans 



























Problem 1-78 


The radius of the pedestal is defined by r = (0.5e" 008y2 ) m, where y is given in meters. If the material 
has a density of 2.5 Mg/m 3 , determine the average normal stress at the support. 


Glve ” ! r o :=0.5m h := 3m g = 9.81 ^ 

s 

-°.08y 2 ( 3) kg 

r = r^-e m p := 2.5-\10 ) - 


A o 


m 


y U nit := lm 


Solution: 


dr = nye -0,08y J. dy 



A q := nr 0 2 A q = 0.7854 m 2 


■ dr 2 )- 


dy 


dV 


2 - 0.08y 

dV = 7rr 0 Ve 


V := 


•dy 


nr Q ve 


2 - 0.08y 


' ( y unit)_ 


dy 



n 





V = 1.584 m 


W := p-g-V 
W = 38.835 kN 

W 

c> := — 

A o 

a = 0.04945 MPa Ans 



















Problem 1-79 


The uniform bar, having a cross-sectional area of A and mass per unit length of m, is pinned at its 
center. If it is rotating in the horizontal plane at a constant angular rate of co\ determine the average 
normal stress in the bar as a function of x. 


Solution: 

Equation of Motion : 


TF x =Ma N =M co r 2 ; 


Í L ^ 

1 

V _ 

Í L 

.J1 

{2 

X + — 
2 

U' 

j\ 


N 


= ^.( L 2 _4.x 2 ) 


Average Normal Stress: 


N 

a = — 

A 


a = 


m-CD 

~8Ã” 


■(l 2 -4x 2 ) 


Ans 


2 

/*~l 

F 2 

. _ = _ = _ 


w 


\xf f*y, 

í v 



"-r 

JC 



d. ■ uVí 


















Problem 1-80 


Member B is subjected to a compressive force of 4 kN. If A and B are both made of wood and are 
10mm. thick, determine to the nearest multiples of 5mm the smallest dimension h of the support so that 
the average shear stress does not exceed x allow = 2.1 MPa. 


Given: p := 4kN 


t := 10mm T allow := 2.1MPa 
a := 300mm b := 125mm 


Solution: 


l~2 72 

c:=ya + b 



c 


c = 325 mm 
b 


c 



V := P(v) V = 1.54kN 


V 

Tallow = Th 

V 

h :=- h = 73.26 mm 

t,T allow 

Use h ;= 75mm h = 75 mm Ans 






l.£lr r<i 









Problem 1-81 


The joint is fastened together using two bolts. Determine the required diameter of the bolts if the failure 
shear stress for the bolts is x fail = 350 MPa. Use a factor of safety for shear of F.S. = 2.5. 


Given: p : = 80kN x fail := 350MPa 


Solution: 


T allow • T allow 140 MPa 

y 

v bolt ~ 0-5 (f] V bolt - 20 kN 



40 tN 


^bolt 

A bolt = - 

T allow 


(2 ^bolt 

_ = _ 

T allow 


d := 






d = 13.49 mm Ans 









Problem 1-82 


The rods AB and CD are made of Steel having a failure tensile stress of a fail = 510 MPa. Using a factor 

of safety of F.S. = 1.75 for tension, determine their smallest diameter so that they can support the load 
shown. The beam is assumed to be pin connected at A and C. 

Given: Pj : = 4kN P 2 := 6kN P 3 := 5kN 

a := 2m b := 2m c := 3m d := 3m 

y := 1.75 ap a p := 510MPa 

Solution: L:=a + b + c + d 

ha 


X fbl V 

1 i I f 



|~l— i.-j,-i 

\ ■ Affj I Jxí 1 d/r r I 


Support Reactions: 

C + ZM a = 0; F cd -(L) - P r (a) -P 2 -(a + b) -P 3 -(a + b + c) = 0 

^ a+b a+b+c 
_i + p 2 ._ + p,- 


f cd := p r[7i + p 2 -— — + r 3 L 


F cd = 6.70 kN 


Q-ZM^O; -F ab -(L)+ P r (b + c + d)+ P 2 -(c + d)+ P 3 -(d) = 0 


F AB := P 1 


b + c + d c + d ^dA 

— -—*TJ 


r 2“ 


F ab - 8.30 kN 


Average Normal Stress: Design of rod sizes 
a fail 


a allow ,= 

For Rod AB 


G allow = 291.43 MPa 


H>olt 


f AB 

CT allow 


M d 2 

U/ dAB 


f ab 

CT allow 


For Rod CD 


v bolt 


11 CD 
CT allow 


d AB 


4 

n 


h ab 


7 


CT allow ) 


A , 2 F CD 

t r d CD = - 

v4 2 CT allow 


d A B - 6.02 mm Ans 


a CD 


4 

71 


^CD I 
a allow^ 


dcD = 5.41 mm Ans 






























Problem 1-83 


The lever is attached to the shaft A using a key that has a width d and length of 25 mm. If the shaft is 
fixed and a vertical force of 200 N is applied perpendicular to the handle, determine the dimension d if 
the allowable shear stress for the key is x allow = 35 MPa. 

Given: p : = 200N x allow := 35MPa 
L := 500mm a := 20mm 
b := 25mm 


Solution: 

C+ SM ( =0; 


F a a -(a) - P (L) = 0 
L 

F - P — 
a - a * a 


F a a = 5000 N 


For the key 

A 0 


a a 


a a 


[ allow 


b-d = 


a a 


c allow 






1 

d := — 
b 

( F ^ 

a_a 1 

^ T allow ) 

d = 5.71 mm 


Ans 



















Problem 1-84 


The fillet weld size a is determined by computing the average shear stress along the shaded plane, 
which has the smallest cross section. Determine the smallest size a of the two welds if the force 
applied to the plate is P = 100 kN. The allowable shear stress for the weld material is x allow =100 MPa. 


Given: p : = 100kN x allow := lOOMPa 


L := lOOmm 0 := 45deg 


Solution: 

Shear Plane in the Weld: A we j d = L a- sin(e) 



0.5P 


Nveld' 


L-a-sin(o) = 


T allow 
0.5P 


ü allow 


a := 


L-sin(o) 


0SP_] 

r allow J 



a =7.071 mm Ans 












Problem 1-85 


The fillet weld size a = 8 mm. If the joint is assumed to fail by shear onboth sides of the block along 
the shaded plane, which is the smallest cross section, determine the largest force P that can be applied 
to the plate. The allowable shear stress for the weld material is x allow =100 MPa. 

Given: a := 8mm L := lOOmm 

0 := 45deg ^ a llow 100MPa 


Solution: 

Shear Plane in the Weld: A we j d = L a sin(o) 

P " T allow‘(^weld) 

P := T allow' &( L> a ' sin ( e )II 
P = 113.14kN Ans 


8 w.. 


8 


4* m 






Problem 1-86 


The eye bolt is used to support the load of 25 kN. Determine its diameter d to the nearest multiples of 
5mm and the required thickness h to the nearest multiples of 5mm of the support so that the washer 
will not penetrate or shear through it. The allowable normal stress for the bolt is a allow =150 MPa and 

the allowable shear stress for the supporting material is x allow = 35 MPa. 


Given: p : = 25kN d washer := 25mm 

CT allow := 150MPa x allow := 35MPa 

Solution: 

Allowable Normal Stress : Design of bolt size 


molt 


a allow 


í)d 2 = 

V4 ) 


a allow 


d:= Í7 


V a alio w ) 
d = 14.567 mm 


Use d := 15mm 


d =15 mm Ans 



Allowable Shear Stress : Design of support thickness 


^support 


ü allow 


71 ' (^washer) " 


h:= 


T allow 
f P ^ 


71 '(^washer) y T allowJ 


h = 9.095 mm 


Use d := lOmm 


d = 10 mm 


Ans 






















Problem 1-87 


The frame is subjected to the load of 8 kN. Determine the required diameter of the pins at A and B if 
the allowable shear stress for the material is x allow = 42 MPa. Pin ,4 is subjected to double shear, 
whereas pin B is subjected to single shear. 





_ 0.5F A 
A pin " 

T allow 


f a - flw Fa 
V| d 2 _ °- 5F A 

T allow 



d = 12.166 mm 


9.77 kN 


Ans 


For pin B: Pin A is subjected to single shear, and Fg := Fgç 


/ 


IS.êlW 


^pin 


B 


c allow 


í2 

- -d = 

V 4 J T 


B 


allow 




d := /-■ 

71 


B 


‘■allow ) 


d = 21.913 mm 


Ans 







































Problem 1-88 


The two Steel wires AB and AC are used to support the load. If both wires have an allowable tensile 
stress of cr allow = 200 MPa, determine the required diameter of each wire if the applied load is P = 5 
kN. 


Given: p : = 5kN ^ a llow : = 200MPa 

a := 4m b := 3m 0 := 60deg 

Solution: 




2 1 2 
a + b 


i a b 

h := - v := — 
c c 


At joint.4: 

Initial guess: F^b := lkN ^AC 2 ^N 
Given 

+► IF X = 0; F AC (h) - F AB -sin(e) = 0 

+| ZF y = 0; F AC (v) + F AB' cos (®) - P = 0 


Solving [1] and [2]: 


F AB^1 


:= Find(F AB ,F AC ) 


v f acJ 

^ F AB^I ( 4.3496^1 


For wireAB 


'AB 


r AB 

a allow 


f acJ 


4.7086 ) 


kN 


A . 2 F AB 

T J d AB = - 

4 2 CT allow 


'AB •= 


4 

n 


r AB 1 
a allowJ 


EÁ, 





[1] 

[2] 



^AB = 5.26 mm Ans 


For wire,4C 


V AC 


r AC 

a allow 


(n'] 2 F AC 

- -d A c = - 

w A o allow 


J AC •= 


4 

K 


r AC 1 
a allow^ 


^AC = 5.48 mm Ans 
























Problem 1-89 


The two Steel wires AB and AC are used to support the load. If both wires have an allowable tensile 
stress of cr allow =180 MPa, and wire AB has a diameter of 6 mm and 4Chas a diameter of 4 mm, 
determine the greatest force P that can be applied to the chain before one of the wires fails. 


Given: CT allow : = ISOMPa 

a := 4m b := 3m 0 := 60deg 




6 mm 


J AC 


4 mm 


Solution: 




2 .2 
a + b 


h := - 
c 


_ b 
c 




r 




.4 


5 ^ 


A 


Assume failure of AB: F AB = (a ab )- a allow 

r A 


r AB 

At joint.4: 

Initial guess: P^ := lkN 
Given 


d AB ' CT allow F AB = 5 - 09 kN 


F AC := 2kN 


ZF X = 0; F AC (h) - F AB -sin(e) = 0 

+t f ac( v ) + f ab- cos ( 0 ) - p i = ° 


Solving [1] and [2]: 


P 1 ^ 

f acJ 


:= FindfPj, F AC ) 


[1] 

[ 2 ] 

' p i "l r 

Ta c) 



5.8503^ 
5.5094 ) 


kN 


Assume failure of AC: F AC = (a ac )- a allow 

r A 


r AC 

At joint^: 

Initial guess: P 2 := lkN 
Given 


J' d AC ' CT allow F AC = 226 kN 


F AB : = 2kN 


+► 1F= 0; F AC (h) - F AB -sin(e) = 0 [1] 

+| 2Fy=0; F AC -(v) + F AB -cos(o) - P 2 = 0 [2] 



f ab1 

' f ab1 ( 

Solving [1] and [2]: 

P 2 j : " F ‘ nd ( F AB. P 2) 

V P 2 ) ^ 


2.0895 Aj 

2.4019 J 


kN 


Chosoe the smallest value: P := min^Pj, P 2 ) P = 2.40kN Ans 
















Problem 1-90 


The boom is supported by the winch cable that has a diameter of 6 mm and an allowable normal stress 
of a allow =168 MPa. Determine the greatest load that can be supported without causing the cable to fail 

when 6 = 30° and (/> = 45°. Neglect the size of the winch. 

Given: a a jj ow := 168MPa d Q := 6 mm 

0 := 30deg § := 45deg 


Solution: 



For the cable: 


^cable " (^cable)‘ a allow 

f 71 ^ 2 

^cable ^j'^0 * a allow 


T eable = 4 - 7501kN 



At joint B: 

Initial guess: F^b := lkN W := 2kN 
Given 


+► XF= 0 ; 

_T cable C0S ( e ) + F AB - C0S W = 0 

[1] 

F 

II 

o 

-W + F AB -sin((()) - T cable -sin(0) = 0 

[2] 


^F ^ 

. := Find(F AB ,w) 
W ) 


f F AB^l f 5.818 ^ 

= . kN 

UJ U-739J 


Ans 


Solving [1] and [2]: 



















Problem 1-91 


The boom is supported by the winch cable that has an allowable normal stress of a allow =168 MPa. If 

it is required that it be able to slowly lift 25 kN, from 6= 20° to 6= 50°, determine the smallest 
diameter of the cable to the nearest multiples of 5mm. The boom AB has a length of 6 m. Neglect the 
size of the winch. Set d = 3.6 m. 



Maximum tension in canle occurs when 0 ;= 20deg 


í{r 8in(9) 

At joint B: 

Initial guess: F AB := 1 kN T C able 2kN 
Given (|) := 0 + vj/ 


sin (e) _ sin W 
a d 


\|/ := asm 


+► ZF X = 0; -T cable cos(0) + F ab -cos(<))) = 0 

+t SF v = °; -W + F ab - sin((J)) - T cable - sin(0) = 0 


Solving [1] and [2]: 


AB 




V 

c F 


:= Find(F AB ,T cable ) 
AB ^ (\ 14.478 


^cable J 


For the cable: 


y^cable ) 


103.491 ) 


kN 


v cable 


a allow 


ji^I 4 2 ^cable 

v4/ d ° 


CT allow 


d 0 ; = I- 


4 

K 


1 cable I 
CT allow J 


d Q = 28.006 mm 


v|/ = 11.842 deg 


[ 1 ] 

[ 2 ] 


Use d Q := 30mm 


d Q = 30 mm Ans 





























Problem 1-92 


The frame is subjected to the distributed loading of 2 kN/m. Determine the required diameter of the 
pins at A and B if the allowable shear stress for the material is x allow =100 MPa. Both pins are 
subjected to double shear. 

kN 

Given: w := 2— T allow lOOMPa 


r := 3m 

Solution: Member AB is atwo-force member 

0 := 45deg 

Support Reactions: 

í + ZM a = 0; Fg^-sin(o)-(r) - (w-r)-(0.5r) = 0 

0.5w-r 


BC •= 


sin(o) 

+f ZF y =0; A + Fg^-sin(o) - w-r = 0 


F BC = 4243 kN 


Ay := -FgQ-sin(o) + w-r 

. ZF x =0; A x - Fg^-cos(o) = 0 
A x := F BC -cos(e) 


A y = 3kN 


A y = 3kN 

À 







Average Shear Stress: Pin A and pin B are subjected to double shear 

f a : =/ 




ÍA X 2 + A y 2 


F a = 4.243 kN 
Fg = 4.243 kN 

Since both subjected to the same shear force V = 0.5 F A and V := 0.5Fg 


F B := F BC 


A • = 
pin 


V 


c allow 


2 


V 


dpin . 


1 4 

71 


T allow 


'allow ) 


dpj n = 5.20 mm Ans 



































Problem 1-93 


Determine the smallest dimensions of the circular shaft and circular end cap if the load it is required to 
support is P = 150 kN. The allowable tensile stress, bearing stress, and shear stress is (a,) a n ow = 175 

MPa, ( CT è)aiiow = 275 MPa, and x a n ow =115 MPa. 


Given: p : = 150kN a t allow := 175MPa 

T allow : = 115MPa CT b_allow := 27 5MPa 
:= 30mm 


Solution: 


Allowable Normal Stress: Design of end cap outer diameter 


P 

A = - 

a t allow 



P 

a t allow 



d l : = 



' p 1 

v c t_allow ) 



dj = 44.62 mm Ans 


Allowable Bearing Stress: Design of circular shaft diameter 


P 

A = - 

CT b_allow 


tíV)— 

V 4 / a b_allow 


I 4 í P ^ 

■J n ^ c b_allowJ 


d 3 = 26.35 mm Ans 


Allowable Shear Stress: Design of end cap thickness 


P 

A = - 

T allow 


(jr-d 3 )-t= —— 
T allow 


1 ( P ) 

t := -- 1 

71 ' d 3 k Ta ll° w ^ 


t= 15.75 mm Ans 

































Problem 1-94 


If the allowable bearing stress for the material under the supports at.4 and B is (<^) a ii ow = 2.8 MPa, 

determine the size of square bearing plates A ' and B' required to support the loading. Take P = 7.5 kN. 
Dimension the plates to the nearest multiples of lOmm. The reactions at the supports are vertical. 


Given: % allow := 2 ' 8MPa P : = 7 ' 5 kN 


= 10kN 

P 2 := 10kN 

= 15kN 

P 4 := 10kN 

= 1.5m 

b := 2.5m 


Solution: L:=3a + b 

Support Reactions: 


15 kN 



Ç + ™ A = 0 ; 


Ç + ^= 0 ; 


B y (3a) - P 2 -(a) - P 3 -(2a) - P 4 -(3a) - P-(L) = 0 


a ^ 

B w := P 0 . — +Pq 


3a ) 


2a\ Í3a\ 
.3aJ + P4 \3aJ 



B y = 35kN 


-Ay (3-a) + P r (3-a) + P 2 -(2-a) + P 3 -(a) - P-(b) 



+ P 


T 


Í2a\ 

K 3a) 


+ P 


3' 


3a) 



0 


A y = 17.5 kN 


For Plate ^4: 

^plate_A " 


a b allow 


Use a A x a A plate: 
For Plate B 


^plateB " 




2 

a A = 


a b allow 


a A 


a b_allow 
a^ = 79.057 mm 

a A = 80mm Ans 


a b allow 


2 

a B = 




a B := 


a b allow 


B t 


a b allow 



Use a B x a B plate: 


ag = 111.803 mm 
ag = 120mm Ans 

































Problem 1-95 


If the allowable bearing stress for the material under the supports at.4 and B is (a ò ) a u ow = 2.8 MPa, 

determine the maximum load P that can be applied to the beam. The bearing plates A ' and B ’ have 
square cross sections of 50mm x 50mm and lOOmm x lOOmm, respectively. 


Given: CT b_allow : = 2 - 8MPa 



A y= p r 


Í2ri + P 

Uri + 2 



M p/Jri 

V3aJ V3aj 


For Plate.4: 


; l a A J' a b allow 


a A J' a b allow " P r 


í^ + p/^ +P m p.m 

v 3a ) ^ y3a^ ^ y3a^ 


3aV D f 2a^ 


P := P r — +P r — 


b ) 


bj 


ri 


a A / CT b allow' 


3a^ 

b ) 


For Platei?: B := ( a B )-a b allow 


ri 


f 


a B J‘ a b allow " P 2‘ 

a ^ 


- + Pq 


2 — 


A f 3-a^ (L\ 

. I i D _ I _|_ p. _ I 


p ; =-P 2 .|-j- p 3 . 


W H 3 ay l 3a,J 

a^l ^3-a^ ( 2\ 3a 

2 'lJ “ 411 “) + V a B J^b allow— 


P allow • m * n ( P case_l ,P case_2) P allow 3kN Ans 


P = 26.400 kN 

P • — D 

r case 1 * r 


P = 3.000 kN 

P o •= P 
A case 2 * A 
































Problem 1-96 


Determine the required cross-sectional area of member BC and the diameter of the pins at A and B if 
the allowable normal stress is a allow = 21 MPa and the allowable shear stress is x allow = 28 MPa. 


Given: CT allow : = 21MPa T allow : = 28MPa 

P := 7.5kip 0 := 60deg 

a := 0 . 6 m b := 1.2m c := 0 . 6 m 

Solution: L := a + b + c 

>&-L 

Support Reactions: 

C + ZM Ã =0; By-(L) - P(a) - P-(a + b) = 0 

a a + b 
B y := P - + P-^ 


73 kN 


7.5 kN 


-0.6 m- 


ff 


12 m* 


-0.6 m 








B y = 33.362 kN 


Fbc - sin(e) 

F BC = 

38.523 kN 




B x : = "cuxiol 

B x = 

19.261 kN 

4- 

II 

o 

; —By + P + P — 

II 

O 

A y := —B y + P + P 

A y = 

33.362 kN 

k 

II 

O 

; B x “ A x = 0 


A x := B x 

A x = 

19.261 kN 


f a - 

A 2 
+ Ay 

F a = 38.523 kN 




33 .SÍ3fJ 


Member BC: 


Pin A: 


V BC ;z 


^BC 

a allow 


A A = 


r allow 


A bc = 1834.416 mm Ans 


40 2 _ F A 

A x allow 


r 


33. S13f* 


I9.2jC.cJ 


d A := I- 


1 4 
n 




c allow J 


d A = 41.854 mm Ans 


Pin B: 


A B = 


°- 5F bc 

T allow 


(n) 2 °' 5F BC 
- ,-d B = - 

^ ' T allow 


dR := / — 

71 


'O-^BcO 

v T allow ) 


d B = 29.595 mm Ans 










































Problem 1-97 


The assembly consists of three disks A, B , and C that are used to support the load of 140 kN. 
Determine the smallest diameter d 1 of the top disk, the diameter d 2 within the support space, and the 

diameter d 3 of the hole in the bottom disk. The allowable bearing stress for the material is (x a]low ) ò = 
350 MPa and allowable shear stress is x allow = 125 MPa. 

Given: P := 140kN 

T allow := 125MPa a ballow := 350MPa 

ho := 20mm , . ~ 

D hç := lOmm 

Solution: 

Allowable Shear Stress: Assume shear failure dor disk C 


140 kN 


B 

Ct - 

dl~\ 

A \ 

1 

1 - 

ll 

- 1 

-— 20 mm 

[ 10: 


i 

j 

-A- 

' [ 


P 

A = - 

T allow 


b-d 2 ) 


h c=- 

T allow 

lí?') 


n-hr 


[ allow ) 


= 35.65 mm Ans 


Allowable Bearing Stress: Assume bearing failure dor disk C 


A = 


a b allow 


VV a b allow 


d 3 := d 2 - 


2 — 

n 


1 


v a b_allow ) 

Allowable Bearing Stress: Assume bearing failure dor disk B 


A = 


a b allow 


' 4(0 — r — 

a b allow 


d!== I- 


4 

K 


V a b_allow ) 


Since d 3 >&u disk B might fail due to shear. 


d 3 = 27.60 mm Ans 


d ] = 22.57 mm 


P 

T " Ã 


T := 


7i-dj-hg 


x = 98.73 MPa < x a1low (O.K.!) 


Therefore dj = 22.57 mm Ans 






























Problem 1-98 


Strips A and B are to be glued together using the two strips C and D. Determine the required thickness 
toíC and D so that all strips will fail simultaneously. The width of strips A and B is 1.5 times that of 
strips C and D. 


Given: p ;= 40N 

t := 30mm 

:= 1.5m 

bg := 1.5m 

bç := lm 

bj) := lm 

Solution: 


Average Normal Stress: Requires, 

CT A = ct B 

= a C °C 

N 

0.5N 


f b A)' ( b c)(<c) 

0.5(b A )t 


40 N 


3Ü mm 

=±= 




*c : = 


3 C 


tç = 22.5 mm 


Ans 


OL 


30 mm 


J_t£ B 


40N 














Problem 1-99 


If the allowable bearing stress for the material under the supports at.4 and B is (<^)aiiow = 2.8 MPa, 

determine the size of square bearing plates A ' and B' required to support the loading. Dimension the 
plates to the nearest multiples of lOmm. The reactions at the supports are vertical. Take P = 7.5 kN. 


Given: a b_allow 2 * 8MPa P 7 - 5kN 

kN 

w := 10— a := 4.5m b := 2.25 m 
m 

Solution: L:=a + b 

Support Reactions: 


lOkN/m 


£ 


A’ 




Ç + YM a = 0; By(a) - w(a)-(0.5-a) - P (L) = 0 

L"| 


■ 4.5 m- 


B := w-(0.5*a) + P- — , 

y U J 


B y = 33.75 kN 


ZM b = 0; -A y -(a) + w-(a)-(0.5-a) - P(L) = 0 




A y := w(0.5-a) - P-^ -j 


Allowable Bearing Stress: Design of bearing plates 
For Plate ^4: 


A y = 18.75 kN 


Area = 


a b allow 


2 A y 

a A = - 

a b allow 


4- 225 m-- 


ID(lr,£) 


■ 

r - ^\ 

I 1 


+ _ L _ t- _ J 


r 2-.^ 1 




Use a A x a A plate: 


a A := , 

a b_allow 
a^ = 81.832 mm 

a A 90mm a^ = 90 mm Ans 


For Plate B 


Area = 




a b allow 


Use a B x a B plate: 


2 

a B = 




a b allow 


B t 


a B := 


a b_allow 
ag = 109.789 mm 

ag := llOmm ag = 110.00mm Ans 








































Problem 1-100 


If the allowable bearing stress for the material under the supports at^4 and B is (<T?) a iiow = 2.8 MPa, 

determine the maximum load P that can be applied to the beam. The bearing plates A' and B' have 
square cross sections of 50mm x 50mm and lOOmm x lOOmm, respectively. 

Given: CT b_allow := 2 - 8MPa 

lOIcN/m 

w := 10— a := 4.5m b := 2.25 m 

m 

a A 50mm ag := lOOmm = 


Solution: L := a + b 


Support 


B y -(a) - w(a)-(0.5-a) -P(L) = 0 



C + Wjt o; 


lüOi-.E) - U-Ep^l 


P 





Allowable Bearing Stress: 

Assume failure of material occurs under plate A. A y := • a p ow 




P = 31 kN 



Assume failure of material occurs under plate B. 


By := (»B 2 ) 


,<J b allow 



P = 3.67 kN 


P o •= P 
A case 2 * A 


^allow : ™ n (^case_l ? ^case_2) ^allow 3.67 kN Ans 




































Problem 1-101 


The hanger assembly is used to support a distributed loading of w = 12 kN/m. Determine the average 
shear stress in the 10-mm-diameter bolt at A and the average tensile stress in rod AB, which has a 
diameter of 12 mm. If the yield shear stress for the bolt is T y = 175 MPa, and the yield tensile stress for 

the rod is a = 266 MPa, determine the factor of safety with respect to yielding in each case. 

kN 

Given: t := 175MPa w := 12— K. * 

y m 

Gy := 266MPa 


a := 1.2m b := 0.6m e := 0.9m 


d Q := lOmm 


Solution: 




2 2 
a + e 


-rod 


h := — 
c 


12mm 


0.9 m 


e 

v := — 
c 


Support Reactions: L := a + b 

C + SM c=°; [ F AB'( v )]'( a ) “ w-(L)-(0.5-L) = 0 

F AB := 5-L) 

F AB = 27 kN 


SN, 


*■ 


_ 

--V 


1.2 m- 


-tLí> jn- 








H' 



For bolt A: Bolt A is subjected to double shear, and V := 0.5F^g V = 13.5 kN 


A 


-7d 2 
4j ° 


r y 

T A 


x = 171.89 MPa Ans 


íitii 


FS := — FS = 1.02 
x 


Ans 


I3,£pí) 


For rod AB: N := F AB N = 27 kN 


A f ^ H 2 

N 

a = 238.73 MPa Ans 

a := — 

A 


a,. 



FS := — 

G 

FS = 1.11 Ans 






























Problem 1-102 


Determine the intensity w of the maximum distributed load that can be supported by the hanger 
assembly so that an allowable shear stress of x allow = 95 MPa is not exceeded in the 10-mm-diameter 

bolts at A and B , and an allowable tensile stress of a allow =155 MPa is not exceeded in the 


0.5-w- 




- 

J (0'5'L) - T allow' 

\a-vy 


M. d 2 " 

v4; d °. 


2 

- r d o 
K 4) 0 J 


a-v 

w ' 7 T allow' 


(0.5L) 

kN 


KlN 

w = 6.632— (Controls!) Ans 
m 


E-E-.íiv 


W.Z£\k 



M 1 


Assuming failure of rod ÃB : 

(71 ^ 2 

N " FAB N _ a allow*^ ^ := ^rod 

f L ^ 

— -(0.5-L 

Va -v) 


w- 


a-v 

w •“ 7‘ a allow' 
0.5L 




a allow’ 

.Uj 

f*') , 

2 

U/ rod _ 


^rod 


kN 

w = 7.791 — 
m 

















































Problem 1-103 


The bar is supported by the pin. If the allowable tensile stress for the bar is (cj^) allow =150 MPa, and 
the allowable shear stress for the pin is x allow = 85 MPa, determine the diameter of the pin for which 

the load P will be a maximum. What is this maximum load? Assume the hole in the bar has the same 
diameter d as the pin. Take t =6 mm and w = 50 mm. 


Given: T allow : = 85MPa 

CT t_allow := 150MPa 
t := 6 mm w := 50mm 

Solution: Given 

Allowable Normal Stress : The eflfective cross-sectional 
area A e for the bar must be considered here by taking 

into account the reduction in cross-sectional area 
introduced by the hole. Here, effective area A e is equal 

to (w - d) t, and o" a ii 0W equals to P /A e 
CT t_ allow = (w-d)-t [1] 




Allowable Shear Stress: The pin is subjectedto double 
shear and therefore the allowable x equals to 0.5P /A pin , 

and the area A pin is equal to ( tt/ 4) d 2 . 


V* ^ 


T allow " 


2 


w 


d 2 J 


[ 2 ] 


Solving [1] and [2]: Initial guess: d := 20mm P := 10kN 


Uj " 


Find(P, d) 


P = 31.23 kN Ans 

d =15.29 mm Ans 







Problem 1-104 


The bar is connected to the support using a pin having a diameter of d = 25 mm. If the allowable 
tensile stress for the bar is (<^) a n ow = 140 MPa, and the allowable bearing stress between the pin and 

the bar is (a è ) aUow =210 MPA, determine the dimensions w and t such that the gross area of the cross 

section is wt = 1250 mm 2 and the load P is a maximum. What is this maximum load? Assume the hole 
in the bar has the same diameter as the pin. 




Solution: A=wt Given 


Allowable Normal Stress : The eflfective cross-sectional 


area A e for the bar must be considered here by taking 
into account the reduction in cross-sectional area 



introduced by the hole. Here, effective area A e is equal 
to (w - d) t, that is (A- d t) and a allow equals to P /A e 


P 


[ 1 ] 


CT t_allow A - d . t 


Allowable Bearing Stress : The projected area A b is equal 
to (d t), and o" a n 0W equals to P /A b 



a b allow " 


U-tJ 


[ 2 ] 


Solving [1] and [2]: Initial guess: t := 0.5in P := lkip 


U y 


:= Find(P, t) P = 105.00 kN Ans 


t = 20.00 mm Ans 


And : w := 


A 


w = 62.50 mm Ans 


t 








Problem 1-105 


The compound wooden beam is connected together by a bolt at B. Assuming that the connections at 
A, B , C, and D exert only vertical forces on the beam, determine the required diameter of the bolt at B 
and the required outer diameter of its washers if the allowable tensile stress for the bolt is (<^) a n ow = 


150 MPa. and the allowable bearing stress for the wood is (a ò ) allow = 28 MPa. Assume that the hole in 
the washers has the same diameter as the bolt. 



C + ™ A = 0; [B y -(2-a + b) - C y -(2-a)] - P r (a) = 0 


Solving [1] and [2]: Initial guess: By := lkN Cy := 2kN 


c yJ 


:= Find(B y ,C y ) 


^ í 

v c yJ 


4.4 ^ 
4.55 ) 


kN 


[ 2 ] 


*** V" Q 

f* 


For bolt: 




Arae = 


a t allow 




”Vd B 2 )—^ 

^ 4 °t allow 


d B := I — 


4 

n 




J t_allow ) 


For washer: 


Area = 


B, 


a b allow 


dg = 6.11 mm Ans 


7]-(ow 2 -»b 2 )- 


B, 


d w := l d B 2 + ~- 
n 


a b_allow 

bTT 


V c b_allow J 
d w = 15.41 mm Ans 


■V'-. 


V3 

Lit^ 































Problem 1-106 


The bar is held in equilibrium by the pin supports at A and B. Note that the support at A has a single 
leaf and therefore it involves single shear in the pin, and the support at B has a double leaf and therefore 
it involves double shear. The allowable shear stress for both pins is x allow =150 MPa. If a uniform 


distributed load of w = 8 kN/m is placed on the bar, determine its minimum allowable position v from 
B. Pins A and B each have a diameter of 8 mm. Neglect any axial force in the bar. 

Given: ^ a p ow := 150MPa d Q := 8mm 

a := 2m i_ M - 

w:=8— f 

m A_ t\ r-\— 


b := 2m 


Solution: 


í + TM a =0; By-(a) - w-(b - x)-[a + x + 0.5-(b - x)] = 0 

í + Y,M b = 0; Ay (a) - w-(b - x)-[x + 0.5-(b - x)] = 0 



Assume failure of pin ,4: 



Substitute value of forcei into Eq [2], 

Given Ay-(a) - w-^b - + 0.5-^b - x^Jj = 0 

Initial guess: xj := 0.3m xj := Find^x^ 
Assume failure of pin B \ 


[ 2 ] 

x í = 0.480 m 
x case 1 X 1 


Arae = 


0.5R 


c allow 


71 ^ ( 2 

- • u 


í 

v T/V u ° 


B y := 2- 


0.5B, 


c allow 


4 J'( d ° )'( T allow) B y 


15.0796 kN 


Substitute value of forcei into Eq [1], 

Given By-(a) - w-^b - X2)• |ja + X2 + 0.5-(b - = 0 

Initial guess: X 2 := 0.3m X 2 := Find^j 


a 


Fé 


[ 1 ] 

x 2 zz 0.909 m 


xase 2 


:= Xn 


Choose the larger x value: 


max x, 


case l ,x case 2 


x = 0.909 m 


Ans 















Problem 1-107 


The bar is held in equilibrium by the pin supports at A and B. Note that the support at A has a single 
leaf and therefore it involves single shear in the pin, and the support at B has a double leaf and therefore 
it involves double shear. The allowable shear stress for both pins is x allow = 125 MPa. If x = 1 m, 

determine the maximum distributed load w the bar will support. Pins A and B each ha ve a diameter of 8 
mm. Neglect any axial force in the bar. 

Given: T allow := 125MPa 

a := 2m b := 2m 

Solution: 




kN 

m 


For pin ,4: 


For pin B 



C+ IM ( =0; 
£+ Y.M b =0; 


Given 

B w *(a) - w Q -(b - x)«[a + x + 0.5-(b - x)] = 0 
A w'( a ) - w o -(b-x)-[x + 0.5-(b-x)] = 0 
Initial guess: B := lkN A := lkN 


Solving [1] and [2]: 


yK) 


|1] 

| 2 | 

f 


:= Find( 


B w’ A w) 


B w"l 
V A w ) 


1.75 ^ 
0.75 ) 


kN 


A y= Wj- 


Arae = 


fO 

o) 




A y 

M/ d 2 ") = 

ÍW] V 

T allow 

U ) A > 

v T allowJ V 


n ( j : 

2 ^ / \ 


w i := 7 \ d o 

)' \ T allow) 


w 


"A 

vV 


W] = 8.378 — 


kN 

m 


B y = w- 


Arae = 


í B wl 


W 0 ) 


0.5B y 

M/ d 2") = 

' w 2 V 

T allow 

U > A > 

v T allowJ V 


The smalleer w Controls ! 


w 


w 


w 2 : = f'( d o 2 )'( T allow)- 

:= min^wj, W2) 
kN 

7.181— Ans 
m 



kN 

dd 

W 7 = 7.181 — 
z m 



























Problem 1-108 


The bar is held in equilibrium by the pin supports at A and B. Note that the support at A has a single 
leaf and therefore it involves single shear in the pin, and the support at B has a double leaf and therefore 
it involves double shear. The allowable shear stress for both pins is x allow =125 MPa. If v = 1 m and w 

= 12 kN/m, determine the smallest required diameter of pins A and B. Neglect any axial force in the 
bar. 


Given: T allow := 125MPa 

a := 2m b := 2m 

Solution: 1 kN 

w := 12 — 
m 


x := lm 


"o • 


8 mm 


r* 


I IK*J 




/■ 


Given 



£+ IM ( =0; 
£+ I.M b = 0; 


By-(a) - w*(b - x)-[a + x + 0.5-(b - x)] = 0 
Ay*(a) - w*(b - x)-[x + 0.5-(b - x)] = 0 
Initial guess: B := lkN A := lkN 


[ 1 ] 

[ 2 ] 


Solving [1] and [2]: 


For pin^4: 


Arae = 


u allow 




- * d 




A yJ 

A yJ 


Ay ^ 


:= Find^B y , A y j 


21 ^ 
.9 ) 


kN 


y ^allow J 
1 


y c allow ) 
^A = 9-57 mm Ans 


For pin B 


Arae = 


0.5B, 


u allow 


By ^ 


allow ) 



dg = 10.34 mm Ans 



























Problem 1-109 


The pin is subjected to double shear since it is used to connect the three links together. Due to wear, 
the load is distributed over the top and bottom of the pin as shown on the free-body diagram. 
Determine the diameter d of the pin if the allowable shear stress is x allow = 70 MPa and the load P = 40 


kN. Also, determine the load intensities w l and w 2 . 
Given: x allow := 70 MPa P := 40kN 

a := 37.5mm b := 25mm 

Solution: 


Pin: 


À£L 




htd 


+ 


t ^,=0; 




h 

w 


P - W| (a) = 0 
P 

W] := — 


kN 


w 


l = 1066.67— Ans 


m 


Link: 'LF y = 0; P - 2|0.5w2j*(b) = 0 



Shear Stress 


w 2 


P 

b 


kN 

W2 = 1600.00 — 


m 


Ans 


Area = 


0.5P 

T allow 


71 ^ 2 

- -d = 

2 ) 


P 

T allow 



V 


p 





[ allow ) 


d = 19.073 mm 


Ans 


































Problem 1-110 


The pin is subjected to double shear since it is used to connect the three links together. Due to wear, 
the load is distributed over the top and bottom of the pin as shown on the free-body diagram. 
Determine the maximum load P the connection can support if the allowable shear stress for the 
material is x allow = 56 MPa and the diameter of the pin is 12.5 mm. Also, determine the load intensities 
W] and w 2 . p 

Given: ^ a p ow := 56 MPa d := 12.5mm 
a := 37.5mm b := 25mm 

Solution: 


Shear Stress 


Area = 


0.5P 

r allow 




4<i 2 = 
2 ) 


P := 


T allow 
,2 


f| d 2 '( x allow) 


Pin: 

t ^,=0; 


+ 


P - w | (a) = 0 


, 25 mm, 


,25 mm, 

r "i 

r 1 



A 



V 


V 

(«-37 ,5 mm- 


Jd 


P_ 

T 


p_ 


Wl 




P = 13.7445 kN Ans 

1 

lUv. 

- 1 

lit 

m 

li'l 


wi := — 


kN 

wi = 366.52— Ans 
m 


Link: 

+f ZF y =0; P - 2^0.5w2) (b) = 0 

P 

w 2 : =- 

kN 

W 9 = 549.78— Ans 

z m 
































Problem 1-111 


The cotter is used to hold the two rods together. Determine the smallest thickness t of the cotter and 
the smallest diameter d of the rods. All parts are made of Steel for which the failure tensile stress is a fail 

— 500 MPa and the failure shear stress is x fail = 375 MPa. Use a factor of safety of (F.S.)^ = 2.50 in 
tension and (F.S .) 5 = 1.75 in shear. 


Given: a fail := 500MPa x faü := 375MPa P := 30kN 

:= 40mm h := lOmm 

FS t := 2.50 FS s := 1.75 


Solution: 

Allowable Normal Stress : Design of rod size 
a fail 


a allow • 


FS + 


CT allow = 200 MPa 


Area = 


p 

(n\ 2 

_ 1 . A = 

( P 

a allow 

1 u 

U ) 

v a allow 


1 4 

p 


d := — 




a allow 


d = 13.82 mm 


Ans 


Allowable Shear Stress : Design of cotter size 
T fail 


T allow : T allow 214.29 MPa 


Area = 


0.5P 

T allow 


h-t = 


r 0.5P ^ 

^ T allow J 


t _ 1 0.5P 

^ T allow 





t = 7 mm 


Ans 





























Problem 1-112 


The long bolt passes through the 30-mm-thick plate. If the force in the bolt shank is 8 kN, determine 
the average normal stress in the shank, the average shear stress along the cylindrical area of the plate 
defined by the section lines a-a , and the average shear stress in the bolt head along the cylindrical area 
defined by the section lines b-b. 


Given: P ;= 8 kN 


d a a := 18mm 


d shank : = 7mm 
db 5 := 7mm 


mead 


:= 8 mm 


^plate : 


:= 30 mm 


Solution: 

Average Normal Stress: 


^shank * 

P 


r A( A 2 

4 jy a shank 


a t : 


"^shank 


StN 



■— 30 mm 


a t = 207.9 MPa 


Ans 


Average Shear Stresses: 

^a_a 71 (^a_a)hplate 


a_avg * A 


a a 


T a_avg = 4.72 MPa 


Ans 


A b_b := n ( d b_b) h head 
P 

Xb - avg := 


T b_avg 


= 45.47 MPa Ans 

















Problem 1-113 


The bearing pad consists of a 150 mm by 150 mm block of aluminum that supports a compressive 
load of 6 kN. Determine the average normal and shear stress acting on the plane through section aa. 
Show the results on a iflferential volume element located on the plane. 


Given: P ;= 6kN 

d := 150mm 0 := 30deg 

Solution: § -= 90deg - 0 

Equations of Equilibrium: 

¥ s ^=°; v a a - p-cos(<|)) = o 

V a_a := P-cosW 
IF y = 0; N a a - P-sin(4>) = 0 

N a a := P' sin ( < t > ) 


V aa = 3kN 



N a a = 5.196kN 



x a a := - T a a = 0.115MPa Ans 

— A — 















Problem 1-114 


Determine the resultant internai loadings acting on the cross sections located through points D and E of 
the frame. 

kN 

Given: w := 2.5 — a := 1.2m b := 0.9m 

m 

c := 1.5m e := 0.45m 


Solution: 


=-7 


2 1 2 
a + b 


a 

V d 


Support Reactions: 

í + ™ A = 0 ; 


4 SF= 0 ; 


d = 1.5 m 

h; =i 

d 


L := b + c 


By-(b) -(w-L)(0.5-L) = 0 


B y := (w-L)- 
B y = 8kN 


0.5- 1 


b J 


Ay - B y + w- L = 0 
A y := B y - w-L 


A y = 2kN 

B y = F BC( v ) 


B y 

f bc := “ 



Í.Z (2-.lt-) ^ 


C F J 


t = ^ = 

I Df «J 


1.E (D.II-E) - 1.12-ífM 




SF x =0; 


Segment AD: 


F bc =10kN 


SF,= 0 ; 


+1 *F= 0 ; 

Ç + ^=0; 


F BC'( h ) _ A x = 0 
A x := F BC’( h ) 


A y = 6 kN 

À 


N d - A x=0 


N d := A x 


A y + w-(e) + V D = 0 V D := -A y - w-(e) 
M D + [w-(e)]-(0.5-e) +A y -(e) = 0 

M d := -[w-(e)]-(0.5-e) - A y -(e) 




J*' 


IDeM 


N d = 6 kN Ans 


V D = -3.13 kN Ans 


M d = -1.153 kN-m Ans 


Segment CE: 


/* n E + F BC =0 

V *F= 0 ; 

Ç+ZM e =0; 


n d := _f bc 

Vd : =o 
M d := 0 



Ans 

Ans 

Ans 



































Problem 1-115 


The circular punch B exerts a force of 2 kN on the top of the plat eA. 
stress in the plate due to this loading. 

Given: p ;= 2kN 

d punch : = 4mm d plate : = 2mm 

Solution: 

Average Shear Stresses : 

^a_a 71 (^punch)^plate 
P 

T a_avg T 

a_a 

T a_avg = 79.58 MPa Ans 


Determine the average shear 


2 kN 




Problem 1-116 


The cable has a specific weight y (weight/volume) and cross-sectional area^. If the sag s is small, so 
that its length is approximately L and its weight can be distributed uniformly along the horizontal axis, 
determine the average normal stress in the cable at its lowest point C. 


Solution: 


Equations of Equilibrium: 


Ç + XM ( =0; Tí 


yAL^l L 

1 - — = 0 

2 ) 4 


y-AL 



Average Normal Stresses : 


a = 


T 

Ã 


o= y± 

8 -s 


Ans 















Problem 1-117 


The beam AB is pin supported at A and supported by a cable BC. A separate cable CG is used to hold 
up the frame. If AB weighs 2.0 kN/m and the columnFChas a weight of 3.0 kN/m, determine the 
resultant internai loadings acting on cross sections loeated atnoints D and E Neídeot the thiokness of 
both the beam and column in the calculation. 
kN 

Given: wu := 2.0— L := 3.6m d := 1.8m 
m 


kN 
n 

a := 3.6m 


w P := 3.0— H := 4.8m e := 1.2m 
c m 


b := 3.6m c := 1.2m 


Solution: 
BeamvTS: T 




t 2 2 c L 

L +c v b :=— h b := — 

^c ^c 


<1 + ™ A = 0; B .(L) - W AB -(L)(0.5-L) = 0 


Ç 

U 


+i ZF = 0 ; 


2 F = 0 ; 


Segment AD: 


^F= 0 ; 


B y := W b -(L)-| 0.5 — 
B 

A y 

( v b) 

- p BC'( h ) + A x = 0 



, v - 7936.64 — lb 

y 2 

s 

y B y + W b-( L ) = 0 
B y = F BC‘l 


-3.6 m- 


Ay := -B y + w b -(L) 
B, 


F BC := — 


y 

v b 


Sc := ^BC‘ 


w 


N 


D 


A x =0 


N D := -A x 


A y = 3.6 kN 


F bc = 11.38kN 


A x = 10.8 kN 


N d = -10.8 kN Ans 


4 XFy= 0; -Ay + w b -(d)+V D = 0 V D := Ay-w b -(d) V D = OkN 
Ç+ZM^O; M d + [w b -(d)]-(0.5-d) - Ay-(d) = 0 

M D : =-[ w b- (d) ]- (0 - 5 ' d) + A y‘ (d) 

ri 2 H b 

Member CG: H h := Jh + b v„ := — h„ := — 

D v c H c xj. 


Ans 


M d = 3.24 kN-m 


Ans 


Hv 


Column FC: 

Ç+ ZM c =0; F • (H) - A x - c = 0 


ID.dnJ 




F x : = A x -I 




F x = 2.7 kN 


+► 1F=0; 


"BC( h b) _ A x + F x - F cg -( b c ) = 


■ r 

f i .a a. j i .s 

3,Ccí) 2Í3.6) , 

S.Ccí) U\.3)U.íi*> 


= 0 


A £F =0; F 


CG •= 


F BC'( h b) A x + Fj 




F cg = 4.5 kN 


1 . 2 - a. 


“ F y + B y + W c-( H > + F BC’( v b) + F CG‘( v c) = 0 
w c -( H ) + F B C ( v b) + F CG'( v c) 


F - B 
y • y 


F y = 25.2 kN 




3&'k\*S*i\ 




^- 11 .3d *i\ 
■ID.dnJ 


T 


■3 Oi-.fl? - \\f.\f*i\ 


12 -v 


h 3 [\.ti--3.hi\ 






Segment FE: 

<*±- ZF= 0 ; 


Vr 


F x =0 


+1 ZF y = 0; N e + w c - (e) - F y = 0 

Ç+ SA4=0; -Mj 


E ^ F y'( e ) = 0 


V E : = F x 


Nr 


Mr 


-w c -(e) + F 


F y-(e) 


V E = 2.7 kN Ans 


N E = 21.6kN Ans 


M e = 30.24 kN-m Ans 



















Problem 1-118 


The 3-Mg concrete pipe is suspended by the three wires. If BD and CD have a diameter of 10 mm and 
AD has a diameter of 7 mm, determine the average normal stress in each wire. 

m 

Given: M := 3000kg g := 9.81 — 

s 

h := 2m r := lm a := 120deg 
dfiD : = 10mm ^CD 1 Oinm ^AD 7mm 

Solution: W := M g W = 29.43 kN 

0 := 0.5a 0 = 60deg 

T r2 72 h 

L:=Vr+h v := — 



Equations of Equilibrium: 

ZM X = 0; 2-F-(r-cos(o)) - F^jy(r) = 0 

Fbd = Fcd = F 

^My=0 ; F bd - (r- sin(e)) - F CD - (r- sin(o)) = 0 

fa d = f 

SF z =0; 3-[F-(v)] - W= 0 
W 

F := — 

3v 

F = 10.97 kN 


«■ 



Allowable Normal Stress : 


cr = rr = rr 

F 


F 



a BD Ü CD °1 

CJ i — 

Area 

c 

*i 

( d BD 2 ) 

Cfj = 139.65 MPa 

Ans 


F F 


a AD a 2 

a 9 = 

Area 

2 n Ía A 

a 2 = 285 MPa 

Ans 



7 'l d AD J 



























Problem 1-119 


The yoke-and-rod connection is subjected to a tensile force of 5 kN. Determine the average normal 
stress in each rod and the average shear stress in the pin A between the members. 


Given: P ;= 5kN dp in := 25mm 
d^Q := 30mm d^Q := 40mm 

Solution: 

Average Normal Stress: 


40 mm 


A 40 := 


CT 40 := 


^V d 2 

4 Y d40 


MO 


Q 4 q = 3.979 MPa Ans 



A 30 := 


CT 30 := 


"Yd 2 

4 Y 30 


MO 


CT 30 


= 7.074 MPa Ans 





£5 

s* 


£j4 


Average Shear Stresses: 

A ílYrl 2 

T 


v pm • 
"avg := 


3in 


0.5P 


^pin 


x ava = 5.093 MPa 
avg 


Ans 










Problem 2-1 


An air-filled rubber bali has a diameter of 150 mm. If the air pressure within it is increased until the 
ball’s diameter becomes 175 mm, determine the average normal strain in the rubber. 

Given: dg := 150mm d := 175mm 

Solution: 

nà - 7idQ 

8 :=- 

n d 0 
mm 

£ = 0.1667- Ans 

mm 





Problem 2-2 


A thin strip of rubber has an unstretched length of 375 mm. If it is stretched around a pipe having an 
outer diameter of 125 mm, determine the average normal strain in the strip. 

Given: Lq := 375 mm 

Solution: 

L := n *(125) mm 

TC L 7tLq 

8 :=- 

71 Lq 

mm 

g = 0.0472- Ans 

mm 




Problem 2-3 


The rigid beam is supported by a pin at A and wires BD and CE. If the load P on the beam causes the 
end C to be displaced 10 mm downward, determine the normal strain developed in wires CE and BD. 


Given: a := 3m ^CE 

b := 4m ^BD 

ALce := 1 Omm 

Solution: 







m 


4 Tf. 


^ A 

11- 


J 

t£i 

3- 

* 1 


1 1 m 1 

L ■-» __J 


J ni 

r - ni 1 

r 2m 1 


AL 


BD = 


a + 


a ^ 

-gj-ALcE 


ALgD - 4.2857 mm 


AL 


CE 


"CE 


-CE 


mm 

= 0.00250- 

mm 


Ans 


AL 


BD 


"BD 


-BD 


mm 

Sor') = 0.00107- 

BD mm 


Ans 






















Problem 2-4 


The center portion of the rubber balloon has a diameter of d — 100 mm. If the air pressure within it 
causes the balloon's diameter to become d = 125 mm, determine the average normal strain in the 
rubber. 

Given: dg := lOOmm d := 125mm 

Solution: 

nà - 7idQ 

8 :=- 

n d 0 

mm 

s = 0.2500- Ans 

mm 







Problem 2-5 


The rigid beam is supported by a pin at A and wires BD and CE. If the load P on the beam is displace 
10 mm downward, determine the normal strain developed in wires CE and BD. 


Given: a := 3m b := 2m c := 2m 

l ce := 4m l bd := 3m 

A tip := lOmm 

Solution: 


al bd 

al ce 

AL CE _ A tip 

a 

a + b 

a+b a+b+c 

al CE := 1 

f a + b 

ALce = 7.1429 mm 

va + b + cj ll P 

al bd := 

í a V 

ALbd - 4.2857 mm 

U + b + cJ ll P 


Average Normal Strain: 


AL 


CE 


"CE 


-CE 


mm 

8/^p = 0.00179- 

mm 


Ans 


al bd 

S BD := T- 

l BD 


S BD 


mm 


0.00143- 


mm 


Ans 




























Problem 2-6 


The rigid beam is supported by a pin at A and wires BD and CE. If the maximum allowable normal 
strain in each wire is s max = 0.002 mm/mm, determine the maximum vertical displacement of the load 

P. 


Given: 


a := 3m 


b := 2m 


l ce := 4m l bd := 3m 

mm 

£ allow *“ 0.002 

mm 


c := 2m 


Solution: 

al bd _ al ce 

a a + b 


AL CE _ A tip 

a+b a+b+c 




Dl 


3 JTi 

1 


4 m 


I*-3 m -'[■— 2 m —— 2 cn — , -| 


Average Elongation/Vertical Displacement: 

al BD := L BD' s allow al BD = 6.00 mm 


A tip :_ 


4ip 


a + b + (A 

14.00 mm 



AL CE L CE' e allow 


AL CE : 
A tip := 


= 8.00 mm 

A + b + 
a + b J 


' al CE 


À^p = 11.20 mm 


(Controls !) Ans 

























Problem 2-7 


The two wires are connected together ãtA. If the force P causes point A to be displaced horizontally ^ 
mm, determine the normal strain developed in each wire. 


Given: 

a := 300mm 0 := 30deg 

A^ := 2mm 


Solution: 

Consider the triangle C AA f : 

4>A := 180deg - 0 = 150deg 




L CA' : = J* + A A 2 - 2-a-(A A )-cos(^ A ) 
Lca' - 301.734 mm 


L CA' “ a 


*CA 


mm 

A rA = 0.00578- 

^ mm 


Ans 








Problem 2-8 


Part of a control linkage for an airplane consists of a rigid member CBD and a flexible cabl qAB. If a 
force is applied to the end D of the member and causes it to rotate by 6= 0.3°, determine the normal 
strain inthe cable. Originally the cable is unstretched. 


Given: 

a := 400mm b := 300mm c := 300mm 
0 := 0.3deg 

Solution: 

n 2 

Lab := v a + b ^ab - 500 mm 

Consider the triangle ACB f : 



<\>Q := 90deg + 0 


= 90.3 deg 


Lab’ ^ + b^ - 2-a*b-cos^(])çj 


Lab’ - 501.255 mm 


L AB' l ab 


"AB •= 


£Ab = 0.00251 


"AB 
mm 


Ans 


mm 



























Problem 2-9 


Part of a control linkage for an airplane consists of a rigid member CBD and a flexible cabl qAB. If a 
force is applied to the end D of the member and causes a normal strain in the cable of 0.0035 mm/mn 
determine the displacement ofpointD. Originally the cable is unstretched. 


























Problem 2-10 


The wire AB is unstretched when 0= 45°. If a vertical load is applied to bar AC, which causes 6 = 
47°, determine the normal strain in the wire. 



From the triangle CA f B: 

B + 

sin (c|>'g) sin| 180deg 


f B = 20.435 deg 


& 


"CB 


^a' : = 180deg-asin 
<(» A .= 128.674 deg 


>/5-L-sin(<|)'gp 

— ) 


:= 180deg — c()'g — <t>A' 
f c = 30.891 deg 
sin(<t>'g) sin (<t>' C ) 



J A'B 


"A'B 


sm(fc) 

sin (f B ) 


L A'B _ l ab 
l ab 


L AB := 3/2 L 


= 0.03977 


S AB : = 


Ans 














































Problem 2-11 


If a load applied to bar^Ccauses pomt A to be displaced to the left by an amount AL, determine the 


normal strain in wire AB. Originally, 0= 45' 

Given: 

0 := 45deg 


AL 

Solution: 

Sac= ~l 

l ab = 

Vl 2 + L 2 L ab = \pl L 

l cb = 

V(2L) 2 + L 2 L cb = \[5 L 


From the triangle A f AB: 



:= 180deg - 0 = 135.00 deg 



S AB = 


1 + — 
2 


AL^i 

—J 


+ 


- 1 (Binomial expansion) 













































Problem 2-12 


The piece of plastic is originally rectangular. Determine the shear strain y xy at corners A and B if the 
plastic distorts as shown by the dashed lines. 


Given: 


a := 400mm 

b := 300mm 

AA V := 3mm 

AAy := 2mm 

AC V := 2mm 

ACy := 2mm 

AB V := 5mm 

A 

ABy := 4mm 

Solution: 



Geometry : For small angles, 


ACL 


a := 


P := 


V := 


b + AC, 


AB y - AC y 
a + (AB X - AC X ) 


AB X - AA X 
b + (AB y - AA y ) 


a = 0.00662252 rad 


\j/ = 0.00662252 rad 



í * Q 

*| — 2j!T>ryy j | jT 


Zrr\ft\ I r 


p = 0.00496278 rad 5oonw ’ 






■4-00 m/n 


p 

•'«L 
I Z^rtrn 


4 rtsrh 


1 —* 


òtnrn 


AA, 


0 := 


a + AA„ 


0 = 0.00496278rad 


Shear Strain : 

Yxy_B := P + V 


Y xy g = 11.585 x 10 ^rad 


Ans 


Y X y_A := _ ( 9 + v) 


Y X y a = “11-585 x 10 ^rad Ans 

































Problem 2-13 


The piece of plastic is originally rectangular. Determine the shear strain y xy at corners D and C if the 
plastic distorts as shown by the dashed lines. 


Given: 

a := 400mm 


AA V := 3mm 

A 


ÀC V := 2mm 

A 


AB V := 5mm 

A 


b := 300mm 


A Ay := 2 mm 

ACy := 2mm 
ABy := 4mm 


Solution: 

Geometry : For small angles, 


AC 


a := 


b +AC 


P := 


V := 


AB y - AC y 
a + (AB X - AC X ) 


AB X - AA X 


b + ( 


AB,, - AA, 


a = 0.00662252rad 


p = 0.00496278 rad 


v|/ = 0.00662252 rad 




AA,. 


0 := 


a + AA„ 


0 = 0.00496278 rad 


Shear Strain 

fxyj 


Yxy D : = a + 0 


Y xy d = 11.585 x 10 ^rad Ans 


Y X y_C := “( a + P) 


Yxy C = 11.585 x 10 ^rad Ans 

























Problem 2-14 


The piece of plastic is originally rectangular. Determine the average normal strain that occurs along tl 
diagonais AC and DB. 


Given: 


a := 400mm 

b := 300mm 

AA V := 3 mm 

AAy := 2mm 

AC V := 2mm 

ACy := 2mm 

AB V := 5mm 

A 

ABy := 4mm 

Solution: 



Geometry: 



l ac := 1 

/ 2 u 2 

/ a + b 

l ac 

l db := 1 

/ 2 t 2 

/ a + b 

l db 


L A'C' : = V ( a + AA x - AC x) + (b + AC y - AA y ) 
La*c’ - 500.8 mm 


L DB' := V ( a + AB x) + ( b + AB y) 
Ldb' - 506.4 mm 



i*sa»' 

, I —zm* _rnrj 4- 

- ' { 



3i0ir>m 


Average Normal Strain: 


8 AC 

8 BD 


L A'C _ L AC 

l ac 

L DB' _ l db 
l db 


S AC = 1-601 x 10 


-3 mm 
mm 


— 12.800 x 10 


. 3 mm 


mm 


Ans 


Ans 
































Problem 2-15 


The guy WwqAB of a building frame is originally unstretched. Due to an earthquake, the two columm 
of the frame tilt 0=2°. Determine the approximate normal strain in the wire when the frame is in thi 
position. Assume the columns are rigid and rotate about their lower supports. 


Given: 

a := 4m b := 3 m c := lin 0 := 2 deg 


Solution: 

í 


0 = 


180j 


0 = 0.03490659rad 


Geometry : The vertical dosplacement is negligible. 


AA X := c-0 


AA„ = 34.907 mm 

A 


AB := (b + c)-Ô AB = 139.626 mm 


n 2 

Lab := V a + b L A t 3 = 5000 mm 


"AB 


L A'B' : = V( a+AB x“ AA x) +b 
La»b’ - 5084.16 mm 


Average Normal Strain: 


^AB 


L A'B' _ l ab 
l ab 


- 3 mm 

£ a d = 16.833 x 10 - 

mm 


Ans 




U-H-2* 















































Problem 2-16 


The comers of the square plate are given the displacements indicated. Determine the shear strain along 
the edges of the plate at A and B. y 































Problem 2-17 


The comers of the square plate are given the displacements indicated. Determine the average normal 
strains along side AB and diagonais AC and DB. 

Given: := 250mm a^ := 250mm 

Àv := 5mm Ah := 7.5 mm 


Solution: 
Fov AB : 


r 2 2 

L AB := V a x +a y 


L A'B' : =A a x- Ah ) +(ay + Av)' 
L A'B' l ab 


"AB •= 


"AB 



Lab = 353.55339 mm 
La»b’ = 351.89665 mm 


- 3 mm 

8 ar = -4.686 x 10 - 

mm 

For^C: 


L AC := 2 ( a y) 

L AC - 

L A'C : = 2 ‘( a y + Av ) 

L A'C = 

L A'C “ l ac 


£ AC •“ t 

l AC 

S AC = 

For DB: 


L DB := 2 ( a x) 

L DB = 


Ans 



E 


= 20.000 x 10 


- 3 mm 


Ans 


mm 


L D'B' := 2 ‘( a x _ Ah ) 
l D'B' l db 


"DB = 


"DB 


Ld'b’ - 485 mm 


8 bb = — 30.000 x 10 


- 3 mm 
mm 


Ans 

























Problem 2-18 


The square deforms into the position shown by the dashed lines. Determine the average normal strain 
along each diagonal, AB and CD. Side D’B' remains horizontal. 


Given: 

a := 50mm 


AB V := -3mm 

À 


b := 50mm 


AC V := 8 mm AC, := Omm 

x y 

0'a := 91.5deg LáD’ 53mm 


Solution: 
ForAB : 



L AB : = * l AB = 70 - 7107 mm 

^AB’ J ( a + AB x ) 2 + (b + ABy)^ = 70.8243 mm 

i 

L AB’ “ L AB 


2 t 2 


"AB ■= 


"AB 


-3 mm 

8 ar = 1.606 x 10 - Ans 

mm 


For CD : 

AD y := AB y 


-CD 


l~2 72 

:= v a + b 


AD y = 2.9818 mm 


Lcd = 70.7107 mm 



l C'D' := V ( a + AC x) + ( b + AD y) - 2-(a + AC X )- (b + AD y )-cos(0' A ) 


Lc»d’ - 79.5736 mm 


l C'D' - l cd 


"CD •= 


"CD 


e CD = 125.340 x 10 


- 3 mm 
mm 


Ans 


































Problem 2-19 


The square deforms into the position shown by the dashed lines. Determine the shear strain at each of 
its corners, A, B, C, and D. Side DB' remains horizontal. 



In triangle C f B r D r : 



0jy := 180deg - 0 ^ 0jy = 88.500 deg Ojy = 1.5446 rad 

0 C := 180deg - 0 B . 0 C = 78.271 deg 0 C = 1.3661 rad 


Shear Strain : 





Y xy _A : = °- 5 * - 

M 

Y xy_A ~ 

-26.180 x 10“ 3 rad 

Ans 

Yxy_B := °- 5jt - 

( e B') 

Yxy_B = 

-204.710 x 10“ 3 rad 

Ans 

Y xy _C := 0.5* - 

( 9 c) 

Yxy_C = 

204.710 x 10“ 3 rad 

Ans 

Yxy_D := °- 5jt - 

(®D') 

Yxy_D = 

26.180 x 10“ 3 rad 

Ans 


































Problem 2-20 


The block is deformed into the position shown by the dashed lines. Determine the average normal 
strain along line AB. y 



"AB ■= 


L AB' l ab 


"AB 


- 3 mm 

8ab — 38.068 x 10 - Ans 

mm 
































Problem 2-21 


A thin wire, lying along the x axis, is strained such that eachpoint on the wire is displaced A x = kx 2 
along the x axis. If k is constant, what is the normal strain at any point P along the wire? 


2 

Given: Ax = k x 


Solution: 

Á - ?-- 

1-J 

d A 

8 = —Ax 
dx 

1 A - 1 

8 = 2-k-x Ans 





Problem 2-22 


The rectangular plate is subjected to the deformation shown by the dashed line. Determine the averag 
shear strain y xy of the plate. 


Given: 


Solution: 


a := 150 mm 
Àa := Omm 


b := 200mm 
Ab := -3 mm 


À0 := atan 


Ab^ 


3 


V a J 

À0 = -1.146 deg 
A0 = -19.9973 x 10 "rad 
Shear Strain : 

Y xy := A0 

y X y = -19.997 x 10 ^rad Ans 


ZOOt n#i 


3 num 


5 


1 

— 

§ 

r\ & K 


\ 


7 1 

1_J 



li 


















Problem 2-23 


The rectangular plate is subjected to the deformation shown by the dashed lines. Determine the avera; 
shear strain y xy of the plate. 

Given: a := 200mm Àa := 3mm 


b := 150mm Áb := Omm 


Solution: 


À0 := atan 


Aa^ 


V b ) 

À0 = 1.146 deg 
A0 = 19.9973 x 10 "rad 
Shear Strain : 


3 



Y xy := A0 

y X y = 19.997 x 10 ^rad Ans 











Problem 2-24 


The rectangular plate is subjected to the deformation shown by the dashed lines. Determine the 
average normal strains along the diagonal AC and si de AB. 


a := 200mm 

b := 15Omm 

ÁA V := -3mm 

A Ay := Omm 

ÁB V := Omm 

A 

ABy := Omm 

AC V := Omm 

A 

ACy := Omm 

AD V := -3mm 

A 

ADy := Omm 


Solution: 
Geometry: 

-j 


-AC 


2 .2 
a + b 


L AB := b 


Lac - 250 mm 


Lab = 150 mm 


L a , c := j (a + AC V - AA, 


La'c - 252.41 mm 


') + (b + ACy - AAyj 




"A'B 


A A 2 U 2 

AA X + b 


La»b - 150.03 mm 
Average Normal Strain: 


"AC 


L A'C _ l ac 
l ac 


-3 mm 

Sap = 9.626 x 10 - 

^ mm 


Ans 





"AB ■= 


L A'B l ab 


-AB 


S AB 


= 199.980 x 10 


- 6 mm 


mm 


Ans 


















Problem 2-25 


The piece of rubber is originally rectangular. Determine the average shear strain y xy if the corners B 
and D are subjected to the displacements that cause the mbber to distort as shown by the dashed lines 


Given: a := 300mm 

b := 400inm 

ÀA V := Omm 

A 

A Ay := Omm 

ÀB V := Omm 

A 

ABy := 2mm 

AD V := 3mm 

A 

ADy := Omm 


Solution: 

À0ab atan 


' A V> 

V a J 


A0 AB = 0-38197 deg 


á0ab - 6.6666 x 10 


-3 


rad 


à0ad atan 


aVi 
V b J 
A0 AD = 0-42971 deg 
A0 AD = 7.4999 x 10“ 3 rad 

Shear Strain : 



í 3 




-5 

f 


F 

f 

/ 

i 

% 

■) 

i 

* 

i 

i 


*— 

L -T sr 





Yxy_A := A0 AB + A0 AD 

-3 

y X y a = 14.166 x 10 rad 


Ans 




















Problem 2-26 


The piece of rubber is originally rectangular and subjected to the deformation shown by the dashed 
lines. Determine the average normal strain along the diagonal DB and side AD. 


Given: a := 300mm 

b := 40Omm 

AA V := Omm 

AAy := Omm 

AB V := Omm 

A 

ABy := 2mm 

AD V := 3mm 

A 

ADy := Omm 

Solution: 


Geometry: 


L DB : = A 2 + 1,2 

Ldb = 500 mm 

l ad := b 

Lad = 400 mm 



L D'B' \l[ a + AB X " AD x) + ( 


b + ADy — AByj 


Ld*b’ - 496.6 mm 


"AD’ 


AD X + ^b + ADyj 


Lad’ - 400.01 mm 






z mm 


4oo.o\\2 



E ' 


3oo.oOC,(,y, 


Average Normal Strain: 


"BD 


l D'B' l db 


"DB 


- 3 mm 

8t>n = —6.797 x 10 - Ans 

BD mm 


"AD 


L AD’ “ L AD 

l ad 


-6 mm 

8 AT a = 28.125 x 10 - Ans 

Au mm 

















Problem 2-27 


The material distorts into the dashed position shown. Determine (a) the average normal strains s x 
and s y , the shear strain y xy at A, and (b) the average normal strain along line BE. 

Given: a := 80mm 


b := 125mm 
AA V := Omm 
AAy := Omm 


Solution: 


Ax 


AC 


A0 


AC 


"x 
:= AC y 

:= atan 


B v := Omm 
By := lOOmm 
AC V := lOmm 
ACy := Omm 


E v := 80mm 
Ey := 5Omm 
AD V := 15mm 
ADy := Omm 


- AA x 

Axac - 10.00 mm 

C 

< 

1 

AyAC = 0.00 mm 

Í 4 Ai 

-3 

1 b ) 

A0 AC = 79.8300 x 10 rad 



Since there is no deformation occuring along the y- and x-axis , 


£ x A := A yAC 


"x A 


= 0 


Ans 


àxac + b - b 


y- A - = b 

s y A = 0.00319 
Yxy_A := A0 AC 


Ans 


rx- 3 


y X y a = 79.830 x 10 rad 
Geometry: 


Ans 


AB X B y 

Ãc^‘T 


AE x E y 


AB x - 


AE x - 




— |AC„ 
bj x 


— i-AD_ 

Vb ) x 


l BE := v( E x _B x) + ( E y _B y) 
L 


"B f E f 


AB V = 8 mm 

A 


ABy := Omm 


AE V = 6 mm 

A 


AEy := Omm 


a + AE X - AB X 


) + ( E y + AEy - AByj 



Lbe - 94.34 mm 


Lb*e’ - 92.65 mm 


^BE •= 


l B'E' l be 


"BE 


"BE 


= -17.913 x 10 


- 3 mm 


Ans 


mm 


Note: Negative sign indicates shortening of BE. 



































Problem 2-28 


The material distorts into the dashed position shown. Determine the average normal strain that occurs 
along the diagonais AD and CF. 

Given: a := 8 Omm B v := Omm 

b := 125mm 


AA V := Omm 

A 

A Ay := Omm 


B v := Omm 

A 

By := lOOmm 

= lOmm 
= Omm 


E v := 80mm 

A 


AC X := 

AC y ;: 


Solution: 

Ax AC := AC x _ AA x 
a YAC := AC y “ AA y 

("Al 

AO Ar := atan -, 

AL b ) 


Ey := 5Omm 

AD V := 15mm 
ADy := Omm 


Ax ac : 

A yAc : 


: 10.00 mm 
: 0.00 mm 



Geometry: 


-AD := Va 2 + b 2 


L 

[~2 

l CF := V f 


L A'D’ := 


a + 

a + AD, 


A0 AC = 79.8300 x 10 3 rad 

Lad - 148.41 mm 
Lcp = 148.41 mm 


'x - AA : ^ 


1 i/( a " AC x) 2 + ( b - AC y) 2 


L A -D’ = 157.00 mm 

l ct : 

Lc’p = 143.27 mm 
Average Normal Strain : 

L A'D’ - l ad 

8 AD := - r - 

l AD 


2 2 
x ) + (b + ADy - AAyj 


X 



8 AD = 57.914 


-3 mm 

x 10 - 

mm 


Ans 


^CF 


L C’F “ L CF 

l cf 


3 mm 


2qp = —34.653 x 10 - 


mm 


Ans 


























Problem 2-29 


The block is deformed into the position shown by the dashed lines. Determine the shear strain at 
corners C and D. 


Given: a := lOOmm 
b := lOOmm 


Solution: 
Geometry: 


A0 C 


asin 


"aVi 

, l CA'J 


A0j) := asin 


, L CA'J 


AA V := -15mm 

A 

AB V := -15mm 
Lca’ := llOmm 


A0 C = -7.84 deg 
AOç = -0.1368 rad 

A0 d = -7.84 deg 
A0j) = -0.1368 rad 


Shear Strain : 

Yxy_C : = A0 C 

y X y q = -136.790 x 10 ^rad Ans 


y xy_D “ a0 d 

y X y d = 136.790 x 10 ^rad Ans 


y 


































Problem 2-30 


The bar is originally 30 mm long when it is flat. If it is subjected to a shear strain defined by y xy = 0.C 

x, where x is in millimeters, determine the displacement Ay at the end of its bottom edge. It is distorte 
into the shape shown, where no elongation of the bar occurs in the x direction. 


Given: L := 300mm 


Soiution: 


Y xy = 0.02-x 
unit := lmm 


dy 

dx 

dy 

dx 


tan (y X y) 

tan(0.02-x) 

rL 


1 dy = 


tan(0.02-x)*(unit) dx 


J 0 J 0 


r30 


Ay := 


J 0 


tan(0.02x)-(unit) dx 


Ay = 9.60 mm Ans 





















Problem 2-31 


The curved pipe has an original radius of 0.6 m. If it is heated nonuniformly, so that the normal strair 
along its length is £=0.05 cos 0 .\ determine the increase in length of the pipe. 


Given: r := 0.6m 8 = 0.05-cos(o) 

Solution: 


r 


AL = 8 dL 


J 

^90deg 

AL = 0.05-cos (o) d(r0) 

*^0 

Zft \ \ 

yv \ \ A 

1 ■ 

"90deg 

AL := 0.05-r-cos(o) d0 


AL = 30.00 mm Ans 












Problem 2-32 


Solve Prob. 2-31 if £=0.08 sin 0 . 
Given: r := 0.6m 8 = 0.08-sin(o) 

Solution: 


c 


AL = 


8 dL 


r90deg 


AL = 


0.08-sin(o) d(r0) 


AL := 


■90deg 


0.08-r-sin(o) d0 


AL = 0.0480 m Ans 












Problem 2-33 


A thin wire is wrapped along a surface having the form y = 0.02 x 2 , where x and y are in mm. Origina 
the end B is atx = 250 mm. If the wire undergoes a normal strain along its length of s= 0.0002x, 


determine the change in length of the wire. Hint: For the curve, y =f (x), ds = 



K dxJ 


•dx . 


Given: B v := 250mm s = 0.0002-x unit := lmm 

A 

Solution: 

2 dy 

y = 0.02x — = 0.04x 

dx 


ds = /1 + 


-T'* 

U xj 


ds = 1 + (0.04x)^-dx 



AL = 


r B x 


8 ds AL = 


(0.0002x) V1 + (0.04xV dx 


AL := (unit)- 


•250 


(0.0002x) Vl + (0.04xV dx 


AL = 42.252 mm 


Ans 


















Problem 2-34 


The fiber AB has a length L and orientation If its ends A and B undergo very small displacements u A 
and v B , respectively, determine the normal strain in the fiber when it is in position A 'B'. 

Solution: 

Geometry: 


L A'B' = J( L ' cos (®) - u a) 2 + ( L ' sin ( e ) - v b) 2 
L a - b - = )l 2 + u A 2 + v B 2 + 2L-(v B -sin(e) - u A -cos(e)) 



Average Normal Strain: 


L A’B’ • L 


J AB 


J AB 


1 + 


U A +V B 2-(v B -sin(0) - u^-cos(0)j 


-1 


Neglecting higher-order terms u A 2 and v B 2 , 


"AB 


I 2^vg*sin(0) - u^-cos(0)j 


Using the binomial theorem: 


T^vg-sin(0) - u^-cos(0)j 


1 

S AB = 1 + õ 


vg- sin(0) u^- cos(0) 

8 AB = -7-7- AnS 



*A j 
























Problem 2-35 


If the normal strain is defined in reference to the final length, that is, 


£' 


n 


lim 

P -> p' 


r As' - 1 

v As' ) 


instead of in reference to the original length, Eq.2-2, show that the difference in these strains is 
represented as a second-order term, namely, s n - s' n = s n s' n 


Solution: 


AS' - AS 


f AS' - AS} 


f AS' - AS} 

l Ã? ) 


AS' 2 - 2-(AS)-(AS') + AS 2 

(as)-(as') 


_ {as'-as) 2 
11 £fl (as)-(as') 

_ f AS'- AS') f AS' - AS'] 
n £n t AS J { AS' ) 



(Q.E.D.) 



Problem 3-1 


A concrete cylinder having a diameter of 150 mm. and gauge length of 300 mm is tested in 
compression. The results of the test are reported in the table as load versus contraction. Draw the 

stress-strain diagram using scales of 10 mm = 2 MPa and 10 mm = 0.1(10“ 3 ) mm/mm. From the 
diagram, determine approximately the modulus of elasticity. 


P := 


Load 

(kN) 


Given: 


d := 


150 

f 


L := 300 


Solution: A := 


g=P/A 

(MPa) 


2 

- r d * 

V4j 


10 3 P 


a := 


0.00 ^ 


1.41 


0.000050 

2.69 


0.000100 

4.67 


0.000167 

5.80 


0.000217 

7.22 

s = 

0.000283 

8.49 


0.000333 

9.76 


0.000375 

10.89 


0.000417 

13.16 


0.000517 

14.15 


0.000583 

15.00 J 

v 0.000625 J 


Modulus of Elasticity: 

From the stress-strain diagram, 
mm 

As := (0.0003 - 0)- * 

mm 

Aa := (8.0 - 0)MPa * 


"approx 


"approx 


Ag 

As 

26.67 GPa 


_ 8_ 

8 L 


Ans 


s=ô/L 

(mm/mm) 

0.000000 ^ 


8 := 


Contraction 

(mm) 


0.0 


0.0000 

25.0 


0.0150 

47.5 


0.0300 

82.5 


0.0500 

102.5 


0.0650 

127.5 


0.0850 

150.0 


0.1000 

172.5 


0.1125 

192.5 


0.1250 

232.5 


0.1550 

250.0 


0.1750 

265.0 


0.1875 


Regression 

curve: 


x := min(s), 0.00005 .. max(s) 
Coeff := loess(s,a, 1.5) 

Y(x) := interp(Coeff, s,g,x) 



-4 -4 -4 -4 -4 -4 -4 

0 1-10 2-10 3 *10 4-10 5 *10 6*10 7 10 


s ,x 






















































Problem 3-2 


Data taken from a stress-strain test for a ceramic are given in the table. The curve is linear between the 
origin and the first point. Plot the diagram, and determine the modulus of elasticity and the modulus of 
resilience. 


Unit used: 
Solution: 


MJ :=(l0 6 )j 

a=P/A 

e=8/L 

a := 

(MPa) 

s := 

(mm/mm) 

Regression curve: 

0.0 


0.0000 

x := min(s), 0.00005 .. max(s) 

232.4 


0.0006 

318.5 


0.0010 

Coeff := loess(s,a,0.9) 

345.8 


0.0014 

Y(x) := interp(Coeff, s , a, x) 

360.5 


0.0018 

373.8 


0.0022 


Modulus of Elasticity: 

From the stress-strain diagram, 
mm 


As := (0.0006 -0)- 

mm 

Aa := (232.4 - 0)MPa 


"approx 


Aa 

As 


^approx 387.3 GPa 


Modulus of Resilience: 


Ans 


The modulus of resilience is equal to the area 
under the initial linear portion of the curve. 


mm 

As := (0.0006 - 0)- 

mm 

3 kN 

Aa := (232.4 - 0)10 - 

m 

1 

u~ := —• As-Aa 


MJ 

u r = 0.0697- Ans 

r 3 

m 



s,x 
























Problem 3-3 


Data taken from a stress-strain test for a ceramic are given in the table. The curve is linear between the 
origin and the first point. Plot the diagram, and determine approximately the modulus of toughness. The 
rupture stress is a r = 373.8 MPa. 


Unit used: 


MJ := 



J 


Solution: 


Regression curve: 

x := min(s), 0.00005 .. max(s) 
Coeff := loess(s,a,0.9) 

Y(x) := interp(Coeff,s,a,x) 


a=P/A s=8/L 

^ _ (MPA) _ (mm/mm) 


0.0 


0.0000 

232.4 


0.0006 

318.5 


0.0010 

345.8 


0.0014 

360.5 


0.0018 

373.8 


0.0022 


Modulus of Resilience: 

The modulus of resilience is equal 
to the area under the curve. 

A 1 := ■^•(232.4)* (0.0004 + 0.0010) 

A 2 := 318.5-(0.0022 - 0.0010) 

A 3 := ~(373.8 - 318.5)-(0.0022 - 0.0010) 

A 4 := ~(318.5 - 232.4)-(0.0010 - 0.0006) 

A total : = A i + a 2 + a 3 + a 4 
6 J 

u t A total' ^ ^ * 

m 

MJ 

u t = 0.595 —vjc Ans 

m 


















































Problem 3-4 


A tension test was performed on a Steel specimen having an original diameter of 13 mm and gauge 
length of 50 mm. The data is listed in the table. Plot the stress-strain diagram and determine 
approximately the modulus of elasticity, the yield stress, the ultimate stress, and the rupture stress. Use 
a scale of 10 mm = 209 MPa and 10 mm = 0.05 mm/mm. Redraw the elastic region, using the same 
stress scale but a strain scale of 10 mm = 0.001 mm/mm. 


Given: 


d := 


Solution: A := 

a=P/A 

í 


12.5* 

í -V 

w 


L := 5Q< 


10 3 P 


c> := 


e=ô/L 


(MPa) 


(mm/mm.) 

0.00 ^ 

( 0.00000^1 

61.12 


0.00025 

187.42 


0.00075 

325.95 


0.00125 

448.18 


0.00175 

480.78 


0.00250 

480.78 

£ 

0.00400 

488.92 


0.01000 

676.34 


0.02000 

814.87 


0.05000 

875.99 


0.14000 

794.50 


0.20000 

753.76 ) 

v 0.23000 ) 


5 

£ • ^ 


Curve Fit: 


Use: F(x) := 


0.3 


v* 


0.6 


Load 

(kN) 


Elongation 

(mm) 


0.0 


0.0000 

7.5 


0.0125 

23.0 


0.0375 

40.0 


0.0625 

55.0 


0.0875 

59.0 


0.1250 

59.0 


0.2000 

60.0 


0.5000 

83.0 


1.0000 

100.0 


2.5000 

107.5 


7.0000 

97.5 


10.0000 

92.5 


11.5000 


Fit := linfit(s , a, f) 
^-4189.696^1 


Fit 


2285.571 
596.538 J 


í := min(s), 0.00005 .. max(s) 
Y(x) := F(x)-Fit 




Modulus of Elasticity: 


From the stress-strain diagram, 























































From the stress-strain diaeram. 


mm 

As := (0.00125 - 0)- * 

mm 


Aa := (326 - 0)MPa * 


A a 

i approx := 


E approx = 260 - 8 GPa + 


Ans 


o Y = 448MPa Ans 

a ult = 890MPa Ans 

a R = 753.8MPa Ans 



Problem 3-5 


The stress-strain diagram for a Steel alloy having an original diameter of 12mm and a gauge length of 
50 mm is given in the figure. Determine approximately the modulus of elasticity for the material, the 
load on the specimen that causes yielding, and the ultimate load the specimen will support. 


Given: 

d := 12mm L := 50mm 

Solution: 

(n'] ,2 


A: = 7 d 


14 ; 


Modulus of Elasticity: 

From the stress-strain diagram, 
mm 

As := (0.001 - 0)- 

mm 


Aa := (290 - 0)MPa 


E := 



E = 290 GP^ 


Ans 


a íMPai 



From the stress-strain diagram, çjy := 290MPa 
Yield Load: Py i— ^çyy^*A. 

Py = 32.80 kN Ans 


From th stress-strain diagram, a u := 550MPa 
Ultimate Load: P u ;= ^a u j-A 

P u = 62.20 kN 


Ans 






















Problem 3-6 


The stress-strain diagram for a Steel alloy having an original diameter of 12 mm and a gauge length of 
50 mm is given in the figure. If the specimen is loaded until it is stressed to 500MPa, determine the 
approximate amount of elastic recovery and the increase in the gauge length after it is unloaded. 


Given: 


d := 12mm 


L := 50mm 


a max := 500MPa 


Solution: 


A := 


7i^ 2 

“ *d 

V4 J 


Modulus of Elasticity: 

From the stress-strain diagram, 
mm 

As := (0.001 - 0)- 

mm 


Aa := (290 - 0)MPa 


(ríMPa) 



E := 



E = 290 GPa, 


Ans 


Elastic Recovery: 


r Re 


a max 

E 


r Re 


mm 


0.00172- 

mm 


Amount^ e := r^ e -(L) Amount^ e = 0.08621 mm Ans 


From the stress-strain diagram, c max := 
Permanent set: (Permanent elongation) 


mm 


0.08- 


mm 


r ps * s max r Re 


Amountp S := rp S *(L) 


r = 0.07828- 

mm 

Amountp S = 3.91379 mm 


Ans 























Problem 3-7 


The stress-strain diagram for a Steel alloy having an original diameter of 12 mm and a gauge length of 
50 mm is given in the figure. Determine approximately the modulus of resilience and the modulus of 
toughness for the material. 


Unitused: MJ := (l0 6 )j 

Given: d := 12mm L := 50mm 

Solution: 

Modulus of Resilience: 

The modulus of resilience is equal to the area 
under the initial linear portion of the curve. 

mm 

As := (0.001 - 0)- 

mm 

Aa := (290 - 0)MPa 


rT OvIPa j 



1 

u r := — As-Aa 
r 2 


u r = 0.145 MPa 


Ans 


Modulus of Toughness: 

The modulus of toughness is equal to the area under the curve, and could be approximated by 
counting the number of sqaures. the total number of squares is: 

n:= 33 

mm 


As 


sq : 


(0.04)- 

mm 


Aa. n := lOOMPa 
u t := n ( Ae sq) ( ACT sq) 
u t = 132 MPa 


Ans 



















Problem 3-8 


The stress-strain diagram for a Steel bar is shown in the figure. Determine approximately the modulus 
of elasticity, the proportional limit, the ultimate stress, and the modulus of resilience. If the bar is 
loaded until it is stressed to 450 MPa, determine the amount of elastic strain recovery and the 
permanent set or strain in the bar when it is unloaded. 


kJ := 10 J 
a max 450MPa 


Unit used: 

Given: 

Solution: 

Modulus of Elasticity: 

From th stress-strain diagram 
mm 

As := (0.0015 - 0)- 

mm 

Aa := (325 - 0) MPa 

Ag 

E:= - 

As 

E = 216.67 GPa 
Modulus of Resilience: 


Ans 


tr (MPa) 
550 


S00 

4SÜ 

4ÜÜ 


350 

300 

250 

200 

150 

100 

50 

0 









jf 




Q 

/ 





























































The modulus of resilience is equal to the area under the 
initial linear portion of the curve. 


As := (0.0015-0)- 


mm 


0.10 


0,20 


030 


s (mm/mm) 


mm 


Acr := (325 - 0)-MPa 
1 

il. := —As-ÀC) 


kJ 

u r = 243.75 — 
r 3 

m 


Ans 


Elastic Recovery: 


'max 


r Re 


r Re 


= 0.00208 ■ 


mm 


mm 


Ans 


mm 


From th stress-strain diagram, s max := 0.0750- 


mm 


Permanent set: (Permanent elongation) 


r ps : s max r Re r ps 0-07292 


mm 

mm 


Ans 


























Problem 3-9 


The o-s diagram for elastic fibers that make up human skin and muscle is shown. Determine the 
modulus of elasticity of the fibers and estimate their modulus of toughness and modulus of resilience. 


Modulus of Elasticity: 

From the stress-strain diagram, 
mm 

As := (2.00 - 0)- 

mm 


Aa := (77 - 0)MPa 
Aa 


E := 


Às 


E = 38.5 MPa Ans 



2 2 25 


Efmni/mm) 


Modulus of Resilience: 

The modulus of resilience is equal to the area under the initial linear portion of the curve. 


mm 


As := (2.00 - 0)- 


mm 

Aa := (77 - 0)MPa 


1 

u r := — Às-Àa 
r 2 


u r = 77.00 MPa 


Ans 


Modulus of Toughness: 

The modulus of toughness is equal to the area under the curve. sq := 0 s ^ 

a 0 := 0 ctj 

A 1 := % 

A 2 : = 0.5(cri + o 2 ) (e 2 “ e l) 
u t := Aj + A 2 
u t = 134.75 MPa 


2.00 s 2 := 2.25 
77MPa cr 2 := 385MPa 


Ans 










Problem 3-10 


An A-36 Steel bar has a length of 1250 mm and cross-sectional area of 430 mm 2 . Determine the length 
of the bar if it is subjected to an axial tension of 25 kN. The material has linear-elastic behavior. 


Given: A := 430mm 2 L Q := 1250mm P := 25kN 

Cfy := 250MPa E st := 200GPa 

Solution: 

Normal Stress: 

P 

a := — a = 58.140MPa [less thanyield stress a ] 

A 

Hence Hook’s law is still valid. 

Normal Strain: 

O 

8 := — 8 
E st 

Thus, 

8L := s-L 0 8L = 0.36337mm 

L := L 0 + 8L L = 1250.363 mm Ans 


290.6977 x 10' 


. 6 mm 


mm 


A 

T 




Problem 3-11 


The stress-strain diagram for polyethylene, which is used to sheath coaxial cables, is determined from 
testing a specimen that has a gauge length of 250 mm. If a loadP on the specimen develops a strain of 
£=0.024 mm/mm, determine the approximate length of the specimen, measuredbetween the gauge 
points, when the load is removed. Assume the specimen recovers elastically. 


Lq := 250mm 


Given: 

Solution: 

Modulus of Elasticity: 

From th stress-strain diagram, 
mm 

As := (0.004 - 0)- 

mm 

Aa := (14.0 - 0)MPa 

Ag 

E :=- 

As 

E = 3500.00 MPa 


a( MPa) 



r 

j 

I 


P 

£ (mm/mm) 


Elastic Recovery: 


From the stress-strain diagram, 


s max • 


mm 


0.024- 


mm 


r Re : = 


a max 

E 


r Re 


mm 


0.00743- 

mm 


a max • 26MPa 


Permanent set: 

mm 

r ps s max ” r Re r ps = 0-01657 —— 

Permanent elongation: 

AL := Tpg-LQ AL = 4.14286 mm 

L := Lq + AL L = 254.143 mm Ans 




















Problem 3-12 


Fiberglass has a stress-strain diagram as shown. If a 50-mm-diameter bar of length 2 m made from 
this material is subjected to an axial tensile load of 60 kN, determine its elongation. 


Given: 


Lq := 2m 


d := 50mm 
P := 60kN unit := IPa 


Solution: f 

A := 


71 ^ 2 

“ *d 

V4 ) 


P 

c> := — 
A 


Given: c>' = 300 1 


cr = 30.558 x 10 Pa 

(ioV 5 


ír(Pa) 



unit 


efcncn/nunl 


8 


?(io 16 )_ 


s = 0.010375- 


mm 


mm 


AL := s-^Lgj AL = 20.75mm Ans 









Problem 3-13 


The change in weight of an airplane is determined from reading the strain gauge A mounted in the 
plane’s aluminum wheel strut. Before the plane is loaded, the strain gauge reading in a strut is e l = 

0.00100 mm/mm, whereas after loading s 2 = 0.00243 mm/mm. Determine the change in the force on 

the strut if the cross-sectional area of the stmt is 2200 mm 2 . E ãl = 70 GPa. 




Given: A := 2200mm 2 

E al := 70-GPa 

mm 

ei := 0.00100- 

mm 

Solution: 

mm 

s 2 := 0.00243- 

mm 

Stress-strain Relationship: 

Applying Hook's law 

a l := E^-ej 

crj = 70.00 MPa 

CT 2 : = E aP £ 2 

a 2 = 170.10 MPa 

Normal Force: Applying equation a=P /A 

p i : = A ' a i 

Pj = 154.00 kN 

p 2 := A ' a 2 

P 2 = 374.22 kN 



Thus, 


AP := P 2 -Pj 


AP = 220.22 kN 


Ans 




Problem 3-14 


A specimen is originally 300 mm long, has a diameter of 12 mm, and is subjected to a force of 2.5 kN. 
When the force is increased to 9 kN, the specimen elongates 22.5 mm. Determine the modulus of 
elasticity for the material if it remains elastic. 


Given: 

d := 

12mm 

L 0 

:= 300mm 



p l = 

= 2.5kN 

P 2 

:= 9kN 

AL := 22.5mm 


Solution: f n\ ? 

A := — -d 

W 

Normal Force: Applying equation cr=P / A . 


p i 



Thus, 


a 1 = 22.105 MPa 
a 2 = 79.577 MPa 


Aa := a 2 ~ Aa = 57.473 MPa 


AL 

As :=- 



As 


E = 766.3 MPa 


Ans 



Problem 3-15 


A stmctural member in a nuclear reactor is made from a zirconium alloy. If an axial load of 20 kN is to 
be supported by the member, determine its required cross-sectional area. Use a factor of safety of 3 
with respect to yielding. What is the load on the member if it is 1-m long and its elongation is 0.5 mm? 
E zr = 100 GPa, <j y = 400 MPa. The material has elastic behavior. 

Given: p := 20kN Lq := lm AL := 0.5mm 

E zr := 100-GPa a y := 400-MPa FoS := 3 


Solution: 


ay 

CT allow := ^ CT allow = 133 - 33 MPa 


A 


req * 


P 


a allow 


A re q = 150 mm 


Ans 


A := A 


req 



8 = 0.0005 


mm 


mm 


a := E zr *s a = 50 MPa 


P := a-A 


P = 7.5 kN 


Ans 




Problem 3-16 


The pole is supported by a pin at C and an A-36 Steel guy wire AB. If the wire has a diameter of 5 mm, 
determine how much it stretches when a horizontal force of 15 kN acts on the pole. 


Given: 


Solution: 


P := 
a := 

d := 

A:= 


15kN 

1.2m 

5 mm 


f 

A) 


E st := 200-GPa 
b := lm 

0 := 30deg 

L := a + b 


Support Reactions: 

Q-^M b = 0; C X (L) +P(b) = 0 

C := -P - 
x L 

C x = -6.82 kN 

+► IF =0; r + p + B v = 0 


B x := -C x - P 


B y = -8.18kN 

A 


CT AB := 


"AB •= 


f AB 
A 

a AB 

"êT 


-B v 


AB 


"AB •= 


sin 


( 0 ) 

L 


COS 


(e) 


CT AB = 833.393 MPa 


S AB 


= 0.0041670- 


mm 


mm 



F AB = 16.36 kN 


F AB = 3.54 m 


6 AB 8 ab l ab 


Sab = 10.586 mm 


Ans 






















Problem 3-17 


By adding plasticizers to polyvinyl chloride, it is possible to reduce its stiffness. The stress-strain 
diagrams for three types of this material showing this effect are given below. Specify the type that 
should be used in the manufacture of a rod having a length of 125 mm and a diameter of 50 mm, that 
is required to support at least an axial load of 100 kN and also be able to stretch at most 6 mm. 


Given: 


Solution: 


d := 50mm 
P := 100kN 


Lq := 125mm 
8L := 6mm 


A := 


A 


- rd 


4 ) 


Normal Stress: 
P 

a := — 

A 


a = 50.930 MPa 


<t (MPa) 
1Ü5 


70 


35 


unplaslicized 

‘ 



I copoiv 

/ 

i / 

mer 

íleiiWe 


1 / 

f / 

"(plasüri/ed) 



r 

i 


aio 


0*20 


030 


€ (nun/nun) 


Normal Strain: 


8L 


8 


0.048000- 


mm 


mm 


From the stress-strain diagram,the copolymer will satisfy both 
stress and strain requirements. 


Ans 
















Problem 3-18 


The Steel wires ,47? and AC support the 200-kg mass. If the allowable axial stress for the wires is <r allow 

= 130 MPa, determine the required diameter of each wire. Also, what is the new length of wire AB 
after the load is applied? Take the unstretched length of AB to be 750 mm. E st = 200 GPa. 


™ m 

Given: g := 9.81 — 

& 2 
s 

0 := 60deg 


Lq := 750mm 


m := 200kg 


_ 4 
V 5 


h:= - 
5 




60 P 




E st := 200GPa 


CT allow : = 130MPa 

Solution: W := m-g 

Axial force in Steel wires AB and AC: 


aW 


F 

Jí 

II 

o 

Initial guess: F^ç := IN F^b := 2N 

Given 

; -F ab -cos( 0) + F AC (h) = 0 

[1] 


o 

II 

w 

7 

; F AB -sin(e) + F AC (v)-W= 0 

[2] 


Solving [1] and [2]: 

í FaC ^ , , 

:= Find F ac ,F ab 


/f ac1 f 



v f ab ) v ’ 


JabJ y 


ê(f 


? fQrJ 

kà 




1066.75^ 

N 

1280.10 J 


Wire AB : 


F AB “ a allow’ 
d AB 


f *7 . 2 


4 

n 


AB 


7 


Wire^C: 


V a allowJ 

f 


^AB = 3.54 mm 


Ans 


^AC " a allow* 
d AC 


7 , 2 

v 7/ d AC 


4 

n 


AC 


7 


a allow ) 


d AC = 3-23 mm 


Ans 


Stress-strain Relationship: Applying Hook’s law cr= Es. 
a allow 


"AB 


"st 


mm 

c ao = 0.000650- 

mm 


Thus, Lab •“ Lq*(i + 8ab) Lab = 750.487mm Ans 




















Problem 3-19 


The two bars are made of polystyrene, which has the stress-strain diagram shown. If the 

cross-sectional area of bar AB is 950 mm 2 and BC is 2500 mm 2 , determine the largest force P that can 
be supported before any member mptures. Assume that buckling does not occur. 

Given: a := 1.2m b := 0.9m 


:= 950mm^ Agç := 2500mm^ 


Solution: 


l~2 72 

:= V a + b 


i a b 

h := - v := — 
c c 


t ^v=o; f ab (v)-p = o [í] 

S ^=°; F AB'( h ) - F BC = 0 I 2 1 „ ( M Pa) 
Solving Eqs.[l] and [2]: 


+ 

+, 



F A b “ 3 P 


5 

-] 

3 

4 

F BC = 3 P 


175 

[la] 140 


[2a] 


Assume tension failure of BC: 


105 - 
70 - 

35 - p tenaon 


eomprcssion 


0 


L 


From the stress-strain diagram, a R t := 35MPa 0 0.20 0.40 0.60 Ofiü 

F BC := ( A Bc)'( a R_t) F BC = 87 - 50kN 

From Eq.[2a], P := 0.75 Fg C P = 65.63 kN 


efinin/inni) 


case 1 


:= P 


Assume compression failure of AB: 

From the stress-strain diagram, a R c := 175MPa 
F AB - ( A Ab) ("R_c) F AB - 1^6.25 kN 

From Eq.[la], P := 0.60-F AB P = 99.75 kN 

P T = P 
case 2 • 



Chosoe the smallest value: P := min(P case 1 > P case 2 ) P = 65.63 kN Ans 





















Problem 3-20 


The two bars are made of polystyrene, which has the stress-strain diagram shown. Determine the 
cross-sectional area of each bar so that the bars rupture simultaneously when the load P = 15 kN. 
Assume that buckling does not occur. 

Given: a := 1.2m b := 0.9m P := 15kN 


Solution: 




2 .2 
a + b 


h := — 
c 


_ b 
c 


+ 

+, 


t ^v=o; f ab (v)-p = o [í] 

^F x = 0; F^g (h) - Fgc =0 [2] MPü j 



Solving Eqs.[l] and [2]: 
F 


175 — 
140 - 


AB 

:= -P 

3 

4 

F ab = 25.00 kN 

105 


-- corapression 



70 


BC 

:= -P 

3 

F bc = 20.00 kN 

35 

4(í tensicm 



For member BC: 


From the stress-strain diagram, t := 35MPa 



€(nmfum) 


V BC 


íwi 

CT R_t ) 


Abc = 571.43 mm Ans 


For member AB: 

From the stress-strain diagram, c := 175MPa 



f ab1 

2 

a ab := 


Aab = 142.86 mm 


l c R_c ) 




Ans 


























Problem 3-21 


The stress-strain diagram for a polyester resin is given in the figure. If the rigid beam is supported by a 
strut AB and post CD , both made from this material, and subjected to a load of P = 80 kN, determine 
the angle of tilt of the beam when the load is applied. The diameter of the strut is 40 mm and the 
diameter of the post is 80 mm. 


Given: 


P := 80kN 


l ab 

:= 2m 

l cd : - 

d AB 

:= 40mm 

d CD := 


0.5m 


-AC 


1.5m 


Solution: 

Support Reactions: 


P 

V" 2 


F AB := A y 


P 


F CD := C y 


Area 


AB •= 


^ 2 
4j' dAB 


Area, 


CD •= 


*^ j 2 

,4/““ 


From the stress-strain diagram, E : 


32.2MPa 


CT AB := 


"AB 


AB 


Area AB 

CT AB 


6 AB £ AB L AB 


0.01 

E = 3220.00 MPa 


a AB = 31.831 MPa 


mm 

8 AB — 0.0098854- 

mm 


Sab - 19.771 mm 



tr (MPa) 



-i-e (nM/bm) 


CT CD := 


"CD 


CD 


Area ( 

CT CD 


CD 


c>cd = 7.958 MPa 


mm 

s rn = 0.0024714- 

mm 




'|. i. 3 

íp" 1 && 


6 CD s CD' L CD 


Ôcd = 1-236 mm 


Angle of tilt a: tan(a) := 


6 AB _ 6 CD 

l ac 


a := atan 


>AB “ °CD 


S CD^I 


AC J 


i 




Ai. 1^ 




a = 0.708 deg 


Ans 







































Problem 3-22 


The stress-strain diagram for a polyester resin is given in the figure. If the rigid beam is supported by a 
strut AB and post CD made from this material, determine the largest load P that can be applied to the 
beam before it mptures. The diameter of the strut is 12 mm and the diameter of the post is 40 mm. 


Given: 


Solution: 

Support Reactions: 


l ab 

:= 2m 

L CD : - 

d AB 

:= 12mm 

d CD := 


0.5m 


-AC 


1.5m 


P 


F AB = A y 


P 


CD 


= C, 


Area 


AB 


A . 2 

v 7/“ab 


Area, 


CD 


M, 2 


For rupture of strut AB: 

From the stress-strain diagram, t := 50.0MPa 

í'( a R_t) 

a AB' ( a R_t) 

P = 11.31 kN 

(Controls!) 


F AB = Area AB' 


P := 2Area/ 


Ans 


For rupture of post CD: 

From the stress-strain diagram, c := 95.0MPa 


F CD = Area CD'( CT R_c) 
P := 2Area CD -(a R c ) 



cr(MPtt) 



-i- ç (mmfmm) 


£■£ 

f 


£ 






1 




P = 238.76 kN 



























Problem 3-23 


The beam is supported by a pin at C and an A-36 Steel guy wire AB. If the wire has a diameter of 5 
mm, determine how much it stretches when a distributed load of w = 1.5 kN/m acts on the pipe. The 
material remains elastic. 


Given: L := 3m w := 1.5 — 

m 

d AB ^mm 0 := 30deg 

E st := 200-GPa 

Solution: 

Support Reactions: 

C + ZM C = 0; F AB -sin(e)-(L) - w(L)-(0.5-L) = 0 

w-L 

Fab := 2MÕ) 


Area 


AB 


f *4 . 2 

U/ dAB 


"AB 


cos 


(e) 


AB 


G AB 

Area AB 

a AB = 229.183 MPa 


a AB 

mm 

£ AB 

- 

8a B = 0.0011459- 


E st 

mm 

5 AB 

:= 8 ab l ab 

Sab - 3.970 mm 



Ans 

































Problem 3-24 


The beam is supported by a pin at C and an A-36 Steel guy wire AB. If the wire has a diameter of 5 
mm, determine the distributed load w if the end B is displaced 18 mm downward. 


Given: L := 3m SB y := 18mm 

^AB 5mm 0 B := 30deg 

E st := 200-GPa 

Solution: 

Consider triangle BB’C: 


L-sin 


,(e c ) = 6B y 


0ç := asin 

Consider triangle AB'C: 




V 


L J 

)'ç := 90deg + 0( 



Area AB : = 


A , 2 

.4 


'C l AC := L-tan(e B ) 
L'ab Jl A C 2 + l2 - 2 '( L Ac) L «>s(«'c) 
L ’aB = 3.473 lm 


L 

L AB -77~T 

cos ( e Bj 

6 ab := l ’ab “ l AB 
5; 

£ AB := 



Ò AB 


L AB 
CT AB := £ AB' E st 
F AB := CT AB'( Area AB) 


8 ab = 8.9883 mm 

mm 

s ab - 0.0025947- 

mm 

a AB = 518.942 MPa 
F AB = 10.19kN 


Support Reactions: 

C + ^ M c= o; f ab' síii ( 0 b)'( l ) -w-(l)-(o. 




(0.5-L) = 0 


I 


2 sin 


1 ( 0 b)^ 


l 




L /"AB 


w = 3.40 


kN 


m 


l.ffn. I.Sr 


J 


w := 


Ans 





































Problem 3-25 


Direct tension indicators are sometimes used instead of torque wrenches to insure that a bolt has a 
prescribed tension when used for connections. If a nut on the bolt is tightened so that the six heads of 
the indicator that were originally 3 mm high are crushed 0.3 mm, leaving a contact area on each head 

of 1.5 mm 2 , determine the tension in the bolt shank. The material has the stressstrain diagram shown. 


Given: h := 3mm 8h := 0.3mm 

Area := 1.5mm“ 
number := 6 unit := IMPa 


Solution: 

Stress-strain Relationship: 


8 := 


5h 

~h 


mm 


8 = 0.1000 - 


mm 



I 


0.00 IS 


-* í nmi .''mj-jYi 

03 - 


From the stress-strain diagram, 


a- 450 _ 8-0.0015 
600 - 450 " 0.3 - 0.0015 


a := 


450+ (600 - 450) 


( £ — 0.0015 y 
,0.3 - 0.0015 )_ 


•unit 


a = 499.50 MPa 


Axial Force: For each head 


P := a-(Area) 


P = 0.749 kN 


Thus, the tension inthe bolt is T := (number) P 


T = 4.50 kN 


Ans 




















Problem 3-26 


The acrylic plastic rod is 200 mm long and 15 mm in diameter. If an axial load of 300 N is applied to it, 
determine the change in its length and the change in its diameter. E p = 2.70 GPa, v p = 0.4. 


Given: P : = 300N 

L := 200mm d := 15mm 

E p := 2.70-GPa v := 0.4 


300 N 


■ 200 mm - 


.300 N 


Solution: 


A := 


71 ^ 2 

“ *d 

V4 ) 



a = 1.698 MPa 


8 long * 


a 



8 long 


mm 


0.0006288- 


mm 


d : s long'L 


8 = 0.126 mm 


Ans 


8 lat : v ' 8 long 


mm 

8ij, t = -0.0002515- 

lat mm 


Ad := e laf( d > 


Àd = -0.003773 mm 


Ans 













Problem 3-27 


The block is made of titanium TÍ-6A1-4V and is subjected to a compression of 1.5 mm along th ey 
axis, and its shape is given a tilt of 0 = 89.7 o .Determine s y , s x , and y. r . 


Given: 


L v := 125mm 

A 


8y := -1 .5mm 


v := 0.36 


Solution: 

Normal Strain: 


Ly := lOOmm 
0 := 89.7deg 



y mm 

:= — 8 = -0.01500- 

y y mm 


Ans 


Poisson f s Ratio: The lateral and longitudinal strain can be related using Poisson’s ratio. 


8 X := -v-(sy) 

mm 

8 X = 0.00540- 

mm 

Shear Strain: 


p := 180deg - 0 

P = 90.30 deg 

Thu S , y xy := | - P 

P = 1.58 rad 

y X y = -0.00524 rad 


Ans 













Problem 3-28 


A short cylindrical block of bronze C86100, having an original diameter of 38 mm and a length of 75 
mm, is placed in a compression machine and squeezed until its length becomes 74.5 mm. Deterinme 
the new diameter of the block. 


Given: 

L 

:= 7 5 mm 

L' := 74.5mm 


d 

:= 3 8 mm 

v := 0.34 


Solution: 


A := 


71 ^ 2 

“ *d 

A) 


L’ - L 

s long “ 
s lat _v ' 8 long 


£ long 


-0.0066667 


mm 

mm 


mm 

e ljlt = 0.0022667- 

lat mm 


Àd := 8j at -(d) Ad = 0.086133 mm 

d' := d + Ad d' = 38.0861 mm Ans 




Problem 3-29 


The elastic portion of the stress-strain diagram for a Steel alloy is shown in the figure. The specimen 
from which it was obtained had an original diameter of 13 mm and a gauge length of 50 mm. When the 
applied load on the specimen is 50 kN, the diameter is 12.99265 mm. Determine Poisson’s ratio for the 
material. 


Given: d := 13mm d' := 12.99265mm 

L := 50mm P := 50kN 


Solution: 

Normal Stress: 


cr(MPn) 


A := 


A ,2 


f 

— ]-d" 

w 



p 

c> := — 
A 


cr = 376.698 MPa 


Normal Strain: From the stress-strain diagram, the modulus of elasticity is 

400MPa 


E := 


0.002 


E = 200 GPa 


Applying Hook's law a=Es. 
o 


s l°ng : E 

d' - d 
s lat := a 


s long 


0.0018835- 


mm 


mm 


mm 

£ 1íit = -0.0005654- 

lat mm 


Poisson f s Ratio: The lateral and longitudinal strain can be related using Poisson’s ratio. 

£ lat 


dong 


v := 


v = 0.30018 


Ans 










Problem 3-30 


The elastic portion of the stress-strain diagram for a Steel alloy is shown in the figure. The specimen 
from which it was obtained had an original diameter of 13 mm and a gauge length of 50 mm. If a load 
of P = 20 kN is applied to the specimen, determine its diameter and gauge length. Take v= 0.4. 


Given: 


L := 50mm d := 13mm 


P := 20kN v := 0.4 


Solution: 

Normal Stress: 


A:= 


7i^ 2 

~ *d 

V4 J 


a := 


P 

Ã 


a = 150.679 MPa 


ír(M Pa) 



Normal Strain: 


From the stress-strain diagram, the modulus of elasticity is 
400MPa 


E := 

0.002 

Applying Hook’s law <j= Es . 


E = 200 GPa 


Thus, 


s l°ng : E 

ôL := ei on g-(L) 
L’ := L + ÔL 


8 long 


= 0.0007534- 


mm 


mm 


8L = 0.037670 mm 

L’ = 50.0377 mm 


Ans 


Poisson f s Ratio: The lateral and longitudinal strain can be related using Poisson’s ratio. 


s lat : v *( s long) 

Ad := 8j at *(d) Ad = -0.003918 mm 


mm 

8l = -0.00030136- 

Aat mm 


d' = 12.99608 mm 


d' := d + Ad 


Ans 









Problem 3-31 


The shear stress-strain diagram for a Steel alloy is shown in the figure. If a bolt having a diameter of 6 
mm is made of this material and used in the lap joint, determine the modulus of elasticity E and the 
force P required to cause the material to yield. Take v= 0.3. 


Given: 

d := 6 mm v := 0.3 


Solution: 

Modulus ofRigidity: 

From the stress-strain diagram, 


350MPa 

G :=- 

0.004 


G = 87500 MPa 


t(M Pa) 
7y - 350 - 



Modulus of Elasticity: G = —7 -r 

2-(l + v ) 

E := 2G-(l + v) 


E = 227500 MPa Ans 


Yielding Stress: 

From the stress-strain diagram, xy := 350MPa 


A := 


2 

- -d 

. 4 ) 


: = ( t y) 


•A 


xv = — 


P = 9.896 kN 


Ans 














Problem 3-32 


The brake pads for a bicycle tire are made of rubber. If a frictional force of 50 N is applied to each 
side of the tires, determine the average shear strain in the rubber. Each pad has cross-sectional 
dimensions of 20 mm and 50 mm. G r = 0.20 MPa. 


Given: a := 20mm b := 50mm 

V := 50N G := 0.20MPa 

Solution: 

A := a b A = 1000.00 mm^ 

Average Shear Stress: 

The shear force is V. 

V 

T := — t = 0.050 MPa 

A 

Shear Stress-strain Relationship: 

Applying Hooke’s law for shear: x 

y := 


= G-y 

t 

G 



y = 0.250 rad 


Ans 










Problem 3-33 


The plug has a diameter of 30 mm and fits within a rigid sleeve having an inner diameter of 32 mm. 
Both the plug and the sleeve are 50 mm long. Determine the axial pressure p that must be applied to the 
top of the plug to cause it to contact the sides of the sleeve. Also, how far must the plug be 
compressed downward in order to do this? The plug is made from a material for which E = 5 MPa, v 


= 0.45. 


Given: 


d 

:= 30mm 

d' := 32mm 

L := 50mm 

E 

:= 5MPa 

v := 0.45 




Solution: 


£ lat : 


d’-d 
d 


mm 


8 ij, t = 0.0666667- 

Aat mm 



£ lat 

v = - 

8 long 


£ lat 

8 long := “~ 


8 long 


mm 


-0.14815- 


mm 


Applying Hook’s law cr= Es . 


P : = E ( e long) 

p = -0.741 MPa 

Ans 

:= ( e long)' L 

ôL = -7.41 mm 

Ans 











Problem 3-34 


The rubber block is subjected to an elongation of 0.75 mm. along the x axis, and its vertical faces are 
given a tilt so that 0 = 89.3°. Deterinme the strains s x , s y and y . Take v r = 0.5. 


Given: 

L v := lOOmm 

À 

Ly := 75mm 


ô x := 0.75mm 

0 := 89.3deg 

Solution: 

Normal Strain: 

v := 0.5 


S x 

mm 


s Y := — 

s x = 0.00750- 


x T 

mm 


y 



Poisson f s Ratio: The lateral and longitudinal strain can be related using Poisson’s ratio. 


Sy :=-v-s x 


mm 

s v = -0.00375- Ans 

y mm 


Shear Strain: 


0 = 89.30 deg 
0 = 1.56 rad 


Thus, y X y := — - 0 y X y = 0.01222 rad 


Ans 


















Problem 3-35 


The elastic portion of the tension stress-strain diagram for an aluinmum alloy is shown in the figure. 
The specimen used for the test has a gauge length of 50 mm. and a diameter of 12.5 mm. When the 
applied load is 45 kN, the new diameter of the specimen is 12.48375 mm. Compute shear modulus G al 

for the aluinmum. 


Given: d := 12.5mm d' := 12.48375mm 

L := 50mm P := 45kN 


Solution: 

Normal Stress: 


A := 


2 

“ *d 

V4 J 


P 

a := — 
A 



a = 366.693 MPa 


Normal Strain: From the stress-strain diagram, the modulus of elasticity is 


500MPa 

0.00614 


E = 81433.22 MPa 


Applying Hook’s law cr= Es. 
o 

£ long £ long 


mm 


0.0045030- 

mm 


£ lat : 


d’-d 
d 


£ lat 


-0.0013000 


mm 

mm 


Poisson f s Ratio: The lateral and longitudinal strain can be related using Poisson’s ratio. 


£ lat 

v :=- v = 0.28870 


dong 


G := 


2 -(l + v) 


G = 31.60 GPa 


Ans 













Problem 3-36 


The elastic portion of the tension stress-strain diagram for an aluinmum alloy is shown in the figure. The 
specimen used for the test has a gauge length of 50 mm and a diameter of 12.5 mm. If the applied load is 
50 kN deterinme the new diameter of the specimen. The shear modulus is G al = 28 GPa. 

Given: d := 12.5mm L := 50mm 


P := 50kN 

G := 28-GPa 

(T \ 

500 

MPa) 

í 

Solution: 


/ 

/ 

/ 

i 

1 

Normal Stress: 



/ 

/ 

\ 


A 


f 

-!-d" 


0.00614 


P 

a := — 
A 


Normal Strain: 


a zz 407.44 MPa 

From the stress-strain diagram, the modulus of elasticity is 
500MPa 


E := 


0.00614 

Applying Hook’s law <j= Es . 
a 

s l°ng := f 


E = 81433.22 MPa 


^long 


0.0050033 ■ 


mm 


é (mm/mm) 


mm 


Poisson 's Ratio: 


G = 


Thus, v : 


2 -(l + v) 


2-G) 


v = 0.454 


The lateral and longitudinal strain can be related using Poisson’s ratio. 
s lat *“ _v ‘( s long) s lat = “0-00227233 —— 

Ad := Ad = -0.028404 mm 


d' := d + Ad 


d' = 12.4716 mm Ans 













Problem 3-37 


The head// is connected to the cylinder of a compressor using six Steel bolts. If the clamping force in 
each bolt is 4 kN, deterinme the normal strain in the bolts. Each bolt has a diameter of 5 mm. If a Y = 
280 MPa and E st = 200 GPa, what is the strain in each bolt when the nut is unscrewed so that the 
clamping force is released? 


Given: 

d 

:= 5mm 

ay := 28MPa 


P 

:= 4kN 

E := 200-GPa 


Soiution: 

Normal Stress: 


£ 



A:= 


2 

~ *d 

V4 ) 


a := 


P 

Ã 


a = 203.7183 MPa (< a Y = 280 MPa ) 


Normal Strain: Since a < ay, Hook’s law is still valid. 


8 := 


a 

E 


8 = 0.0010186- 


mm 


mm 


Ans 


If the nut is unscrewed, the load is zero. Therefore, the strain £ = 0. 


Ans 

















Problem 3-38 


The rigid pipe is supported by apin at C and an A-36 Steel guy wire AB. If the wire has a diameter of 5 
mm., determine how much it stretches when a load of P = 1.5 kN acts on the pipe. The material 
remains elastic. 


Given: 


P := 1.5kN 

l bc := 2Am 


E st := 200-GPa 
d := 5mm 
0 := 60deg 


Solution: 


Support Reactions: 

C + IM c =0; -F ab - cos(0)- (L AB ) + P-(L AB ) = 0 
F 



AB 


COS 


(e) 


AB 


3kN 


Normal Stress: f 

Area := 

V 


ÍU 2 

4 ) 


a AB 


r AB 

Area 


a AB = 152.789 MPa 


+» P 


Normal Strain: 


-BC 


-AB ■= 


sin(0) 

Applying Hook’s law cr= Es . 
a AB 


Lab - 2.771 m 


-AB ■= 


-st 


8 AB = 0-0007639 


mm 

mm 



Thus, 


6L AB s AB'( L Ab) 


SLab - 2.1171 mm 


Ans 





















Problem 3-39 


The rigid pipe is supported by a pin at C and an A-36 guy wire AB. If the wire has a diameter of 5 
mm., determine the load P if the end B is displaced 2.5 mm. to the right. E st = 200 GPa. 


Given: L := 2.4m d := 5mm 

0 := 60deg SB X := 2.5mm 


Solution: 

Consider triangle BB’C: 


E st := 200-GPa 


L-sin(e c ) = 8B„ 


0 ç := asin 


«Vl 

L ) 


Consider triangle ABC: ^ ;= 9Meg + ^ Lac ;= L . cot(e) 


L' 


AB 


L AC +L -2-(L AC )-L-cos(0’ c ) 


l ’ab = 2 - 7725 m 


Normal Strain: 


"AB •= 


"AB 


sin(0) 


l 'ab l ab 


"AB 


mm 

8 ao = 0.0004510- 

mm 


Normal Stress: 


Area := 


-) d2 

V4 J 


Applying Hook’s law a= Es . 
CT AB := e AB' E st 

Thus, F ab := c> AB -(Area) 

Support Reactions: 

C + YM C = 0; F ab -cos(0)-(L) - P L = 0 
P := f AB' cos ( 0 ) 



CT AB = 90.191 MPa 
F AB = 1-771 kN 


2 ivft. 



-y§7" 




(E-l.fHiíJ 


l .If ft- 


U—c* 


P = 0.885 kN 


Ans 



























Problem 3-40 


While undergoing a tension test, a copper-alloy specimen having a gauge length of 50 mm. is subjected 
to a strain of 0.40 mm./mm. when the stress is 490 MPa. If oy = 3 15 MPa when s Y = 0.0025 
mm./mm., determine the distance between the gauge points when the load is released. 


Given: 

iiiiii 

La := 50mm Si := 0.40- 

mm 

ai : 

:= 490-MPa 


mm 

Sy := 0.0025- 

mm 

CT Y 

:= 315MPa 


Solution: 


Modulus ofElasticity: G Y 

Sy 

E = 126.00 GPa 


Elastic Recovery: 


r Re : = 


°4 

E 


r Re 


mm 


0.0038889- 

mm 


Permanent set: 

r ps 8 1 “ r Re 
Permanent elongation: 

AL := r ps' L 0 
L != Lq + AL 


A ps 


mm 


0.39611 - 

mm 


AL = 19.806 mm 

L = 69.806 mm 


Ans 


Problem 3-41 


The 8-mm-diameter bolt is made of an aluminum alloy. It fits through a magnesium sleeve that has an 
inner diameter of 12 mm and an outer diameter of 20 mm. If the original lengths of the bolt and sleeve 
are 80 mm and 50 mm, respectively, determine the strains in the sleeve and the bolt if the nut on the 
bolt is tightened so that the tension in the bolt is 8 kN. Assume the material at A is rigid. E. àl = 70 GPa, 

E mg = 45 GPa. 


Given: L b := 80mm 

d^ := 8mm 



L s := 30mm 

d s 0 := 20mm 

d s _i: 

= 12mm 

P := 8kN 

E al := 70GPa 

F 

mg 

:= 45GPa 


Solution: 


71 ^ 2 

- *4 

4 ) b 


A s : 


w 





Normal Stress: 

P 



Normal Strain: 

a b 



cr b = 159.15 MPa 
cr s = 39.79 MPa 

mm 

eu = 0.002274- Ans 

mm 

mm 

s s = 0.000884- Ans 

mm 



















Problem 3-42 


A tension test was performed on a Steel specimen having an original diameter of 12.5mm and a gauge 
length of 50 mm. The data is listed in the table. Plot the stress-strain diagram and determine 
approximately the modulus of elasticity, the ultimate stress, and the rupture stress. Use a scale of 20 
mm = 50 MPa and 20 mm = 0.05 mm/mm. Redraw the linear-elastic region, using the same stress 
scale but a strain scale of 20 mm = 0.001 mm/mm. 


Given: 


d := 


12.5* 

f 


L := 5Q, 


Load 

(kN) 


Elongation 

(mm) 


Solution: A := 


g=P/A 
(MPa) 

f 0.0000 ^ 

90.4509 
259.9446 
308.0221 
333.2832 
355.2848 
435.1423 
507.6661 
525.5933 
507.6661 
^ 479.1455 J 


2 

_ 1 . h 

* 


P-10 


c> := 


ô 

! ^ T~* 


8=Ô/L 

(mm/mm) 

( 0.000000 ^ 

0.000350 
0.001200 
0.002040 
0.003300 
0.004980 
0.020320 
0.060960 
0.127000 
0.177800 
1^0.238760 J 


Use 


F(x) := 


x ^ 

0.3 1 


VX 


0.6 


0.0 


0.0000 

11.1 


0.0175 

31.9 


0.0600 

37.8 


0.1020 

40.9 


0.1650 

43.6 


0.2490 

53.4 


1.0160 

62.3 


3.0480 

64.5 


6.3500 

62.3 


8.8900 

58.8 


11.9380 


Fit := linfit(s, a, f) 


( 107.325 ^ 
2123.113 

v- 


Fit = 

-2190.474 J 
x := min(e), 0.005 .. max(s) 

Y(x) := F(x)-Fit 




s 







































































Modulus of Elasticity: 

From th stress-strain diagram, 

From th stress-strain diagram, 

a u lt = 530MPa Ans 

mm 

As := (0.0005 - 0)- * 

mm 

a R = 479MPa Ans 

Aa := (125 - 0)MPa * 


Ag 

E approx := ~* 


E approx = 250GPa + Ans 



Problem 3-43 


A tension test was performed on a Steel specimen having an original diameter of 12.5 mm and a gauge 
length of 50 mm. Using the data listed in the table, plot the stress-strain diagram and determine 
approximately the modulus of toughness. Use a scale of 20 mm = 50 MPa and 20 mm = 0.05 mm/mm. 


Given: 


d := 12.5* L := 5Q* 


P := 


Load 

(kN) 


Solution: A := 

g=P/A 

(MPa) 

c 0.0000 ^ 

90.4509 
259.9446 
308.0221 
333.2832 
cr = 355.2848 
435.1423 
507.6661 
525.5933 
507.6661 
^ 479.1455 J 


2 

- -d * cr 

4 J 


P-10 


i ^ & 


8 = 


e=6/L 

(min/mm) 

f 0.000000 ^ 

0.000350 
0.001200 
0.002040 
0.003300 
0.004980 
0.020320 
0.060960 
0.127000 
0.177800 
1^0.238760 J 


Use 


F(x) := 


x ^ 

0.3 I 


V x 


0.6 


8 := 


Elongation 

(mm) 


0.0 


0.0000 

11.1 


0.0175 

31.9 


0.0600 

37.8 


0.1020 

40.9 


0.1650 

43.6 


0.2490 

53.4 


1.0160 

62.3 


3.0480 

64.5 


6.3500 

62.3 


8.8900 

58.8 


11.9380 


Fit := linfit( 8 ,a,F) 

r 107.325 ^ 
Fit = 2123.113 

V-2190.474 J 

x := min(e), 0.005 .. max(s) 

Y(x) := F(x)-Fit 


Modulus of Toughness: 

The modulus of toughness is equal to the area under the 
curve, and could be approximatedby counting the 
number of sqaures. the total number of squares is: 

n := 188.5 

mm 

As sn := (0.025)- 

1 mm 


Àa çn := 25MPa 


u t : = n ’( As sq)'( A< 7 sq) 


u t = 117.81 MPa 


Ans 



8 , X 




















































Problem 3-44 


An 8-mm-diameter brass rod has a modulus of elasticity of E br =100 GPa. If it is 3 m long and 

subjected to an axial load of 2 kN, determine its elongation. What is its elongation under the same load 
if its diameter is 6 mm? 


Given: P := 2kN 

L := 3m d] := 8mm d 2 := 6mm 
E br := 100-GPa 


2 kN 


c 


- 3 rn - 


I -► 

f 2 kN 


Solution: 

Case 1: 

f 71^ 2 

1 UJ 1 



p 

oi := — 

1 A 1 

si :=- 

1 E br 

a 1 = 39.789 MPa 

mm 

ei = 0.0003979 - 

mm 


ôj := e r L 

5 I = 1.194 mm 

Case 2: 

f 71^ 2 

2 J 2 



P 

a 2 = 70.736 MPa 


s 2 := T - 

mm 

c 2 = 0.0007074 - 


E br 

mm 


s 2 := £ 2' L 

§ 2 = 2.122 mm 


Ans 


Ans 









Problem 4-1 


The ship is pushed through the water using an A-36 Steel propeller shaft that is 8 m long, measured 
from the propeller to the thrust bearing D at the engine. If it has an outer diameter of 400 mm and a 
wall thickness of 50 mm, determine the amount of axial contraction of the shaft when the propeller 
exerts a force on the shaft of 5 kN. The bearings at B and C are joumal bearings. 


Given: F := 5kN 

L := 8m d Q := 400mm t := 50mm 
E := 200-GPa 


Solution: 


di := d Q - 2t 


A:= 




Internai Force: As shown on FBD. 

P := -F 
Displacement: 

PL 

S a :=- Ôa — -0.00364 mm 

A AE A 



Ans 


Note : Negative sign indicates that end A moves towards end D. 













Problem 4-2 


The A-36 Steel column is used to support the symmetric loads from the two floors of abuilding. 
Determine the vertical displacement of its top, A, if P } = 200 kN, P 2 = 310 kN, and the column has a 


cross-sectional areaof 14625 mm 2 . 

2 

Given: L := 3.6m A := 14625mm 

Pj := 200kN P 2 := 310kN 

E := 200-GPa 

Solution: 

Internai Force: As shown on FBD. 
Displacement: 



8 ab 


-2P r L 

AE 


6 BC 


— 2 ( P 1 +P 2)' L 

AE 


8^ := S + Sgc 8 a — — 1.74769 mm Ans 







3ID K J 



Note : Negative sign indicates that end A moves towards end C. 


Ú» 


























Problem 4-3 


The A-36 Steel column is used to support the symmetric loads from the two floors of abuilding. 
Determine the loads P x and P 2 if A moves downward 3 mm and B moves downward 2.25 mm when 

the loads are applied. The column has a cross-sectional areaof 14625 mm 2 . 


Given: L := 3.6m 

8^ := -3mm 


A := 14625mm^ 
5g := -2.25mm 

E := 200-GPa 


Solution: 

Internai Force: As shown on FBD. 
Displacement: 

Initial guess: Pj := lkN ?2 := 2kN 
Given 


For AB: 

For BC: 


Ô A -ô B = 


-2P r L 

AE 


S B = 


- 2 ( P 1 +P 2) L 

AE 


[ 1 ] 

[ 2 ] 


Solving [1] and [2]: 


" P T 

v P 2j 


FindfPj ,P 2 ) 









304.69^1 

kN 

609.38 ) 


Ans 



































Problem 4-4 


The copper shaft is subjected to the axial loads shown. Determine the displacement of end A with 
respect to end D if the diameters of each segment are d AB = 20 mm, d BC = 25 mm, and d CD = 12 mm. 


Take = 126 GPa. 


Given: 


l AB := 2m 

^AB := 20mm 

:= 3.75m 

dfic := 25mm 

l cd := 2 - 5m 

dç B := 12 mm 

P A ;= -40kN 

P B := 25kN 


— 2m 


40 kN 


-3J5m- 


25 kN 


25 m ■ 


lí) kN 


30 kN 

—► 


25 kN B 


c 10 kN 


D 


E := 126-GPa 

P c := 10kN P D := -30kN 


Solution: 


Internai Force: As shown on FBD. 


Displacement: 


a ab 





5 ab 


, - , 




P A'( L Ab) 

e-( a ab) 


a bc 





a cd := 





6 BC 
8 CD 


(P a +2P b )-(Lbc) 

e '( a bc) 

( P A + 2P B + 2P c)'( L Cd) 

E-(Acd) 


8 a D 8 AB + S BC + S CD 


§a d = 3.8483 mm 


Ans 


Note: The positive sign indicates that end A moves away from end D. 



























Problem 4-5 


The A-36 Steel rod is subjected to the loading shown. If the cross-sectional area of the rod is 60 mm 2 , 
Determine the displacement of B and A. Neglect the size of the couplings at B , C, and D. 

Given: 


Lab 0.50m 
P A := 8kN 



L B q •— 1.50m 
P B := 2kN 
3 

v B := 5 
A := 60mm^ 


:= 0.75m 
P c := 3.3kN 
0ç := 60deg 

E := 200-GPa 


Solution: 

Internai Force: As shown on FBD. 
Displacement: 



5 ab 


P A'( L Ab) 

EA 


fèj { h b 

a 


[ P A + 2P B'( v b)]’( L Bc) 

EA 

[P A + 2P b -(v b ) + 2P c -sin(e c )]-(L CD ) 




r 


ll 5 




T 

a.kM t 

AM 


6 b 

Ô BC + § CD 

8 b = 

2.307 mm 

Ans 

S A 

:= S AB + 8 bc + S CD 

s A = 

2.641 mm 

Ans 






















Problem 4-6 


The assembly consists of an A-36 Steel rod CB and a 6061-T6 aluminum rod BA, each having a 
diameter of 25 mm. Determine the applied loads P x and P 2 if A is displaced 2 mm to the right and B is 

displaced 0.5 mm to the left when the loads are applied. The unstretched length of each segment is 
shown in the figure. Neglect the size of the connections at B and C, and assume that they are rigid. 


Given: L BA := 1.2m L CB := 0.6m 

8 A := 2mm S B := -0.5mm 

d := 25mm Eç B := 200- GPa 

E ba := 68.9-GPa 

Solution: 

Internai Force: As shown on FBD. 


Displacement: 


A := 


7i^ 2 

“ *d 

V4 J 


Initial guess: Pj := lkN ?2 : = 2kN 
Given 


For BA: 


For CB: 


8 a -S b 


p i l ba 


A-E 


BA 


>B 


(p, - p 2 ).] 


CB 


A-E, 


CB 



[ 1 ] 


[ 2 ] 



Solving [1] and [2]: 


p T 

P 2j 


:= FindfPj ,P 2 ) 


P T f 70.46 ^ 




152.27 ) 


kN 


Ans 
























Problem 4-7 


The 15-mm-diameter A-36 Steel shaft^Cis supported by a rigid collar, which is fixed to the shaft at 
B. If it is subjected to an axial load of 80 kN at its end, determine the uniform pressure distribution p 
on the collar required for equilibrium. Also, what is the elongation on segment BC and segment BA1 


Given: 


:= 200mm L 
P c := 80kN 


'BC := 500mm d := 15mm 
E := 200-GPa r c := 35mm 


Solution: r. 

^collar y j _( 2r c) 

Equations of equilibrium: 


0, p-(^collar) ^ 


P := 


^collar 


p = 21.79 MPa 


Internai Force: 
Displacement: 


As shown on FBD. 


A := 


A\d 2 P BC := p c 


P BA := 0 



BC 


5 BC •= 


>BA 


( l bc) 


EA 


BA 


( l ab) 


EA 


§bc - 1-132 mm Ans 
§ba - Omm Ans 





















Problem 4-8 


The load is supported by the four 304 stainless Steel wires that are connected to the rigid members AB 
and DC. Determine the vertical displacement of the 2.5-kN load if the members were horizontal when 

the load was originally applied. Each wire has a cross-sectional areaof 16 mm 2 . 



F CF f ah 


L Did 


Displacement: 


S D := 


8 r '■= 


DE 


■ ( l de) 


E-A 


CF 


•( l cf) 


EA 


5 H := 6 C + 


Sa •— + 


l hc^1 

L DCj 


Sj) = 0.12143782 mm 
8ç = 0.06071891 mm 
(8 d -ô c ) 8 h = 0.10119819mm 


L D c ) F CF = 0.2083 kN 

F DE := F AH “ F CF F DE = 0 4167 kN 


_i at 




n* 


D. 9 


p 3 D. 1 IDk 1 ^ 11 


I L- 1 . i I 

■t^H i 


AH' 


( l ah) 


E-A 


8 b := 


BG' 


( l bg) 




E-A 


8j := S A 


6 L AI ^1 

l ab ) 


•^8g-8 A j 8j = 0.736 mm 




Ans 








































Problem 4-9 


The load is supported by the four 304 stainless Steel wires that are connected to the rigid members AB 
and DC. Determine the angle of tilt of each member after the 2.5-kN load is applied. The members 

were originally horizontal, and each wire has a cross-sectional area of 16 mm 2 . 

E 


Given: p : = 2.5kN 

l de := °- 9m 

:= 0.9m 

A := 16mn7 

:= 0.3m 

Lp^^ := 0.6m 

E := 193-GPa 

L^ji := 0.54m 

l bg := F5m 

Lai := 0.9m 

Ljg := 0.3m 

Solution: ^DC * = ^DH 

+ l hc l ab 

:= L ai + L ib 


Internai Forces in the wires : 

From FBD (b): 

C + ZM a = 0; f BG' ( L Ab) “ P ( L Al) = 0 

+t SF v=°; 


f ah + F BG - p = 0 


f BG := P ' 



l ab ) 


F AH := P _ f bg 


F bg = 1.875 kN 
F AH = °- 625 kN 


From FBD (a): 

C + f CF'( L Dc) “ F AH’( L Dh) = 0 


-f ZF= 0; 


F CF f ah 


f cf + f de _ f ah = 0 


L Did 


Displacement: 


l dc J F C F = °- 2083kN 
F DE := F AH “ F CF F DE = 0 4 167 kN 


8 D := 


6 C := 


DE' 


( l de) 


E-A 


CF' 


( l cf) 


EA 


6 h := ô c + 


L HC^1 

l dcJ 


tan 


( a Dc) := 


8 D~ 8 C 


Sj) = 0.12143782 mm 
= 0.06071891 mm 

'( 8 D _8 c) 6 h = 0.10119819mm 


o.omm\ n,n, 

—*—’—— j* pC 


"DC 


a DC := atan 


"DC ) 


8 a := 8 h + 


AH 


■( l ah) 


E-A 


8 a = 0.21049223 mm 


a DC = 0-0039 deg Ans 

f, 


D.£IDif9££5im 

+*HL 


BG 


>B 


■( l bg) 


"T- 2 






E-A 
tan (pAB) : = 


8 B _8 A 

l ab 


Sb = 0.91078368 mm 

^ 8 b _ 8 a^1 




Pab := atan 


v 


l ab ) 


D. MWWfSim 

PAB “ 0.0334 deg Ans 
















































Problem 4-10 


The bar has a cross-sectional area of 1800 mm 2 , and E = 250 GPa. Determine the displacement of its 
end A when it is subjected to the distributed loading. 


Given: L := 1.5m E := 250-GPa 

2 1 

A := 1800inin ” ^ 

w = 500-x — 
m 




? 


Solution: 

Internai Force: As shown on FBD. 


rx 


P x = 



rx 


fT 1 

w-xdx P x = 


500- 

v x3 / x _ 

J 

0 




Displacement: unit := lN m 

rL 


E-A 


dx 


6a := 


unit 


A-E 


•48 


í 


1500 


p x = 

x 4 


(£\ 

K* 3 ) 


L = 1.50m 


£\ 


1500 3 

-x | dx 

V 4 ) 


Ô A = 2.990 mm 


Ans 

































Problem 4-11 


The assembly consists of three titanium (TÍ-6A1-4V) rods and arigidbar^C. The cross-sectional area 
of each rod is given in the figure. If a force of 30 kN is applied to the ring F, determine the horizontal 
displacement of point F. 

Given: 



Solution: 


L AC l ae + l ec 


Internai Forces in the rods : 
From FBD : 


C + °; f cd'( l ac) - p '( l ae) = 0 

4^=0; F C D + F AB- p =° 


Displacement: 


8 r •- 


CD 


■( l cd) 


F ( 
F ! 


f L AE^l 


CD •“ P* 

[ l acJ 

f cd = 

AB := P _ F CD 

II 

PQ 

< 

P^H 


E-A, 


CD 


AB 


■( l ab) 


E-A 


>F E 


AB 


6 E := 8 C + 


> ( l ef) 


8q = 0.1667 mm 
8 a = 0.3333 mm 


l ec^I 

l ac ) 




0 ,^ 




rpr 1 

(aA - 8 C ) S E = 0.2778 mm W"*** 




. 1 
áf • i 


EA 


EF 


8u := Si- + 8 


F E 


8 p e - 0.0625 mm 

8 p = 0.340278 mm Ans 






















Problem 4-12 


The assembly consists of three titanium (TÍ-6A1-4V) rods and a rigid bar ,4 C. The cross-sectional area 
of each rod is given in the figure. If a force of 30 kN is applied to the ring F, determine the angle of tilt 
ofbar AC. 


-CD 

-AB 


1.8m 


P := 30kN 


Aqj) := 600mm 



Solution: 


L AC l ae + l ec 


Internai Forces in the rods , 
From FBD : 


Ç + ™ A = 0 ; 

+t SF v=°; 

Displacement: 


f cd'( l ac) _ p-( l ae) = 0 


f cd + F AB - p = 0 


8 C := 


8a := 


CD' 


( l cd) 


F ( 
F / 


f L AE^l 

CD •“ P* 

[ l acJ 

f cd = 

AB := P _ F CD 

II 

PQ 

< 

P^H 


E-A, 


CD 


AB' 


( l ab) 


E-A 


AB 


8 ç = 0.1667 mm 
8 a = 0.3333 mm 


tan 


( a Ac) := 


6 A _6 C 

l ac 


a 


AC 


atan 


l ac ) 


D. 4* 


D. Sn, 


* 

Jv * 

. L 

X 
%\ 
Li„V 

Tt 1 

L '■n i jí 


D.I44W 

a AC = 001061 de § Ans 






















Problem 4-13 


A spring-supported pipe hanger consists of two springs which are originally unstretched and have a 
stiffness of k = 60 kN/m, three 304 stainless Steel rods, AB and CD, which have a diameter of 5 mm, 
and EF, which has a diameter of 12 mm, and a rigid beam GH. If the pipe and the fluid it carries have 
a total weight of 4 kN, determine the displacement of the pipe when it is attaehed to the surmnrt 

Given: 


Lab := 0.75m 

:= 0.75m 

Lgp := 0.75m 

:= 5mm 

dcD := 5mm 

djyp := 12mm 

Lq^ := 0.25m 

:= 0.25m 

kN 

k:= 60 — 

P := 4kN 

E := 193-GPa 

m 


Solution: 


l gh l ge + l eh 


Internai Forces in the rods : 
From FBD (a): 

£+ IA/,=0; 

+f SFv=0; 


f cd'( l gh) _p ( l ge) = 0 

P = 0 


f cd + f ab 


f CD := P ' 


J GE 




l ghJ 


AB 


P-E 


CD 


From FBD (b): 

+t SF V=°; 


f ef ' _ ( f cd + f ab, 
f ef := f cd + f ab 


F cd = 2.00 kN 
F AB = 2.00 kN 

;) = ° 


F ef = 4.00 kN 





lí P 



Displacement: 


f ef‘( l ef) 

A CD := 

8 e = 

e-(a ef ) 


" f cd^ 

6 d := 6 e + 

1 k ) 

f cd'( l cd) 

8 C _ 

C - D e '( a Cd) 

total := S D + 6 C D 

8 


^ A 2 

4/ dCD 


a ef := 


M 2 

4 /^ 


ô jc = 0.13744 mm 

8 d = 33.47077 mm 


Due to symmetry, 8 b := ô D 


= 0.39583 mm 

Due to symmetry, 

Stotal - 33.8666 mm 


6 B A 6 C D 
Ans 










































Problem 4-14 


A spring-supported pipe hanger consists of two springs, which are originally unstretched and have a 
stiffness of k = 60 kN/m, three 304 stainless Steel rods, AB and CD, which have a diameter of 5 mm, 
and EF, which has a diameter of 12 mm, and a rigid beam GH. If the pipe is displaced 82 mm when it 
is filled with fluid, determine the weight of the fluid. 

Given: 


l ab 

:= 0.75m 

:= 0.75m 

Ljpp := 0.75m 

d AB 

:= 5mm 

dcp) := 5mm 

dpp := 12mm 

l ge 

:= 0.25m 

Lppj := 0.25m 

kN 

k:= 60 — 

total ■ 

:= 82mm 

E := 193-GPa 

m 


Solution: 


-GH 


l ge + l eh 


Internai Forces in the rods : 
From FBD (a): 

£+ IA/,=0; 

+f SFv=0; 


Iniatllyset: P := lkN 

f cd'( l gh) _p ( l ge) = 0 


f cd + F AB - p = 0 


f CD := P ' 


J GE 




l ghJ 


AB 


P-E 


CD 


F cd = 0.50 kN 
F ab = 0.50 kN 



From FBD (b): 

+t SF V=°; 


Displacement: 


EF 


•-(F 


CD + r AB 


;) = ° 


F r 

L í .1 


F EF f cd + f ab 


F ef = 1.00 kN 


1' ' 

1 ,1 


r i 


'AB 


8 e := 




:= - -d 


4j 


J AB 


'CD •= 


2 

4j'“ CD 


a ef := 


M 2 

4 /^ 


EF' 


( l ef) 


e-(a ef ) 


8 D := 8 E + 


CD' 


’C D •= 


( l cd) 


-'( a cd) 


6 ' 


total 


8 d + 8 c d 


8 p = 0.03436 mm 

" f cd^ 

-i ô n = 8.36769 mm 

k ) D 

Due to symmetry, 

= 0.09896 mm 

Due to symmetry, 

8 ’total = 8.4666 mm 


8 b := 8 d 


’C D 


>B A 


>C D 


W 

P 


^ total 


1 total 


W := P- 


ò total 1 
S total ) 


W = 9.69 kN 


Ans 











































Problem 4-15 


The assembly consists of three titanium rods and a rigid bar AC. The cross-sectional area of each rod is 
given in the figure. If a vertical force P = 20 kN is applied to the ring F, determine the vertical 
displacement of point F. E ti = 350 GPa. 


Given: L E a := 2m := 2m 


DC 


La E := 0.5m ^EC := 


L EE := 1.5m 


S / fD 

A = 45 mm~ 


A BA := 60mm2 a dc : 

:= 45 mm^ 

2 2 m 

A E p := 75mm 

Aba = 60 mjj"j“ ^ m 

P := 20kN E := 350-GPa 


E 

A . 

^ ' _J C 




|-0.5m*4*-Ü.75m —\ 

Solution: L AC := L AE + L EC 

Internai Forces in the rods : 

]_ 

__ o I L5m 
j A EF = 75 nin.1 2 || 

tí-m t tvr-— 

T 

From FBD : 


a . 

T P = 20 kN 


Q-i.m a -o-, f dc -(l ac ) - P-(l ae ) = 0 F DC- ^l ac j 

+ tsF,=0; f dc + F ba -P= 0 F B A :=p - F DC 


F dc = 8.00 kN 
F BA = 12.00 kN 


Displacement: 


8 C := 


8 a := 


DC 


( l dc) 


’F E • 


e-a dc 

f ba'( l ba) 

e-a ba 



"l 

i :=6 C + 



L 

P ’( L EF 

j 


tf í . 


8 q = 1.0159 mm 


8 a = 1.1429 mm 




»is*. 


f. (4lt ~ 


L E(A 

l acJ 


EA 


EF 


8p := 8 E + 8p E 


(Sa - Sçj 8 e = 1.0921 mm 

8 p E = 1.1429mm 

8 E = 2.2349 mm Ans 



















Problem 4-16 


The linkage is made of three pin-connected A-36 Steel members, each having a cross-sectional area of 

500 mm 2 . If a vertical force of P = 250 kN is applied to the end B of member AB, determine the 
vertical displacement of point B. 


I m—[—13 m—J 


Given: a:=1.5m 


b := 2m 




^AD 
L AC := 'í 


2 .2 
a + b 


2 .2 
a + b 


E := 200-GPa 

Solution: c := ■/ 


Lad = 2.5 m L^g := 3m 


Lac = 2.5 m 


A := 500mm P := 250kN 


2 .2 
a + b 


h := — 
c 


_ b 
c 




0 := atan 

Equation of equilibrium : 

For AB :+f IF = 0; 

Since f ad =f ac 

Displacement: 

6 A_C := 
6 B A 

Consider triangle AA’C: 


b) 


0 = 36.869898 deg 


( f ad + f ac)' v_p= 0 


F AC : = — 


2 v 


AC 


■( l ac) 


E-A 

3 -( l ab) 

EA 


F AC = 156.25 kN 

Ô A q = 3.9063 mm 
ôg A = 7.5mm 


L A'C L AC + 8 A C 
L AA' = S A 


0 'a := 180deg - 0 

sin ( < t ) A') sin (©’ a) 


-AC 


L A’C 


(j)^ := asin 


-AC 


sin (e' A p 


sm(0' c ) _ sm(0’ A ) 


v L A'C ) 
0 ’ç := 180deg — 0' A — (|> A f 

3i n (0'c) 


-A’C 


5 A L AC" 


sin (0' A ) 



Vl/ 




MJ-ÍT 


w* 



fc.í 


§ A’ - 36.80289 deg 
0’ c = 0.0670094 deg 

8 a = 4.8731 mm 


8 b := 8 a + 8 b a 


8g = 12.37 mm Ans 



























Problem 4-17 


The linkage is made of three pin-connected A-36 Steel members, each having a cross-sectional area of 
500 mm 2 . Determine the magnitude of the force P needed to displace point B 2.5 mm downward. 


Given: a:=1.5m 


b := 2m 




^AD 
L AC := J 


2 , 2 
a + b 


2 .2 
a + b 


E := 200-GPa 


Lad = 2.5 m := 3m 


Lac - 2.5 m 

A := 500mm 2 8g := 2.5mm 


2 1 2 
a + b 




b ) 


Solution: 

0 := atan 

Equation of equilibrium: 

Yor AB :+f IF y = 0; 

Since f ad =f ac 

Displacement: 

6 a_c = 
6 b a 1 


h := — 
c 


_ b 
c 


0 = 36.869898 deg 


( f ad + f ac)' v_p= 0 


F AC= — 


H AC 


2 v 


F AD“ — 


( l ac) 


EA 

p-( l ab) 


5 A C 


>B 


EA 


>B A 


’B 


2 v 

_ p-( l ac) 

2v(E-A) 

? -( l ab) 

EA 


Consider triangle AA'C: L A( - = L 


AC + °A C 


|^1.5 m—j— 1.5 m— ] 




L AA' = S A 

0' A := 180deg - 0 0' A = 143.130102 deg 

L A'C 2 = 6 A 2 + L AC 2 _ 2 ( 6 a)’( L Ac)' C0 S ( 9 'a) 


r 


Initial guess: P := lkN 
Given 



p ( l ac)" 

2 r 

L AC + 2 v (E-A)_ 

— i 




•( l ab) 

EA 


+ l ac ~ 2 


’B 


3 -( l ab)' 


EA 


( l ac)‘ cos (o'a) 


Solving : 


P := Find(P) 


P = 50.47 kN 


Ans 































Problem 4-18 


Consider the general problem of a bar made from m segments, each having a constant cross-sectional 
area A m and length L m . If there are n loads on the bar as shown, write a Computer program that can be 

used to determine the displacement of the bar at any specified location x. Show an application of the 
programusing the valuesi^ = 1.2 m, d x =0.6 m, P x =2 kN,^1 1 = 1875 mm 2 , L 2 = 0.6 m, d 2 = 1.8 m, 

P 2 = -1.5 kN, A 2 = 625 mm 2 . 





























Problem 4-19 


The rigid bar is supported by the pin-connected rod CB that has a cross-sectional area of 14 mm 2 and 
is made from 6061-T6 aluminum. Determine the vertical deflection of the bar at D when the distributed 
load is applied. 


Given: 


Solution: 


L := 4m 

w := 

N 

300 — 
m 


a := 1.5m 

b := 

2 m 


A := 14mm 2 

E := 

68.9-GPa 


l bc := V &2 

u 2 
+ b 

a 

h 

V .— 

T_ 

11 


"BC 


Support Reactions: 

C + Y.M a = 0; F BC (v) (b) - w(L)-(0.5-L) = 0 


F BC = 2kN 


Displacement: 


BC 


>B C 


• ( l bc) 


E-A 


Consider triangle AB’C: Lgi^ := Lgç + Sg ç 

Lgtç 2 = a 2 + b 2 - 2(a)-(b)-cos(0' A j 

2 i 2 t 2^ 

a +b -L b . c 


8 g q = 5.183 mm 
Lb'c = 2.505183 m 





0'a := acos 



"lí 


y 2-a-b ) 

:= 0’ A - 90deg 


0' A = 90.24775 deg 

(]) = 0.24775 deg 
(]) = 0.0043241 rad 


8g := 4>*L Sg = 17.30 mm 


Ans 









































Problem 4-20 


The rigid beam is supported at its ends by two A-36 Steel tie rods. If the allowable stress for the Steel is 
°ãiiow = 1 15 MPa, the load w = 50 kN/m, and x = 1.2 m, determine the diameter of each rod so that the 
beam remains in the horizontal position when it is loaded. 

Given: 


"CD 


:= 1.8m •= 2.4m 


:= 1.8m x := 1.2m 


kN 

w := 50 — 
m 


G allow : = 115-MPa 


Solution: 

Internai Forces in the rods : 
From FBD : 



C + ^ m a= f CD'( L Ac) _ (w-x)-(0.5x) = 0 
+t IF y =* 0; F cd + F ab - w-x = 0 


w-x 


CD •= 


2-L 


AC 


F cd = 15.00 kN 


f AB := w ' x - f CD F AB = 45 -°° kN 
Displacement: To maintain the rigid beam in the horizontal position, the elongation of both 


Thus, 


rods AB and CD must be the same. 8 ^ 

. f A , 2 

a AB“ J ' d AB 

A í A , 2 
a CD“ J d CD 

f ab'( l ab) 

f cd( l cd) 

ea ab 

c ea cd 

F AB’( L Ab) 

f cd( l cd) 


t 

fa 

t 

M~n 

t 

1----- 


I" 


\.S'K 



^71^ 2 


^71^, 2 

E- 

U/ dAB 

E- 

y- dcc J 


d CD _ ( 

| f cd’I 

( l cd) 

d AB J 

f ab-I 

( l ab) 


d AB = V* d i 


CD 


Allowable Normal Stress: 

Assume failure of rods AB. 


a allow 


AB 


4-F 


AB 


A . 2 

4 | d AB 


:| AB 


(ti)- 


a allow 


d CD 


_ a AB 

:= 7^ 


Assume failure of rods CD. 


G allow 


CD 


4-F 


CD 


A . 2 

~4 J d C D 


-'CD 


^AB = 22.321 mm 

d cp) = 12.887 mm 

dcD - 12.887 mm Ans 


( 7l )* a allow 
d AB := 73' d CD d AB = 22.321 mm 


Ans 















































Problem 4-21 


The rigid beam is supported at its ends by two A-36 Steel tie rods. The rods have diameters d m = 12 
mm and d CD = 7.5 mm. If the allowable stress for the Steel is cr allow =115 MPa, determine the intensity 

of the distributed load w and its lengthx on the beam so that the beam remains in the horizontal position 
when it is loaded. 



Displacement: To maintain the rigid beam in the horizontal position, the elongation of both 

rods AB and CD must be the same. ^A = ^C 


AB* 


( l ab) 


CD’ 


( l cd) 


EA 


AB 


EA, 


CD 


Thus, 


AB 


( l ab) 


CD 


; ( l cd) 


E- 


f A , 2 


f A 2 

h) 

E- 

.Uj' d CD_ 


CD a CD 


A A 

d CD 


FAB d AB 2 


CD •= 


d AB ) 


Internai Forces in the rods 

From FBD : 


r n o 

t 




X T 


3 X 


• p AB F cd = 5.081 kN 


Given 

C + ZM a =0; F CD -(L AC ) - (wx)-(0.5x) = 0 

+t XF=0; F cd + F ab - w-x = 0 

kN 

Imtial guess: w := 1 — x := lm 
m 


Solving : 




V x . 


:= Find(w,x) 


kN 

w = 13.41 — 
m 

x = 1.35 m 


n, 

A 


Ans 














































Allowable Normal Stress: 


Assume failure of rods CD. 


a allow " 


f cd 

a cd 


CD 


• ( a allow)' 


ri , 2 
7 / CD . 


F cd = 5.081 kN 


Displacement: 


Thus, 


To maintain the rigid beam in the horizontal nosition, the elongation of both 
rods AB and CD must be the same. 


AB 


■( l ab) 


CD 


6 a = 8 c 
( l cd) 


EA 


AB 


EA, 


CD 


f ab ( l ab) _ f cd ( l cd) 


E- 


f ri , 2 


íitl , 2 

_U/ d AB_ 

E- 

.Uj' d CD_ 


F CD d CD 


' ri 


FAB d AB 2 


AB 


J AB 


d CD ) 


2 ' FcD 


F ab = 13.006 kN 


The results are the same as assuming failure of rod AB. 

Therefore, rods AB and CD fail simultaneously. Ans 

















Problem 4-22 


The post is made of Douglas fir and has a diameter of 60 mm. If it is subjected to the load of 20 kN 
and the soil provides a frictional resistance that is uniformly distributed along its sides of w = 4 kN/m, 
determine the force F at its bottom needed for equilibrium. Also, what is the displacement of the top of 
the post A with respect to its bottom Bl Neglect the weight of the post. 


L 

:= 2m 

d := 60mm 




kN 


P 

:= 20kN 

w := 4 — 

E 



m 



Solution: 

Equation od Equilibrium : For entire post [FBD (a)] 

+f SF v =0; —P + w-L + F = 0 

F := P - w-L F = 12kN 

Internai Force: FBD (b). 

+t ^, =0; -P + w- y - F y = 0 

Fy = -P + wy 


Displacement: A := 


2 

- -d 

4 ) 


unit := lkN 
r L 

Ô A_B = 

'0 


AE 


dy 



rZOtii 


L 






r 

F 

ZOfvl 








unit 


r L 

1 , 

6a - B “ A-E 


(-P + wy)-— dy 
kN 


J 

0 


Ff í> 


Ô A g = -0.864 mm 


Ans 


Note: Negative sign indicates that ens A moves towards end B. 




























Problem 4-23 


The post is made of Douglas fir and has a diameter of 60 mm. If it is subjected to the load of 20 kN 
and the soil provides a frictional resistance that is distribute d along its length and varies lineariy from w 
= 0aty = 0to w = 3 kN/m at y = 2 m, determine the force F at its bottom needed for equilibrium. 
Also, what is the displacement of the top of the post A with respect to its bottom Bl Neglect the 
weight of the post. 


Given: 


L 

:= 2m 

d := 60mm 




kN 


P 

:= 20kN 

3 

O 

lí 

Bl 

E 


E := 13.1-GPa 


Solution: 

Equation od Equilibrium : For entire post [FBD (a)] 
+f IF y =0; -P + 0.5w o -L + F = 0 


20 kN 



F := P - 0.5w o L 


F = 17kN 


Internai Force: FBD tbV 


▲ ( y\ 

+T %Fy= 0; -P + 0-5'^w o - Y^j-y - F y = o 


Displacement: 


F = -P 

y 


2-Lj 


•y 


A := 


2 

- -d 

4 ) 


unit := lkN 
r L 

6 A B = 


AE 


dy 


unit 


5 A B •= 


A-E 


-P + 


w cri 2 

2T/ y _ 






-dy 

kN 


1 

I 




F 

£0 






(fc) 




8 ^ g = -1.026 mm 


Ans 


Note: Negative sign indicates that ens A moves towards endi?. 































Problem 4-24 


The rod has a slight taper and length L. It is suspended from the ceiling and supports a load P at its 
end. Show that the displacement of its end due to this load is õ=PL/(7rEr 2 r l ). Neglect the weight of 



P-L 


1 \ L 

n • E ^2 

-o 

|-[ri-L + ( r 2- r i)-x] 0 

-P-L 2 


1 1 

7i-E-|r2 - 

'O 

r j-L + ^ - rjj-L r^-L 

-P-L 2 


p__ 1 ^ 

n-E-^2 - 

. 

r .) 

{ r l L r L L J 

-P-L 2 



7i -E* ^2 - 

r.) 

[ r r r T L J 


5 = 


-PL 


7i*E*rj*r2 


Ans 




































Problem 4-25 


Solve Prob. 4-24 by including both P and the weight of the material, considering its specific weight to 
be y (weight per volume). 

Solution: 

Internai Force: FBD (b). 


tsF=°; P w x -P=0 P X =W X + P 


Geometry: 

Thus, 


x vv x 
L + x o x o 


r 2 r l 
r 2 r l 


Lr l 

r 2 _ r l 
rj-L + 


r x“ r l 


A v = n ■ r 


-•x 


r x" 


( r 2 " r l> 


A * = "T'[ r r L + ( r 2 - r i) x ]‘ 



w = 

vv x 


w = 

vv x 


w = 

vv x 


íl\ A . 

3-L 2 / 




^ ( 2\ f L ' r l ^ 

. 3 /^U-rU 


fl n-r, 

Mn 



o 




i^Bi 



L 


Displacement: 

rL 


h = 


w„ 


A X E 


dx 


3 E-( r 2 - rj) 


rL 


[r r L + ( r 2 - r i)-xJ 


dx 


3- E-( r 2 - rj) 


rL 


rL 


[ r l' L + ( r 2 “ r l)' x ] dx “ ^l 3 ' 1 - 3 


[r r L + ( r 2 - r i)-xJ 


dx 


Using the result of Prob.(4-24) for the 2nd Integral, we have 


3- E-( r 2 - rj) [. 


U 

r ri 3. L 3\ 

{ 1 

2 _ 

V r l L ) 

( L ' r r r 2 )_ 


Y-L 2 -(r 2 + rj) y 


L -n 


6 E ( r 2 - r l) 3 E-( r 2 - r i) r 2 


rL 


0 = 5! 


Using the result of Prob.(4-24) for the 2nd Integral, we have 
— dx g _ Y- L2 -( r 2 + r l) r L 2 ' r l 2 P L 


A X E 


6 'E '( r 2 - q) 3-E-(r 2 - rj)T 2 + ju-E-r r r 2 


Ans 




























































Problem 4-26 


The support is made by cutting off the two opposite sides of a sphere that has a radius r 0 . If the 
original height of the support is r 0 12, determine how far it shortens when it supports a load P.The 
modulus of elasticity is E. 

Solution: 

Geometry: r=r o *cos(0) y=r o -sin(0) J 

dy = r o -cos(0)-d0 

2 u\2 


A y = 7i*r 


Ay = k -r 0 -cos(0)^ 


E 


h = 0.25-r. 


o 


Displacement: 

C Ai 

8 = 2 - 


0 


A y -E 


dy | S = 

) 


° 2P-r o -cos(0) 
ji-r^-cos(ef-E 


dO 


8 = 


( 2 p ^ 

*' t o e ) 

( 2-P ^ 

*' r o E ) 
0.511 -P 


7I- r o-E 


f o 
14.48 


h= r 0 -sin(e 0 ) 

0-25 •r 0 = V sin ( 0 o) 
0 Q := asin(0.25) 
0 O = 14.48 deg 

P 


COS 


VO 


(e) 


de 




•(ln(sec (0) + tan(0))) 


14.48° 

0 


Ans 


Alternatively, 

2 í 2 2 

Geometry : A = n-x A = n • ( r Q - y 


Displacement: 

f Ai 

8 = 2 - 


r 0.25-r o 


0 


Ay-E 


dy I 


2-P 


"•l r o 2 -y 2 } E 


de 


f2-p^| íj_] ( r o + y ^ 
n-E) [2 -t 0 J Vo-yj 


0-25 r 0 
0 


***%£&& 


A-, 


J 


TtL í" rSií 


P 

tf 



0.511-P 
71 ' r o' E 


Ans 















































Problem 4-27 


The bali is truncated at its ends and is used to support the bearing load P. If the modulus of elasticity 
for the material is E , determine the decrease in its height when the load is applied. 


Solution: 

2 2 2 

Geometry : x = r — y 


A v = n-x 2 A = 7t-(r 2 - y 2 ) 


Displacement: 

f rh 


8 = 2 - 


A y -E 


6 = 


V o 

0.866-r 


dy I 


2P 


7T-(r 2 -y 2 )-l 


d9 


8 = 




U-eJ V2tJ V r -yJ 


0.866 r 


2.63 P 
tw 0 -E 


Ans 


r 



























Problem 4-28 


Determine the elongation of the aluminum strap when it is subjected to an axial force of 30 kN. E A = 
70 GPa. 


Given: L] := 250mm 
L 2 := 800mm 
d] := 15mm 
d2 := 50mm 
P := 30kN 


30 kN 


15 mm 


■■2 50 nnr 


50 mm 


6 mm 


15 mm 


/S 


> 1 - 


-8ÜÜ mm- 


-35ll mm 


J 


30 kN 


t := 6mm 
E := 70-GPa 


Solution: 


Displacement: 


8 := 2 - 


PM 

E-t-(d 2 - d,) 


(Í2\ 

w 


PL 2 

E "( d 2) 


8 = 2.371 mm 


Ans 












Problem 4-29 


The casting is made of a material that has a specific weight y and modulus of elasticity E. If it is 
forrned into a pyramid having the dimensions shown, determine how far its end is displaced due to 
gravity when it is suspended in the vertical position. 


Solution: 


Internai Force: 

+f *F= 0; 


FBD fbV 
1 

F -y-A-z = 0 

z 3 


1 

P = —y-A-z 
z 3 


Displacement: 


8 



A-E 

J o 


dy| 


8 = 


rL 


y-A-z 

3A-E 


dy 


*'0 



8 



3-E 


V o 




Ans 













Problem 4-30 


The pedestal is made in a shape that has a radius defined by the fiinction r = 2/(2 + y 1/2 ) m, where y is 
in meter. If the modulus of elasticity for the material is E = 100 MPa, determine the displacement of its 
top when it supports the 5-kN load. 


Given: 

H := 

4m 

d Q := lm 

d l : = 


P := 

5kN 

E := 100-1 

k 10 6 )pa 


r = - 

2 




0.5m 


Solution: 

2 

Displacement: Ay = Ti-r 


4*71 


(2 + y°' 5 f 


unit := lm H := 4 


rH 


8 = 


A y -E 


dy 


8 := 


E ) yunit ) 


r H 


(2 + y°- 5 ) 

4*71 


dy 


y 



8 = 0.1804 mm 


Ans 




























Problem 4-31 


The column is constmcted from high-strength concrete and six A-36 Steel reinforcing rods. If it is 
subjected to an axial force of 150 kN, determine the average normal stress in the concrete and in each 
rod. Each rod has a diameter of 20 mm. 


Given: L := 1.2m 


r conc lOOmm d st := 20mm 


P := 150kN E st := 200-GPa 


p conc • 29-GPa 


Solution: 


A st : ^ 


M/ d 2 

4j ^ 


A conc * ^'^conc 


v st 


5 st“ ^conc 


Compatibility: 

Given (P st ) L _ (P conc )-L 


A F A F 
st st cone cone 


[i] 


Equations of equilibrium: 

st ^ A cone 

Initial guess: P conc := lkN P st := 2kN 


0? Pet + Pmnp ~ P = 0 


[ 2 ] 


cone 

f Pi 


Solving [1] and [2]: 


V 


cone I 

P st J 


: Find^P conc ,P st j 


ieojcíJ 


bPtt 



P conc ^ ( 104.152^ 


^st ) 


45.848 ) 


kN 


Average Normal Stress: 



p 

A cone 

a conc *“ T 

^conc 


a st = 24.323 MPa Ans 


CT conc = 3-527 MPa Ans 


m 
































Problem 4-32 


The column is constmcted from high-strength concrete and six A-36 Steel reinforcing rods. If it is 
subjected to an axial force of 150 kN, determine the required diameter of each rod so that one-fourth 
of the load is carried by the concrete and three-fourths by the Steel. 


r conc := 100mm 


Given: L := 1.2m 

P := 150kN P st := 0.75P 


P •= 0 25P 
r conc • u - zjr 


E st := 200-GPa 


p conc • 29-GPa 


Solution: 


P st = 112.50 kN 
Compatibility: 

( P st)* L ( P conc)‘ p 


Pconc = 37.50 kN 


5 st“ ^conc 


A F A F 
st st cone cone 


A st" ^ 


Thus, 


(, 2 

4 y v st 


7i* r 


cone 


v st 


A conc " ^'l/conc 


F P 
st cone 


-A, 


st 


st 


P F 
st cone 



71- r 


cone 


Y st 


(e , P A 

st cone 1 

-+ 1 

, P st p conc ) 


n- r 


A st : 


cone 


F P 
st cone 


P . F 
A st ^conc 


+ 1 


A st = 9523.2948 mm 


2 2 

dst = — A st 

3*71 


^st : 7 A st 

V 3*71 


d st = 44.95 mm Ans 






























Problem 4-33 


The A-36 Steel pipe has a 6061-T6 aluminum core. It is subjected to a tensile force of 200 kN. 
Determine the average normal stress in the aluminum and the Steel due to this loading. The pipe has an 
outer diameter of 80 mm and an inner diameter of 70 mm. 


L := 400mm 

d Q := 80mm 


--400 mm-’ 

P := 200kN 

dj := 70mm 

200 kN <4 - Qj 

- ] 

:= 200GPa 

E al := 68.9GPa 





200 kN 


Solution: 


K f 2 
A al := "4 \ d i 


n f 2 2 


Compatibility: 8 s t" ^al 

Oiven (P st )L = (P al )-L 

A sf E st A al' E al 

Equations of equilibrium: 

* F x= 0 ’ p st + p al- p=0 
Initial guess: 


&t & 


[ 1 ] 


[2] 


P al := lkN 


P st := 2kN 


^CO ZaJ 



í Pal ^ , , 

'NO f 

Solving [1] and [2]: 

:=Fmd(P al ,P st ) 

Vst ) 

,*«) V 


105.899^ 
94.101 J 


kN 


Average Normal Stress: 


a st : 


st 


v st 


CT st = 79.88 MPa 


Ans 


a al : 


_al 

^al 


a al = 27.52 MPa 


Ans 
















Problem 4-34 


The concrete column is reinforced using four Steel reinforcing rods,each having a diameter of 18 mm. 
Determine the stress in the concrete and the Steel if the column is subjected to an axial load of 800 kN. 
E st = 200 GPa, E c = 25 GPa. 

SCO kN 


Given: p := 800kN 

b c := 300mm 


E st := 200-GPa 

Solution: 

f 2\ . 

A st := 4 

J/l d st J A ' 

Set: 

L := lm 

Compatibility: 

5 st“ ^conc 


v st 


Given (P st ) L (P c ) L 


A st' E st A c' E c 


[ 1 ] 



Equations of equilibrium: 


Solving [1] and [2]: 


Pst + P c - p =0 [2] 


P c := lkN P st := 2kN 

r p c^ , , 

f P c"l ( 

:= Fmd(P c ,P st ) 

v st / 

- 

v P st ) k 


732.928 a ! 
67.072 ) 


kN 


Average Normal Stress: 



cr st = 65.89 MPa 

Ans 

cr c = 8.24 MPa 

Ans 













Problem 4-35 


The column is constmcted from high-strength concrete and four A-36 Steel reinforcing rods. If it is 
subjected to an axial force of 800 kN, determine the required diameter of each rod so that one-fourth 
of the load is carried by the Steel and three-fourths by the concrete. E st = 200 GPa, E c = 25 GPa. 


Given: 

P := 800kN 

E c := 25-GPa b c := 300mm 


P c := 0.75P 

P st := 0.25P 

E st := 200-GPa 

Solution: 


P st = 200 kN 

P c = 600kN 


Compatibility: S st = S c 


( p st)- L _ ( p c) L 
A sf E st A c' E c 


A st= 4 


r A A 2 

4/ dst 


Thus, 


E c A st 


st 


E st P c 
P st E c 


v st 


^Est p c 'l 
- +1 

V p st E c ) 



StBkN 



v st 



A st = 3600 mm 



d st = 33.85 mm 


Ans 












Problem 4-36 


The A-36 Steel pipe has an outer radius of 20 mm and an inner radius of 15 mm. If it fits snugly 
between the fixed walls before it is loaded, determine the reaction at the walls when it is subjected to 
the load shown. 


Given: := 300mm r Q := 20mm 

A 

B c 

8 fcN / 

k- 


Lrc := 700mm q := 15mm 

) 


|— 300 mm — 

-700 mm- -| 


P := 8kN E st := 200GPa 


Solution: A := n • ( r 2 - r- 2 


o A i 


L Lad + L 


AB + ^BC 


By superposition : 


-A C + 8 C = ° 


(-2P)-L AB (F C )L 
A-E A-E 

^ L AB^1 


= 0 


F r := 2-P- 


L J 


Equations of equilibrium: 

IF X = 0; F A + F c - 2P = 0 

F A := 2P - F C 


I 

11 jíK 

t c 


Là-, 


r 

F c = 4.80 kN 


Ans 


F a = 11.20kN 


Ans 























Problem 4-37 


The 304 stainless Steel post^4 has a diameter of d = 50 mm and is surroundedby a redbrass C83400 
tube B. Both rest on the rigid surface. If a force of 25 kN is applied to the rigid cap, determine the 
average normal stress developed in the post and the tube. 


Given: L := 200mm d st := 50mm r Q := 75mm t := 12mm 
P := 25kN E st := 193-GPa E br := 101-GPa 

Solution: q := r Q - t 



Compatibility: S st = 8 br 


25 kN 



Given 


( P st) L _ ( P br) L 
A sf E st A br' E br 


Equations of equilibrium: 


+fsF,=0; P st+ P br -P= 0 


[ 1 ] 


[ 2 ] 


Initial guess: P br := lkN 


P st := 2kN 


Solving [1] and [2]: 


" p br^ 

v P stj 


:= Find(P br ,P st ) 


P bi7 

v P stJ 


^ 14 . 525^1 
v 10.475 ) 


kN 


IS K J 



Average Normal Stress: 




a st = 5.335 MPa Ans 


a br = 2.792 MPa Ans 



















Problem 4-38 


The 304 stainless Steel post A is surrounded by a red brass C83400 tube B. Both rest on the rigid 
surface. If a force of 25 kN is applied to the rigid cap, determine the required diameter d of the Steel 
post so that the load is shared equally between the post and tube. 


Given: 


L := 200mm r Q := 75mm t := 12mm 

P := 25kN E st := 193-GPa E br := 101-GPa 


P st :=0.5 p P br :=0.5P 


Solution: 


r i := r o - t 


p st = 12.5 kN 


P br = 12.5 kN 


Compatibility: 


6 st= 5 br 


25 kN 


201) mm 




■75 mm 





12 mm 


( p S t)- L _ (rbr)' L 

A sf E st A br‘ E br 


Thus, 


A st" 


2 


. f 2 2\ 

U/ dst 


A br : = H r o _r i ) 

f 2 2\ _ _ 

\ r o - r i ) 

. Est 

p br 

A st 

" p st 

E br 


v st' 


7r-l r o -rj 


^st Ebr 
P st E br 


A st = 2722.54 mm 


2 4 

dst = - A st 

71 


^st : / A st 

71 


d st = 58.88 mm 


Ans 



















Problem 4-39 


The load of 7.5 kN is to be supported by the two vertical Steel wires for which a Y = 500 MPa. If, 
originally, wíyqAB is 1250 mm long and wire AC is 1252.5 mm long, determine the force developed in 
each wire after the load is suspended. Each wire has a cross-sectional area of 12.5 mm 2 . 



Initial guess: ^AC := lkN := 2kN 



Í t ac^ . , 

" t ac'i í 

Solving [1] and [2]: 

:= Fmd(T AC ,T AB ) 

I t ab ) 

JabJ V 


f 1.249 ^ 
6.251 J 


kN 


Ans 


Check A verage Normal Stress: 


CT AC := 


L AC 


L AB 


c>AC = 99 - 9MPa [<c> y = 500 MPa] 


CT AB := 


A 


a AB = 500.1 MPa [ < c> Y = 500 MPa] 




















Problem 4-40 


The load of 4 kN is to be supported by the two vertical Steel wires for which o Y = 560 MPa. If, 

originally, wir eAB is 1250 mm long and wire AC is 1252.5 mm long, determine the cross-sectional 
area of AB if the load is to be shared equally betweenboth wires. Wire ^Chas a cross-sectional area 

of 13 mm 2 . 


Given: 


Solution: 



Compatibility: 

+ ! S AC + AL = Ô AB 


( t ac) l ac ( t ab) l ab 

-h AL = - 


b» i i « 

i 


( a ac) 


•E 


( a ab) 


•E 




Om 


li 

J -L- 


Z- .Sm-in- 


■ inít**í 


K V 


* Ff mL 


Thus, 


V AB 


( t ab)' ] 


Í.SCiü 


AB 


( t ac)' l ac 


(al)-e 


V AC 


a ab 


3.60911 mm^ 


Ans 


Check A verage Normal Stress: 


CT AC := 


L AC 

Vc 

r AB 


V AB 


c>ac = 153 - 846MPa [<a Y = 560 MPa] 
c>ab = 554 - 15MPa [<c>y = 560 MPa] 


CT AB := 



















Problem 4-41 


The support consists of a solid red brass C83400 post surrounded by a 304 stainless Steel tube. Before 
the load is applied, the gap between these two parts is 1 mm. Given the dimensions shown, determine 
the greatest axial load that can be applied to the rigid cap A without caus 
materiais. 


Given: L br := 0.251 m 

E br := 101-GPa 

L st := 0.250m 

E st := 193-GPa 

d^ r := 60mm 

dj := 80mm 

Solution: AL := L^ r 

— E st AL = 

n 

Ai 2 ^ 

A br := 4 • 

Kr J A st = 

Compatibility: +| 

S br + AE = S st 


d Q := dj + 2 t 


( F br )' 1 


br 


A br E br 

Equations of equilibrium: 

+f *F= 0; 

Assume brass yields, then 


+ AL = 


M ' 1 


'st 


A st' E st 


[ 1 ] 


F st + F br- p= 0 


[2] 


^br 


:= ( CT Y_br) / 


L br 


£ br •" 


CT Y br 


1 br 


5 br 


:= (e br )l 



C 






br 


F br = 197.92 kN 


mm 

s br = 0.00069307- 

mm 


8 br = 0.17mm [<AL=lmm] 


jr 


V 


Thus, only the brass is loaded. P := F br 


P = 197.92 kN 


Ans 


























Problem 4-42 


Two A-36 Steel wires are used to support the 3.25-kN (~325-kg) engine. Originally, AB is 800 mm 
long and A B' is 800.2 mm long. Determine the force supported by each wire when the engine is 

suspendedfrom them. Each wire has a cross-sectional areaof 6.25 mm 2 . 


Given: 


L AB := 800mm 


A := 6.25mm 


L a * B i := 800.2mm W := 3.25kN 


E := 29* (10^)*ksi 

Solution: AL := L A ? B ? — L AB AL = 0.200 mm 

Compatibility: 

+1 6 AB + AL = S A'B' 


Given 


( T Ab) • L AB ( T A'B') ■ L A'B' 

-+ AL = - 



■" 3'j 

í s 

A'\ 

jÂ 


M l JM 


[ 1 ] 


A-E A-E 

Equations of equilibrium: 

+t ZF=0-, T ab + T a - b - - W = 0 [2] 

Initial guess: T AB := lkN T A i B i := 2kN 


A' + mk 


*í] 





Í t aiA . , 

í t ab^ 

( 1.469 ^ 

Solving [1] and [2]: 

:= Fi n d(T AB ,T A i B i) 

= 

kN 


rp I \ ilU U / 

l T A'B ') 

l T A'B ') 

<1 

OO 


kN Ans 


























Problem 4-43 


The bolt AB has a diameter of 20 mm and passes through a sleeve that has an inner diameter of 40 mm 
andan outer diameter of 50 mm. The bolt and sleeve are made of A-36 Steel and are secured to the rigid 
brackets as shown. If the bolt length is 220 mm and the sleeve length is 200 mm, determine the tension 
in the bolt when a force of 50 kN is applied to the brackets. 


Given: Le 


220 mm 


L s := 200mm 


E := 200GPa 


d b 

P := 25kN 


20 mm d Q := 50mm 


dj := 40mm 



■2SkN 


■2SkN 


Solution: 


71 ( 2 

Ak := —•( di 


n ( 2 2 

A c := — d/-d; 


b 

Compatibility: 8^ = 8 S 

Given (P b )-L b _ (P s )-L 


[ 1 ] 


25 &+ 

Z$}VÍ4 









í 

1 




A b -E A s -E 


Equations of equilibrium: 



*f=o-. 

P b + P s - 2P = 0 [2] 


Initial guess: 

P b := lkN P s := 2kN 



p b3 

f P b^ f 

Solving [1] and [2]: 

:= Find P b ,P s ) 

= 


pi V D N 

1 s ) 

v P s J ^ 


35.612 ) 


kN 





















Problem 4-44 


The specimen represents a filament-reinforced matrix system made from plastic (matrix) and glass 
(fiber). If there are n fibers, each having a cross-sectional area of Af and modulus of Zy, embedded in 

a matrix having a cross-sectional area of A m and modulus of E m , determine the stress in the matrix and 
each fiber when the force P is imposed on the specimen. p 


Solution: 

Compatibility: S m = ôp 

( p m) L ( p f)' L 


A m E m n- A f E f 


P m = 


A m' E m ^ 
f E f ) 


n-A 


Pf 


[i] 


Equations of equilibrium: 

+t Wy= 0; 

Solving [1] and [2]: 


P _P m -Pf=0 


[ 2 ] 


P m = 


A F 
m ^m 


P f= 


n ' A f E f +A m E mJ 


n- Ap Ef 


V n-A f E f +A m -E m j 
Average Normal Stress: 


•P 


a m = 


m 


v 


a f = 


n-Af 


CT m = 

f E A 

n m 1 

p 

V n -Af E f +A m -E m j 


/ 

a f = 

\ 

E f "1 

p 

n-A f E f +A m -E m j 



n 


e * 

n 


Ans 


Ans 
















































Problem 4-45 


The distributed loading is supported by the three suspender bars. AB and EF are ma de from aluminum 
andCD is made from Steel. If each bar has a cross-sectional area of 450 mm 2 , determine the maximum 
intensity w of the distributed loading so that an allowable stress of (cr allow ) st = 180 MPa in the Steel and 

(°ãiiow)ai = 94 MPa in the aluminum is not exceeded. E st = 200 GPa, E al = 70 GPa. 


Given: L := 2m b := 1.5m A := 450mm 
E st := 200-GPa E al := 70-GPa 

a al_allow *“ 94MPa 
a st_allow *” 180MPa 

Solution: 


|--1.5m- 


■ 1.5 m - 


Compatibility: 


4 


>c 


( f ab) l ( f cd) l 


( E al) A ( E st) A 

Equations of equilibrium: 

C + ^M c =0\ F EF -(b) - F AB -(b) = 0 

2 Fy=0 ; F AE + Fqq + F ee - w (2b) = 0 





f ab = f ef 


As 

, 4 

"S-^ 


L —H 




[2] 


Assume failure of AB and EF: 

F AB ,= ( a al_allow)' A 


From [1]: Fç B := 


V E «U 


•F 


AB 


From [2]: w := 


f ab f cd 


+ ■ 


b 2-b 

Assume failure of CD: 

F CD *“ ( a st_allow)‘A 

/E aA 


From [1]: F AB 


V E stJ 


f cd 


From [2]: 


f ab f cd 


w := 


2 -b 


2 f AB = w '( 2b ) - f cd 


F AB = 42.30 kN 


F cd = 120.86 kN 


kN 

w = 68.49 — 
m 


F cd = 81.00 kN 

F AB = 28.35 kN 
kN 

w = 45.90— [Controls !] Ans 

m 


















































Problem 4-46 


The rigid link is supported by a pin at.4, a Steel wire^Chaving an unstretched length of 200 mm and 
cross-sectional area of 22.5 mm 2 , and a short aluminum block having an unloaded length of 50 mm 

and cross-sectional area of 40 mm 2 . If the link is subjected to the vertical load shown, determine the 
average normal stress in the wire and the block. E st = 200 GPa, E ãl = 70 GPa. 


Given: 


:= 200mm 


Cq := 50mm 
a := lOOmm 


E st := 200GPa 


Solution: 

Compatibility: 


:= 22.5mm 


Aq := 40mm 


b := 150mm 


E al := 70GPa 


P := 450N 
c := 150mm 


20Ü mm 


t 

m 


rf 

mm 

L, 


B 


I 100 mm 1 
45ÜN 


■|—ISO mm 


T 

im—| 


150 mm 


50 mm 


S BC _ S D 
0 BC = 0 AD -g ^ 

( F Bc)' L k _ ( F D) e D [1] 
A k' E sf b A D E al c 

Equations of equilibrium: 

C + XM a =0; -F BC -(b) - F d -(c) + P-(a + b) = 0 


F» 



Initial guess: Fgç := lkN Fg := 2kN 


Solving [1] and [2]: 


" F BC^ 
v f d ) 
" f bc^ 
v f d J 


:= Find(F BC ,F D ) 
( 214.968^ 

N 

^535.032 J 



Average Normal Stress: 


f bc 


ct bc = a, 

A k 

c>bc = 9.554 MPa 

f d 


CT D := Ã7 

a d 

cr D = 13.376 MPa 


Ans 


Ans 































Problem 4-47 


The rigid link is supported by a pin at.4, a Steel wire^Chaving an unstretched length of 200 mm and 
cross-sectional area of 22.5 mm 2 , and a short aluminum block having an unloaded length of 50 mm 

and cross-sectional area of 40 mm 2 . If the link is subjected to the vertical load shown, determine the 
rotation of the link about the pin A. Report the answer in radians. E st = 200 GPa, E ãl = 70 GPa. 


Given: := 200mm 

Cq := 50mm 
a := lOOmm 
E st := 200GPa 

Solution: 

Compatibility: 


:= 22.5mm 


Aq := 40mm 


b := 150mm 


E al := 70GPa 


0 BC = °AD 
Given 


5 BC 


°D 

c 


A k' E sf b 


A D E al c 


P := 450N 
c := 150mm 


7 

200 mm 


Tc 


( F Bc) L k _ ( F D) e D [1] 


I ^ H 

I lpn I—ISQmni— 


I 100 mm 
450 N 


150 mm 


50 mm 


Equations of equilibrium: 

C + ^M Á = 0; -F BC -(b) - F d -(c) + P-(a + b) = 0 

Initial guess: Fgç := lkN Fg := 2kN 



Solving [1] and [2]: 

F BC^ í \ 

( 


t f d ) 1 ; 

v F D ) V 


214.968^ 
.535.032 ) 


N 


Displacement: 


>D 


( F D)' e D 

A D' E al 

8 t 


0 - D 
0 A D - — 


8 j) = 0.009554 mm 


0Ad = 63.69 x 10 rad Ans 
































Problem 4-48 


The three A-36 Steel wires each ha ve a diameter of 2 mm and unloaded lengths of L ÃC = 1.60 m and 
L ab = L ad = 2.00 m. Determine the force in each wire after the 150-kg mass is suspended from the 


ring at A. 



Given: L AC :=1.60m 

a := 3 

d := 2mm 

L A g := 2.00m 

b := 4 

M := 150kg 

L A j) := 2.00m 

c := 5 

m 

g = 9.81 - 



s 

Soiution: h - 

c 

b 

c 

(n\ 2 
A := — d 

w 


bV 

A 


cV oW 


5^. 

3 \ 


if] 

■í J 




Wa 


W := M-g 

Compatibility: In triangle AA'B, since the displacement 8 A is very small, cos^O^tj = 

Ô A c C 0 S ( e A') = S AD 
6 AC'( v ) = S AD 


1 1 


( f ac)’ l ac ( f ad)’ l ad 

-(v) = - 

AE AE 

Equations of equilibrium: 

^F= 0; F AB -(h)-F AD (h) = 0 




[ 1 ] 


c 


f ab = f ad 


t50<9 Ô» At 


+t *Fy= 0; f ab -(v) + f ac + f ad - (v) - W = 0 


Given 
From [1]: 


2-F AD -(v) = W-F AC 
F AC' L AC'( v ) = f ad l ad 


[ 2 ] 

[3] 


Initial guess: F AB := IN F A ç := 2N 



Solving [2] and [3]: 


r AD 


f ac J 


:= Find(F AD ,F AC ) 



Ans 


f ab = f ad 




















Problem 4-49 


The A-36 Steel wires AB and AD each have a diameter of 2 mm and the unloaded lengths of each wire 
are L AC = 1.60 m and L AB = L AD = 2.00 m. Determine the required diameter of wire AC so that each 

wire is subjected to the same force caused by the 150-kg mass suspended from the ring at A. 


Given: 

:= 1.60m 

a := 3 

^AB 2mm 

l ab 

:= 2.00m 

b := 4 

:= 2mm 

l ad 

:= 2.00m 

c := 5 

m 

g = 9.81 - 


s 

M := 150kg 


Solution: 



V AB ■= 


M. 2 

IjOAB 


W := M g 


A AD 


\ã) íad 


2 


Equations of equilibrium: 

Since each wire is required to carry the same amount of load. 
Hence, 

f ab = F f ac = F f ad = F 






Compatibility: In triangle AA'B, since the displacement ôA is very small, cosíO^) = v 


5 AC' cos ( e A') = S AD 


6 AC'( v ) " S AD 


( f ac)‘ l ac ( f ad)’ l ad 

-(v) = - 

a ac e a ad e 


Lac 

a ac := 7-( v )' a ad 

l ad 


A AC = 2.010619 mm 2 



Ans 




















Problem 4-50 


The three suspender bars are made of the same material and have equal cross-sectional areas A. 
Determinethe average normal stress in each bar if the rigid beam A CE is subjected to the force P. 


Solution: 

Compatibility: 5 C - 8 £ S A - S E 

_ d 2d 

2Sq = ô A + S E 

: ( f cd) l _ ( f ab) l | ( f ef)- l 

A-E "" A-E A-E 



2F cd = F AB + F ef 

[1] 

Equations of equilibrium: 

fr 

C + ^ m a = 0; F CD -(d) + F E p-(2-d) - P-| 

f cd + 2f ef = °- 5P 

[2] 

+t s/7 y =0; f ab + f cd + F EF - P = 0 

[3] 

Solving [1], [2] and [3]: 

f ab = Ti v 

f cd = 

7P 

° AB ' 12A 































Problem 4-51 


The assembly consists of an A-36 Steel bolt and a C83400 red brass tube. If the nut is drawn up snug 
against the tube so that L = 75 mm, then tumed an additional amount so that it advances 0.02 mm on 
the bolt, determine the force in the bolt and the tube. The bolt has a diameter of 7 mm and the tube has 

a cross-sectional areaof 100 mm 2 . 


Given: L := 75mm 

E br 

:= 101-GPa 

AL := 0.02mm 

E sG 

= 200-GPa 

d st := 7mm 

A br 

:= lOOmm 2 



Solution: 


v st 


(iC\ 2 



~ -d* 

w st 

* 

C/í 

lí 

vi 

> 

C/í 

K br 


: = ( E br) 


•A, 


br 


Equations of equilibríum: Since no externai load is applie, the force acting on the 

tube and the bolt is the same. 


Compatibility: AL = § st + §b r 


PL PL 
AL = -+ 


^St+Kbfl 


AL = PL- 


P := 


AL 


V K sf ^br ) 

KsfKfcr t 


K st + ^br ) 



P = 1.165 kN 


Ans 


























Problem 4-52 


The assembly consists of an A-36 Steel bolt and a C83400 red brass tube. The nut is drawn up snug 
against the tube so that L = 75 mm. Determine the maximum additional amount of advance of the nut 
on the bolt so that none of the material will yield. The bolt has a diameter of 7 mm and the tube ha s a 

cross-sectional areaof 100 mm 2 . 


L := 75mm 

E br := 101-GPa 

d st := 7mm 

E st := 200-GPa 

A br := lOOmnf 

c> y st := 250MPa 


ay k r := 70MPa 


Solution: 


A st : 




( 7t^ 2 



- -d s t 

w st 

K st := (^st)‘ A st 

K br 


K br := ( E br)' A br 


D 


Allowable Normal Stress: 

p st := ( a Y_st)' A 


br 


:= ( a Y_br)' 


st 


v br 


P st = 9.621 kN 


P br = 7.000 kN 


Since P st > P br , by comparison, the brass will yield first. 
P := min(P st ,P br ) 



Compatibility: 


AL = § st + S br 


P = 7.00 kN 


PT PT 
AL = -+- 

K st ^br 


PT PT 
AL :=-+- 

K st ^br 


AL = 0.120 mm 


Ans 




















Problem 4-53 


The 10-mm-diameter Steel bolt is surrounded by a bronze sleeve. The outer diameter of this sleeve is 
20 mm, and its inner diameter is 10 mm. If the bolt is subjected to a compressive force of P = 20 kN, 
determine the average normal stress in the Steel and the bronze. E st = 200 GPa, E bv =100 GPa. 


Given: 

d s 

:= 10mm 

d o 

:= 20mm 

E st - 


P : 

= 20kN 

d i : 

:= 10mm 

E br := 


Solution: n f 2\ . n ( 2 , 2 

A st : = 7\ d s ) A br : =7'l d o “ d i 


Compatibility: 


8 b = 8 S 


Given 


( p br)- L . ( p st) L 
A br‘ E br A sf E st 


br 


st 


Equations of equilibrium: 

+t SF = 0; 


A br E br A st' E st 


P br + p st _ P = 0 


[ 1 ] 


[ 2 ] 


Initial guess: P br := lkN P st := 2kN 




l 




í ^ 

/p brl ( 

Solving [1] and [2]: 

:=Fmd(P br ,P st ) 

l P st ) 

, P s«J 


8.000 J 


kN 


>st 


CT br := 


st 


v st 


_br 

H>r 


cr st = 101.86 MPa 

a^ r = 50.93 MPa 


Ans 


Ans 























Problem 4-54 


The 10-mm-diameter Steel bolt is surrounded by a bronze sleeve.The outer diameter of this sleeve is 20 
mm,and its inner diameter is 10 mm. If the yield stress for the Steel is (oy) st = 640 MPa, and for the 

bronze (oy) br = 520 MPa, determine the magnitude of the largest elastic load P that can be applied to 
the assembly. E st = 200 GPa, E br =100 GPa. 


Given: 


d Q := 20mm 
dj := lOmm 
d s := lOmm 


E st := 200GPa 
E br := lOOGPa 


ay st := 640MPa 
a Y br •“ 520MPa 


Solution: 


A st : / ‘' ^ 


A br := T'l d ' 


Equations of equilibrium: 

+f *F= 0; 

Compatibility: 


br 


P st -P=0 


[ 1 ] 


( P br)' L _ ( P st) L 

A br' E br A st' E st 


br 


st 


A br E br 


A st' E st 


[2] 


Assume failure of bolt, then 

From [2]: 

From 111: 


st 


P br := 


= ( CT Y_st) A st 

P st = 50.265 kN 

r A br’ E br^l 


- p st 

V A st‘ E st ) 

P br = 75.398 kN 

P br + p st 

P = 125.66 kN 





n 


t 

t 


-10 mm 


-20 mm 


(Controls!): Ans 


Assume failure of sleeve, then 


From [2]: 


P br := °Y br A br 


A S f E Stt 

- ' Pbr 

( A br- E b ry l 


p p br + P st 


P br = 122.522 kN 
P st = 81.681 kN 
P = 204.20 kN 


From [1]: 























Problem 4-55 


The rigid member is held in the position shown by three A-36 Steel tie rods. Each rod has an 

unstretched length of 0.75 m and a cross-sectional area of 125 mm 2 . Determine the forces in the rods 
if a tumbuckle on rod EF undergoes one full turn. The lead of the screw is 1.5 mm. Neglect the size of 
the tumbuckle and assume that it is rigid. Note: The lead would cause the rod, when unloaded, to 
shorten 1.5 mm when the tumbuckle is rotated one revolution. 


Given: L := 0.75m b := 0.5m A := 125mm 
AL := 1.5mm E := 200- GPa 

Solution: 

Equations of equilibrium: 

C + £A^=0; T CD (b) + T^g-(b) = 0 


t cd =t ab 


-t t AB + T CD _ T EF = 0 


T EF = 2t AB 


[ 1 ] 


[ 2 ] 



Compatibility: 

Rod EF shortens 1.5mm causing^45 (and CD) to elongate. Thus,: 
AL = 8^ + ôç 


AL = 


AL = 


l AB 


_ ( T Ab)' L | ( T Ef) L 


EA EA 

( t ab) l ( 2t ab) l 



EA 

EA 


E-A 


From [1]: 


3L 

T CD := T AB 


•AL 


T AB = 16.667 kN Ans 

T CD = 16.667 kN Ans 




























Problem 4-56 


The bar is pinned at A and supported by two aluminum rods, each having a diameter of 25 mm and a 
modulus of elasticity E ãl = 70 GPa. If the bar is assumed to be rigid and initially vertical, determine the 

displacement of the endi? when the force of 10 kN is applied. 


Given: Lqq := 0.6m Lgp := 0.3m d := 25mm 

a := 0.3m P := 10kN E al := 70GPa 

t r O 

Solution: 


A 71 A 2 

A := —d 
4 


Compatibility: 

Given 


8 e 8 c 


3-a a 

( f ef) l ef _ ( f cd) l cd 


3AE 


al 


AE 


al 


F EF' L EF = 3f CD' l CD 


Equations of equilibrium: 

Ç + ^M a = 0; -F EF (3 a) - F CD -(a) + P-(2a) = 0 


-3F ef - F cd + 2P = 0 


Initial guess: F EE := lkN F EE := 2kN 


Solving [1] and [2]: 


f ef^1 

F CD ) 


:= Find(F EF ,F CD ) 


[ 1 ] 


[ 2 ] 



f ef^1 

F CD ) 


6.31579^ 
1.05263 J 


kN 


Displacement: 


8 E := 


( f ef)' 


"EF 


A-E 


al 


8g = 0.055142 mm 


8 B 8 E 4 

— = — 8 b := -8 


4-a 3a 


8g = 0.073522 mm Ans 





















Problem 4-57 


The bar is pinned at A and supported by two aluminum rods, each having a diameter of 25 mm and a 
modulus of elasticity = 70 GPa. If the bar is assumed to be rigid and initially vertical, determine the 

force in each rod when the 10-kN load is applied. 


Given: 


Solution: 


"CD 


:= 0.6m Lgp := 0.3 m d := 25mm 


a := 0.3m 

A 71 A 2 

A := —d 
4 


P := 10kN 


E al := 70GPa 


Compatibility: 

Given 


3-a a 


( f ef)' l ef ( f cd) l cd 


3A-E al 


AE 


al 


F EF' L EF = 3f CD' l CD 

Equations of equilibrium: 

^M a = 0; -F EF (3 a) - F CD (a) + P-(2a) = 0 

-3F ef - F cd + 2P = 0 

Initial guess: F EE := lkN F EE := 2kN 


Solving [1] and [2]: 


f ef^1 

F CD ) 


:= Find(F EF ,F CD ) 






















Problem 4-58 


The assembly consists of two posts made from material 1 having a modulus of elasticity of E x and 
each a cross-sectional area A l , and a material 2 having a modulus of elasticity E 2 and cross-sectional 
area Ã 2 . If a central load P is applied to the rigid cap, determine the force in each material. 


Solution: 


F AB = F 1 


f EF = f 2 


Equations of equilibrium: 

C + 271^=0; Fçq-(cJ) - F^g-(d) = 0 

f cd = f ab 


F CD= Fj 



-f IE y - 0; F AB + F CD + F ef - P = 0 


Compatibility: 


2Fj + F 2 = P 


6 a = 8 B 


8 b = §c 


( F i)' L _ N' L 

A r E i a 2’ e 2 


[ 1 ] 


N í 4 1 

í" 4. E 


F i = 


A r E ri 

A 2' E 2 J 


■ F- 


[2] 


Solving [1] and [2]: 


F l = 

f A r E i "1 

p 

v 2A 1 -E 1 + A 2 -E 2 J 


F 2 = 

f a 2' E 2 "1 

p 

v 2A 1 -E 1 + A 2 -E 2 J 


Ans 


Ans 






































Problem 4-59 


The assembly consists of two posts AB and CD made from material 1 having a modulus of elasticity 
E x ofand each a cross-sectional area^ 1? and a central post i^Fmade from material 2 having a modulus 

of elasticity E 2 and a cross-sectional area^ 2 - If posts AB and CD are to be replaced by those having a 

material 2, determine the required cross-sectional area of these new posts so that both assemblies 
deform the same amount when loaded. 


Solution: 


F AB = F 1 


f EF = f 2 


Equations of equilibrium: 

C + 271^=0; Fqj (d) - F^g-(d) = 0 


f cd = f ab 


F CD= Fj 


-f SF =0; 


f ab + f cd + F EF - p = 0 


l 1 



Compatibility: 

6 a = 8 B 

N±_ 

A r E, 


8 b = §c 

N l 

A 2’ E 2 


2F 1 + F 2 = P 


6a = 8 


F l = 


(AyE{] 

A 2' E 2 J 


• p 2 


[ 1 ] 


[2] 




dU | dL 

k 


f^T 

5, F> 


Solving [1] and [2]: 


F l = 


A r E i 


v 2A r E 1 + A 2 -E 2 J 


F 2 = 


A 2' E 2 


v 2A r E 1 + A 2 -E 2 J 


When material 1 has been replaced by material 2 for two side posts, then 
Equations of equilibrium: [1] becomes l) + F 2 = P 

f A ’i^ 


Compatibility: [2] becomes 

Solving [1'1 and [2']: 


F ’l = 


F ’l = 


2A 'l + a 2 J 


Requires, 8 b = 5'b 




F 2 = 


•Fn 


[!'] 

[ 2 '] 


2A'i + 


1 + A lJ 


( F 2) 

l-L _ 1 

N 

l-L 

f a 2' E 2 ^ 

P " 

r a 2 ^ 

p 

A ’l = 

f E l^ 

_ . A , 

A 2' 

E 2 " 

a 2' ] 

E 2 

V 2A 1’ E 1 + A 2 -E 2 J 

l 2A ’l + A 2 ) 

W1 

l E 2j 


Ans 

















































Problem 4-60 


The assembly consists of two posts AB and CD made from material 1 having a modulus of elasticity 
E x ofand each a cross-sectional area^ 1? and a central post i^Fmade from material 2 having a modulus 

of elasticity E 2 and a cross-sectional area^4 2 - If post EF is to be replaced by one having a material 1, 

determine the required cross-sectional area of this new post so that both assemblies deform the same 
amount when loaded. 


Solution: 

F AB =F 1 f EF =F 2 
Equations of equilibrium: 

C + 271^=0; Fqj (d) - F^g-(d) = 0 


f cd = f ab 

F CD= Fj 


■f 

II 

0 

f ab + f cd 

+ Fgp - P = 0 



2Fj + F : 

! = P 

Compatibility: 

6 a = 8 B 

8 b = §c 

8 A = 

8 

( F l)' L . 

N l 


f A 2- E 2) 

A r Ei 

A T E 2 

t 2 

l A i' E U 


I' 




Solving [1] and [2]: 


F l = 


" A r E i 
V 2A F E 1 + A 2 -E 2 J 


F 2 = 


" A 2' E 2 ^ 
v 2A 1 -E 1 + A 2 -E 2 J 


When material 2 has been replaced by material 1 for central post, then 
Equations of equilibrium: [1] becomes 2ÍF'i} + F 2 = P [l f ] 


Compatibility: [2] becomes 

Solving [l f ] and [2 f ]s 

F ’i = 


F 2 = 


4/ 


•F, 


[ 2 '] 


2Aj + A' 2 J 


F 2 = 


2A 


1 + A 2 ) 


Requires, ô A = S' A 


H 

l-L _ | 

( F 'i) 

l-L 

II 

< 

í a i ^ 

p 

> 

II 

f E 2^ 

_ . A ^ 

A r 

E 1 " 

A r ] 

E 1 

V 2A E E 1 + A 2 -E 2 J 

l 2A l + A 2 ) 

l E ij 


Ans 















































Problem 4-61 


The bracket is held to the wall using three A-36 Steel bolts at B , C, and D. Each bolt has a diameter of 
12.5 mm and an unstretched length of 50 mm. If a force of 4 kN is placed on the bracket as shown, 
determine the force developed in each bolt. For the calculation, assume that the bolts carry no shear; 
rather, the vertical force of 4 kN is supported by the toe at A . Also, assume that the wall and bracket 



i. 


Equations of equilibrium: 

Ç- IM Ã = 0 ; Fjy (l ad ) + F c (l ac ) + Fg- (l ab ) - P- (e) = 0 

Initial guess: Fg := 10kN F c := 20kN F D := 30kN 

Solving [1], [2] and [3]: 


[3] 



' F b"1 í 

F c := Find(F B ,F c ,F D ) 

F c 1 = 

v f dJ 

Td J ^ 


0.2712^ 
0.8136 kN 
1.8983 ) 


Ans 







































Problem 4-62 


The bracket is held to the wall using three A-36 Steel bolts at B , C, and D. Each bolt has a diameter of 
12.5 mm and an unstretched length of 50 mm. If a force of 4 kN is placed on the bracket as shown, 
determine how far, s 9 the top bracket at bolt D moves away from the wall. For the calculation, assume 
that the bolts carry no shear; rather, the vertical force of 4 kN is supported by the toe at A . Also, 
assume that the wall and bracket are rigid. A greatly exaggerated deformation of the bolts is shown. 


Given: 


a := 12.5mm 
d := 12.5 mm 
L := 50mm 


Solution: 


-AD 

AC 


:= a + b 


l AB : = a 
Compatibility: 

S D 8 C 


"AD 


’B 


J AB 


-AC 


"AC 



Equations of equilibrium: 


f b = 


rwi 

L ACj 


•F 


C 


Ç- YM a = 0; F D . (l ad ) + F C . (l ac ) + F B . (l ab ) - P- (e) = 0 

Initial guess: Fg := 10kN F c := 20kN F D := 30kN 

Solving [1], [2] and [3]: 


[ 2 ] 

[3] 


" f b^ 

" f b^ f 

F c := Find(F B ,F c ,F D ) 

F c 1 = 

TdJ 

Jn) ^ 


0.2712^| 
0.8136 kN 
1.8983 J 


Displacement: 


>D 


( f d) 1 

AE 


ôg = 0.003867 mm Ans 













































Problem 4-63 


The rigid bar is supported by the two short white spruce wooden posts and a spring. If each of the 

posts has an unloaded length of 1 m and a cross-sectional area of 600 mm 2 , and the spring has a 
stiffness of k = 2 MN/m and an unstretched length of 1.02 m, determine the force in each post after 
the load is applied to the bar. 


Given: L := lm 


L k := 1.02m 


b := 2m 


kN ( 3\ kN 

w := 50— k := 2-\10 j- 

m m 


A := 600mm 


E := 9.65GPa 


Solution: 

Compatibility: 

4 


AL k := L k — L 


AL k = 0.02 m 


§a + AL k = 8 k 


[ 1 ] 


Equations of equilibrium: 

C+SM c =0; F B (b)-F A -(b) = 0 


-f ZF= 0; 


F A= f b 


F A + f B + F sp _ w ' ( b ) = 0 
Given 


From [1]: 


EA 


I 


50 kN fm 



1 m 


-1 na - 


-i m- 


A + F sp _ w '( b ) = 0 

[2] 

( f a) l F sp 

v ' + ÀLi. = v 

[1' 




— * —.— 


t 


f 

r 


i i+i ! 


fsé 


F t 



Initial guess: F A := lkN F sp := 2kN 


Solving [2] and [1'] 


:=Find(F A ,F sp ) 

V sp ) 


F B := F A 



F b = 25.58 kN 


Ans 

Ans 

















































Problem 4-64 


The rigid bar is supported by the two short white spruce wooden posts and a spring. If each of the 

posts has an unloaded length of 1 m and a cross-sectional area of 600 mm 2 , and the spring has a 
stiffness of k = 2 MN/m and an unstretched length of 1.02 m, determine the vertical displacement of A 
and B after the load is applied to the bar. 


Given: L := lm 


1.02m 


b := 2m 


w 


kN ( 3\ kN 

:= 50— k := 2-(l0 j- 

m m 


A := 600mm 


E := 9.65GPa 


Solution: 


ALj^ := Lj, — L 
Compatibility: 

4 5 A + AL t =S k 

Equations of equilibrium: 

C+SM c =0; F B -(b)-F A -(b) = 0 


ALj^ = 0.02 m 


[i] 


-f SF =0; 


F A= f b 


F A + f B + F sp _ w ' ( b ) = 0 


Given 


From [1]: 


EA 


50 kN/m 



1 m 


-1 m - 


-i m- 


A + F sp - w '( b ) = 0 

[2] 

( f a)l F sp 

v ; + ÀLi. = v 

[1' 


SO(9*Jt2) 


i—:l 

1 

1 __ 

X 

t 

r 1 

5 £ 

1 HW 1 

ft 



Initial guess: F A := lkN F g p := 2kN 

Af a^ 

V"spJ 


Solving [2] and [1']: 


F , :=Find ( F A’ F sp) 


F B := F A 


Displacement: 


ÔA := 


8 b := 


( F a) L 

A-E 

Mi 

A-E 


8^ = 4.418 mm 
5g = 4.418 mm 


f a^ 


V F spJ 


^25.58^1 
^48.84 ) 


kN 


Fg = 25.58 kN 


Ans 


Ans 


















































Problem 4-65 


The wheel is subjected to a force of 18 kN from the axle. Determine the force in each of the three 
spokes. Assume the rim is rigid and the spokes are made of the same material, and each has the same 
cross-sectional are a. 


Given: L := 0.4m 0 := 120deg P := 18kN 

Solution: § := 180deg - 0 

Compatibility: 

^AB‘ C 0 S ( ( I ) ) = S AC 

EA EA 

Equations of equilibrium: At A : 

+► 1F= 0; F AC -sin(<|)) - F AD -sin(b) = 0 

f ac = f ad 

+f ZF y = 0; F ab + F AC -cos((()) + F ad -cos(<|)) - P = 0 


S 



i 


& . 

p 




GlVen F AB + 2(F AC cos((t)))-P= 0 

[2] 


From [1]: 

Initial guess: : 

F ab -cos(^) = F ac 

:= lkN F ac := 2kN 

[!’] 

C 


í f ab^ 

Í F AB^ 

( 12^ 

Solving [2] and [l f ]s 

:= Fmd(F AB ,F AC ) 

= 

kN 

U J 


I f ac ) 1 ’ 

I f acJ 


Ans 


f ad := f ac f ad = 6kN 


Ans 














Problem 4-66 


The post is made from 6061-T6 aluminum and has a diameter of 50 mm. It is fixed supported at A and 
B , and at its center C there is a coiled spring attached to the rigid collar. If the spring is originally 
uncompressed, determine the reactions at A and B when the force P = 40 kN is applied to the collar. 


Given: L CA := 0.25m P := 40kN 
L bc := 0.25m E := 68.9GPa 

Solution: 


71 2 

A := —d 
4 


Equations of equilibrium: 


^CA ■= 


EA 

l ca 


-t 2F =0; 


p + F k + f b = 0 


d := 50mm 

( 3\ kN 
k:= 200(l0 ]— 


m 


^BC 


E-A 

L BC 


[ 1 ] 


0,25 m 



cOP 

0.25 m k = 200 MN/ra 

r, 

_ 


Compatibility: Considera a combined force F (=F B +F k ) acted at free end B . 


A b = Sj 


Given 


0 = 


c BC 


a b = ° 

f P B + F k F B + F k^l 
+ 


k CA 


k BC + k J 


Also, A -A bc 


F k F B + F k 


k k BC + k 


Initial guess: F g := lkN F k := 2kN 


Solving [1] and [2]: 


[2] 4<s tjí-' 


[3] 


:= F ind( F B , F k ) 

Fe 1 





F B^1 f 16.88 ^ 




6.24 ) 


kN 


Ans 


From [1]: 


Fa := P-F 


k _F B 


f a = 16.88 kN 


Ans 


































Problem 4-67 


The post is made from 6061-T6 aluminum and has a diameter of 50 mm. It is fixed supported at A and 
B, and at its center C there is a coiled spring attached to the rigid collar. If the spring is originally 
uncompressed, determine the compression in the spring when the load of P = 50 kN is applied to the 
collar. 


Given: L CA := 0.25m P := 50kN 


"BC 


:= 0.25m E := 68.9GPa 


Solution: 


n 7 
A := —d 
4 


c CA •= 


EA 

L CA 


Equations of equilibrium: 


-f SF =0; 


P + F k + f b = 0 


d := 50mm 

I 3l kN 

k:= 200(10 j— 


m 


<BC •= 


EA 

L BC 


[1] 


0.25 m 


Se 

A* 

0.25 m jÜpOA- = 200 MN/m 


Compatibility: Considera a combined force F (=F B +F k ) acted at free end B . 


Given 


0 = 


t B =8p-5 F a b =0 

+ F k F B + F k) 


k BC 


V 


Also, A -A bc 


kCA k BC + k J 


F k F B + F k 


k k BC + k 


Initial guess: F g := lkN F k := 2kN 

^ F B^ 


Solving [1] and [2]: 


F , : = Find ( F B’ F k) 




[ 2 ] 


[3] 



F B^ 

F U 


21.101 ^ 
7.799 J 


kN 


Thus, 


A„ n := - 

S P k 


A = 0.03899 mm 


Ans 































Problem 4-68 


The rigid bar supports the uniform distributed load of 90 kN/m. Determine the force in each cable if 
each cable has a cross-sectional area of 36 mm 2 , and E = 200 GPa. 



Compatibility: 

In triangle AB’C: 

In triangle AD ? C: 

Thus, eliminating cosjO^j 


But, 

L B'C = L BC + A BC 


l B'C 2 = a 2 + Lac 2 _ 2 ' a ' ( l Ac)' cos (^'a) 


l d'c =l +l ac _ 2 ' l '( l ac)' cos ( 0, a) 


l D'C L B'C 


= L - a + L 


AC 


2/i_T 

L a ) 


l D'C “ 3l B'C = 6a - 2L AC 


3 L B'C 2 “ L D'C 2 = 2&2 + 21,2 


3l B'C “ L D'C = 2c 


L D'C = L DC + a dc 





L B'C = c + a BC L d - c = c + A dc 

Thus, 3 (c + Age) - ( c + a Dc) = 2c 2 

Neglect squares of A's since small slrain occurs: 

3^c 2 + 2cAg^ - (c 2 + 2cAgç) = 2c 2 
3^c 2 + 2cAg^ - (c 2 + 2cAgq) = 2c 2 

3a bc - a dc = 0 


Y tr 








































[ 2 ] 


t BC'( c ) T DC'( c ) 

3-= 0 

E-A E-A 


t dc = 3T bc 


Substitutíng [2] into [1]: 

TBC'( v )' a + 3T BC (v)-L - w-L-(0.5L) = 0 



( 9a*c^ 

Tnr := - • W 

tíC Uo-bJ 

II 

u 

PQ 

H 

From [2] : 

t dc := 3T bc 

T DC - 


45.2804 kN Ans 


135.841 lkN Ans 






Problem 4-69 


The rigid bar is originally horizontal and is supported by two cables each having a cross-sectional area 
of 36 mm 2 , and E = 200 GPa. Determine the slight rotation of the bar when the uniform load is applied. 


Given: 

a := lm b := 2m 


A := 36mm^ E := 200GPa 


kN 

w := 90 — 
m 

Solution: 

/ 2 ,2 b 

c:=-\/a+b v:=— h 

c 


L ac := 74a 2 + b 2 L := 3a 


l BC c L DC c 

Equations of equilibrium: 



Q-I.M a = 0; T BC -(v)-a + T DC -(v)-L-wL-(0.5L) = 0 

Compatibility: See solution of Prob. 4-68. 

t dc = 3t bc 

Solving [1] and [2]: T DC := 27.1682 kN 

T DC‘( c ) 


*DC •= 


E-A 


[ 1 ] 

[ 2 ] 


Adc - 8.4374919 mm 


Geometry: 

In triangle AD’C: 


tan 


M-è 


0 A := atan 


'E) 

2a) 


0A = 


L D'C 2 = L 2 + l AC 2 “ 2 ' L '( L Ac)' C 0 S ( e A) 

( L DC + A Dc) 2 = L 2 + L AC 2 - 2-L-(l ac )-cos( 0’ a ) 

L 2 + L AC 2 “ ( L DC + A Dc) 


0' A := acos 


2L- 


( l ac) 


e A = 


45.000 deg 


45.180 deg 


A0 := 0’ A - 0 A 


A0 = 0.180 deg 


Ans 







































Problem 4-70 


The electrical switch closes when the linkage rods CD and AB heat up, causing the rigid arm BDE 
both to translate and rotate until contact is made at F. Originally, BDE is vertical, and the temperature 
is 20°C. If AB is made of bronze C86100 and CD is made of aluminum 6061-T6, determine the gap s 
required so that the switch will close when the temperature becomes 110°C. 


Unit used: °C := deg 



Given: := 400mm Lp>E := 200mm L := 300mm 


Tj := 20°C T 2 := 

= 110°C 

í -6) 1 

( -6\ 1 

a cu := 17.0-110 V~ 

a st := 24.0.(10 õ j- 

Solution: 

H 

1 

<N 

H 

Jl 

H 

<] 

AT = 90 °C 

Thermal Expansion: 

ô A b : = a cu'( AT )-L 

Sab = 0.4590 mm 

6 CD := a s f( AT )-L 

8 Cd = 0.6480 mm 



200 mm 


400 mm 


Geomotry: 

6 cd _ 6 ab 
0 :=- 

l bd 

s := 5 AB + 0 '( L BD + L üe) 





s = 0.7425 mm 


Ans 

















Problem 4-71 


A Steel surveyor’s tape is to be used to measure the length of a line. The tape has a rectangular cross 
section of 1.25 mm by 5 mm and a length of 30 m when T l = 20°C and the tension or pull on the tape 

is 100 N. Determine the true length of the line if the tape shows the reading to be 139 m when used 
with a pull of 175 N at T 2 = 40°C. The ground on which it is placed is flat. a st = 17(10" 6 )/°C, E st = 
200 GPa. 


Unit used: °C := deg 



Given: a := 5mm 

b := 1.25mm 



1.25 mm 

Tj := 20°C 

Pj := 100N 

L 1 

:= 30m 


T 2 := 40°C 

P 2 := 175N 

L 2 

:= 139m 


P 

C/í 

lí 

O 

1 

°C 

E st 

:= 200GPa 







Solution: A := a b 


AT := T- 


Thermal Expansion: 


a 


st 


■ (at)-l- 


8p := 


( P 2- P l) 


•^2 


A-E 


st 

L f := L- 


AT = 20 °C 


8j = 47.2600 mm 
Sp = 8.3400 mm 

+ Sp + Sp 


Sp = 0.0473 m 
Sp = 0.0083 m 


L’ = 139.056 m 


Ans 








Problem 4-72 


The assembly has the diameters and material make-up indicated. If it fits securely between its fixed 
supports when the temperature is T x = 20°C, determine the average normal stress in each material 

when the temperature reaches T 2 = 40°C. 23I4-T6 Aluminum 304 siainluss 

( 86100 Bronze Steel \ 

X—f 


Unit used: 

°C := deg 




Given: Tj : 

= 20°C 


T 2 == 

40°C 

A 

E 1 : 

= 1.2m 


d l : = 

300mm 


E 2 • 

= 1.8m 


d 2 := 

200mm 


E 3 • 

= 0.9m 


d 3 := 

lOOmm 





1 


( _ 

: 

:= 23-UO j 

°C 

a 2 : 

:= 17-\10 

E 1 : 

= 73.1GPa 


e 2^ 

= 103GPa 

Solution: 

AT := 

T 2- 

T 1 

AT = 

20 °C 




. 2 


^71^ , 2 


A 1 : = 

W' 

d l 

A 2 := 

— 1 * d? 

UJ 2 


300 mm 


ü 


T 


-1.2 m 


2lMJmm 

— 




5 a m 


L 


T 


I 

100 mm 
-—0.9 m —'I 


D 


a 3 := 17- (10 6 ) 1 
E 3 := 193GPa 


°C 


D C 


Ao := 


M 2 

7/ 3 


Equations of equilibrium: 

±^SF,=0; F A -F D =0 F a = F d 

Let F a =F. Then,F A = F AB = F BC = F CD = F D = F 

Thermal Expansion: 

:= 0C|*(at)*L| + oc2'(at)*L2 + oc 3 *(at)*L 3 

Elongation: negative sign indicates shortening 
F-L 1 FL 2 FL 3 

F A 1' E 1 a 2’ E 2 A 3' E 3 

Compatibility: 

FLi 


8j = 1.470000 mm 


F-F 


FL 


•^3 


0 — ôy + ôu Given 0 — ô y--- 

T F T A F E 1 A 2' E 2 A 3' E 3 

Initial guess: F := lkN Solving [1] : F := Find(F) 


[ 1 ] 

F = 1063.49 kN 


Average Normal Stress: 



c> a ] = 15.05 MPa Ans 

<j|j r = 33.85 MPa Ans 

cr st = 135.41 MPa Ans 



























Problem 4-73 


A high-strength concrete driveway slab has a length of 6 m when its temperature is 10°C. If there is a 
gap of 3 mm on one side before it touches its fixed abutment, determine the temperature required to 
close the gap. What is the compressive stress in the concrete if the temperature becomes 60°C? 


Unit used: 

°C := deg 





Given: 

:= 6m 

Tj := 10°C 

a := ll-(l0 6 ) — 

°C 



A 

:= 3 mm 

T 2 := 60°C 

E := 29GPa 

V 

-íl - r 

gap' 

Solution: 


Tb* 





í> 


Require, 

A gap = 

= a-ír-Tjj-L 





T 'l := 

í A gap\ T 

U-l/ 1 

T'j = 55.45 °C 

Ans 



For AT:=T 2 -T 1 AT = 50 °C 



a 


F 

A 


a:=a-(AT)-E-A gap -(J0 


(j = 1.45 MPa 


Ans 








Problem 4-74 


A 1.8-m-long steam pipe is made of Steel with a Y = 280 MPa. It is connected directly to two turbines 

A and B as shown.The pipe has an outer diameter of 100 mm and a wall thickness of 6 mm. The 
connection was made at T x = 20°C. If the turbines’ points of attachment are assumed rigid, determine 

the force the pipe exerts on the turbines when the steam and thus the pipe reach a temperature of T 2 = 


135°C. 

Unit used: °C := deg 


Given* 

’ L := 1.8m Tj := 20°C T 2 := 135°C 
<jy '■= 280MPa d Q := lOOmm t := 6mm 

E := 200GPa a := 12-(l0 _6 ) — 

°C 


Solution: 


di := d Q - 2t 


AT := T 2 - Tj 



AT = 115°C 


Compatibility: 

0 — + 8p 

/ x FL 

0= a-(ATJL- 

EA 



F := a-(AT)-E-A 


F = 489.03 kN Ans 


Check stress: 


F 

a := — 
A 


a = 276.00 MPa (< a Y = 280 MPa) ok. 





















Problem 4-75 

A 1.8-m-long steam pipe is made of Steel with cr Y = 280 MPa. It is connected directly to two turbines 

A and B as shown.The pipe has an outer diameter of 100 mm and a wall thickness of 6 mm. The 
connection was made at T x = 20°C. If the turbines’ points of attachment are assumed to have a 

stiffness of k = 16 MN/m., determine the force the pipe exerts on the turbines when the steam and 
thus the pipe reach a temperature of T 2 = 135°C. 


Unit used: °C := deg 


Given: L := 1.8m T í := 20°C T 2 := 135°C 
ay := 280MPa d Q := lOOmm t := óinin 



E := 200GPa 




mm 


Solution: 


Compatibility: 






2x — 8j + ôp 




EA 


(x-(at)-E-A-L 
k-L + 2E-A 


x = 0.029830 mm 


F := k-x F = 477.29 kN 


Ans 


Check stress: 


F 

A 


a = 269.37 MPa (< a Y = 280 MPa) ok. 


























Problem 4-76 


The 12-m-long A-36 Steel rails on a train track are laid with a small gap £between them to allow 
forthermal expansion. Determine the required gap so that the rails just touch one another when the 
temperature is increased from T x = -30°C to T 2 = 30°C. Using this gap, what would be the axial force 

in the rails if the temperature were to rise to T 3 = 40°C? The cross-sectional area of each rail is 3200 


mm 2 . 


Unit used: °C := deg 
Given: L := 12m 


A := 3200mm 


Tj := -30°C T 2 := 30°C T 3 := 40°C 


a := 12 


E := 200GPa 

Solution: 

Require, A gap := <x-(t 2 - Tjj-L 


For 

Compatibility: 


(lo 6 ) — 

°c 


AT := T 3 - Tj 


AT = 70 °C 


A gap = 6 T + 6 F 

t \ F-L 

A„ fln = (x-(AT)-L- 

gap v EA 


Hl* s 


s Hl* 


■ 12 m- 


líh. 


-lír 




a 

A CTÍ m - 8.640 mm 
gap 

Ans 

i 




+ 




F := [a (at).L - A gap ] 


E-A 


F = 76.80 kN Ans 






















Problem 4-77 


The two circular rod segments, one of aluminum and the other of copper, are fixed to the rigid walls 
such that there is a gap of 0.2 mm between them when T x = 15°C. What larger temperature T 2 is 

required in order to just close the gap? Each rod has a diameter of 30 mm, a al = 24(10' 6 )/°C, E al = 70 

GPa, a = 17(10' 6 )/ o C, E = 126 GPa. Determine the average normal stress in each rod if T 2 = 95°C. 


Unit used: °C := deg 


Given: L cu := lOOmm L a j := 200mm d := 30mm 


— 

— 02 mm 


AJuminum 




200 mm * 


Tj := 15°C T 2 := 95°C A Rap := 0.2mm 


E cu := 126GPa 


a 


E al := 70GPa 


a al 


Solution: 


A: 

Require, A 


“L 2 

4 ) 


cu : = 17 '( 10 ” 6 )^ 

:= 24-(l0 _ 6 ) — 
°C 


gap a cu 


T f := T x + 


(t E l)' E cu + a al’( E E l)* E al 


gap 


a cu' E cu + a al‘ E al 
T f = 45.77 °C 

For AT:=T 2 -T 1 AT = 80 °C 
Compatibility: 


Ans 


^cu " ^ 


1T + 5 1F 


>al “ °2T + °2F 


1IDD tm 

\ —: 

-r-1 

*— D. 

a i 


^ _ 


t 

i 


F 

â 



r~ 






A gap " ^cu + ^al 


A gap " a cu ( AT )- L 


FL 


cu 


cu 


E cu A 


a 


al 


• (at)l 


FL 


al 


al 


E af A 


F := 


a cu*( AT )* L cu+ a a r( AT )* L 


al A gap 


cu 


"al 


E cu A 


E af A 


Average Normal Stress: 


F = 61.958 kN Ans 


F 

a := — 
A 


a = 87.65 MPa 


Ans 







































Problem 4-78 


The two circular rod segments, one of aluminum and the other of copper, are fixed to the rigid walls 
such that there is a gap of 0.2 mm between them when T x — 15°C. Each rod has a diameter of 30 mm, 

a al = 24(10' 6 )/ o C, E al = 70 GPa, a cu = 17(10' 6 )/°C, E cu = 126 GPa. Determine the average normal 
stress in each rod if T 2 = 150°C, and also calculate the new length of the aluminum segment. 


Unit used: °C := deg 

Given: L cu := lOOmm L a j := 200mm d := 30mm 




— 02 mm 



Aluminum 

1 J V j m nn _ 1 



• luu mm i 


* itiu mm * 


:= 15°C T 2 := 


E cu := 126GPa 
E al := 70GPa 


Solution: 


A:= 


"i)d 2 


For AT := T 2 - Tj 
Compatibility: 


150°C A afm := 0.2imn 
gap 

“cu := 17 '( 10 ” 6 )'^ 
“a! : = 24-(lO- 6 )T 


AT = 135 °C 


5 cu= 5 1T + 5 1F 5 al = 5 2T + 5 2F 
^gap " ^cu + ^al 


^gap" a cu‘(^ F )' F cu ü a +a af^^)'^al 

n cu 

a cu( AT )-L cu + «al'( AT )-L a l ~ A gap 
L cu L al 
^cu^ ^afA 


FL 


al 


F af ^ 


F = 


1 IDD *.t\j 

>3 

I _J 

■— 0 .1 tm 

_ 

3 1 

í 

r 

hw 

IjMÍt)** 

í 

J 


~- F 


■i —K 

s= 

—=1 

F-& 

=t 


131.176kN 


Average Normal Stress: 

F 

a := — a = 185.58 MPa 

A 


Ans 


Displacement: 


^al : a af(^ F )' F al 


FL al 
F af ^ 


8 a ] = 0.117783 mm 


F al : F al + ^al 


L’ al = 200.117783 mm Ans 









































Problem 4-79 


Two bars, each made of a different material, are connected and placed between two walls when the 
temperature is T x = 10°C. Determine the force exerted on the (rigid) supports when the temperature 

becomes T 2 = 20°C. The material properties and cross-sectional area of each bar are given in the 


figure. 




Unit used: 

°C := deg 



Given: Tj : 

= 10°C T 2 := 

20°C 

L := 300mm 

A st 

:= 200mm^ 

A br : 

:= 450mm 2 

a st 

1 

o 

<N 

Jl 

a br 

:= 21-(l0 _ 6 ) — 
°C 

E st 

:= 200GPa 

E br : 

= lOOGPa 

Solution: 

AT := T 2 - Tj 

AT 

= 10°C 


Equations of equilibrium: 

+► £F X =0; F A -F C =0 F a = F c 

Let F a =F. Then,F A = F AB = F BC =F c =F 


Steel 

£ sL = 200 GPa 

a* = 12(10 _S )/X 

A s = 200 Qim" 

Bras^ 

£ br = 100 GPa 
ítbr = 21(10 ~*)FC 

i4tr =430 mm" 





■ juu mm ■ 

juu mm 



J O® rnjrr} ^ j-flj-r | 

t-1 1 

p 

íM 

■ 

c 

- 5 -1 

*'p. 

T 

r ■' 

- 1 | 


Compatibility: 0 = 8j + §p 


0 = a st '( at)-L + a br -( at)-L - F ^ 

A st' E st 


F-L 

A br' E br 


( a S t + a br)‘ AE 

"1 i F = 6.988 kN Ans 

-+- 

































Problem 4-80 


The center rod CD of the assembly is heated from T } = 30°C to T 2 = 180°C using electrical resistance 
heatíng. At the lower temperature T x the gap between C and the rigid bar is 0.7 mm. Determine the 
force in rods AB and EF caused by the increase in temperature. Rods AB and EF are made of Steel, 
and each has a cross-sectional area of 125 mm 2 . CD is made of aluminum and has a cross-sectional 
area of and 375 mm 2 . E A = 200 GPa, E. i{ = 70 GPa, a s = 12(10- 6 )/°C, « a| = 23(10- 6 )/°C. 


Unit used: °C := deg 

Given: Tj : = 30°C T 2 := 
2 

A st := 125mm 
a st := 

E st := 200GPa 
L st := 300mm 


180°C A a;m := 0.7mm 
gap 

2 

A a i := 375mm 

°al := 23 -(l°" 6 )^ 
E al := 70GPa 
L a j := 240mm 


0.7 mm 



Solution: AT := T 2 - Tj AT = 150°C 

Equations of equilibrium: 

C + 271^=0; F^g-(b) - Fgp-(b) = 0 


f ab =f ef 

Let F ab = F st . Then, F AB = F EP = F st 



-t Fab + f ef _ F ai = 0 


F al “ 2F st 


[ 1 ] 


tTA. 


Compatibility: 


F sf L st 
E sf A st 


st" ò al A gap 

a af(^ F )' E al 


F af E al 


E af A al 


gap 


[ 2 ] 


Substituting [1] into [2]: 

a af E al ” ^gap 

Fst := ~~C t 2L~C F st = 4 - 226 kN Ans 

- + - 

A sf E st A af E al 

From [1]: F al := 2F gt F al = 8.453 kN Ans 






































Problem 4-81 


The center rod CD of the assembly is heated from T x = 30°C to T 2 = 180°C using electrical resistance 
heatíng. Also, the two end rods AB and EF are heated from T x = 30°C to T 2 = 50°C. At the lower 
temperature T } the gap between C and the rigid bar is 0.7 mm. Determine the force in rods AB and EF 
caused by the increase in temperature. Rods AB and EF are made of Steel, and each has a 
cross-sectional area of 125 mm 2 . CD is made of aluminum and has a cross-sectional area of and 375 
mm 2 . E at = 200 GPa, E a = 70 GPa, ff st = 1 2( 1 0‘ 6 )/°C, ff, = 23(10' 6 )/°C. 

Unit used: °C := 0 7 nmi 


Given: 


Tj := 30°C T 2 := 180°C 

2 

A st := 125mm 

A a i := 37 

( -6) 1 


«st - 12 bo i- 

a a j := 23 

E st := 200GPa E a j 

:= 70GPa 

L st := 300mm L a j 

:= 240mm 


50°C 


(io 6 )T 

°c 


A gap : = 0.7mm 



3CO mm 


Solution: AT := T 2 - Tj AT = 150°C 

AT' := T' 2 — Tj AT' = 20 °C 

Equations of equilibrium: 

C + 2T^=0; F^g-(b) - Fgp-(b) = 0 

f ab =f ef 

Let F ab = F st . Then, F AB = F EP = F st 
+f YF= 0; F AB + F ef - F al = 0 

F al “ 2F st 

Compatibility: 

8 s t " ^al ” A gap 



Fíf-í I 





a sf( AT )* L st + 


, E sf ^stj 


a af( AE )‘ E al 


E a f E al 
E af ^al 


A gap 


[ 2 ] 


Substituting [1] into [2]: 

a al'( AE ) E al ” A gap ” a sf ( AE )‘ E st 

Fst:= Íl^J F st = 1.849 kN Ans 

- + - 

^sf E st ^al' E al 

From [1]: F a l := 2F st F al = 3.698 kN Ans 











































Problem 4-82 


The pipe is made of A-36 Steel and is connected to the collars at A and iLWhen the temperature is 15° 
C, there is no axial load in the pipe. If hot gas traveling through the pipe causes its temperature to rise 
by AT = (20 + 30x)°C, where x is in meter, determine the average normal stress in the pipe. The inner 
diameter is 50 mm, the wall thickness is 4 mm. 

Unit used: °C := deg 

Given: L := 2.4m dj := 50m 
T | := 15°C t := 4mm 
AT = (20 + 30x)°C 

E := 200GPa a := 12-(l0 _6 ) — 

°C 

Solution: d Q := dj + 2t A := -^--(d 0 2 - dj 2 ) 

Compatibility: „ 

0 = S T + S F 



0 = 


f L 

oc-(at) dx 


FL 


EA 



unit := lm-°C 


L 

m 


F := 


l L ) 


• (unit) • 



(20 + 30x) dx 


F = 84452.766 kN 


Average Normal Stress: 

F 

a := — 
A 


a = 134.40 MPa Ans 






















Problem 4-83 


The bronze 86100 pipe has an inner radius of 12.5 mm and a wall thickness of 5 mm. If the gas 
flowing through it changes the temperature of the pipe uniformly from T A = 60°C at.4 to T B = 15°C at 

B , determine the axial force it exerts on the walls. The pipe was fitted between the walls when T = 


15°C. 

Unit used: °C := deg 


Given: L := 2.4m 
T a := 60°C 
T b := 15°C 

E := 103GPa 


Solution: 


"o * 


r j + t 


f 

60 + 

V 


rj := 12.5mm 


t := 5mm 


T 0 := 15°C 


a := 17- 


A := n ■ 

t b- t a 'l 

-x ,°C 

L J 



AT = ( T x - T o) 


AT = (45 - 18.75x)°C 

Compatibility: ^ 

0 = S T + S F 

rL 


0 = 


0 


a-(AT) dx- 

EA 



unit := lm-°C 


L 

m 


F := 


+ -E-+I 

l ; 


•(unit)* 



(45 - 18.75x) dx 


F = 18.566 kN 


Ans 































Problem 4-84 


The rigid block has a weight of 400 kN and is to be supported by posts A and B , which are made of 
A-36 Steel, and the post C, which is made of C83400 red brass. If all the posts have the same original 
length before they are loaded, determine the average normal stress developed in each post when post C 

heated so that its temperature is increased by 10°C. Each post has a cross-sectional area of 5000 mm 2 . 


Unit used: °C := deg 


Given: 


AT := 10°C 


A := 5000mm 


b := lm 


E st := 200GPa 
W := 400kN 
Solution: Set: L := lm 

Equations of equilibrium: 

Ç + £M C =0; F A -(b)-F B (b) = 0 


F A= f b 

Let F A =F sf Then » F A = F B = F st 


E br := lOlGPa 


a br • 18-(10 ) 


-f ZF= 0; 


F A + F B 


F br - W = 0 


Given 

Compatibility: S ct = 8 


F br = W - 2F st 


F sf L 


st u br 


F br' L 


F sf A F br' A 


[ 1 ] 


-a br -(AT)-L [2] 




m- 


-1 m 


-I 




Í IlA Irt, "Í 

K fc r t 





Initial guess: F st := lkN F br := 2kN 

^ F st^ 


Solving [1] and [2]: 


F br J 


:= Find(F st ,F br ) 


F st^ 

F b f ) 


( 123.393 ^ 
153.214 ) 


kN Ans 


r st 

Average Normal Stress: c> . •= — 

si A 


Cf st = 24.68 MPa 


Ans 


br 


CT br := 


CT br 


= 30.64 MPa Ans 
































Problem 4-85 


The bar has a cross-sectional area.4, length L , modulus of elasticity E , and coefficient of thermal 
expansion a. The temperature of the bar changes uniformly along its length from T A at A to T B at B so 
that at any point x along the bar T = T A + x (7 B - T A )/L. Determine the force the bar exerts on the rigid 
walls. Initially no axial force is in the bar. 


Solution: 

Compatibility: 


However, 


From [1]: 


0 — 8j + 8p 


[ 1 ] 


T x= T A + 


t b- t a 


-X 


at = (t x -t a ) 


AT = (Tb-Ta,. 


)t 


d(AT)= 


t b- t a 


-x 


d(^x) = oc-(AT)dx 

<*( 5 t) = “• ( T B -T a)'T 


r L 


a- 


( t b- t a)t 


dx 


dx 


a-L / \ 

«T-^-(Tb-Ta) 


a-L / \ F-L 

0= ^-( t b- t a)- 


E-A 


Tm 


B 



F = 


a-E-A 
2 




Ans 


























Problem 4-86 


The rod is made of A-36 Steel and has a diameter of 6 mm. If the springs are compressed 12 mm 
when the temperature of the rod is T= 10°C, determine the force in the rod when its temperature is T 
= 75°C. 


Unit used: °C := deg 


N 


L := 1.2m 

d := 6mm k := 200- 


mm 

T l := 10°C 

T 2 := 75°C x Q := 12mm 


( -6\ 1 

E := 200GPa 

a := 12-UO ) — 


°C 


Solution: 


A := 


^)d 2 

\4) 


For AT := T 2 - Tj AT = 65 °C 
F = k- (x + x Q ) 

Compatibility: 

2x — 8j + 8p 

2x= a-(AT)-L 


FL 


EA 


k = 200 N/m 


k - 200 N/m 


- L2 m - 



1. I 

[ H 

r 1 

- 1 

■TO E 


h 4 


(íttli) n) 


, \ L k ‘( x + x o)' L 

x = a- (àT)- 

2 2E-A 


a 


(at)-EAL — kx 0 -L 


x := 


2E-A + k-L 


x = 0.20892 mm 


F = 2.442 kN 


F:= k-(x + x 0 ) 


Ans 

























Problem 4-87 


Determine the maximum normal stress developed in the bar when it is subjected to a tension of P = 8 
kN. 


Given: P ;= 8kN 
w := 40mm 
t := 5mm 

Solution: 

For the fillet: 

w 

— = 2 

h 


:= 20mm 

40 mm 
i 



:= 20 mm 




P ^- 

lOmm 


E 


f 


.*• = 10 ri 


— 


-— 20 mm 


^ 5 mm 
20 nmi 

LU 



A := h-t 



From Fig. 4-24, K := 1.4 


a max " a avg 
P 

a max ^‘T a max " H2MPa 


Ans 


Forthehole: A 0 := 


— = 0.25 
w 

From Fig. 4-25, 


(w — d) • t 


K 


o • 



2.375 


a max " a avg 
P 

a max •” ^o‘T~~ 
A o 


a max 190MPa 


Ans 











Problem 4-88 


If the allowable normal stress for the bar is cr allow =120 MPa, determine the maximum axial force P 
that can be applied to the bar. 

Given: d := 20mm t := 5mm r := lOmm 

w := 40mm h := 20mm p 

a allow •“ 120MPa 

Solution: 

Assume failure of the fillet: A := h-t 


P 

a allow ™ ^ 

K 


From Fig. 4-24, 


K := 1.4 


a allow " a max a max " K- a 


avg 


P := 


( a allow)‘ 


P = 8.57 kN 



Assume failure of the hole: 


— = 0.25 
w 


A 0 := (w — d) • t 


r o 


d 

2 


From Fig. 4-25, 
a allow " a max 


K 0 := 2.375 
a max " a avg 


P 

a max •“ ^o‘T~~ 
A o 


P := 


( a allow)'^o 


ÍC 


P = 5.05 kN 


Ans 


(Controls!) 













Problem 4-89 


The Steel bar has the dimensions shown. Determine the maximum axial force P that can be applied so 
as not to exceed an allowable tensile stress of <r a „ ow =150 MPa. 


Given: d := 24mm t := 20mm 
w := 60mm h := 30mm 

CT allow : = 150MPa 

Solution: 

Assume failure occurs at the fillet: 



A := h-t 


w 

"h 


= 2 



From Fig. 4-24, K := 1.4 


a allow " a max 


a = K- 
^max 


avg 


P := 


( a allow)‘A 

K 


P = 64.29 kN 


P 

a allow ™ ^ 


Assume failure occrs at the hole: A Q := (w - d)*t 


"o 

— = 0.2 

w 


r o 


d 

2 


From Fig. 4-25, K Q := 2.45 


a allow " a max 


a = K- 
^max 


avg 


P 

a max •“ ^o‘T~~ 
A o 


P := 


( a allow)'^o 


IC 


P = 44.08 kN Ans 


(Controls!) 











Problem 4-90 


Determine the maximum axial force P that can be applied to the bar. The bar is made from Steel and 
has an allowable stress of <r allow =147 MPa. 


Given: d := 15mm t := 4mm r := 5mm 
w := 37.5 mm h := 25mm 

a allow 147MPa 

Solution: 

Assume failure of the fillet: A := h-t 



From Fig. 4-24, 
a allow " a max 

( a allow)‘ ^ 


P := 


K 


K:= 1.73 


a max " a avg 


P = 8.497 kN 


P 

a allow ™ ^ Ã 


Assume failure of the hole: A Q := (w - d)*t 


— = 0.2 

w 


d 

2 


From Fig. 4-25, K Q := 2.45 


a allow " a max 


a = K- 
^max 


avg 


P 

a max •” ^ 0 ‘T - 
A o 


( a allow)‘ i 


P = 5.4 kN 


Ans 


(Controls!) 














Problem 4-91 


Determine the maximum normal stress developed in the bar when it is subjected to a tension of P = 8 
kN. 


Given: d := 15mm t := 4mm 
w := 37.5 mm h := 25mm 

P := 8kN 

Solution: 

For the fillet: A := h-t 


r := 5mm 



From Fig. 4-24, 

a max " a avg 
P 

a max •” 

For the hole: A 0 := (w - 

r o 

— = 0.20 

w 

From Fig. 4-25, 

a max " a avg 
P 

a max •” K o* ~T~ 
A o 


K:= 1.73 


a max = 138.4 MPa 
d 

d H r o := 2 


K 0 := 2.45 


a max = 217.78 MPa 


Ans 


(Controls!) 















Problem 4-92 


Determine the maximum normal stress developed i 


Given: p ;= 8kN 

d := 12mm 

w := 60mm 

h := 30mm 

t := 5mm 

r := 15mm 

Solution: 

At the fillet: 

A := h t 

w 

r 

— = 2 

- = 0.5 

h 

h 


From Fig. 4-24, K := 1.4 

a max " a avg 
P 

a max •” a max " 


the bar when it is subjected to a tension of P = 8 



.67 MPa 


At the hole: A Q := (w - d)*t 


A o 

— = 0.1 

w 



From Fig. 4-25, K Q := 2.65 


a max " a avg 
P 

a max •” ^o‘T~~ 
A o 


a max = 88.33 MPa 


Ans 


(Controls!) 








Problem 4-93 


The resulting stress distribution along section AB for the bar is shown. From this distribution, 
determine the approximate resultant axial force P applied to the bar. Also, what is the 
stress-concentration factor for this geometry? 

10 mm 


Given: h := 80mm t := 10mm 
ii := 5MPa v := 20mm 


Solution: 

r 

P = 


a dA 


P = Volume under curve 



Number of sqaures, 

n := 19 


P := n-(u-v)-t 

P = 19.00 kN 

Ans 

P 

CTav § : ht 

a„ vff = 23.75 MPa 
avg 

Ans 

From the Figure, 

a max ^OMPa 


a max 

K :=- 

K = 1.26 

Ans 


a avg 























Problem 4-94 


The resulting stress distribution along sectionAS for the bar is shown. From this distribution, 
determine the approximate resultant axial force P applied to the bar.Also, what is the 
stress-concentration factor for this geometry? 


Given: h := 80mm t := 20mm 
a := 18MPa v := 20mm 


Solution: 

r 

P = 


a dA 


P = Volume under curve 


Number of sqaures, n := 10 


P := n*(u* v)-t P = 72.00 kN 


a avg * 


P 

h-t 


G ava = 45.00 MPa 
avg 



10 mm 


"72 MPa. 


18 MPa 


Ans 

Ans 


From the Figure, a max := 72MPa 


K := 


'max 


avg 


K = 1.60 


Ans 














Problem 4-95 


The A-36 Steel plate has a thickness of 12 mm. If there are shoulder fillets at B and C, and cr allow =150 

MPa, determine the maximum axial load P that it can support. Compute its elongation neglecting the 
effect of the fillets. 

Given: t := 12mm r := 30mm 
w := 120mm h := 60mm 

L ] := 200mm L 2 := 800mm 60 mm 

CT allow : = 150MPa 
E := 200GPa 



Solution: Aj := h-t A 2 := w-t 


Maximum Normal Stress at fillet: 


w 

— = 2 
h 


r 

- = 0.5 
h 


From Fig. 4-23, K := 1.4 
a allow " a max (X 


P := 


( a allow)‘ i 


L 1 


K 


max " a avg 


P = 77.14kN 


a allow 



Ans 


Displacement: 


8 — 81 + 8 2 + Sj 

P-Lj PL 2 

8 := 2- 1 - 8 = 0.429 mm 

E-Aj E-A 2 


Ans 









Problem 4-96 


The 1500-kN weight is slowly set on the top of a post made of 2014-T6 aluminum with an A-36 Steel 
core. If both materiais can be considered elastic perfectly plastic, determine the stress in each material. 


Given: 


r Q := 50mm 
rj := 25mm 


E st := 200-GPa 


-al 


73.1-GPa 


r s := 25mm ay st := 250MPa 
P := 1500kN a Y al := 414MPa 


Solution: 


v st' 


71 - r, 


v al 


71 - r, 


Equations of equilibrium: 

Given +f TF y = 0; 

Compatibility: S st = 8 al 


P al + P st 


P = 0 

( P al)- L _ ( P st) L 
A al‘ p al 


[ 1 ] 



al 


A al' p al 


A sf E st 


st 

A sf E st 


Initial guess: P j := lkN 


[2] 


P st := 2kN 



í Pal ^ / \ 

Í p a0 ( 

Solving [1] and [2]: 

:=Fmd(P al ,P st ) 

Vst j 

II 


784.5218 a ! 
715.4782 ) 


kN 


Average Normal stress: 


al 


a al :=- a al = 133.18MPa (< a y al = 414MPa) o.k.! 


v al 


I£ÜÜN 


Ja* 


St 


* st' 


- a st = 364.39 MPa (> a y st = 250MPa) 


st 


Thererfore, the Steel core yields and so the elastic analysis is invalid. 


Ans 


From [1]: 


The stress in the Steel is a st := ay st 


c> st = 250 MPa 

lí 

"5T 

& 

CZ2 

P st = 490.87 kN 

P al • P P st 

P al = 1009.13 kN 

p al 


CTai: A_, 

cr al = 171.31 MPa (< a 


Ans 






















Problem 4-97 


The 10-mm-diameter shank of the Steel bolt has a bronze sleeve bonded to it. The outer diameter of 
this sleeve is 20 mm. If the yield stress for the Steel is (oy) st = 640 MPa, and for the bronze (oy) br = 
520 MPa, determine the magnitude of the largest elastic load P that can be applied to the assembly. E s 
= 200 GPa, E^ v = 100 GPa. 

Given: d Q := 20mm E st := 200GPa ay st := 640MPa 

dj := lOmm E^ := lOOGPa ay := 520MPa 


d s := lOmm 


Solution: 


71 í 2 

A st := 7 '( d s 


Equations of equilibrium: 

+f *F y = 0; 

Compatibility: 


. 71 Ía 2 J 2 

A br := 4 ”V d o “ d 


P br + P st _ P = 0 

( p br)' L _ ( p st) L 
A br' E br A sf E st 


[ 1 ] 


p br 


st 


A br‘ E br A st' E st 


Assume yielding of bolt, then 

From [2]: 

From 111: 


[2] 


p st • ( a Y_st) A st 
f A br’ E bfl 

p st 

br ' A -F 1 st 

V A st Ê st J 

F br 

p := p br + P st 

P = 


10 mm 


20 mm 



P br = 75.398 kN 

P= 125.66 kN (Controls!): Ans 


Assume yielding of sleeve, then 

P br := CT Y_br A br 

^ A S f E A 


From [2]: 


st 


V' E brJ 


P br 


P br = 122.522 kN 


P st = 81.681 kN 


p p br + P st 


P = 204.20 kN 


From [1]: 























Problem 4-98 


The weight is suspended from Steel and aluminum wires, each having the same initial length of 3 m and 
cross-sectional area of 4 mm 2 . If the materiais can be assumed to be elastic perfectly plastic, with 
(cr 7 ) st = 120 MPa and (ay) al = 70 MPa, determine the force in each wire if the weight is (a) 600 N and 
(b) 720 N. £ al = 70 GPa, E st = 200 GPa. 


Given: L := 3m 


A := 4mm 
Solution: (a) W := 600N 
Equations of equilibrium: 

Given +f ^F y = 0; 


í st := 200GPa a Y st := 120MPa 
ay a j := 70MPa 


Tj! j 4 


E al := 70GPa 


A]umii3um 


P al + P st-W=0 


[ 1 ] 




Compatibility: ô st = 5 al ( p a l)' L ( P st)' L 


AE 


al 


AE 


st 


L 


f 


Steel 


al 


st 


AE 


al 


AE 


st 


Initial guess: 

Solving [1] and [2]: 

Average Normal stress: 

"al 


P al == 1N 


[2] 


p st - 2N 


P al^ 

P stJ 


:= Find(P al ,P st ) 



a al - a al = 38.89 MPa (< a l = 70MPa ) °- k - ! 


Ans 


st 


a st * 


— CT st = 111.11 MPa (<a y st = 120MPa) o.k.! 


The average normal stress for both wires do not exceed their respective yield 
stress. Thererfore, the elastic analysis is valid for both wires. 

















Solution: (b) W := 720N 


Equations of equilibrium: 

Given +f IF r =0; P al + P st - W = 0 

Compatibility: 8 st = S al ( P al)’ L ( P st)' L 

AE al A ' E st 
P al _ P st 
A ' E al A ' E st 


[ 1 ] 


[2] 


Solving [1] and [2]: 

Average Normal stress: 


Initial guess: P a j := IN 

Ap aA 


p st - 2N 


= Find(P al ,P st ) 

1 


^St ) 


p a0 

p stJ 


186.67^ 
533.33 ) 


N 


al 


a al ;= — a al = 46.67 MPa (< a y al = 70MPa) o.k. 

A. * 


st 


>st 


* st 


133.33 MPa (> a y st = 120MPa) 


Thererfore, the Steel wire yields and so the elastic analysis is invalid. 
Plastic Analysis: The stress in the Steel is a st := ay s t 


st 


:= ( CT Y_st) / 


From [1]: 


P al == W - p st 


c> st = 120 MPa 


P st = 480.00 N 


P al = 240.00 N 


Ans 

Ans 


CT al : 


al 


c> al = 60MPa (< ct y a i= 70MPa) o.k.! 









Problem 4-99 


4 


s c =0 


(P)- l ab ( f c) l 


= 0 


Fr- := P 


f L AB^I 

— ) 


A-E A-E 
Equations of equilibrium: 

+f ZF y =0; F A + F c - P = 0 F a := p - F c 
Average Normal stress: 


F c = 168.75 kN 


F a = 56.25 kN 


a AB := a AB = 90 MPa (< cjy = 210MPa) o.k.! 

A 

F C 

a BC := — a BC = 270 MPa ( > o Y = 21 OMPa) 

A. 

Thererfore, the segment BC yields and so the elastic analysis is invalid. 


The bar has a cross-sectional area of 625 mm 2 . If a force of P = 225 kN is applied at B and then 
removed, determine the residual stress in sections AB and BC. cr 7 = 210 MPa. 

Given: L ;= lm L AB * = b.75L F BC * = 0-25L 

A := 625mm 2 a Y := 21 OMPa P := 225kN 

Solution: 

By superposiíion : 



[ 1 ] 


f. 


2-2-SK *J 


Plastic Analysis: The stress in the BC is 


a BC a Y 
a BC = 210 MPa 


From [1]: 


F c := ( ct y) a 

F c = 

f a := p - F c 

f a = 

f a 


ct ab : = — 

CT AB 


^2-2-W 






a AB = 150MPa (< a Y = 210MPa) o.k.! 




^-ÍÍW 




r< 


A reversal of force of 45kip applied results in a reversed F c =270 MPa and F A =90 MPa, 
which produce 

a' AB := 90 MPa (T) 
tfBC := 270 MPa ( c ) 


Hence, 


Acr AB a AB “ CT AB 
Act BC := _ ( CT BC “ a Bc) 


Actab = 60 MPa 


(T) 

àqbc = 60 MPa 


(T) 


Ans 

Ans 































Problem 4-100 


The bar has a cross-sectional area of 300 mm 2 and is made of a material that has a stressstrain diagram 
that can be approximated by the two line segments shown. Determine the elongation of the bar due to 
the applied loading. 


Given: := 1.5m L B £ := 0.6m 

P B := 40kN P c := 25kN 

mm 

<79 := 280MPa 89 := 0.021- 

mm 


A := 300mm^ 

:= 140MPa 
mm 


61 := 0.001- 

mm 


Solution: P BC : = P c P AB := Pc + P B 

Average Normal stress and Strain: For segment BC 


P BC 

CT BC : = — 


cr BC = 83.33 MPa (< 140MPa) 


"BC 


^ CT BC^ mm 

81 8 B c = 0.00060- 


V 


r l ) 


mm 




B 40 kN C 25 kN 

Ffc 

—L5 m - 

-1—0.6 m I 


fr(MPa) 





Average Normal stress and Strain: For segment AB 


AB 


CT AB := 


c>ab = 216.67 MPa (> 140MPa) 






Lf-piínJ 


-Í-Sjtiv) 

i-ísh: ui 


£ AB := £ 1 + 

^AB- CT 

^ ( ) 

v CT 2 _C 1 

-yl £ 2 £ ij 8 


Elongation: 



8 ab := £ ab l ab 

8 AB = 17.92857 mm 

8 bc := £ bc l bc 

S B c - 0.35714 mm 

8 Total := 8 AB + 8 BC 


Sxotal = 18.286 mm 

Ans 





























Problem 4-101 


The rigid bar is supported by a pin at A and two Steel wires, each having a diameter of 4 mm. If the 
yield stress for the wires is <j y = 530 MPa, and E st = 200 GPa, determine the intensity of the 

distributed load w that can be placed on the beam and will just cause wire EB to yield. What is the 
displacement of point G for this case? For the calculation, assume that the Steel is elastic perfectly 
plastic. 


L w ire := ^00mm 


Given: a := 400mm b := 250mm c := 150mm 
d := 4mm 
E st := 200GPa a y := 530MPa 

71 9 

Solution: L:=a + b + c A:= — d 

4 

Plastic Analysis: 

Wire CD will yield first followed by wire BE. When 




#f 


£ T 
SCO mm 








-400 mm- 


both wores yield, 



f be := ( a y) A 

F be = 6.660 kN 


f cd : = ( ct y) a 

F cd = 6.660 kN 

L 


-250 nmi- 


150 mm 




Equations of equilibrium: 

C + YM a = 0; F BE -(a) + F CD -(a + b) - w-L-(0.5L) = 0 


f 


w := F 


BE' 


2 a ^ 


—- + F, 




CD" 


2 (a + b) 


& + S* 






I jWJ« 

111 Tí 


kN 

w = 21.85 — 
m 


Ans 


FTRT* 

L 


Displacement: 

When wir qBE achieves yield stress, the corresponding 
yield strain is 

a Y mm 

8 y •—- 8 y = 0.002650- 


"st 


mm 


S BE := £ Y'( L wire) ^BE = 2.120 mm 
Geometry: 


3 BE 


S G 

L 


S G := T'( S Be) ô G = 4.24mm 

a v ' 


Ans 








































Problem 4-102 


The rigid bar is supported by a pin at A and two Steel wires, each having a diameter of 4 mm. If the 
yield stress for the wires is o Y = 530 MPa, and E st = 200 GPa, determine (a) the intensity of the 

distributed load w that can be placed on the beam that will cause only one of the wires to start to yield 
and (b) the smallest intensity of the distributed load that will cause both wires to yield. For the 
calculation, assume that the Steel is elastic perfectly plastic. 


eV dW 


Given: a := 400mm b := 250mm c := 150mm 
d := 4mm L w j re := 800mm 
E st := 200GPa a y := 530MPa 

71 9 

Solution: L:=a + b + c A:= — d 

4 

Equations of equilibrium: 

C + YM a = 0; F BE -(a) +F CD -(a + b) - w-L-(0.5L) = 0 


A 

A 


800 mm 




-400 mm- 


nn 


-250 mm- 




150 mm 


[i] 


a) By observation, wire CD will yield first. Then, 


CD 


:= (oy)/ 


Geometry: 


3 BE 


} CD 


a a + b 

^BE *^wire 
E sf A 


5 BE 


F cd = 6.660 kN 

a ~ 


a + b 


^b/° CD 

^ F CD' L wire^ 
E st' A ) 


BE 


V a + 


A 


From [1]: w := F 


BE' 


F CD 


2 a ^ 

-T +F ‘ 
VL 2 ) 


CD" 


kN 

w = 18.65 — 
m 


F be = 4.0986 kN 

2(a + b) 

2 ” 

Ans 


b) When both wires yield, 


BE 


CD 


:= (o Y )/ 


F be = 6.660 kN 


F cd = 6.660 kN 


From [1]: w := F 


BE' 


2a^ 

l 2 J 


+ F, 


CD" 


2 (a + b) 


kN 

w = 21.85 — 
m 


Ans 


■■ A t 4 

1 


-5-e- h/ 


Aí** I ;o fS» 




j \ú 


& T 


'VtJ * 

















































Problem 4-103 


The rigid beam is supported by the three posts A,B , and C of equal length. Posts A and C have a 
diameter of 75 mm and are made of aluminum, for which E ãl = 70 GPa and (oy) al = 20 MPa. Post B 

has a diameter of 20 mm and is made of brass, for which E br =100 GPa and (oy) br = 590 MPa. 
Determine the smallest magnitude of P so that (a) only rods A and C yield and (b) all the posts yield. 


d A := 75mm 

dg := 20mm dç := 

= 7 5 mm 

E al := 70GPa 

a Y al^OMPa 

L := 4m 

E br := lOOGPa 

a Y br *“ 890MPa 


n , 2 

n , 2 

71 

A A - T' d A 

A B := T d B A C 

lí 

-1 

P- 

O 


j t 


br 


Equations of equilibrium: 

C + Y.M b = 0; F C (L) - P(0.5L) - F A (L) + P(0.5L) = 0 


|— 2 m —|— 2 mi —|— 2 cii—| h- 2 m—| 


F A= F c 


Let F a = F a |. Then, F A = F c = F al 

A + r c + F br 


-fsF=0; F a +F^ + Fk„-2P = 0 


2F al + F br - 2P = 0 


[ 1 ] 


a) Post A and C will yield, 


F al 

:= ( CT Y_al) A A 

F al = 88.357 kN 


CT Y al 

mm 

s al 

;= - 

e al = 0.0002857- 


E al 

mm 


Compatibility condition: 8 a j = 8^ r 


E af E post E br* E post 


E af A A E br‘ A B 


br 


f E br' A B^ 
-‘aY A A ) 


• F al 


CT br := 


_ 


F br = 8.976 kN 


a^ r = 28.57MPa (< ay) o.k.! 


From [1]: P:=F al + 0.5F 


H br 


P = 92.85 kN 


Ans 


b) All the posts yield. Then, 

F al : = K_al) A A F a l = 88.357 kN 
F br := ^<7y br) A B F br = 185.354 kN 

From [1]: P := F al + 0.5F br P = 181.0 kN Ans 



















Problem 4-104 


The rigid beam is supported by the three posts A,B , and C. Posts A and C have a diameter of 60 mm 
and are made of aluminum, for which E ãl = 70 GPa and (oy) al = 20 MPa. Post B is made of brass, for 

which E hr =100 GPa and (oy) br = 590 MPa. If P = 130 kN, determine the largest diameter of post B 
so that all the posts yield at the same time. 


Given: d A := 60mm 

d^ := 60mm P 

:= 130kN 

E al := 70GPa 

ay a j := 20MPa 

L := 4m 

E br := lOOGPa 

a Y br := 590MPa 


K 7 

Solution: A A := — -d A 

n 2 

A C:=7'd C 



Equations of equilibrium: 



|— 2m -^|— 2 m —|— 2 m —|t- 2 m—| 


C + I.M b = 0; F C (L) - P-(0.5L) - F A -(L) + P-(0.5L) = 0 

F A= F C 

Let F a = F a |. Then, F A = F c = F al 

+12^=0; F A + F c + F br -2P = 0 2F al + F br - 2P = 0 [1] 


When all the posts yield, 



F al : = ( 

CT Y_al) 

a a 

F al 

= 56.549 kN 

From [1]: 

F br : “ 

2P - 2F 

al 

F br 

= 146.90 kN 

Also, 

F br = ( 

a Y_br) 

a b 

a b 

n 2 

= — d R 

4 B 


F br = ( 

a Y_br) 

^71 

U' 

d 2 ^ 
d B j 




1 4F br 




d B := 






\ 

71 -Gy 

br 




d B = 

17.805 mm 


Ans 

















Problem 4-105 


The rigid beam is supported by three A-36 Steel wires, each having a length of 1.2 m. The cross- 

sectional area of AB and EF is 10 mm 2 , and the cross-sectional area of CD is 4 mm 2 . Determine the 
largest distributed load w that can be supported by the beam before any of the wires begin to yield. If 
the Steel is assumed to be elastic perfectly plastic, determine how far the beam is displaced downward 
just before all the wires begin to yield. 


Given: L := 1.2m b := 1.5m A 


AB 


App := lOmm 


E := 200-GPa 

Solution: 


lOmm 
2 


B 


V 


Acp) := 4mm 


ay := 250MPa 


Compatibility: 

Beam remains horizontal after the displacement 
since the loading and the system are symmetrical. 


A)l 


D] 


-J.5 m-“ 


6 ab = S CD 


( f ab)' l _ ( f cd)' l 


K CD 


"CD ' 


A CD^1 

a abJ 


•F 


AB 


[ 1 ] 


AB “ F EF 


E ' A AB E-A i 
Equations of equilibrium: 

C + EA/ c=°; f ef - (b) - f ab - (b) = o F 
+t ^=0 ; e ab + f cd + f ef - w -( 2b ) = 0 

2F AB = w(2b)-F CD [2] 
Plastic Analysis: Assume wires AB and EF yield. 



F AB 1 

( ct y)' A AB 

^ a cd^1 

F AB = 2.500 kN 

From [1]: 

f cd := 

I a ab/ F aB 

F cd = 1.000 kN 

From [2]: 

f ab f cd 

kN 

w := 

1 

w = 2.0000 — 

b 

2 -b 

m 

Plastic Analysis: 

' Assume failure of CD. 



F CD := 1 

( ct y)' a cd 

^ a ab^1 

F cd = 1.000 kN 

From [1]: 

f ab := 

I a cd/ Fcd 

F AB = 2.500 kN 


From [2]: w := 


f ab f cd 


2 -b 


kN 

w = 2.0000 — 
m 


-\S n\~ 


E 


1.2 m 




+ I.S * 

\ I.Sft f 

J - 


i 

1 

___J 






kN 

The three wires AB , CD and EF yield simultaneously. Hence, w = 2.00 — 

m 

Displacement: 


8 := 


f cd l 


E-A, 


8 = 1.500 mm Ans 


CD 


Ans 






















































Problem 4-106 


A material has a stressstrain diagram that can be described by the curve cr=cs 1/2 . Determine the 
deflection 8 of the end of a rod made from this material if it has a length L, cross-sectional area.4, and 
a specific weight y. 


Solution: 

Stress-strain relationship : 

a = c-yfê 

2 2 
a = c -s 



However, a = — and s = — 
A dx 


Thus, — = c- 


P _ 2 dS 
A 2 C dx 


Since 


P = y-A-x 


Displacement: 
r L 

8 = 


Y 1 2 , 
— -x dx 


0 


VC 


d5 

dx 


d5 

dx 


2 a 2 

c A 

f i\ 

Y 1 2 

— -x 

2 I 
V c ) 


6 = ^. 


2 f r L 

: 2 \f0 


x 2 dx 


X 



Ans 


L. 
























Problem 4-107 


Solve Prob. 4-106 if the stressstrain diagram is defined by cr= cs 3/2 . 

Solution: 

Stress-strain relationship : 


a = c*v 8 


2 2 3 

a = c -8 


However, 


a = — and 
A 


d8 


Thus, — = 


P 2 2 f 

= c 

A 2 


d5Y 

dx ) 


Since P = y-A-x 
Di ’ 


d5 _ f P ^ 
dx yc-Ayl 


2 

7 2 
d 8 _ f 3 

dx yc J 


rL 


5 = 


m' 7, 

—i -x dx 

w 


8 = 


fr) 


2 f rL \ 

— 2 

3 - I 

3 A I 
x dx 

V 0 J 


8 = - 

5 


2 

3fVi 3 T f 

Uj l 


Ans 

























Problem 4-108 


The bar having a diameter of 50 mm is fixed connected at its ends and supports the axial load P. If 
the material is elastic perfectly plastic as shown by the stressstrain diagram, determine the smallest load 
P needed to cause segment ^Cto yield. If this load is released, determine the permanent displacement 
of point C. 

Given: L^q := 0.6m := 0.9m d := 50mm 

mm 

ay := 140MPa sy := 0.001- 

mm 


Soiution: A := 


( 

— •d" | 

U ) 


n 



When P is increased, the segment AC will become 
plastic first, then CB will become plastic. Thus, 


F a := 


f b : = 


:= (<? Y )' 
:= (oyp 


F a = 274.889 kN 
Fg = 274.889 kN 


Equations of equilibrium: 




F A + F B- p=0 


p := f a + Fg 

p = 549.78 kN 


[ 1 ] 


Ans 


<t (MPa) 




0.001 

Qy 

From the figure, E :=- 

Sy 


-€ (mm/mm) 


140 x 10 MPa 


The deflection of point C is, 


5 C 


:= (e Y )-] 


CB 


8ç = 0.900 mm + 
Consider the rever se of P on the bar. 


( F 'a)’ L AC ( F 'b)' L CB 


F ’a= F 5F’b 


AE 


A-E 


O 




<z 

+ 


[ 2 ] 




Equations of equilibrium: 


k 

í 

II 

O 

f ’a + f 'b- p=0 

[1’1 

Substituting [2] into [l f ] 

: F’ a := 0.6P 

F’ a = 329.87 kN 


F’g := 0.4P 

F’g = 219.91 kN 

The deflection of point C is, 



Cl . ( f ’b) l cb 

C ' AE 

8'ç = 0.72000 mm 

Hence, 

AS := 5^ — 8' ç 

Aô = 0.180 mm 

























Problem 4-109 


Determine the elongation of the bar in Prob. 4-108 when both the load P and the supports are removed. 

Given: L^q := 0.6m := 0.9m d := 50mm 

mm 

ay := 140MPa sy := 0.001- 

mm 


Solution: A := 


( 

— •d" | 

U ) 


n ^ 


L l ac + l cb 



When P is increased, the segment AC will become 
plastic first, then CB will become plastic. Thus, 


Fa := 


f b : - 


:= (<? Y )' 


F a = 274.889 kN 
Fg = 274.889 kN 


Equations of equilibrium: 


±►^=0; f a + F b -P=0 


p := F a + Fg 


P = 549.78 kN 


[ 1 ] 


Ans 


ít (MPa) 


141) 


0,001 

Qy 

From the figure, E :=- 

Sy 


-€ (mm/tíun) 


140 x 10 MPa 


The deflection of point C is, 


:= (e Y )-] 


CB 


8ç = 0.900 mm + 
Consider the rever se of P on the bar. 


( f 'a) l ac ( f 'b)' l cb 


f 'A= 1.5F b 


A-E 


A-E 


[ 2 ] 


F*' 

fk 


— % 

fm 


Equations of equilibrium: 


±*.SF x =0; F- A + F'g-P=0 


[!’] 


Substituting [2] into [1*]: F’ A := 0.6P 


F’ 


B 


0.4P 


F’ a = 329.87 kN 
F’g = 219.91 kN 


The resultant reactions are: 


F "A := F'a - f A 


F" a = 54.978 kN 


F"g := -(F’g - Fg) F"g = 54.978 kN 
When the supports are removed, the elongation will be 


6" c := 


f "a-l 

A-E 


S"ç = 0.300 mm Ans 




























Problem 4-110 


A 6-mm-diameter Steel rivet having a temperature of 800°C is secured between two plates such that at 
this temperature it is 50 mm long and exerts a clamping force of 1.25 kN between the plates. 
Determine the approximate clamping force between the plates when the rivet cools to 5°C. For the 

calculation, assume that the heads of the rivet and the plates are rigid. Take a st = 14(10" 6 )/°C, E st = 
200 GPa. Is the result a conservative estimate of the actual answer? Why or why not? 


Unit used: °C := deg 


Given: Tj := 800°C 

T 2 := 5°C 

P := 1.250kN 

L := 50mm 

d := 6mm 



■6\ 1 


P 

CO 

lí 

E 

O 

— E st 

°C 

:= 200GPa 


Solution: 


AT := T í - T 2 


A := 


.4 J 


AT = 795 °C 


By superposition: 


4 


0 — 8j + 8p 

0= a st - (àt)-L 


A ' E st 


4 ^ 





50 mni 









Fj := (a st )-AT-(A-E st ) 


F t = 62.939 kN 


F:=P + F t F = 64.189 kN Ans 

Yes. Because as the rivet cools, the plates and the rivet head will also deform. 
Consequently, the force FT on the rivets will not be as great. 

















Problem 4-111 


Determine the maximum axial force P that can be applied to the Steel plate. The allowable stress is 

°allow = 150 MPa - 



From Fig. 4-24, 
a allow " a max 


K := 2.4 
a max " a avg 


p 

a allow ™ ^ 


P := 


( a allow)’ ^ 

K 


P = 22.5 kN 


(Controls!) Ans 


Assume failure of the hole: A Q := (w - d)*t 


— = 0.1 

w 


d 

2 


From Fig. 4-25, 
a allow " a max 


K 0 := 2.65 
a max " a avg 


P 

a max *“ K o* T~” 
A o 


( a allow)‘ i 


P = 32.604 kN 







Problem 4-112 


The rigid link is supported by a pin at^ and two A-36 Steel wires, each having an unstretched length of 

300 mm and cross-sectional area of 7.8 mm 2 . Determine the force developed in the wires when the 
link supports the vertical load of 1.75 kN. 


Given: L := 300mm A := 7.8mm 
a := 150mm b := lOOmm 


P := 1.75kN 
c := 125mm 


Solution: 

Compatibility: 




b + c 


( f b) l ( f c) l 


Given 


b-(A-E) (b + c)-(A-E) 


B 


b + c 


[ 1 ] 


Equations of equilibrium: 

ÇfY.M A = 0; -F c (b + C) -F B (b)+P (a) = 0 

Initial guess: F q := lkN 


Solving [1] and [2]: 



































Problem 4-113 


The force P is applied to the bar, which is composed of an elastic perfectly plastic material. Constmct 
a graph to show how the force in each section AB and BC (ordinate) varies as P (abscissa) is 

increased. The bar has cross-sectional areas of 625 mm 2 in region AB and 2500 mm 2 in region BC , 


and cr Y = 210 MPa. 

2 

Given: Lyg := 150mm Ayg := 625mm 

2 

Lgc •= 50mm Agç := 2500mm 
ay := 210MPa 

Solution: 

Equations of equilibrium: 



±+ZF=0; P-F a -F c =0 [1] 

Elastic behavior: 

+► 0=A C -8 C 

( F c)' L BC ( F c)' L AB 
ea bc ea ab 


0 = 6P - (f c )(0.5 + 6) 

12 

F r = —P 
c 13 

Substituting [2] into [1]: 

1 

f a = — p 

A 13 

By comparison, segment BC will yield first. Hence, 

F C := ( a Y)' A BC 

F c = 525 kN 

From [2]: p ;= —.p 

12 c 

P = 568.75 kN 

From [3]: F * := T.p 

A 13 

F a = 43.75 kN 


(P) e ab 

ea ab 




When segmentai? yields, 

F A := ( a Y)' A AB 
F C := ( a Y)' A BC 
From [1]: P := F A + F c 


F a = 131.25 kN 
F c = 525 kN 

P = 656.25 kN 





























Problem 4-114 


The 2014-T6 aluminum rod has a diameter of 12 mm and is lightly attached to the rigid supports at.4 
and B when T x = 25°C. If the temperature becomes T 2 = -20°C, and an axial force of P = 80 kN is 

applied to the rigid collar as shown, determine the reactions at.4 and B. 

Unit used: °C := deg 


Ac 125mm 

T i 

:= 25°C d := 12mm 

Cg := 200mm 

T 2 

:= -20°C P := 80N 



í -6\ 1 

; := 73.1-GPa 


a := 23-110 ) — 



°C 




Solution: AT := T 2 - Tj AT = -45 °C 

L := l ac + l cb 

By superposition : 

0 — Ag + Ay + 8g 

( P >' L AC , , ( F b)' L 

0= -+ a-(AT)-L' v ' 


A-E 


AE 


F B := -P- 


l ac) 


V L J 

Equations of equilibrium: 

+► ^F= 0; -F a + P + F b =0 


<x-(at)-(A-E) 




■ 2CM)mm ■ 


li-DJ 


’ ii-uin 


* ^ 


KA 




H 1 


K ftfli-DJ 


í 


Q.OtO-1 


F b = 8.526 kN Ans 


B 


F a := P + F B 


F a = 8.606 kN 


Ans 


EEDJ 































Problem 4-115 


The 2014-T6 aluminum rod has a diameter of 12 mm and is lightly attached to the rigid supports at A 
and B when T x = 40°C. Determine the force P that must be applied to the collar so that, when T = 0°C, 

the reaction at B is zero. 


Unit used: °C := deg 


Given: := 125mm T ] := 

40°C d := 12mm 

Lcb := 200 mm T 2 := 

0°C Fg := OkN 

E := 73.1-GPa 

a := 23-(l0 -6 ) — 
°C 

Solution: AT := T 2 - Tj 

AT = -40 °C 

L := l ac + l cb 

A-fV) 


By superposition : 

0 — Ag + Ay + 8g 

( p ) L AC 


0 = 


P := 


A-E 

L 

AC 


+ a 


■(at)-l 


( f b)' l 

A-E 

[-a-(AT)-(A-E)-F B ] 


WMr 

\— 125 mm—11-- 


200 mm ■ 







P = 19.776 kN 


Ans 


B 


LEI 























Problem 4-116 


The A-36 Steel column, having a cross-sectional area of 11250 mm 2 , is encased in high-strength 
concrete as shown. If an axial force of 300 kN is appliedto the column, determine the average 
compressive stress in the concrete and in the Steel. How far does the column shorten? It has an original 
length of 2.4 m. 


Given: a c := 225mm b c := 400mm 
P := 300kN E st := 200-GPa 
Solution: A c := (a c -b c ) - \ t 

Compatibility: 8 st = § conc 

Given (P s ,)-L _ (P c )-L 
A sf E st A c* E c 
Equations of equilibrium: 

+t^=o; p st + p c -p=0 


A gt := 11250mtrf 
E c := 29-GPa 


[ 1 ] 

[ 2 ] 



Initial guess: P c := lkN 


P st := 2kN 


Solving [1] and [2]: 


" P A 

TstJ 

" P A 

Tstj 



'151.117^ 
v 148.883 J 


kN 


Average Normal Stress: 



a st * 



a 


c * 



a st = 13.23 MPa Ans 


a c = 1.92 MPa Ans 


Displacement: Either the concrete or Steel can be used for the calculation. 


Mi 

A sf E st 


8 = 0.15881 mm 


Ans 
















Problem 4-117 


The A-36 Steel column is encased in high-strength concrete as shown. If an axial force of 300 kN is 
applied to the column, determine the required are a of the Steel so that the force is shared equally 
between the Steel and concrete. How far does the column shorten? It has an original length of 2.4 m. 


Given: a c := 225mm b c := 400mm 

L := 2.4m 


P := 300kN E gt := 200- GPa 

E c := 29-GPa 


P c := 0.5P P st := 0.5P 



Solution: A c = (a c -b c ) - A gt 

Compatibility: 8 st = § conc 


SÜÜFyJ 

1 

( p st) L _ ( p c)'L 
A sf E st A c E c 


-r '/ 

- 

* ■ 


A st : 


E c + E st 


( a c b c) 
2 




F c 

Zt 


m kN 



A st = 11397.38 mm 


Ans 


Displacement: Either the concrete or Steel can be used for the calculation. 



A sf E st 


8 = 0.15793 mm 


Ans 












Problem 4-118 


The assembly consists of a 30-mm-diameter aluminum bar ABC with fixed collar at B and a 
10-mm-diameter Steel rod CD. Determine the displacement of point D when the assembly is loaded as 
shown. Neglect the size of the collar at B and the connection at C. E st = 200 GPa, E ãl = 70 GPa. 

Given: 


•AB 

:= 300mm 

^AB 30mm 



BC 

:= 500mm 

dfic : = 30mm 

E al 

:= 70GPa 

CD 

:= 700mm 

dcp) := lOmm 

E st 

:= 200GPa 

B := 

-8kN 

P D := 20kN 




Solution: 

Internai Force: As shown on FBD. 
Displacement: 


V AB 


V BC 


^CD ■= 


M, 2 

U/“AB 


2 

U/“ BC 


, 2 

,4/ dCD 


5 AB 


5 BC 


>CD •= 


( p d + p b)’( l ab) 

E al' ( A Ab) 

( p d)( l bc) 

E al'( A Bc) 

( p d)( l cd) 

E st' ( A Cd) 


S D := 6 AB + 6 BC + S CD 



tJ- 



Ôq = 1.166 mm 


Ans 























Problem 4-119 


The joint is made from three A-36 Steel plates that are bonded together at their seams. Determine the 
displacement of end A with respect to endi? when the joint is subjected to the axial loads shown. Each 
plate has a thickness of 5 mm. 


Given: b := lOOmm t := 5mm 


:= 600mm 

a ab := tb 

rQQ := 200mm 

a bc := 3t b 

:= 800mm 

a cd := 2tb 

:= 46kN 

E := 200GPa 


IGÜmm 


46 kN 


Solution: 

Internai Force: As shown on FBD. 








t kt -1 

=§—pte*** 


23 tN 





íjOGmrn 

ZÜQmjri 

SCÜnin .1 





P|*"Z&“ 




UH 


5 a_d = 5 ab + 5 bc + 5 cd 

p ( l ab) p ( l bc) p ( l cd) 
e(a ab ) + e(a bc ) + e(a cd ) 

8^ = 0.491 mm Ans 
















Problem 5-1 


A shaft is made of a Steel alloy having an allowable shear stress of r allow = 84 MPa. If the diameter of 

the shaft is 37.5 mm, determine the maximum torque T that can be transmitted. What would be the 
maximum torque T if a 25-mm-diameter hole is bored through the shaft? Sketch the shear-stress 
distribution along a radial line in each case. 


Given: d Q := 37.5mm 


T allow : = 84MPa 
d o 

Solution: c := — 


dj := 25mm 


a) Allowable shear srtess : Aplying the torsion formula 


J := 


vi KV 

2j\2) 


T allow " 


Tc 


T := 


( T allow)' 


T = 0.87 kN-m 


Ans 



b) Allowable shear srtess : Aplying the torsion formula 



o 

fíiV’ 

U/. 




Shera stress at p := 0.5*dj 
T’*p 


- Tc 
T allow JT” 

( T allow)‘^ 

"P? . _ > 

c 

T’ = 0.87 kN-m Ans 


x p = 69.78 MPa 




















Problem 5-2 


The solid shaft of radius r is subjected to a torque T. Determine the radius r' of the inner core of the 
shaft that resists one-half of the applied torque (772). Solve the problem two ways: (a) by using the 
torsion formula, (b) by finding the resultant of the shear-stress distribution. 


a) 


Tc m Tr 2T 
J " Jr* " Xr* 


í\ir' r r 
* <H & 


t‘ T i-' ir, 

= -r.., : ——j ■ “f—J» 

r O 1 r Sr 1 


r' - ■ O.Í*l í- Am 

i= 

I» J' íír - 2irJ J T^dfir 

D ® 

íp D r 

j ^ tíT - inj' 

a Jt *7 ] 

T ■17’/-' 3 . 

í - A p * 


^ = Q.S41f AiH 
2 r 






Problem 5-3 


The solid shaft of radius r is subjected to a torque T. Determine the radius r' of the inner core of the 
shaft that resists one-quarter of the applied torque (774). Solve the problem two ways: (a) by using th< 
torsion formula, (b) by finding the resultant of the shear-stress distribution. 



r , ■.« íül 

4 m 4 l' 4 r H 

F 1 3 ff.7 ÍJIl AílS 


Problem 5-4 


The tube is subjected to a torque of 750 N*m. Determine the amount of this torque that is resisted by 
the gray shaded section. Solve the problem two ways: (a) by using the torsion formula, (b) by finding 
the resultant of the shear-stress distribution. 


Given: r Q := lOOmm q := 25mm 


r c := 75mm 


Solution: c := r„ 


a) Aplying the torsion formula: 


J:= 


n'] ( 4 4 


2J V ° “ ri 


_ Tc 
T max *“ j 

T max = 0.479 MPa 




b) Integartion Method: 

dT' = p-x-dA dA = 2n p-dp 

({ 2 n p-dp) 


dT' = p- 


P\ x 

J L max 


Ve 


2tt 3 

dT ’= — T maxP ' d P 


í 


2 n 

T f :=-T 


max 


r o ^ 

p 3 d P 


V r c 


T = 


(z\ 

c ) mux 


T’ = 0.515 kN-m 


Ans 













Problem 5-5 


The solid 30-mm-diameter shaft is used to transmit the torques applied to the gears. Determine the 
absolute maximum shear stress on the shaft. 


Given: a := 300mm 
b := 400mm 
c := 500mm 
d Q := 30mm 


= -300N-m 
500N-m 
= 200N*m 
-400N-m 


300 N m SOO N-m 


Solution: c’ := — 

2 

Internai Torque : As shown in the torque diagram. 
Allowable shear srtess : Aplying the torsion formula 


From the torque diagram, 

,4 


J:= 


A 


ro 


v2 j\2) 


L max 


:= T 


B 


T -c’ 
A max ^ 


"max • 



T max = 75.45 MPa 


Ans 


xj := 0 , 0 . 01 *a.. a X 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 -(a + b).. a + b + c 
Tl(x,):=T A .J- T 2 (x 2 ):=(T A + T c )--!- t 3 (x 3 ) := (t a + T c + T d )--Í 


500 


? T 1 
£ “ 
T 2 
g- -- 

S T 3 
H 


hi) 

N 


-500 



N-m 


Distance (m) 

















Problem 5-6 


The solid 32-mm-diameter shaft is used to transmit the torques applied to the gears. If it is supported 
by smooth bearings at A and B , which do not resist torque, determine the shear stress developed in the 
shaft at points C and D. Indicate the shear stress on volume elements located at the se points. 


Given: d Q := 32mm 


1 


185N-m 


Solution: 


-260N-m 

d. 


3 := 75N-m 
4 


"O ( 71^ 0^1 

c := — J := 1 

2 


2 ){ 2 ) 


T C := T 


1 


T D :=T 1 + T 2 


C D 


( T c)' c 

J 

( t d)'> 


t c = 28.75 MPa 


Tj) = -11.66 MPa Ans 


75 Nm 





7Z*2-3.7S iJ.n, 









Problem 5-7 


The shaft has an outer diameter of 32 mm and an inner diameter of 25 mm. If it is subjected to the 
applied torques as shown, determine the absolute maximum shear stress developed in the shaft. The 
smooth bearings at A and B do not resist torque. 


Given: d Q := 32mm 


Solution: c := — 


J:= 


dj := 25mm 


75 N-m 


T 1 := 185N-m 

T 2 := -260N-m T 3 := 75N-m 



O 

ío,Yl 



\A 



T •— T 
A max • 1 1 


(^max)‘ c 


"max • 


T max = 45.82 MPa Ans 









Problem 5-8 


The shaft has an outer diameter of 32 mm and an inner diameter of 25 mm. If it is subjected to the 
applied torques as shown, plot the shear-stress distribution acting along a radial line lying within region 
EA of the shaft. The smooth bearings at A and B do not resist torque. 


Given: d Q := 32mm 


T í := 185N*m 


dj := 25mm 


75 N-m 


To := -260N-m To := 75N-m 


Solution: c := — 


«-H 

‘lí 

1-1 

fd 0 V fdiV" 
Í2j U )_ 

T EA := T 1 


( t ea)' c 

T max • 

J 

Sherastress at p := 0.5*dj 


T EA'P 

T p 

J 


L max 



T p = 35.80 MPa 


Ans 











Problem 5-9 


The assembly consists of two sectíons of galvanized Steel pipe connected together using a reducing 
coupling at B. The smaller pipe has an outer diameter of 18.75 mm and an inner diameter of 17 mm, 
whereas the larger pipe has an outer diameter of 25 mm and an inner diameter of 21.5 mm. If the pipe 
is tightly secured to the wall at C, determine the maximum shear stress developed in each section of the 
pipe when the couple shown is applied to the handles of the wrench. 


Given: d] 0 := 18.75mm 

d ii 

:= 17mm 

F 

d2 0 := 25mm 

d 2i 

:= 21.5mm 


a R := 150mm 

a R 

:= 200mm 



Solution: T := F a L + Fa R 

T = 26.25 N-m 
Segment AB : 

C 1 



tü) y T* e 

W.2.£*U. 

=<3Z_3) 


Ans 


^71^ 

o 

f d üT 


! 2 ) ~ 

U ) _ 


T ’ c l 

X AB := —— x AB = 62.55 MPa 

J 1 



Segment BC: 

c 2 := ~T 


^7t^ 

í d 2oV 

í d 2iV 


I 2 ) " 

U ) _ 


T-C2 

:=- Tgc = 18.89 MPa 

h 


Ans 






















Problem 5-10 


The link acts as part of the elevator control for a small airplane. If the attached aluminum tube has an 
inner diameter of 25 mm and a wall thickness of 5 mm, determine the maximum shear stress in the 
tube when the cable force of 600 N is applied to the cables. Also, sketch the shear-stress distribution 
over the cross section. 


Given: dj := 25mm t := 5mm 
a := 75mm 


P := 600N 


Solution: d Q := dj + 2t 


J := 


c := 


600 N 


75 mm 




5 mm 


25 mm 



fd 0 T 

fdiV 

75 nmi / 

U/. 

a2 ) ~ 


600 N 


T := P (2a) 


T = 90.00 N-m 


l max 


: =^T x max = 14.45 MPa Ans 


Shera stress at p := 0.5-dj 
T-p 


V= J 


x p = 10.32 MPa 


Ans 















Problem 5-11 


The shaft consists of three concentric tubes, each made from the same material and having the inner 
and outer radii shown. If a torque of T = 800 N*m is applied to the rigid disk fixed to its end, determii 
the maximum shear stress in the shaft. 


Given: 


Solution: 


r* ] := 20mm 

r Q ] := 25mm 

rj2 26 mm 

r o2 := 30mm 

:= 32mm 

r o3 := 38mm 

T := 800N-m 

L := 2m 

c max • r o3 

T M (. 

4 4\ 


J 2 := 


J 3 := 


J/V r ol - r ü 

(n \ ( 4 4 

^J'l r o2 “ r i2 

fn'] f 4 4 

U /^ 03 _ri3 



J Ji + J2 + J3 
T-c r 


"max 


"max * 


T max H.94MPa 


Ans 








Problem 5-12 


The solid shaft is fixed to the support at C and subjected to the torsional loadings shown. Determine 
the shear stress at points A and B and sketeh the shear stress on volume elements located at these 
points. 


Given: r Q := 35mm 

:= 35mm p g := 

Tj) := 800N- m Tg := 

71 4 

Solution: J ;= —-r 

2 0 

t ba := t d + t b 
T BA'PA 


20mm 

-300Nm 


T AB := T D 


T B := 


T AB'PB 

J 







É = 3 * <J- -+t 


03 - 




7Í - ri 

.flr 


x A = 7.42 MPa 


ig = 6.79 MPa Ans 












Problem 5-13 


A Steel tube having an outer diameter of 62.5 mm is used to transmit 3 kW when tuming at 27 rev/min. 
Determine the inner diameter d of the tube to the nearest multiples of 5mm if the allowable shear stress 
is r aiiow = 70 MPa. 



Max. stress: 


■*o 


c := 


2 

T allow " 


dj := 2 


T ' c 

.. J “ 

'A 

fd 0 V 

M 4 ' 

J 

{2Í 

V 2 ) 

Uj. 


fO 4 

(A 

r Tc ^ 

_U ) 

w 

v T allow )_ 


0.25 


dj = 56.83 mm 


Use 


dj = 60 mm 


Ans 
















Problem 5-14 


The solid aluminum shaft has a diameter of 50 mm and an allowable shear stress of r allow = 6 MPa. 
Determine the largest torque T } that can be applied to the shaft if it is also subjected to the other 
torsional loadings. It is requiredthat T\ act in the direction shown. Also, determine the maximum she 
stress within regions CD and DE. 

Given: d Q := 50mm T a llow := 6MPa E 



Internai Torque : Maximum torque occurs ithin region BC as indicated on the torque diagram. 


Maximum shear srtesses at Other Regions : 


T CD := T A + T 1 + T C T CD = -98.26 N-m 

( t cd)' c 

x max.CD \ 


T max.CD = _400MPa Ans 


T DE := T CD + T D 


T de = -63.26 N-m 


x max.DE 


( t de)' ( 


T max.DE = _2 - 58 MPa Ans 


Let a := lm 


xj := 0 , 0 . 01 - a., a X 2 := a, 1 . 01 -a.. 2 a 

X 3 := 2 a, 1 . 01 *( 2 a).. 3a 


r i( x i) - 


l A‘ 


N-m 


x^ := 3a, 1.01-(3a).. 4a 


T 2( X 2) := (Ta + T,)^ 

T 3N :=( T A + T 1 +T c) ^ 


N-m 


t( x 3) : = ( 


t A + t i +T c + T d 


) 4 . 


N-m 











Torque (Nm) 



Distance (m) 








Problem 5-15 


The solid aluminum shaft has a diameter of 50 mm. Determine the absolute maximum shear stress in 
the shaft and sketch the shear-stress distribution along a radial line of the shaft where the shear stress 
is maximum. Set T x = 20 N*m. 


Given: d Q := 50mm 


T x := -20N-m 


T a := 68 N-m T c := 49N-m 


71 4 u 0 

Solution: J ;= —4 c := — 

32 ° 2 

Maximum Torque : 

Maximum torque occurs ithin regionDi? 
as indicated on the torque diagram. 

T DE := T A +T 1 + T C +T D T de = 132.00N-m 



^max • ^DE 


Aplying the torsion formula 
Let a := lm 


(^max)' 


l max • 


T max = 5.38 MPa 


Ans 


xj := 0 , 0.01 -a., a X 2 := a, 1 . 01 -a.. 2 a 

X 3 := 2a, 1.01*(2a).. 3a 




N-m 


x^ := 3a, 1.01-(3a).. 4a 


r 3( x 3) := ( t A + t 1 + T c)'Tr 


N-m 


t( x 3) : = ( 


t A + t i +T c + T d 




N-m 











Torque (Nm) 


150 


^i) 

T'2(x 2 ) 100_ - 

T' 3 (*3) - 

T ' 4 ( x 4 ) 50 " - 

0 I-1-1-1- 

0 12 3 4 

x l’ x 2’ x 3’ x 4 

Distance (m) 








Problem 5-16 


The motor delivers a torque of 50 N*m to the shaft AB. This torque is transmitted to shaft CD using 
the gears at E and F. Determine the equilibrium torque T' on shaft CD and the maximum shear stress 
each shaft. The bearingsi?, C, and D allow free rotation of the shafts. 



Maximum shear srtesses: 

( t ab)' c ab 


u max.AB * 


c max.CD * 


J AB 


T ’ c CD 


J CD 


c max.AB 


c max.CD 


= 9.43 MPa 


= 14.85 MPa 


Ans 

Ans 


v Ttp* 







Problem 5-17 


If the applied torque on shaft CD is T' = 75 N-m, determine the absolute maximum shear stress in eac 
shaft. The bearingsi?, C, and D allow free rotation of the shafts, and the motor holds the shafts fixed 
from rotating. 

Given: d E ^ 30mm R E := 50mm := 50N*m 



Internai Torque : As shown in FBD. 



Maximum shear srtesses: 

(t ea )- c ea 

x max.EAj T max.EA = 5.66 MPa ^ ns 

J EA 

T ' c CD . 

T max.CD := — T- T max.CD = 8 91 MPa Ans 

J CD 









Problem 5-18 


The copper pipe has an outer diameter of 62.5 mm and an inner diameter of 57.5 mm. If it is tightly 
secured to the wall at C and a uniformly distributed torque is applied to it as shown, determine the 
shear stress developed at points A and B. These points lie on the pipe's outer surface. Sketch the shear 
stress on volume elements located at A and B. 


Given: d Q := 62.5mm := 57.5mm q := 625 


N-m 


m 


Lq A := 300mm L A g := 225mm Lgç := lOOmm 


Solution: 

Internai Torque : As shown on FBD 


l A 


^(Lqa) 


t b 


T a = 187.50N-m 


+ L a Tg — 328.13N*m 


Max. shear stress: 


c := 


OA ^ ^AB 

Tc 


T = 


M í d iV 
J ' U/LUj Uj. 



62SÍ0,SJ«|fl?5 qji 





(ft£Z.£) ’ 3Í8.\ÍS 


- = 2-LI-.IU- Hfp- 





T A - c 


X A := 


t a = 13.79 MPa 


Ans 


T g c 


X B := 


Tg = 24.14 MPa 


Ans 












Problem 5-19 


The copper pipe has an outer diameter of 62.5 mm and an inner diameter of 57.5 mm. If it is tightly 
secured to the wall at C and it is subjected to the uniformly distributed torque along its entire length, 
determine the absolute maximum shear stress in the pipe. Discuss the validity of this result. 


N-m 

Given: d n := 62.5mm d.- := 57.5mm q := 625- 

m 

Lqa := 300mm := 225mm LgC 100 mm 

Solution: 

Internai Torque : The maximum torque occurs at the 
support C 



625 


mm 


T C := *3' ( L OA + L AB + L Bc) T C = 390 - 63 N- m 



According to Saint-Venanf s principie, application of the torsion formula should be at points 
sufficiently removed from the supports or points of concentrated loading. 










Problem 5-20 


The 60-mm-diameter solid shaft is subjected to the distributed and concentrated torsional loadings 
shown. Determine the shear stress at points A and B, and sketeh the shear slress on volume elements 


-600N-m 

kN-m 


located at these points. 


Given: Lj 

:= 0.3m 

L 2 := 

T i 

:= 400N*m 

T 2 == 

d o 

:= 60 mm 

q := 2 


m 


Solution: 

Internai Torque : As shown on FBD. 



400 N m 


T a = 400.00 N-m 


T A - T 1 

Tg := Tj + T 2 + qL 2 Tg = 600.00 N*m 

Tc 


Maximum shear stress 
d, 


x = 


(d V 

o n u o I 

c T 2 ” 


2 ) 


T A' c 


Ta := 


t A = 9.43 MPa 


Ans 


Tg-e 




Tg = 14.15 MPa Ans 







Problem 5-21 


The 60-mm diameter solid shaft is subjected to the distributed and concentrated torsional loadings 
shown. Determine the absolute maximum and minimum shear stresses in the shaft and specify the ir 
locations, measured from the fixed end. 


Given: Lj := 0.3m 


L 2 := 0.4m 


400N-m 


d Q := 60mm 


Solution: 

Internai Torque: 
T C 1 = T 1 + T 2 + 


q := 2- 


-600N-m 

kN-m 


m 



q-(2L 2 ) 


1400.00 N-m 


The maximum torque occurs at the fixed support C 


^max ’ T C 


T max - 1400.00N-m 


The minimum torque occurs in segment loaded with q. T 


mm 


:= 0 


C 


2L- 


q-( 2L 2) 


x 0 := 


x Q = 0.700 m 


o, T-c 

Shear stress : x = - 

J 


T abs.min * 

T abs.max * = 


c := — J := 


jíAd 4 

, 32 ; 0 


T • c 


min 

j 

T abs.min 0.00 MPa 


T -c 


max 

j 

T abs.max 33.01 MPa 


Ans 

Ans 


According to Saint-Venanfs principie, application of the torsion formula shouldbe at points 
sufficiently removed from the supports or points of concentrated loading. Therefore, the 
absolute x max is not valid. 

Xj := 0,0.01-2L 2 ..(2L 2 ) x 2 := 2L 2 ,1.01 -(2L 2 ).. (2L 2 + 2Lj) 

T a( x l) := (- T C + q- x l)'^- T b( x 2) := (- T C + 2 q- L 2 + T 2)- 1 


N-m 
















Torque (Nm) 



Distance (m) 






Problem 5-22 


The solid shaft is subjected to the distributed and concentrated torsional loadings shown. Determine the 
required diameter d of the shaft if the allowable shear stress for the material is r allow =175 MPa. 


Given: Lj := 0.3m 

1^2 '•= 0.4m 

Tj := 400N-m 

T 2 := -600N - m 

T allow := 175MPa 

kN-m 

Solution: 

Internai Torque: 

q z 

m 


T c := Tj + T 2 + q-(2L 2 ) T c = 1400.00 N-m 
The maximum torque occurs at the fíxed support C. 

^max := T C ^max = 1400.00N-m 

T-c d o 

Allowable Shear stress : x = - c = — 

J 2 


J = 


—^ H 4 
V 32/ ° 



l d4 max 


T allow 



16T 


d 0 := 


max 


^^allow 


d Q = 34.41 mm Ans 


According to Saint-Venanfs principie, application of the torsion formula shouldbe at points 
sufficiently removed fromthe supports or points of concentrated loading. Therefore, the 
above analysis is not valid. 


Xj := 0,0.01-2L 2 „ (2L 2 ) 


x 2 := 2L 2 ,1.01 ■ (2L 2 ) - (2L 2 + 2L j ) 

T b( X 2) := (- T C + 2 q'L 2 + T 2 )'ííb 



Distance (m) 















Problem 5-23 


The Steel shafts are connected together using a fillet weld as shown. Determine the average shear 
stress in the weld along section aa if the torque applied to the shafts is T = 60 N*m Note: The critica] 
section where the weld fails is along section aa. 

Given: d Q := 50mm a := 12mm 



T avg : 


V 

^weld 


T avg = U7MPa 


Ans 

















Problem 5-24 


The rod has a diameter of 12 mm and a weight of 80 N/m. Determine the maximum torsional stress in 
the rod at a section located at A due to the rod’s weight. 


Given: d := 12mm 

L x := 0.9m 

Solution: 

Equilibrium : 
2M, = 0; 


Max. shear stress: 



T A' c 

:=- x^=159.15MPa Ans 













Problem 5-25 


Solve Prob. 5-24 for the maximum torsional stress at B. 


Given: d := 12mm 

N 

w := 80 — 

l a 

:= 0.3 m 

L x := 0.9m 

m 

Ly := 0.9m 

L z'- 

= 0.3m 


Solution: 

Equilibrium : 
SM, = 0; 


Max. shear stress: 


T B - w ' L y' (°- 5L y) - w ' L z - ( L y) = 0 

T B := w L y (° -5 ' L y) + w ’ L z'( L y) 
T b = 54.00 N-m 


^ - — 
J 



í- 



% c 

xg :=- xg = 159.15 MPa Ans 















Problem 5-26 


Consider the general problem of a circular shaft made from m segments each having aradius of c m . If 

there are n torques on the shaft as shown, write a Computer program that can be used to determine the 
maximum shearing stress at any specified locationx along the shaft. Show an application of the 
program using the values L x = 0.6 m, c x = 50 mm, L 2 = 1.2 m, c 2 = 25 mm, T x = 1200 N-m, d x = 0, T 2 

= -900 N-m, d 2 = 1.5 m. 



Problem 5-27 


The wooden post, which is half buried in the ground, is subjected to a torsional moment of 50 N*m 
that causes the post to rotate at constant angular velocity.This moment is resisted by a linear 
distribution of torque developed by soil friction, which varies from zero at the ground to t 0 N*m/m at 

its base. Determine the equilibrium value for t 0 , and then calculate the shear stress at points A and B , 
which lie on the outer surface of the post. 


Given: d Q := lOOmm 
T := 50N-m 


L := 0.75m 


Solution: 

Equilibrium: 

SM Z = 0; (0.5t o )-L-T=0 


T 

to :_2 l 


Lab := 0.5-rn 


t 0 = 133.33 - 


N-m 


m 



Internai Torque : As shown on FBD. 
T a := T 


T b := T - 0.5t o - 


rwi 


V L / LaB 
T-c 

Maximum Shear Stress : x = - 

J 


T a = 50.00 N-m 


Tg = 27.78 N-m 




4À 1 


) 


° T U A 4 

c := — J := — d„ 


32 


t A-c 


t b -c 


C B 


0.255 MPa Ans 


X g = 0.141MPa Ans 






AÁ 






















Problem 5-28 


A cylindrical spring consists of a rubber annulus bonded to a rigid ring and shaft. If the ring is held 
fixed and a torque T is applied to the shaft, determine the maximum shear stress in the rubber. 

Solution: 


Shear stress : 

F _ T 

T " Ã "7 


A = 2n -r-h 


T = 


27T-r 2 -h 


Hence, 


"max 



27i*r7h 


Ans 






Problem 5-29 


The shaft has a diameter of 80 mm and due to friction at its surface within the hole, it is subjected to < 

variable torque described by the fimction t = (25x e x2 ) N*m/m, where x is in meters. Determine the 
minimum torque T 0 needed to overcome friction and cause it to twist. Also, determine the absolute 

maximum stress in the shaft. 


Given: d Q := 80mm L := 2m t = 25x-e 


Solution: unit := N-m 


X 2 N-m 


m 


Equilibrium: 

S M z = 0; T o : = unit- 


25x- e dx 


T 0 = 669.98 N-m 


Ans 


2 m 



r = (25r e J ") N m/nj 


T-c 

Maximum Shear Stress : x = - 

J 


° T 71 A 4 

c := — J :=-d n 

2 32 ° 


Prob r 


T abs. 


T o'^ 


max • 


T abs.max = 6 - 664MPa Ans 



















Problem 5-30 


The solid shaft has a linear taper from r A at one end to r B at the other. Derive an equation that gives Ú 
maximum shear stress in the shaft at a location x along the shaffs axis. 




r- * + 

L L 

_ r^XL - J) 4 IjX 

L 

Tc Tr 2 T 

“ / * fr 4 " ffr 1 

_ 2T __ 2IL* 

“ = jtí^a - + r§x y 


Am 















Problem 5-31 


When drilling a well at constant angular velocity, the bottom end of the drill pipe encounters a torsior 
resistance T Ã . Also, soil along the sides of the pipe creates a distributed frictional torque along its 

length, varying uniformly from zero at the surface B to t A at A. Determine the minimum torque T B tha 

must be supplied by the drive unit to overcome the resisting torques, and compute the maximum shea 
stress in the pipe. The pipe has an outer radius r Q and an inner radius r t . 


> 7 .. 


^ y- 


ráH 

% 


^ 7 = j_ ^ j- 


Ta + -l A l - = i) 



T b = 


TT A + 
1 


Ans. 


Majumimi shesrsii«s : The maxuBuni UHque ii 
vtithin tfie region abovcihedtsa-ibunacl torque. 

Tc 

















Problem 5-32 


The drive shaft AB of an automobile is made of a Steel having an allowable shear stress of ^ a ii ow = 56 

MPa. If the outer diameter of the shaft is 62.5 mm and the engine delivers 165 kW to the shaft when 
is tuming at 1140 rev/min, determine the minimum required thickness of the shaft's wall. 



Solution: 


co = 119.38- 


rad 


P 

T := — T = 1382.14 J 

co 


Max. shear stress : c := — 


T allow " 


d; := 2 


T ' c 

__ J _ 

'A 

1 

1 


J 

{2Í 

1 2 J 



1 

O I 
1 

1 v 

(A 

f T - c ^ 

yj 

\ n J 

v T allow^_ 


0.25 


cij = 52.16 mm 


t := 


dí 


2 


t = 5.17 mm 


Ans 















































Problem 5-33 


The drive shaft AB of an automobile is to be design ed as a thin-walled tube. The engine delivers 125 
kW when the shaft is turning at 1500 rev/min. Determine the minimum thickness of the shaffs wall iJ 
the shaffs outer diameter is 62.5 mm.The material has an allowable shear stress of r allow = 50 MPa. 



co 


Max. shear stress , 


c := 


T allow " 


d { := 2 


T ' c 

J “ 


1 

1 


J 

U/ 

1 2 J 

Uj. 


fO 4 

(!) 

f T - c ^ 

yj 

\ n J 

v T allow^_ 


cij = 56.50 mm 


t := 


d Q dj 


2 


t = 2.998 mm 


Ans 















































Problem 5-34 


The gear motor can develop 100 W when it turns at 300 rev/min. If the shaft has a diameter of 12 m, 
determine the maximum shear stress that will be developed in the shaft. 



Max. shear stress: 



J:= 


K ÍJ ) 4 

2 Uj 


_ Tc 
T max *“ t 


T max = 9.382 MPa Ans 





Problem 5-35 


The gear motor can develop 100 W when it turns at 80 rev/min. If the allowable shear stress for the 
shaft is r allow = 28 MPa, determine the smallest diameter of the shaft to the nearest multiples of 5mm 
that can be used. 



Max. shear stress: 



J = 


n íd) 4 

2 [ij 


_ T ' c 
T allow r 


n í dT _ T-d 
^ ^' T allow 


f i6T y 

^^allow ) 


d = 12.95 mm 


Use d = 15mm Ans 










Problem 5-36 


The drive shaft of a tractor is made of a Steel tube having an allowable shear stress of r allow = 42 MPa 

If the outer diameter is 75 mm and the engine delivers 145 kW to the shaft when it is turning at 1250 
rev/min., determine the minimum required thickness of the shaffs wall. 

^ 271^ rad 
V60j s 


Unit used: rpm := 


Given: d Q := 75mm 


P := 145kW 


co := 1250-rpm 
T allow : = 42MPa 


Solution: 


rad 

co = 130.90- 

s 

P 

T := — 
co 


T = 1107.718N-m 


Max. shear stress , 


c := 


T allow " 

V 1 ^ 


T ' c 

J “ 


1 

1 


J 

U/ 

1 2 J 

Uj. 


d { := 2 


à o) {2} ( Tc ^ 


-|0.25 


2 ) W 


c allow )_ 


cij = 68.15 mm 


t := 


d Q dj 


t = 3.427 mm 


Ans 















Problem 5-37 


The 2.5-kW reducer motor can turn at 330 rev/min. If the shaft has a diameter of 20 mm, determine 
the maximum shear stress that will be developed in the shaft. 



_ Tc 
T max •“ t 


T max = 46.055 MPa Ans 









Problem 5-38 


The 2.5-kW reducer motor can turn at 330 rev/min. If the allowable shear stress for the shaft is r allow 

= 56 MPa, determine the smallest diameter of the shaft to the nearest multiples of 5mm that can be 
use d. 



_ T-c 
T allow r 


n í dT _ T-d 
^ ^' T allow 

f 16T A 3 
v^^allow ) 
d = 18.74 mm 

Use d = 20mm Ans 












Problem 5-39 


The solid Steel shaft^Chas a diameter of 25 mm and is supported by smooth bearings at D and E. It 
is coupled to a motor at C, which delivers 3 kW of power to the shaft while it is turning at 50 rev/s. II 
gears A and B remove 1 kW and 2 kW, respectively, determine the maximum shear stress developed i 
the shaft within regions AB and BC. The shaft is free to tum in its support bearings D and E. 



„ , rad 

Solution: co = 314.16- 

s 

P„ 


T C := — 


O 

CO 


9.549 N-m 


T 


A : “ 



T a = 3.183 N-m 


Maximum Shear Stress: 

C - — J - - í—^ 

2 2\2 ) 

T A c 

T AB.max := x AB.max = 1-038 MPa Ans 

T c e 

T BC.max := ~Y~ T BC.max = 3.113 MPa Ans 



































Problem 5-40 


A ship has a propeller drive shaft that is turning at 1500 rev/min. while developing 1500 kW. If it 
m long and has a diameter of 100 mm, determine the maximum shear stress in the shaft caused by 
torsion. 

TT ^_^ (2n^ rad 

s 

co := 1500* rpm 
L := 2.4m 


umi useu; 


Given: 


d := lOOmm 


P := 1500kW 


Solution: 


CO 

T 


157.08- 


rad 


P 

co 


T 


9549.297 N-m 


Max. shear stress: 



J:= 


n íà\ 4 

2 Uj 


_ Tc 
T max •“ T 


T max = 48 - 634 MPa Ans 



Problem 5-41 


The motor A develops a power of 300 W and tums its connected pulley at 90 rev/min. Determine the 
required diameters of the Steel shafts on the pulleys at A and B if the allowable shear stress is r allow = 
85 MPa. 


Unit used: rpm := 


271^ rad 


y 60 j s 

Given: r^ := 60mm co^ := 90-rpm 
r B := 150mm P := 300W 

T allow := 85MPa 

Solution: 

©b := © A 
P 


B J 


ol> b = 3.77 


rad 

s 


t a - 


“A 


T a = 31.831 N-m 


L B 


P 

©B 


- Tg = 79.577 N-m 


Allowable Shear Stress , 
For shafts: 

T allow “ 

T allow “ 


T A' c 

J 

16T A 
, 3 

7i*d a 


c = 



71 4 

J= —d/ 

32 A 


150 min 


16T , 


^^allow 


12.40 mm Ans 


For shaft B\ 


T allow " 

T allow " 


t b c 

J 

16T B 


71-d 


B 


a B 

c = — J = — d 

2 32 


B 


16T 


B 


:| B 


^^allow 


dg = 16.83 mm Ans 














Problem 5-42 


The motor delivers 400 kW to the Steel shaft AB, which is tubular and has an outer diameter of 50 mr 
and an inner diameter of 46 mm. Determine the sm alie st angular velocity at which it can rotate if the 
allowable shear stress for material is r allow =175 MPa. 



_ T-c 
T allow ~ 

^‘( T allow) 

c 


T = 1218.13N-m 


co := 


P 

T 


co = 328.37- 


rad 


s 


co = 3135.714rpm 


Ans 









Problem 5-43 


The motor delivers 40 kW while turning at a constant rate of 1350 rpm at A. Using the belt and pulley 
system this loading is delivered to the Steel blower shaft BC. Determine to the nearest multiples of 5mm 
the smallest diameter of this shaft if the allowable shear stress for Steel if r allow = 84 MPa. 


Unit used: 

Given: 


rpm := 


^271^ rad 

v 60 j s 


r^ := lOOmm r B := 200mm 
P := 40kW co := 1350-rpm 


T allow := 84MPa 


Solution: 


co = 141.37 - 


rad 


Ta := 


P 

co 


282.942 N-m 


T A =2r A (F-F) 

T B =2r B -(F-F) 


T B - 


— - T I 

<A) 


T b = 565.88 N-m 


Max. shear stress: 



T allow 



•c 



it /dV _ T B -d 

^ ^' T allow 

f 16T B V 

d := - 

^^allow ) 


d = 32.49 mm 


Use d = 35mm Ans 
































Problem 5-44 


The propellers of a ship are connected to a solid A-36 Steel shaft that is 60 m long and has an outer 
diameter of 340 mm and inner diameter of 260 mm. If the power output is 4.5 MW when the shaft 
rotates at 20 rad/s, determine the maximum torsional stress in the shaft and its angle of twist. 

Given: d Q := 340mm dj := 260mm L := 60m 

rad 

P := 4500kW G := 75GPa co := 20- 


Solution: 


s 


P 

T := — T = 225kN-m 

co 


Maximum Shear Stress : 



_ Tc 
T max *“ t 


T max 44.3 IMPa 


Ans 


Angle of Twist: 



= 0.2085 rad 

<\> = 11.946 deg Ans 



Problem 5-45 


A shaft is subjected to a torque T. Compare the effectiveness of using the tube shown in the figure 
with that of a solid section of radius c. To do this, compute the percent increase in torsional stress anc 
angle of twist per unit length for the tube versus the solid section. 


Given: r Q = c 


rj = 0.5c 


Solution: 

Maximum Shear Stress 
For solid shaft:: 

Tc 
J 

2T 


"s.max 


"s.max 


7i-r n 


c = x r 


n 4 
J = —r 
s 2 0 



For the tube:: 


Tc 


T t.max " 


c = x r 


T= — r^-r 


T = 


1571 4 

-•r^ 


32 


32T 


T t.max " 


157r-r 


o 


% increase in shear stress: 


L t.max L s.max 


T % 


"s.max 


— — 2 
15 

xo /o := —-100 


Angle of Twist: 

For solid shaft:: (J> s = 


T-L 

G-L 


100 


To /o = 6.67 Ans 


For the tube:: 


<t>t = 


TL 

G-L 


% increase in angle of twist: 


^t T s. 


max 


100 


s.max 


1 1 

J s J t 


-100 


n 15tt 
2 32 

1 5jt 
32 


100 


6.67 


Ans 













Problem 5-46 


The tubular drive shaft for the propeller of a hover-craft is 6 m long. If the motor delivers 4 MW of 
power to the shaft when the propellers rotate at 25 rad/s, determine the required inner diameter of the 
shaft if the outer diameter is 250 mmWhat is the angle of twist of the shaft when it is operating? Tak 
r aiiow = 90 MPa and G = 75 GPa. 


Given: d Q := 250mm L := 6m 


P := 4000kW 
G := 75GPa 


Solution: 



T allow := 90MPa 
rad 

co := 25- 

s 


T = 160kN-m 


■— 6 m —■ 



CO 


Maximum Shear Stress: 


_ T-c 
T allow 7~ 




T allow 


16T-d 0 



d i 



16T-d 0 

^^allow 


dj = 201.3 mm Ans 


Angle of Twist: 


4 > : = 


TL 


G-J 



()) = 0.05760 rad 

()) = 3.30 deg Ans 























Problem 5-47 


The A-36 Steel axle is made from tubes AB and CD and a solid section BC. It is supported on smooth 
bearings that allow it to rotate freely. If the gears, fixed to its ends, are subjected to 85-N*m torques, 
determine the angle of twist of gear A relative to gear D. The tubes have an ou ter diameter of 30 mm 
and an inner diameter of 20 mm. The solid section has a diameter of 40 mm. 

Given: d Q := 30mm 


l ab : = °- 4m 

T := 85N-m 

Solution: 


L AB 

[ BC 


= T 
= T 
= T 


A CD 
Angle of Twist: 

J AB 



:=-- d, 

32 


T AB' L AB 
<b := 2-+ 

gj ab 

(|) = 0.01534 rad 

<\> = 0.879 deg Ans 


J BC 

t bc l bc 


:=-d„ 

32 s 


J CD J AB 


GJi 


BC 



T* e i -85 H w 


7 i 


ez 


■âSH* 










Problem 5-48 


The A-36 Steel axle is made from tubes AB and CD and a solid section BC. It is supported on smooth 
bearings that allow it to rotate freely. If the gears, fixed to its ends, are subjected to 85-N*m torques, 
determine the angle of twist of the end B of the solid section relative to end C. The tubes have an oute 
diameter of 30 mm and an inner diameter of 20 mm.The solid section has a diameter of 40 mm. 



(]) = 0.001127 rad 
(|> = 0.0646 deg Ans 








Problem 5-49 


The hydrofoil boat has an A-36 Steel propeller shaft that is 30 m long. It is connected to an in-line 
diesel engine that delivers a maximum power of 2000 kW and causes the shaft to rota te at 1700 rpm. If 
the outer diameter of the shaft is 200 mm and the wall thickness is 10 mm, determine the maximum 
shear stress developed in the shaft. Also, what is the “wind up,” or angle of twist in the shaft at full 
power? 


Unit used: 


rpm := 


^271^ rad 
^60yí s 


Given: d Q := 200mm 
P := 2000kW 
G := 75GPa 


t := lOmm 
co := nOOrprn 
L := 30m 


Solution: 


rad 

co = 178.02- 

s 



P 

T := — T = 11234.467 N-m 

co 


Max. shear stress: 

d o 

dj := d Q - 2t C := — 



T n1 _ 

O 

ro,vi 



-1 

P 


_ Tc 
T max •“ t 


T max = 20.797 MPa Ans 


Angle of Twist: 


<t> := 


TL 


G-J 


()) = 0.0832 rad 


<)> = 4.766 deg 


Ans 


























Problem 5-50 


The splined ends and gears attached to the A-36 Steel shaft are subjected to the torques shown. 
Determine the angle of twist of gear C with respect to gear D. The shaft has a diameter of 40 mm 


Given: L AC := 0.3m 
d Q := 40mm 
T a := -300N-m 


T d := 200N- m T E 


l CD := 0 4m 
G := 75GPa 

T c := 500N m 


-400N-m 


Lq E := 0.5m 


Solution: 


L AC 


L CD 

r DE 


= T, 


l C 

T c + t d 


Angle of Twist: 


J := —-d„ 4 


32 


D := 


t cd l cd 

G-J 


4>c D = 0-004244 rad 
<t>c D = °- 243 de § 


Ans 


300 Nm 500 N-m 











Problem 5-51 


The 20-mm-diameter A-36 Steel shaft is subjected to the torques shown. Determine the angle of twist 
of the end B. 


Given: L AD := 0.2m 
Tg := 80N*m 


:= 0.6m 


:= 0.8m 


d Q := 20mm 


T c := -20N m T D := 30N m 
G := 75GPa 


Solution: 


l CB 


L DC 

r AD 


= A B 

= T B + T C 

t b + T c + t d 


Angle of Twist: J •= — • d,,^ 

32 ° 

T CB' l cb t dc l dc T AD’ l ad 

d) !— -+-+- 

G-J G-J G-J 

<)> = 0.100162 rad 








(|) = 5.739 deg Ans 






Problem 5-52 


The 8-mm-diameter A-36 bolt is screwed tightly into a block at A. Determine the couple forces F thai 
should be applied to the wrench so that the maximum shear stress in the bolt becomes 18 MPa. Also, 
compute the corresponding displacement of each force F needed to cause this stress. Assume that the 
wrench is rigid. 



Equilibrium: 

T-F(2a) = 0 



Angle of Twist: 




TL 

G-J 


= 0.00480 rad 



Displacement: 
s’ := a* (j) 

s’ = 0.720 mm Ans 








Problem 5-53 


The turbine develops 150 kW of power, which is transmitted to the gears such that C receives 70% 
and D receives 30%. If the rotation of the 100-mm-diameter A-36 Steel shaft is co = 800 rev/min., 
determine the absolute maximum shear stress in the shaft and the angle of twist of end E of the shaft 
relative to B. Thejournal bearing at E allows the shaft to turn freely about its axis. 

^271^ rad 


Unit used: rpm : 
Given: d c 

L] 

L, 


60 ) 


= lOOmm 

co := 800-rpm 

1 := 3m 

l cd := 4m 

^ := 2m 

P := 150kW 

= 75GPa 


= 0.7T 

T d = 0.3T 

rad 

) = 83.78- 

s 

p 

CO 

T = 1.790 kN-m 

’ c := 0.7T 

T c = 1.253 kN-m 

’ D := 0.3T 

T d = 0.537 kN-m 

BC := T 


CD : = °- 3T 


DE := 0 



Maximum Shear Stress: 

Maximum torque occurs in region BC. 

4 o 71 4 

c := — J :=-<L 


32 


Tc 



$ 








JtSJ. MM 


"max • 


T max 9.119MPa 


Ans 


Angle of Twist: 
^E B : 


t bc l bc t cd l cd t de l de 


G-J 


G-J 


+ 


G-J 


B = 0.010213 rad 
(|>g g = 0.5852 deg Ans 






Problem 5-54 


The turbine develops 150 kW of power, which is transmitted to the gears such that both C and D 
receive an equal amount. If the rotation of the 100-mm-diameter A-36 Steel shaft is co= 500 rev/min. 
determine the absolute maximum shear stress in the shaft and the rotation of endi? of the shaft relativ 
to E. The journal bearing at C allows the shaft to turn freely about its axis. 


Unit used: rpm := 


271^ rad 

60 J s 


Given: d Q := lOOmm 

co := 500-rpm 

l BC := 3m 

l cd := 4m 

l DE := 2m 

P := 150kW 

G := 75GPa 


T c = 0.5T 

T d = 0.5T 

^ rad 

Solution: co = 52.36- 

s 

p 

T := — 
co 

T = 2.865 kN-m 

T c := 0.5T 

T c = 1.432 kN-m 

T d := 0.5T 

T d = 1.432 kN-m 

T BC - T 



T CD := 0.5T 


t de := 0 

Maximum Shear Stress: 

Maximum torque occurs in region BC. 

^o n 4 

c := — J:=—d n 

2 32 0 


Tc 


l max • 


T max 14.59 MPa 





"p 


f- 





Ans 


Angle of Twist: 


E := 


t bc l bc t cd l cd t de l de 


G-J 


G-J 


+ 


G-J 


Ib e z 0.019454 rad 
(|)g g = 1.1146 deg Ans 







Problem 5-55 


The motor delivers 33 kW to the 304 stainless Steel shaft while it rotates at 20 Hz. The shaft is 
supported on smooth bearings at A and B, which allow free rotation of the shaft. The gears C and D 
fixed to the shaft remove 20 kW and 12 kW, respectively. Determine the diameter of the shaft to the 
nearest mm if the allowable shear stress is r allow = 56 MPa and the allowable angle of twist of C with 
respect to D is 0.20°. 


Given: := 250mm Lqq := 200mm := 150mm 

P := 32kW P c := -20kW P D := -12kW 

f := 20Hz G := 75GPa ^allow : = °- 20de g 

T allow := 56MPa 


Solution: 


co := 2-jt-f 
P 


co = 125.6637- 


rad 


L AC •= 


L CD •= 


co 

P + Pr 


T ac = 254.648 N-m 


T cd = 95.493 N-m 



co 

T max : = max ( T 
Max. shear stress : Assume failure due to shear stress 


l AC’ T Cd) 


T max = 254.6479 N-m 





_ d 

C ~ 2 


_ n 

2' 


'<9 4 

A 


T allow " 


T c 
A max ^ 


n 

~2 


T -d 


d^ _ " max 
2 ) 2-x 


d := 


allow 


^^max ^ 
^ 71,1 allow ) 


d = 28.5041 mm 


Angle of Twist: Assume failure due to angle of twist limitation (occured between C and D) 
f d) 4 T CD' L CD 


_ n 

2 ' 


2 ) 


‘t*allow 


G-J 


n 

~2 


d V _ T CD L CD 
Ü G-^allow 


d := 2 


^allow = 0-003491 rad 

^ 2 t cd' l cdV 25 


71 G- 


^ allow ) 


d = 29.3601 mm 


Use d = 30mm Ans 
















Problem 5-56 


The motor delivers 33 kW to the 304 stainless Steel solid shaft while it rotates at 20 Hz. The shaft has a 
diameter of 37.5 mm and is supported on smooth bearings at A and B , which allow free rotation of the 
shaft. The gears C and D fixed to the shaft remove 20 kW and 12 kW, respectively. Determine the 
absolute maximum stress in the shaft and the angle of twist of gear C with respect to gear D. 


Given: := 250mm Lqq := 200mm Lgg := 150mm 


P := 32kW 
f := 20Hz 


-20kW 


G := 75GPa 


D 


-12kW 


d := 37.5 mm 


Solution: 


co := 2-Ti-f 
P 

CO 


CO 


125 . 66 ^ 

s 


L AC 


T ac = 254.648 N-m 


P + P 


C 


L CD •= 


co 


T cd = 95.493 N-m 


T max : = max ( T AC’ T C d) 


max 


254.65 N-m 





Max. shear stress , 


c:=- J — 


Maximum shear stress occured between A and C 
4 



<0 


T c 
A max ^ 


2 UJ 


"max • 


T max = 24.59 MPa Ans 


Angle of Twist: 


^CD := 


T CD' L CD 

G-J 


^CD = 0.001312 rad 
^CD = 0.075152 deg 


Ans 









Problem 5-57 


The motor produces a torque of T = 20 N*m on gear A. If gear C is suddenly locked so it does not 
turn, yet B can freely turn, determine the angle of twist of F with respect to E and F with respect to D 
of the L2-steel shaft, which has an inner diameter of 30 mm and an outer diameter of 50 mm. Also, 
calculate the absolute maximum shear stress in the shaft. The shaft is supported on joumal bearings a 
G and tf. 

Given: d Q := 50mm dj := 30mm 
r A := ^mm rp := lOOmm 
G := 75GPa T := 20N-m 

Lpp := 0.6m 

Solution: 

Equilibrium: 



T-F-r A =0 


T'-Ft f = 0 


Angle of Twist: 


T 

F := — 
r A 

T’ := F-rt 


F = 666.67 N 

T’ = 66.67 N-m 


ff 


V Ç» 7 ' 


71/4 
1 := 32 ^ 


*0 


Since shaft is held fixed at C, the torque is only in region EF of the shaft. 


T’L 


^F E := 


EF 


G-J 


(|)p p = 9.986 x 10 rad Ans 


Since the torque in region ED is zero, 


^F D := ^F E 


fp D z 9.986 x 10 rad Ans 


Maximum Shear Stress, 


c := 


T f -c 


L max 


T max 3.121 MPa 


Ans 






























Problem 5-58 


The two shafts are made of A-36 Steel. Each has a diameter of 25 mm, and they are supportedby 
bearings at A, B, and C, which allow free rotation. If the support at D is fixed, determine the angle of 
twist of end B when the torques are applied to the assemblv as shown 


Given: L DH := 250mm 

Ljje := 750mm 

L^q := 200mm 

Lqp := 250mm 

LpB := 300mm 

d := 25mm 

r^ := 150mm 

rp := lOOmm 

T h — 120N-m 

T g := 60N-m 

G := 75GPa 


Solution: 


Internai Torque : AS shown on FBD 

AtF : T f =T g 

P 

t g 

:=- P = 600 N 

r F 

À | p ■ / V 

' T E : =- p ( r E) T E = -90N-m 



Angle of Twist: 


J:= 


n ( <p 4 

2 {2) 


^E := 


T H' L DH 


G-J 


+ ' 


d 


l dh + l he) 

G-J 


(|)g = -0.020861 rad 

r^ 

^■^e) = “VM := -^E 

\ / \ / r -p 



<|) F = 0.031291 rad 


Since there is no torque applied between F and B, 

:= ^B = 0.031291 rad 

Ans 


(j>B = 1.793 deg 







Problem 5-59 


The two shafts are made of A-36 Steel. Each has a diameter of 25 mm, and they are supportedby 
bearings at A, B, and C, which allow free rotation. If the support at D is fixed, determine the angle of 
twist of end A when the torques are applied to the assembly as shown. 


Given: L DH := 250mm 

Lpjp := 750mm 

L^q := 200mm 

Lqp := 250mm 

LpB := 300mm 

d := 25mm 

rp := 150mm 

rp := lOOmm 

T h := 120N-m 

T g := 60N-m 

G := 75GPa 



Solution: 

Internai Torque : AS shown on FBD 


AtF: T f -T g Tq 

P :=- P = 600 N 



r F 


AtE: 


T E : =- p ( r E) T E = -90N-m 


Angle of Twist: 

'-H-Í 


^E := 


t h- l dh %( l dh + l he) 


G-J 

4>p = -0.020861 rad 

^E'( v e) = “Vf 1 *) 


G-J 


r E 

<t>F := ^E 
r F 

<)> F = 0.031291 rad 



Since there is no torque applied between A and G, 

T G' L GF 

p :=- (|>a p = 0.005215 rad 

G-J — 

4>A := (|>A f + ^F = 0.036506 rad 


(|>a = 2.092 deg 


Ans 








Problem 5-60 


Consider the general problem of a circular shaft made from m segments, each having a radius of c m 
and shearing modulus G m . If there are n torques on the shaft as shown, write a Computer program that 

can be used to determine the angle of twist of its end A. Show an application of the program using the 
values L x = 0.5 m, c x = 0.02 m, G x = 30 GPa, L 2 = 1.5 m, c 2 = 0.05 m, G 2 = 15 GPa, T x = -450 N-m, 

d x = 0.25 m, T 2 = 600 N-m , d 2 = 0.8 m. 



Problem 5-61 


The 30-mm-diameter shafts are made of L2 tool Steel and are supported on joumal bearings that allov 
the shaft to rotate freely. If the motor at A develops a torque of T = 45 N-m on the shaft AB, while the 
turbine at E is fixe d from tuming, determine the amount of rotation of gears B and C 


Given: L AB := 1.5m 
T a := 45N-m 
d Q := 30mm 


l dc := °- 5m 

r B := 50mm 
G := 75GPa 


:= 0.75m 


Solution: 


l AB 


Equilibrium: 
T AB _Fr B = 0 


T'-Fr c = 0 

Angle of Twist: 

^B : 


F := 


L AB 


r B 

T- := F-r c 


T K A 4 

J := — d n 
32 ° 


T AB' L AB 


G-J 

()) B = 0.011318rad 
(|) B = 0.648 deg Ans 



= 0.486 deg Ans 


4 





Problem 5-62 


The 60-mm-diameter solid shaft is made of A-36 Steel and is subjected to the distributed and 
concentrated torsional loadings shown. Determine the angle of twist at the free end A of the shaft due 
to the se loadings. 

Given: L A £ := 0.6m := d Q •= 60mm 

T a := 400N m T c := -600N*m 

N-m 


G := 75GPa q := 2000- 


m 


Solution: 

Internai Torque : As shown in the torque diagram. 

t ac := t a 
T CB = T A + T c + q- x 


Angle of Twist: J •= — • d,,^ 
32 ° 


< t ) A = 


^A := 


T AC' L AC 


G-J 


+ ' 


T AC' L AC 

G-J 


1 

G-J , 
1 

G-J 


a:b 


L CB 


dx 


r L CB 


Ta + Tç + q-x dx 






<|) A = 0.007545 rad 


^A = 0.432 deg Ans 







Problem 5-63 


When drilling a well, the deep end of the drill pipe is assumed to encounter a torsional resistance T Ã . 

Furthermore, soil friction along the sides of the pipe creates a linear distribution of torque per unit 
length, varying from zero at the surface B to t 0 at A. Determine the necessary torque T B that must be 

supplied by the drive unit to tum the pipe. Also, what is the relative angle of twist of one end of the 
pipe with respect to the other end at the instant the pipe is about to turn? The pipe has an outer radius 


r 0 and an inner radius . The shear modulus is G. 


■ fyL + T A - Tg 


loL + 2 T* 


Ans 


rí*> * i = o 

21 2 


* - j 


IqL + 2T a ^ Jp ^2 


2 

T(xf dx 
JG 


2L 


/GV 2 2 L 


-x--^j 


ü' i 


l.,1? + 3 L.L 
iJG 


Hüwcw. J = - r *) 

2 


<P ~ 


+ 3Ti> 
la 4 - r*)G 


\ns 




A, 


T(*) 






















Problem 5-64 


The assembly is made of A-36 Steel and consists of a solid rod 15 mm in diameter connected to the 
inside of a tube using a rigid disk at B. Determine the angle of twist at^. The tube has an outer 
diameter of 30 mm and wall thickness of 3 mm. 


Given: d Q := 30mm 


"AB 


0.3m 


1 AB *- 

t bc := t a 


L B 


t := 3mm 


"BC 


0.3m 


T a := 50N-m 


Solution: dj := d Q - 2t 


Tg := 30N-m 



Angle of Twist: 


J AB 


71 4 

:= — d r 


<t»A := 


32 

T AB' L AB 


n 

32 


J BC • 
T BC L BC 


:=-d„ - d; 


G-J 


AB 


G-J 


BC 


í» J i " rv_ 




4>A = 0.04706 rad 
(j>A = 2.696 deg Ans 





Problem 5-65 


The de vice serves as a compact torsional spring. It is made of A-36 Steel and consists of a solid inner 
shaft CB which is surro unded by and attached to a tube AB using a rigid ring at B. The ring at A can 
also be assumed rigid and is fixed from rotating. If a torque of T= 0.25 N*m. is applied to the shaft, 
determine the angle of twist at the end C and the maximum shear stress in the tube and shaft. 


Given: Lg C := 600mm 

Lg^ := 300mm 

:= 18.75mm 

r to := 25mm 

T c := 0.25kN-m 

r := 12.5mm 

G := 75GPa 


Solution: 


Internai Torque : AS shown on FBD 


Lmer shaft: ^BC * 

Outer tube : ^BA “ 


Max. Shear Stress : 

Lmer shaft: cgç := r Jgç := 

X BC 



l BC* 


( c Bc) 


J BC 


S-^D.Z-S ^ 


xg£ = 81.49 MPa 


Ans 


Outer tube : 


C BA r to 



t BA 


t bc( c ba) 

J BA 


X BA = 14.9 MPa 


Ans 


Angle of Twist: 


^B 


T BA' L BA 

gj ba 


♦c_B := 


T BC' L BC 

gj bc 


4>g = 0.002384 rad 


4>C b = 0.052152 rad 


:= ♦cj + ^B 


<\>ç = 0.054536 rad 


= 3.125 deg Ans 












Problem 5-66 


The device serves as a compact torsion spring. It is made of A-36 Steel and consists of a solid inner 
shaft CB which is surro unded by and attached to a tube AB using a rigid ring at B. The ring at A can 
also be assumed rigid and is fixed from rotating. If the allowable shear stress for the material is r allow = 

84 MPa and the angle of twist at C is limite d to ^ allow = 3°, determine the maximum torque T that can 
be applied at the end C. 

Given: := 600mm LgA 300mm 


r^-j := 18.75mm 


r tQ := 25mm 


T allow := ^4MPa r := 12.5mm 
^allow := 3de § G := 75GPa 


Solution: 

Internai Torque: 


AS shown on FBD 


Inner shaft: T BC =T C 
Outertube: T BA =T C 

Allowable Shear Stress : Assume failure due to shear stress. 

Inner shaft: c B ç := r Jgç 

T allow‘(%c) 




n 4 
—-r 
2 


Sn Jy 7 


L BC 


c BC 


Outer tube 


C BA : = r to 


J BA := Y v r to “ r ti 


T bc = 257.71 N-m 

4^ 


l BA 


T allow’(%A) 


C BA 


t Ba= 1409.34 N-m 


Angle of Twist: Assume failure due to angle of twist limitation (maximum occurred at C). 


Thus, 


♦c = ^CB 
^allow “ 


♦CB = 


T C L BC 


G-J 


BC 


= 


t c l ba 


GJi 


BA 


t c l bc t c l ba 


T C - 


gj bc 

G ’ ( t , allow 

l bc l ba 


GJ, 


' J BA 


+ 


J BC 


J BA 


T c = 240.02 N-m 
(Controls !) 


Ans 















Problem 5-67 


The shaft has a radius c and is subjected to a torque per unit length of t 0 , which is distributed 

uniformly over the shaffs entire length L. If it is fixed at its far end A, determine the angle of twist $ ( 
end B. The shear modulus is G. 

Solution: 

Internai Torque : As shown in the torque diagram. 

T ( x ) = -v x 


Angle of Twist: 


= 

= 

^B = 
^B = 


1 

G-J 

_t 0 

G-J 


71 4 

J := —c 
2 


T(x) dx 


t 0 *L 

2G-J 


t 0 *L 


71G* c 


0 

-L 

0 

2 


x dx 



Ans 











Problem 5-68 


The A-36 bolt is tightened within a hole so that the reactive torque on the shank AB can be expressed 

by the equation t = (k x 2 ) N*m /m, where x is in meters. If a torque of T = 50 N*m is applied to the bo 
head, determine the constant k and the amount of twist in the 50-mm length of the shank. Assume the 
shank has a constant radius of 4 mm. 


Given: r Q := 4mm 


L := 50mm 
A := 50N-m G := 75GPa 
2 N-m 


T 

t = k- x 


m 


Solution: c := r Q 
Internai Torque : 

As shown in the torque diagram. 
t(x) = k-x^ 

Equilibrium: 
rL 


t a- 


rL 


t(x) dx = 0 Ta - 


0 


k-x dx = 0 


k-L~ 


= 0 



3T, 


k := 


7 = 50 N-m 


k = 1.200 MPa Ans 


T(x) = T A - 


71 4 

Angle of Twist: J ;= — • c 

2 


<|> = — • 
G-J 


T(x) dx 4 := —• 
O-J 


rL 


'0 


k-x 




V 


3 J 


dx 


= 0.06217 rad 
<\> = 3.562 deg Ans 



/» 

i 2 , 


1 

< 

H 

II 

k-x dx 


J 


L * 

. 3 

k-x ,i 







SíN "" 


ô.+c/õh * ! 
{ 


tfcI 

' — p jiy 

TA J - zo-J+tâjA s 


























Problem 5-69 


Solve Prob. 5-68 if the distributed torque is t = ( kx 2/3 ) N*m /m. 
Given: r Q := 4mm L := 50mm 
T a := 50N-m G := 75GPa 


t = k-x 


2 

3 N-m 


m 


Solution: c := r Q 
Internai Torque : 

As shown in the torque diagram. 

Equilibrium: 
rL 

t(x) dx = 0 


rL 


t a- 


0 


t a- 


Let unit := m 


-4 

3 


3k- 


Hence, T(x) = T A - 


T(x) = T A - 


3k- 


t a- 


2 

k-x 3 dx 

(£\ 

k* 3 J 


2 

k-x 3 dx = 0 

f ^ 

k l 3 J 

-—- = 0 



k := 


V 


5T a "| 

3 ) 


-5 


• L • unit 


k = 0.01228 MPa Ans 


7 = 50 N-m 


71 4 

Angle of Twist: J ;= — • c 

2 


^ ~ Gd’ 


rL 


T(x) dx 4 := —• 
O-J 


3k- 


(£\ 

y* 3 ) 


Ta -:— dx 

A 5-unit 


0 


= 0.05181 rad 
<\> = 2.968 deg Ans 
















Problem 5-70 


The contour of the surface of the shaft is defined by the equationy = e ax , where a is a constant. If the 
shaft is subjected to a torque T at its ends, determine the angle of twist of end.4 with respect to endi? 
The shear modulus is G. 











Problem 5-71 


The A-36 Steel shaft has a diameter of 50 mm and is subjected to the distributed and concentrated 
loadings shown. Determine the absolute maximum shear stress in the shaft and plot a graph of the 
angle of twist of the shaft in radians versus x. 


Given: d Q := 50mm 


L := 0.5 m 
250N-m G := 75GPa 


q:= 200- 


N-m 


m 


Solution: 

Support Reaction: 


R* 


-T c -q-L R a = 150.00 N-m 



Internai Torque : As shown in the torque diagram. 
T(x) = R a + q-x 

The maximum torque occurs at C. 

T max : = Ra + <TL T rY1QV = 250.00N-m 


L max 


Maximum Shear Stress : c := 0.5-d^ 


71 4 

J:= — c 
2 


T c 
A max ^ 


"max • 


T max 10.19MPa 


Ans 


Angle of Twist: 


TÍXJ-O 




Cl-Jjfi? <-x -í rm 


r r.^_ 



fX 


< * >x " G-J 


T(x) dx 


< t ) x = — 


1 

G-J 


rx 

^R a + q- xj dx 


< t ) x = — 


1 

GG 


R a x 


At C, x = L :=- 

G-J 


r a l + 


q-L 




2 J 


q.x 2 ^ 
2 ) 


(|)q = 0.00217 rad 
(|)q = 0.125 deg 


Ans 


For L < x < 2L Since T(x) = 0, then, § x := (|>^ 


X! := 0,0.01-L.. L 

f 

1 


+iW : =^' 


R a -xi + 


q-xj 




V 


2 Jn- 


m 


x 2 := L, 1.01-L..2L 


* 2 (x 2 ) := (+c)-^ 














Twist (rad) 







Problem 5-72 


A cylindrical spring consists of a rubber annulus bonded to a rigid ring and shaft. If the ring is held 
fixed and a torque T is applied to the rigid shaft, determine the angle of twist of the shaft The shear 
modulus of the mbber is G. Hint: As shown in the figure, the deformation of the element at radius r 

can be determined from rd6= dry. Use this expression along with t= T/(2n r 2 /*) from Prob. 5-28, to 
obtain the result. 




& 


r Fw t 

ln fiC« j i j - 3 


r t p - 

—— j- — I i 
2r 2 


T j + 3 
2Ír hG 2r = + 2 rf 


hG tf 


Ans 








Problem 5-73 


The A-36 Steel shaft has a diameter of 50 mm and is fixed at its ends A and B. If it is subjected to the 
couple, determine the maximum shear stress in regions ,4 C and CB of the shaft. 

Given: d Q := 50mm := 0.4m := 0.8m 

G := 75GPa T c := 300N-m 

Solution: 

n 4 

c := 0.5-d n J:= —c 

0 2 

Equilibrium : Given 

T A + T B- T C=° (!) 

Compatibility : (|> C/A = (|> C/B 



t a l ac t b l bc 


( 2 ) 


G-J G-J 

SolvingEqs. (1) and (2): Guess T A := lN-m Tg := lN-m 


T A^ 

t bJ 


:= Find(T A ,Tg) 


" T A^ 

JbJ 


200 ^ 

íooj 


N-m 



Maximum Shear Stress: 

T A' c 

T AC.max j T AC.max _ 8-15 MPa 

t B' c 

T BC.max := j x BC.max = ^-07 


Ans 


Ans 









Problem 5-74 


The bronze C86100 pipe has an outer diameter of 37.5 mm and a thickness of 3 mm. The coupling on 
it at C is being tightened using a wrench. If the torque developed at A is 16 N*m, determine the 
magnitude F of the couple forces. The pipe is fixed supported at end B. 


Given: := 200mm ^CA 250mm 

L w := 300mm d Q := 37.5mm 
Ta := 16N-m G := 38GPa 


Solution: r ;= 0.5d„ 


r i r o - 1 


Compatibility: B = A 


Equilibrium: 


T B' L CB 

G-J 


T B' L CA 

G-J 


T B' L CB = T A L CA 


T B - 


l ca^I 
l cb j 


•T, 


( L w) - 


t b- t a=° 



F := 


T B + T A 


w 


120.00 N 


Ans 










Problem 5-75 


The bronze C86100 pipe has an outer diameter of 37.5 mm and a thickness of 3 mm. The coupling on 
it at C is being tightened using a wrench. If the applied force is F = 100 N, determine the maximum 
shear stress in the pipe. 

Given: := 200mm ^CA := 250mm 

:= 300mm d~ := 37.5mm t := 3 mm 

w o 


F := 100N 


Solution: r Q := 0.5d o 


G := 38GPa 


r i : = r o - 1 


Compatibility: < t ) CB =( t ) CA 


T B' L CB 

G-J 


T B' L CA 

G-J 


Given T b -L cb = T A -L CA 


Equilibrium: 


'( L w) 


L B 


Ta = 0 


[ 1 ] 

[ 2 ] 


Initial guess: T A := lN-m T B := 2N-m 



Solving [1] and [2]: 


T A^ 

t bJ 


:= Find(T A ,T B ) 


" T A^ 

v T Bj 


13.33 ^ 
16-67 J 


N-m 


Max. Shear Stress , 


c := r n 


T n f 4 4 

J:= T (r„ -r; 


T B <c) 


"max • 


T max 3.21 MPa 


Ans 











Problem 5-76 


The Steel shaft is made from two segments: AChas a diameter of 12 mm, and CB has a diameter of 25 
mm If it is fixed at its ends A and B and subjected to a torque of 750 N-m, determine the maximum 


shear stress in the shaft. G st = 75 GPa. 


:= 125mm 

Lqq := 200mm 

:= 300mm 

:= 12mm 

dcD 25mm 

doB := 25mm 

T d := 750N-m 

G := 75GPa 


12 mm 


Solution: 


J AC 


J CD 


71 

1 

n 

1 


d AC^ 4 


2 ) 


d CD^ 4 

Ti í d DB^ 

2 ) 

J DB-- 2 [ 2 ) 



Compatibility : A = B 


* jím.vT^T* 


t a l ac t a l cd T B' L DB 

Given —--1---= - [1] 


G-J 


AC 


GJ, 


CD 


GJi 


DB 


Equilibrium: 

Initial guess: 


t d- t b- t a=° 


T a := lN-m Tg := 2N-m 


[ 2 ] 



AG 

ÍAC í 

Solving [1] and [2]: 

t bJ" F " 1<ITa ’ Tb 

H 

dd 

ii 


78.82 ^ 
671.18 ) 


N-m 


Max. Shear Stress : 




d AC 

T A'( c Ac) 

T AC = ^22.3 MPa 

c AC 

O 

T AC •= T 


z 

J AC 



d DB 

t b( c db) 

x DB zz 218.77 MPa 

C DB 

2 

T DB •= t 

J DB 



T max := max ( T AC’ T DB) 

T max = 232.30 MPa 


Ans 




















Problem 5-77 


The shaft is made of L2 tool Steel, has a diameter of 40 mm, and is fixe d at its ends A and B. If it is 
subjected to the couple, determine the maximum shear stress in regions AC and CB. 

Given: d Q := 40mm •= 0.4m := O.Om 



Maximum Shear Stress: 

T A' c 

T AC.max j T AC.max _ ^-55 MPa 

t B' c 

T BC.max := j x BC.max = 6.37 MPa 











Problem 5-78 


The composite shaft consists of a mid-section that includes the 20-mm-diameter solid shaft and a tube 
that is welded to the rigid flanges at A and B. Neglect the thickness of the flanges and determine the 
angle of twist of end C of the shaft relative to end D. The shaft is subjected to a torque of 800 N*m. 
The material is A-36 Steel. 

Given: lOOmm := 150mm 

LgQ := lOOmm d s := 20 mm 

d to := 60mm t := 5mm 

T := 800N-m G := 75GPa 


Solution: 


d ti : = d to - 2t 


Compatibility : ^ 



n 

í d sV 

ro 4 

fdtiV" 

T 

[ij 1_ 2 

_U ) ~ 

1 

p 


T s L AB T t' L AB 


G-L 


G-J, 


3 DD 




1 S 1 1 

Given — = — 


Equilibrium: 

Initial guess: 


J s J t 

T - T s - T t = 0 


[ 1 ] 

[ 2 ] 


T s := lN-m T t := 2N-m 


Solving [1] and [2]: 


T s^ 

T t J 


:= Find(T s ,T t ) 


T s^ 

T t J 


( 18.63 ^ 
781.37 ) 


N-m 


Angle of Twist: 


T s' L CA T t' L AB T s' L BD 
‘PC D := —--+ 


GJ S GJ t 


G-L 


D = 0.005535 rad 
(|>^ p) — 0.317 deg Ans 



















Problem 5-79 


The shaft is made from a solid Steel section AB and a tubular portion made of Steel and having a brass 
core. If it is fixed to a rigid support at A, and a torque of T = 50 N*m is applied to it at C, determine the 
angle of twist that occurs at C and compute the maximum shear stress and maximum shear strain in 
the brass and Steel. Take G st = 80 GPa, G br = 40 GPa. 

Given: L/ 


-AB 


:= 1.5m 
20mm 


l bc := lm 


s • 

T := 50N-m 


‘to 


20mm 


r^j := 10mm 


G, 


st 


80GPa G, 


Solution: 


n 4 
T := — r 


br 


b := — I r t0 -r, 


40GPa 
4^ 


n 4 
J br := 7' r ti 


Compatibility: 


Given 


4>st = ^br 
T st 


br 


( 1 st ('br ^br 


Equilibrium: 

Initial guess: 


T - T st- T br=° 


‘ti 


T st' L BC _ T br L BC 
G br' J br 

[ 1 ] 

[ 2 ] 


G sf ^t 


* *W J ít 


T st := lN-m 


Solving [1] and [2]: 


T st^ 

T brj 


T^ r := 2N-m 


:= Find(T st ,T br ) 




T brJ 


48.39^ 

. 1-61 J 


N-m 



Angle of Twist: 

TL AB T br' L BC 


<t>C := 


G st' j s 


G br' J br 


= 0.006297 rad 


4>q = 0.361 deg Ans 


Max. Shear Stress: 


t '( c ab) 

X AB = 3.98 MPa 

C AB := r s 

T AB 

J s 



T sf ( c Bc) 

X BC - 4.11 MPa 

c BC := r to 

T BC 

J t 


X st := max(x AB , x BC ) x st = 4.11 MPa 


r g-j- _ r 

y st :=- y st = 51.34x10 rad 


br' 


T br := 


( r ti) 


J br 


T br 


Ybr 


Gi 


br 


G ( 


st 


x^ r = 1.03 MPa 


Ans 


Ybr 


-6 


= 25.67 x 10 rad Ans 


Ans 

Ans 


















Problem 5-80 


The two 1-m-long shafts are made of 2014-T6 aluminum. Each has a diameter of 30 mm and they are 
connected using the gears fixed to their ends. Their other ends are attached to fixed supports at^ and 
B. They are also supported by bearings at C and D , which allow free rotation of the shafts along their 
axes. If a torque of 900 N*m is applied to the top gear as shown, determine the maximum shear stress 
in each shaft. 

Given: L := lOOOmm d := 30mm 
r A := r B := 40mm 


Solution: 
Compatibility: 


T := 900N-m G := 27GPa 
4 

2 j 

^eOa) = ^'^b) 




t a l 


t b l 


Given 


T A'( r A) = T B’( r B) 



Equilibrium: T - T^ - F-^r^j = 0 

[2] 

1 

o 

ll 

P-h 

1 

PP 

H 

[3] 


Initial guess: T A := lN-m 

t b 

:= 2N-m F := IN 


Solving [1], [2] and [3]: 

^a) 
t b h 

= Find(T A ,T B ,F) 

II 

H 


v F ) 


l T B ) V 


Max. Shear Stress : 
_ d 
C 2 


Z AC •= 


C BD 


t a-(^) 

J 

T B (c) 


180 ^ 
360 J 

9000.00 N 


N-m 


Z AC 


= 33.95 MPa 


Ans 


= 67.91 MPa Ans 












Problem 5-81 


The two shafts are made of A-36 Steel. Each has a diameter of 25 mm and they are connected using 
the gears fixed to their ends. Their other ends are attached to fixed supports at A and B. They are also 
supported by journal bearings at C and D, which allow free rotation of the shafts along their axes. If s 
torque of 500 N-m is applied to the gear at E as shown, determine the reactions at A and B. 


Given: L AE := 1.5m 
r E := lOOmm 
T e := 500N-m 


L ee := 0.75m 
rp := 50mm 
G := 75GPa 


d 0 := 25mm 


Solution: 


J := — d„ 4 


32 


Compatibility: 


4 > E'( r E) = ^F^f) 

M = GJ 


T A’ L AE 


t b l bf 


G-J 


( r p) 


Given 

Equilibrium: 


T A' L AE'( r E) = T B' L BF'( r F) 

T A + F '( r E)- T E = 0 
T B -F(r F ) = 0 


T a := lN-m 


Initial guess 

Solving [1], [2] and [3]: 



Tg := 2N-m 


F := IN 


At a^ 

t B I : = Find ( T A’ T B’ F ) 
F ) 



F = 4444.44 N 








Problem 5-82 


Determine the rotation of the gear at E in Prob. 5-81. 

Given: L^ E := 1.5m Lgp := 0.75m d 0 := 25mm 


lOOmm 


50 mm 


T e := 500N-m G := 75GPa 


Solution: J ;= — -H 4 


32 


Compatibility: (j> E *^r E j = (^f) 

T A L AE , v T B' L BF , , 

W = -Gl-'VV 



Given T a - L ae - (r £ | = Tg- Lgp- (rp) 

Equilibrium: T A + F-(ipj - Tg = 0 

T B -F(r F )=0 

Initial guess: T A := lN-m Tg := 2N-m 

At a^ 


[ 1 ] 

[ 2 ] 

[3] 

F := IN 


Solving [1], [2] and [3]: 


Tg | := Find(T A ,Tg,F) 
. F ) 


Angle of Twist: 

:= 


T A' L AE 


G-J 

4> e = 0.02897 rad 

(|) E = 1.660 deg Ans 





' 55.56 ^ 

222.22 J 


N-m 


F = 4444.44 N 








Problem 5-83 


The A-36 Steel shaft is made from two segments: AC has a diameter of 10 mm and CB has a diameter 
of 20 mm. If the shaft is fixed at its ends A and B and subjected to a uniform distributed torque of 300 
N*m/m along segment CB , determine the absolute maximum shear stress in the shaft. 



Max. Shear Stress : 

d AC 
c AC := “T" 


c CB := 


'CB 


L A' 


Z AC •= 


c CB 


( c Ac) 


J AC 

■ ( c cb) 


L B 


J CB 


Z AC 


= 61.12 MPa 


Ans 


XQg = 68.75 MPa Ans 


T max * max ( T AC ?T CB) T max 


68.75 MPa Ans 

















Problem 5-84 


The tapered shaft is confined by the fixed supports at A and B. If a torque T is applied at its mid-poin 
determine the reactions at the supports. 




ríjJ ■ £■+ - £ (1..+#) 




AjvIf •/ 3Vúri : 


-\m- J|i 

B ITL 4 f* 

- m4 \ i Y 


Hi 

:Ü(WG 


3-7IL 

12Âmc*G 


ft , í-ü-.f r **. 

\ wc J.ftít+arí 


**'G Ji 


Jd U+jP 

-agr._ l_ if 

3JK J cL(L+r) , J!t 

TS^i 

" n*e*C 


CBmpmtibilitp . 


3771. 


77* JL 


Suti-tinjtuií; tbe jwjIc bi& Exj. | I [ yüikLi ■ 

r ,]£2 r 
J i»í t 


Am 


ri] 



















Problem 5-85 


A portion of the A-36 Steel shaft is subjected to a linearly distributed torsional loading. If the shaft has 
the dimensions shown, determine the reactions at the fixed supports A and C Segmentai? has a 
diameter of 30 mm and segment^Chas a diameter of 15 mm. 



T A' l ab _ P t c l bc 

Given -= - 

gj ab gj bc 

Equilibrium: 0.5qL AB - T A - T c = 0 



Initial guess: T A := lkN-m := 2kN-m 


Solving [1] and [2]: 


" t a'| 

JcJ 


Find(T A ,T c ) 


' t a'| 

JcJ 


878.26 

N-m 

V 21.74 J 


Ans 






















Problem 5-86 


Determine the rotation of joint B and the absolute maximum shear stress in the shaft in Prob. 5-85 
Given: L^g := 1.2m Lgç 0.96m 
d^g := 30mm dgç := 15mm 

kN-m 


G := 75GPa q := 1.5- 


m 


Solution: J^g ;= — 


d AB^l 

~) 


J BC 


d BC^ 

~) 


q x = 




V L ab ) 


•q T R = (qx) x + °-5(q - q x ) x 



T R = 




V L abJ 


q-x + 0.5 


V al 


P := 


"AB 


Le, .bJ 

2 


■q-x 


T R = 


íi-^\ 

L ab ) 


0.5x^ 

1-- x dx B = 0.48 m 

l abJ 



Compatibility : A = C 

T A L AB _ qP T C' L BC 


Given 


gj ab gj bc 


Equilibrium: 0.5q-L AB - T A - T c = 0 

Initial guess: T A := lkN-m Tç := 2kN-m 


[ 1 ] 

[ 2 ] 




Í T ^ , V 

Í t a1 ( 

Solving [1] and [2]: 

:=FindT A ,T c 

= 


l T cj [ A LJ 

[ T cJ ^ 


878.26^ 
21.74 ) 


N-m 


Angle of Twist: 

^B : 


T C' L BC 


gj bc 


Max. Shear Stress : 

d AB 
C AB := ~Y~ 

d BC 


()) B = 0.055987 rad 
()) B = 3.208 deg Ans 





L A' 


c BC := 


Z AB •= 


Z BC •= 


( c ab) 


J AB 


C 


( c Bc) 


J BC 


X AB = 165.66 MPa 


X BC = 32 .8 MPa 


T max : = max ( T AB’ T Bc) T max = 165.66 MPa Ans 































Problem 5-87 


The shaft of radius c is subjected to a distributed torque t , measured as torque/length of shaft. 
Determine the reactions at the fixed supports A and B. 


JW = jjfc tl + - A? 

bv supopoiidon: 

& = íi ' í I 



Ror» Eq. (1), 




ItçL _ 

12 " 3 

4 


T À = 


= 0 

Am 
















Problem 5-88 


Compare the values of the maximum elastic shear stress and the angle of twist developed in 304 
stainless Steel shafts having circular and square cross sections. Each shaft has the same cross-sectiona 

area of 5600 mm 2 , length of 900 mm, and is subjected to a torque of 500 N*m. 


Given: L := 900mm 
G := 75GPa 


A := 5600mm^ 
T := 500N-m 


Solution: 

Max. Shear Stress : 

2 

For circular shaft: A = n • r 





2 

For squarr shaft: A = a a := yfÃ 


C S max • 


T*(4.81) 


T S max 5.74 MPa 


Ans 


Angle of Twist: 

For circular shaft: 


:= 


TL 

G-J 


()) C = 0.001202 rad 


For sqaure shaft: 


:= 


(7.10)T-L 


Ga 


4>g = 0.001358 rad 


= 0.0689 deg Ans 


4>g = 0.0778 deg Ans 


Note: The sqaure shaft has a greater maximum shear stress and angle of twist. 








Problem 5-89 


The shaft is made of red brass C83400 and has an elliptical cross section. If it is subjected to the 
torsional loading shown, determine the maximum shear stress within regions ,4 C and BC , and the ang 
of twist (j) of end B relative to end A. 

Given: L^q := 2m ^CB ^ 
a := 50mm b := 20mm 

T a := 50N-m T B := 30N m 
G := 37GPa 


T c := 20N-m 


Solution: 

Max. Shear Stress , 



2T 


B 




c BC 


c AC 


Tr-a-b 


2T / 


rc-a-b 


Angle of Twist: <j> B A = ^ 


x BC = 0.955 MPa 

T AC = 1-592 MPa 

(a 2 + b 2 )T n -L n 


Ans 


Ans 



3 3 

7i a -b G 




A := 


(a 2 + b 2 )(-T B -L CB - T A -L AC ) 


3 3 

7i-a -b G 







(|> B A = -0.003618 rad 


I^B A | - 0.2073 deg Ans 







Problem 5-90 


Solve Prob. 5-89 for the maximum shear stress within regions AC and BC , and the angle of twist <j) of 
end B relative to C. 


Given: L AC := 2m 
a := 50mm 
T a := 50N-m 
G := 37GPa 

Solution: 

Max. Shear Stress : 


l cb := L5m 

b := 20mm 
T b := 30N-m 
T c := 20N-m 



2T 


B 


c BC 


c AC 


rc-a-b 


2T / 


n-a-b 


Angle of Twist: <j> B ^ = y ’ 


x BC = 0.955 MPa 

T AC = 1-592 MPa 

(a 2 + b 2 )T n -L n 


Ans 


Ans 


3 3 

7i a -b G 


^B C := 


(a 2 + b 2 )(-T B -L CB ) 
n-a 3 -b 3 -G 




(|)g q = -0.001123 rad 


| 4>b c| = 0.0643 deg Ans 







Problem 5-91 


The Steel shaft is 300 mm long and is screwed into the wall using a wrench. Determine the largest 
couple forces F that can be applied to the shaft without causing the Steel to yield. z Y = 56 MPa. 


Given: L := 300mm 

L w := 400mm 
w 

a := 25mm 

xy := 56MPa 

Solution: 


Max. Shear Stress : 


4.81T 

3 

a Ty 

T •— 

T max" 3 

a 

4.81 


T = 181.91 N-m 


Equilibrium: 



300 mm 


f*(l w ) — t = o 











Problem 5-92 


The Steel shaft is 300 mm long and is screwed into the wall using a wrench. Determine the maximum 
shear stress in the shaft and the amount of displacement that each couple force undergoes if the couple 
forces have a magnitude of F = 150 N. G st = 75 GPa. 


Given: L := 300mm L w := 400mm 

w 

a := 25mm F := 150N 

G st := 75GPa 

Solution: 

Equilibrium: 

F (L„)-T=0 T := F-(L W ) 
T = 60N-m 

Max. Shear Stress : 



U F 


4.81T 

u max •“ 3 

a 


T max 18.47MPa 


Ans 


Angle of Twist: 

(7.10)TL 


<]> := 


G sf a 


()) = 0.004362 rad 




8p = 0.872 mm Ans 










Problem 5-93 


The shaft is made of plastic and has an elliptical cross-section. If it is subjected to the torsional loadir 
shown, determine the shear stress at point.4 and show the shear stress on a volume element located ai 
this point. Also, determine the angle of twist (j) at the end B. G p = 15 GPa. 

Given: Lq^ := 2m ^CB - = l*5m 

a := 50mm b := 20mm 

T b := 50N-m T c := 40N-m 

G := 15GPa 

Solutions T oc •— Tg + Tq 
Shear Stress: 

2T OC 

:=- = 2.865 MPa Ans 

ti • a- b 2 



Angle of Twist: 



(|> B = 0.8991 deg Ans 





Problem 5-94 


The square shaft is used at the end of a drive cable in order to register the rotation of the cable on a 
gauge. If it has the dimensions shown and is subjected to a torque of 8 N-m, determine the shear stres 
in the shaft at point^. Sketch the shear stress on a volume element located at this point. 

Given: a := 5mm T := 8N-m 

Solution: 

Maximum Shear Stress : 

_ 4.81T 
T A.max *” ^ 

a 

T A max = 307.8 MPa Ans 






Problem 5-95 


The brass wire has a triangular cross section, 2 mm on a side. If the yield stress for brass is r Y = 205 

MPa, determine the maximum torque T to which it can be subjected so that the wire will not yield. If 
this torque is applied to a segment 4 m long, determine the greatest angle of twist of one end of the 
wire relative to the other end that will not cause permanent damage to the wire. G br = 37 GPa. 

Given: a := 2mm L := 4m 


r 



T := 


20 

T = 0.0820 N-m Ans 

Angle of Twist: 


46T-L 



§ = 25.49 rad Ans 





Problem 5-96 


It is intended to manufacture a circular bar to resist torque; however, the bar is made elliptical in the 
process of manufacturing, with one dimension smaller than the other by a factor k as shown. 
Determine the factor by which the maximum shear stress is increased. 

Given: a=0.5*d o b=0.5-k-d o 


Solution: 

Maximum Shear Stress: 

For the circular shaft:: 

Tc 71 

T c.max y~ c " °.5-d 0 J" 

16T 

T c.max 7 

JT-d 0 



For the elliptical shaft: 

2T 


"e.rnax 9 

7r-a*b 


2T 


"e.max 


16T 


n • (0.5 • d Q j • ^0.5 * k* d o y 


T t.max " 


2 3 

71-k -d 0 


Factor of increase in shear stress: 


T e.max 

T 

T c.max 


16T 


F x = 


2 3 

Tt-k -d 0 

16T 


7l - d„ 



Ans 























Problem 5-97 


The 2014-T6 aluminum strut is fixed between the two walls at A and B. If it has a 50 mm by 50 mm 
square cross section, and it is subjected to the torsional loading shown, determine the reactions at the 
fixed supports. Also, what is the angle of twist at C? 


Given: := 600mm Lqq := 600mm a := 50mm 

:= 600mm Tq := 60N- m 
T d := 30N m G := 27GPa 

Solution: T := Tq + T D T = 90N m 

L := l ac + l cd + l db 

Compatibility : ~ = 0 



7 - 10 ( t -Lac) | 7.10(T D -L CD ) 7.10(t b -L) _ 


= 0 


G-a 


Ga 


G-a 


T B := 


tl ac + t d l cd 


T b = 40N-m 


Ans 


Equilibrium: 

t a + t b- t=0 

:= T — Tg = 50N-m Ans 


Angle of Twist: 

(7.10)T A -L AC 


:= 


G-a 



<)) C = 0.001262 rad 
(|)ç = 0.0723 deg 


Ans 











Problem 5-98 


The 304 stainless Steel tube has a thickness of 10 mm. If the allowable shear stress is r allow = 80 MPa. 

determine the maximum torque T that it can transmit. Also, what is the angle of twist of one end of th 
tube with respect to the other if the tube is 4 m long? Neglect the stress concentrations at the comers. 
The mean dimensions are shown. 


Given: a := 70mm 

L := 4m 


t := lOmm 


b := 30mm 
T allow : = 80-MPa 
G := 75GPa 


Solution: 


Section properties : S = Zds 


A m := a b 
S := 2a + 2 b 


A m = 2100 mm 
S = 200 mm 



Average shear stress: 
T 

Tavg= ^v 


T avg • T allow 


T : 2-t- A m -x a jj ow 
T = 3.36kN-m Ans 


Angle of Twist: 


<t> = 


TL 

4Am 2 -G 



♦ := 


TL f 

4Am 2 'G ^ 


tj 


tõmm 



§ = 0.203175 rad 

<\> = 11.641 deg Ans 











Problem 5-99 


The 304 stainless Steel tube has a thickness of 10 mm. If the applied torque is T = 50 N*m, determine 
the average shear stress in the tube. Neglect the stress concentrations at the comers. The mean 
dimensions are shown. 

Given: a := 70mm b := 30mm 

t := lOmm T := 50N- m 

G := 75GPa 


Solution: 


Section properties: 

2 

A m := a- b A m = 2100 mm 

Average shear stress: 

T 

Tavg := ^7 

T ava = l-19MPa Ans 
avg 


tômm 


k 


I 



3Úri ^ 

1 ___ 1 



O /ís/rt 



v»\ 











Problem 5-100 


Determine the constant thickness of the rectangular tube if the average shear stress is not to exceed 
84 MPa when a torque of T = 2.5 kN*m is applied to the tube. Neglect stress concentrations at the 
corners. The mean dimensions of the tube are shown. 

Given: a := lOOmm b := 50mm 

T := 2.5kN-m T a ll ow := 84MPa 

Solution: 

Section properties: 

2 

A m := a-b A m = 5000 mm 

Average shear stress: 

T 

Tavg= ^v 

T 

t :=- t = 2.98 mm Ans 

^'^m' T allow 




100 HH 











Problem 5-101 


Determine the torque T that can be applied to the rectangular tube if the average shear stress is not to 
exceed 84 MPa. Neglect stress concentrations at the corners. The mean dimensions of the tube are 
sho wn and the tube has a thickness of 3 mm. 

Given: a := lOOmm b := 50mm 

t := 3 mm T allow ^4MPa 

Solution: 

Section properties: 

2 

A m := a-b A m = 5000 mm 

Average shear stress: 

T 

Tavg= ^v 



T : 2-t- A m -x a jj ow 


T = 2.52kN-m Ans 




Problem 5-102 


A tube having the dimensions shown is subjected to a torque of T = 50 N*m. Neglecting the stress 
concentra tio ns at its corners, determine the average shear stress in the tube at points A and B. Show 
the shear stress on volume elements located at these points. 



a • a Q t a 

b := b 0 - t b 

A m := ab 

2 

A m = 2115 mm 


Average shear stress: 

T 

1 A.avg : = 2t ^ Am T A.avg = 3 - 94 MPa 



T B.avg 


T 


2 W 


T B.avg = 2 - 36 MPa 


Ans 



















Problem 5-103 


The tube is made of plastic, is 5 mm thick, and has the mean dimensions shown. Determine the 
average shear stress at points A and B if it is subjected to the torque of T = 5 N*m. Show the shear 
stress on volume elements located at these points. 

Given: a := 80mm b := llOmm t := 5mm 

C| := 40mm C 2 := 30mm 

T := 5N*m 

Solution: 

Section properties: 

c : =J°i 


2 2 
c 2 

1 


c = 50mm 


A m := a-b + --a-c 2 


A m = 10000 mm 



Average shear stress: 

T 


A ' av S ' 2t- A 


m 


[ B.avg 


2t‘ A m 


T A. avg = °- 05 MPa Ans 

T B. avg = °- 05 MPa Ans 













Problem 5-104 


The Steel tube has an elliptical cross section of mean dimensions shown and a constant thickness of 
t = 5 mm. If the allowable shear stress is r allow = 56 MPa, and the tube is to resist a torque of T = 375 

N-m, determine the necessary dimension b. The mean area for the ellipse is A m = n b (0.56). 


Given: T := 375N-m t := 5mm 
T allow : = 56MPa 

Solution: 

Section properties: 

A m = 7i-b-(0.5-b) 

Average shear stress: 

T 

Tavg= ^v 

t 

Tavg 2t-[ji-b-(0.5-b)] 

/ t 71 T a jj ow 



N m 


b = 20.65 mm 


Ans 









Problem 5-105 


The tube is made of plastic, is 5 mm thick, and has the mean dimensions shown. Determine the 
average shear stress at points A and B if the tube is subjected to the torque of T = 500 N*m. Show the 
shear stress on volume elements located at these points. Neglect stress concentrations at the corners. 



Section properties: 


/ 2 2 
c:= V c 1 +c 2 

c 

A m := a-b + 2^- 

a-c 2 J Aj 

Average shear stress: 


T 

T A.avg 

T A.avg •- 2t . A 

T 

x B.avg 

TB - av § •“ 2t-A m 


c = 36.06 mm 


in 


5200 mm 


= 9.62 MPa Ans 


9.62 MPa Ans 























Problem 5-106 


The Steel tube has an elliptical cross section of mean dimensions shown and a constant thickness of 
t = 5 mm. If the allowable shear stress is r allow = 56 MPa, determine the necessary dimension b needed 

to resist the torque shown.. The mean area for the ellipse is A m = n b (0.5b). 


Given: Tj := 75N*m T a n 0 w 56MPa 
T 2 := -120N- m t := 5mm 
T 3 := 450N*m 

Solution: 

Section properties: 

A m = 7i-b-(0.5-b) 

Internai torque: 

^max ^1 + ^2 + ^3 ^max = 



75N-m Fnih. 5-106 


405 N-m 


T j 75 ^.h 


Average shear stress: 

T 

Tavg= ^v 

t 

Tav 8 = 2t-[it-b-(0.5-b)] 


T 

max 


t ' 7t ' T allow 
b = 21.46 mm Ans 









Problem 5-107 


The symmetric tube is made from a high-strength Steel, having the mean dimensions shown and a 
thickness of 5 mm. If it is subjected to a torque of T= 40 N-m, determine the average shear stress 
developed at points A and B. Indicate the shear stress on volume elements located at these points. 

Given: a := 40mm b := 60mm t := 5mm 

T := 40N*m 

Solution: 

Section properties: 

2 

A m := a-a+ 4(a-b) A m = 11200mm 

Average shear stress: 

T A. avg 9t a T A.avg = ^.357 MPa Ans 

T 

T B. avg := T B.avg = °- 357MPa Ans 7* * Ti * 3ST ** 















Problem 5-108 


Due to a fabrication error the inner circle of the tube is eccentric with respect to the outer circle. By 

what percentage is the torsional strength reduced when the eccentricity e is one-fourth of the 

difference in the radii? 

~ a- b 

Given: e = - 


Solution: 

For the aligned tube:: 

Section properties: 


t = a - b 


A m= *' 


+ trf 


Average shear stress: 

T 

TA - ay g " 


For the eccentric tube: 



^ " T A.avg’( 2t * Yn) 

T = T A.avg*( 2 )( a_b ) ,7r ' 


^a + bY 


Section properties : A' m = n • 


^ a + 


V 


2 ) 


, e f e Yl 

t = a-— + b f = a - e - b 

2 U ) 


f = a - 


a - b 


f = —(a - b) 
4 


Average shear stress: 

T f _ / , v 

T A.avg " a» ^ “ T A.avg 


m 


T ’= T A.avg( 2 )4( a - b )' n ' 


. + bY 

— ) 


Factor of increase in shear stress: 


r 

Fj = — 
1 T 


F x = 


x A.avg'( 2 ) 4 ^ a “ b )' n ' 


^a + bY 

no 


x A.avg'( 2 )( a _ h)' 71 ' 


a ■ 


bY 


V 2 ) 

% reduction in strength : T% := (I - Fjj-100 


T% = 25.00 Ans 




















Problem 5-109 


For a given average shear stress, determine the factor by which the torque-carrying capacity is 
increased if the half-circular sections are reversed from the dashed-line positions to the section shown. 
The tube is 2.5 mm thick. 

Given: a := 30mm b := 45mm I 1,1 I 


r := 15mm t := 2.5 mm 

Solution: 

Section properties: 

a m := a - t r m r “ 


30 mm 



A 'm : = ( a m)‘ b 
A m : = ( a m)‘ b 


- 2 - 


^71 

—-r 

V2 


+ 2 - 


71 

— -r 


2^ 

mj 


m 


A 'm = 643.54 mm 2 
A m = 1831.46 mm 2 


Average shear stress: 

T 

T = T -1 

(2tA m ) 

TaVg " 2t-V 

1 l avg 1 


T' = T 

A L avg 

( 2 < A 'm) 

Hence, the factor of increase is: 


T 

% 

a = 2.85 

a = — 

CL '= - 

r 

A 'm 












Problem 5-110 


For a given maximum shear stress, determine the factor by which the torque carrying capacity is 
increased if the half-circular section is reversed from the dashed-line position to the section shown. 
The tube is 2.5 mm thick. 


Given: a := 30mm b := 45mm 

r := 15 mm t := 2.5mm 

Solution: 

Section properties: 


a m 


:= a - t 


-'m 


A 'm := ( a m)‘ b m 


n 2] 

2 " m J 


A m := ( a m)' b : 


m 


n 2 i 

2 r m ) 


r 

3<) mm 


:= b - 0.51 r^ := r - 0.51 


in 


A’ m = 906.15 mm 


A m = 1500.10 mm 


-45 1 


15 mm, 
12.5 mnK 


Average shear stress: 

T 

Tavg= ^v 


^ " T avg‘(^ t ‘^m) 


^ " T avg‘(^‘^m) 


Hence, the factor of increase is: 

T A m 


a 


T' 


A’ 


a = 1.66 


m 


a := 


Ans 








Problem 5-111 


The Steel used for the shaft has an allowable shear stress of r a ,| ow = 8 MPa. If the members are 
connected with a fillet weld of radius r = 4 mm, determine the maximum torque T that can be applied 


Given: D := 50mm d := 20mm 

r := 4mm ^allow := 8MPa 

Solution: 

Stress Concentration Factor: 

D r 

— = 2.50 - = 0.20 

d d 

From Fig. 5-36, K := 1.25 

d ti 4 

Allowable Shear Stress: c = — J •=-d 

2 32 


50 mm 


20 mm I 20 mm 

l 




n 


2 


L 

2 


T 


T_ 

2 


T allow 


= K- 


( 0.5T-c^ 

l J J 


T allow‘^ 

T :=- 

0.5K-C 


T = 20.11 N-m Ans 












Problem 5-112 


12.5 mm 


V7 


The shaft is used to transmit 660 W while turning at 450 rpm. Determine the maximum shear stress in 
the shaft. The segments are connected together using a fillet weld having a radius of 1.875 mm. 

TT V J 2n rad 

Unit used: rpm :=- 

60 s 

Given: D := 25mm d := 12.5mm 

r := 1.875mm © := 450rpm P := 660W 

Solution: 

P 

T := — T = 14.01 N-m 

© 

Stress Concentration Factor: 



D 

- = 2.00 

d 

From Fig. 5-36, 
Max. shear stress: 


- = 0.15 
d 


K := 1.30 


_ d 
C 2 


J := — - 


dY 


2 yi) 


T max • 


Tc] 

J ) 


T max 47.48 MPa 


Ans 








Problem 5-113 


The shaft is fixed to the wall at A and is subjected to the torques shown. Determine the maximum 
shear stress in the shaft. A fillet weld having a radius of 4.5 mm is used to connect the shafts at B. 

Given: D := 60 mm d := 30 mm r := 4.5mm 

T c := 250N-m T D := -300N-m 

Tg := 800N-m 

Solution: 

Internai Torque : As shown in the torque diagram. 


l CD 

r DB 

r BE 

r EA 


= A C 

= T c + t d 
= t c + t d 
= t c + t d + t e 



Maximum Shear Stress: 

d 

For segment CD\ e := — 


J —'d 4 

32 






t CD'( c ) 


For segment^: 


For the fillet: 


l CD - 

j 


x CD = 47.16 MPa 

Ans 

(. Max .) 


D 

n 

4 

c' := — 

T := — 

D 

2 

32 


t ea-(^’) 


FA •“ 

T 


= 17.68 MPa 

Ans 

Stress Concentration Factor: 

D 


r 

- = 2.00 

- = 0.15 

d 


d 

From Fig. 5-36, 

K := 1 

Max. shear stress: 


T max ’ 

^ T DB c ^ 

1 1 1 

1 J 7 

| | T max| 



12.26 MPa Ans 







Problem 5-114 


The built-up shaft is to be designed to rotate at 720 rpm while transmitting 30 kW of power. Is this 
possible? The allowable shear stress is r allow = 12 MPa. 



T = 397.89N-m 


Maximum Shear Stress : c •= — 

2 

_ Tc T allow’^ 

x allow =K '— K:= t-c 


Stress Concentration Factor: 
D 

— = 1.25 K = 1.28 
d 



K = 1.28 


From Fig. 5-36, 


— = 0.133 r := 0.133d 
d 


Check: 
D- d 


7.50 mm 


<r = 7.98mm 


r = 7.98 mm 


2 


No. It si impossible. 





Problem 5-115 


The built-up shaft is designed to rotate at 540 rpm. If the radius of the fillet weld connecting the shaft 
is r = 7.20 mm, and the allowable shear stress for the material is r allow = 55 MPa, determine the 
maximum power the shaft can transmit. 


Unit used: 


rpm := 


^271^ rad 
^60yí s 


Given: d := 60mm D := 75mm co := 540rpm 
r := 7.20mm T a llow 55MPa 

Solution: 

Stress Concentration Factor: 

D r 

— = 1.25 - = 0.12 

d d 

From Fig. 5-36, K := 1.30 



Maximum Shear Stress: 

Te 

T allow " T 


2 

T allow'^ 

T :=- 

Kc 


n 


32 

T = 1.7943 kN-m 


Maximum Power: 

rad 

co = 56.55- 


P := T co 


P = 101.47 kW 


Ans 




Problem 5-116 


The Steel used for the shaft has an allowable shear stress of r allow = 8 MPa. If the members are 

connected together with a fillet weld of radius r = 2.25 mm, determine the maximum torque T that cai 
be applied. 

Given: d := 15 mm D := 30 mm 30nmi 30 mm 

r := 2.25mm T a llow $MPa 

Solution: 

Stress Concentration Factor: 

D r 

- = 2.00 - = 0.15 

d d 

From Fig. 5-36, K := 1.30 



Maximum Shear Stress: 

0.5T-C 

T allow " ^ t 



T allow‘^ 

T :=- 

0.5K-C 


T = 8.156N*m Ans 








Problem 5-117 


A solid shaft is subjected to the torque T, which causes the material to yield. If the material is 
elastic-plastic, show that the torque can be expressed in terms of the angle of twist (j> of the shaft as 

T = 4/3 T y . (1 - ^ Y 3 / Atjf ), where T y and 4> Y are the torque and angle of twist when the material begin; 
to yield. 


* 


yi _ yy , 

P Pr 



(1) 


Whenp r - C, 4 = 4r 


Frojxi Eq. (J), 


c * 


Ilh. 


Í2> 


Ditidifig. F.l| (I) bj Fq (2) yrlds 
Pr _ fr 

í * 




LTac Eq. 5 - 2ú 6mu the- bcsL 

i-=52<í ( --,j> s £££«-Í> 

6 3 4 ú 3 


UscEq. 5 - 24, T r » ír ora [hcfcmand Eq. {3J 

4 ai 


íJED 


Problem 5-118 


A solid shaft having a diameter of 50 mm is made of elastic-plastic material having a yield stress of r Y 

= 112 MPa and shear modulus of G = 84 GPa. Determine the torque required to develop an elastic core 
in the shaft having a diameter of 25 mm. Also, what is the plastic torque? 


Given: d := 50mm 
dy := 25mm 


G := 84GPa 
t y := 112MPa 


Solution: 




py ;z 


Elastic-plastic torque: 

Use Eq. 5-26 from the text : 



Plastic torque: 

Use Eq. 5-27 from the text : 



T = 3.551 kN-m Ans 


Tp = 3.665kN-m Ans 




Problem 5-119 


Determine the torque needed to twist a short 3-mm-diameter Steel wire through several revolutions if it 
is made from Steel assumed to be elastic-plastic and having a yield stress of r Y = 80 MPa. Assume that 
the material becornes fiilly plastic. 

Given: d := 3mm 

Ty := 80MPa 

Solution: c — 

2 

Plastic torque: 

Use Eq. 5-27 from the text : 



Tp = 0.565 N-m Ans 



Problem 5-120 


A solid shaft has a diameter of 40 mm and length of 1 m. It is made from an elastic-plastic material 
having a yield stress of t y = 100 MPa. Determine the maximum elastic torque T Y and the 
corresponding angle of twist. What is the angle of twist if the torque is increased to T = 1 .2T Y 1 


G = 80 GPa. 


Given: d := 40mm 

G := 80GPa 

L := lm 

xy := lOOMPa 

Solution: c := — 

2 

J ^ J 

32 

Maximum Elastic Torque: 

li 

H 

o 

T H' J 

j 

Ty_ c 


T y = 1.257 kN-m 

Angle of Twist: 


x Y 

Ty:= "õ" 

y y = 0.00125 rad 

(ty)l 
ty '-= 

c 

(]) = 0.0625 rad 


(|> = 3.581 deg 


Elastic-plastic torque: T= 1.2Ty 
Use Eq. 5-26 from the text : 



1.2Ty = 




Py* = 



7.2-Ty 

n '( x y) 


Py = 14.74 mm 
Angle of Twist: 

,, W- L 

<p : =- 

py 


f = 0.084826 rad 
<))' = 4.86deg Ans 










Problem 5-121 


The stepped shaft is subjected to a torque T that produces yielding on the surface of the larger diamet 
segment. Determine the radius of the elastic core produced in the smaller diameter segment. Neglect 
the stress concentration at the fillet. 

Given: d Q := óOinin d s := 55mm 

_ _ d O 71 4 

Solution: c n := — J n :=-d n 

o 2 0 32 0 



Set xy := IMPa 

Maximum Elastic Torque: For the larger diameter segment. 



Ty C 


Ty - 


T Y := 


( t y)' J o 


Ty = 42.41 N-m 


Elastic-plastic torque: For the smaller diameter segment 


2 "-M ( 3A 

T p :=-4—i.(yj T p = 43.56N-m >T Y 


Applying Eq. 5-26 from the text : 



Ty = 




p Y := 



6-Ty 



p Y = 12.98 mm 


Ans 









Problem 5-122 


A bar having a circular cross section of 75 mm diameter is subjected to a torque of 12 kN*m If the 
material is elastic-plastic, with r Y = 120 MPa, determine the radius of the elastic core. 

Given: d := 75mm T := 12kN-m 

xy := 120MPa 

Solution: c — 

2 

Elastic-plastic torque: 

Use Eq. 5-26 from the text : 



Py- 



6T 



py = 27.12 mm Ans 





Problem 5-123 


A tubular shaft has an inner diameter of 20 mm, an outer diameter of 40 mm, and a length of 1 m. It i 
made of an elastic perfectly plastic material having a yield stress of t y = 100 MPa. Determine the 

maximum torque it can transmit.What is the angle of twist of one end with respect to the other end if 
the shear strain on the inner surface of the tube is about to yield? G = 80 GPa. 

Given: d Q := 40mm G := 80GPa L := lm 

dj := 20mm Ty := lOOMPa 

d i 

Solution: py := — 

Plastic Torque: c Q := 0.5d o cj := 0.5dj 



T p = 1.466kN-m Ans 



Angle of Twist: 

x Y 

Ty:= "õ" 

(ty)-l 

§ := - 

py 


y Y = 0.00125 rad 
= 0.125 rad 

4> = 7.162 deg Ans 






Problem 5-124 


The 2-m-long tube is made from an elastic-plastic material as shown. Determine the applied torque T, 
which subjects the material of the tube's outer edge to a shearing strain of y max = 0.008 rad. What 

would be the permanent angle of twist of the tube when the torque is removed? Sketch the residual 
stress distribution of the tube. 



However, 


rmax 


YY‘ l 

py 


Y Y -L 

(L 


p Y := f 

^max 

Py = 16.88 mm <r i = 40mm 
Therefore, the tube is filly plastic. 


r (MPa) 
240 — 


0 .003 


Also, at r = : 
Ymax _ ^r 
r o r i 

Plastic Torque: 


Yr ’ ‘Ymax 
r o 


y r = 0.00711 > y Y = 0.003 

Again, the tube is filly plastic. 


T P := 2n - 


(x Y )-p 2 dp 


T p = 13.63 kN-m 


Ans 


-y (rad) 



Angle of Twist: 

When the torque is removed: The equal but opposite torque T ? is applied. 


Ty 

G:= — 

yy 


J := — U 


f := 


Tp' L 

G-J 


f = 0.14085 rad 


Permanent angle of twist: <j) r := <)) max - ())' 

()) r = 0.21470 rad 



Shear Stresses . 


A tr = r 0 : x’ po := 


Vo 


Vi 

At r = X;: T 'pi := ^ 


x' po = 253.5 MPa 
x' pi = 225.4 MPa 




















Problem 5-125 


The tube has a length of 2 m and is made of an elastic-piastic material as shown. Determine the torqu 
needed to just cause the material to beco me fully plastic. What is the permanent angle of twist of the 
tube when this torque is removed? 


Given: r Q := lOOmm q := 60mm 

y Y := 0.007 xy := 350MPa 


L := 2m 


Solution: 

At Just Fully Plastic: p y := rj 

yy-L 

4> 0 :=- (|) D = 0.23333 rad 

p PY p 

Plastic Torque : 


T P := 2n - 


(x Y )-p 2 dp 


Tp = 574.70 kN-m 


100 nm; 


Ans 



0.007 


y (rad) 


Angle of Twist: 

When the torque is removed: The equal but opposite torque T ? is applied. 

Xy 

G := — 

yy 


J := — r^ -r 


f := 


Tp’ L 

G-J 


f = 0.16814 rad 


Permanent angle of twist: (]> r := § - (|> f 

(|) r = 0.06520 rad 
<\> v = 3.74 deg 


Ans 









Problem 5-126 


The shaft is made from a strain-hardening material having a r-y diagram as shown. Determine the 
torque T that must be applied to the shaft in order to create an elastic core in the shaft having a radius 
of p c = 12.5 mm. 

Given: r := 15mm p c := 12.5mm 
y a := 0.005 x a := 70MPa 
y^ := 0.010 := 105MPa 

Solution: c := r p a :=p c 

For linear strain variations against p : 


Y _ Y a _ 

P Pa 


Ya 

— -P 


Pa^i 


Path 1: 


Path 2: 


Ti - 


_ y 

V Y a ) 


Ti - 


— -p 

v p aj 



-<MPa) 



t 2- t 8 


X b- X £ 


Y-Y a Y b -Y £ 


To = 


To = 


S - x a ^ 

“ YãJ 

S ~ x a ^ f 


(y • -Ya) 


— - Ay 

V p a ) 


■ í(rad) 


& 


a 1 x a 




c 


T = 2tt- 


T-p^ dp 


T = 2 Ti¬ 


re 


t j-p dp + 2 ti 


t 2 -P dp 


T := 2Ti' 


f x a^l 

f p a 

3 , 

^ x b - x a^ 

rc 

f p \ 2 A „ 

- • 

p dp+27fy a - 



-1 *P dp + 271 'Tn' 


0 

Jb-Yaj 


V a J J 


rc 


p 2 dp 


T = 434.27 N-m 


Ans 






























Problem 5-127 


The 2-m-long tube is made of an elastic perfectly plastic material as shown. Determine the applied 
torque T that subjects the material at the tube's outer edge to a shear strain of f max = 0.006 rad. What 

would be the permanent angle of twist of the tube when this torque is removed? Sketch the residual 
stress distribution in the tube. 


Given: r Q := 35mm 
y Y := 0.003 

Solution: 

At Fully Plastic: 

Y max* ^ 

*p := —■— 

o 

Also, at r = r { : 

Y max y r 


rj := 30mm L := 2m 
xy := 210MPa 7 max •= 0.006 



PY : = r i 

4>p = 0.34286 rad 



y r = 0.00514 
> y Y = 0.003 


t (MPa) 
2101- 


0.003 


y (rad) 


Confirm that tube is filly plastic. 


Plastic Torque: 


T P : = 2n - 


rs 

^xy)-p dp Tp = 6.98 kN-m 


Ans 


Angle of Twist: 

When the torque is removed: The equal but opposite torque T P is applied. 

x Y 

G := — 

YY 


J:=—(r 0 -rj 



f := f = 0.18389 rad 

G-J 

Permanent angle of twist: (]> r := § - (]>' 


4> r = 0.15897 rad 
4> r = 9.11 deg Ans 

Residual Shear Stresses : 


> 

l-í 

II 

l-s 

o 

, 

Vo 

, 

225.3 MPa 

T po :_ 

J 

T po ~ 


T ro := 

-Xy + T' po 

H 

O 

II 

15.3 MPa 

> 

l-í 

II 


Vi 


193.1 MPa 

T pi := 

J 

T pi 


T ri := ‘ 

-xy + T ’pi 

T ri = ‘ 

-16.9 MPa 
























Problem 5-128 


The shear stressstrain diagram for a solid 50-mm diameter shaft can be approximated as shown in the 
figure. Determine the torque required to cause a maximum shear stress in the shaft of 125 MPa. If the 
shaft is 3 m long, what is the corresponding angle of twist? 


Given: d Q := 50mm L := 3m 

y x := 0.0025 x 1 := 50MPa 

Ymax T max 125MPa 

Solution: r Q := 0.5 d Q 
r-pFunction : 

At r = pj: 


r (MPa) 



0.0025 0.010 


y (rad) 


Ymax ri U 

-= — pi :=-r Q pi = 6.25mm 

r o Pl Ymax 


For the region 0 < r < pp 

Tj - 0 


k l := 


k l = 


Pl -0 
T - 0 


p-0 

For the region pj < r < r 0 : 
T max “ T 1 


k 1 = 8.00 


X = k r p 


MPa 


mm 


k 2 := 


r o-Pl 


k 2 = 4.00 


MPa 


mm 


X - T 


k 2 -I 

P' “Pl 

Plastic Torque: 

rP 1 


T'=T 1 + k 2 .( P '-pi) 


Tp = 2n • 


T P := 2n - 


(x')• p' dp' + 2jt- 


'0 


(x)-p dp 


Pl 


■Pi r r o 

2 


7;£ r 
'pgtoetép 


ÕQt5 *» 



(k r p)-p dp + 2tt- [xj +k 2 -(p' - Pl )]-p' dp’ 


Pl 


T p = 3.27 kN-m 


Ans 


Angle of Twist: 

Y max* ^ 

^max ” 
r o 


^max “ 1 -20000 rad 
<l>max = 68 - 75 de § 


Ans 
























Problem 5-129 


The shaft consists of two sections that are rigidly connected. If the material is elastic perfectly plastic 
as shown, determine the largest torque T that can be applied to the shaft. Also, draw the shear-stress 
distribution over a radial line for each section. Neglect the effect of stress concentration. 


Given: r^ := 20mm ^ := 25mm 
y Y := 0.002 xy := 70MPa 

Solution: 

Plastic Torque : For the smaller-diameter segment 

c:= r l 



rc 


Tp := 271- 


(xy)-p 2 dp 


(MPa) 


^0 

70 


/ 

T p = 1.173 kN-m 

Ans 


QM2 


t (rad) 


Max. Shear Stress : For the bigger-diameter segment 



_ T p- (c) 

T max • j 

T max = 47 - 79 MPa Ans 




















Problem 5-130 


The shaft is made of an elastic-perfectly plastic material as shown. Plot the shear-stress distribution 
acting along a radial line if it is subjected to a torque of T = 2 kN*m. What is the residual stress 
distribution in the shaft when the torque is removed? 


Given: r Q := 20mm 


T := 2kN-m 
y Y := 0.001875 x y := 150MPa 


Solution: 


c := r„ 


71 4 

J:= — r* 


Maximum Elastic Torque: 


Ty C 


Tv = 


(x Y )-J 


Ty = 1.885 kN-m <T = 2kNm 


Plastic Torque: 

271-Tt 

Tp - 


V) 


20 nnn 



■ (MPn) 


150 


/ 


0.001875 


y (md) 


r p = 2.513 kN-m >T = 2kNm 

Therefore, it is elastic-plastic. 


Elastic-plastic Torque: 

Applying Eq. 5-26 from the text 


T = 



p Y := 



6T 

k-(t y ) 


Py = 18.70 mm 


Residual Shear Stresses : 

When the torque is removed: 

The equal but opposite torque T is applied. 


> 

l-í 

II 

o 

T 'po 

O 

H 

H 

O 

II 

: 159.15 MPa 


T ro := 

-X Y + x' po 

H 

O 

II 

9.15 MPa 

> 

II 

"O 


T-py 


148.78 MPa 

T pi := 

J 

T pi 


T ri := ‘ 

-Xy + X’ pi 

T ri = 

-1.22 MPa 


























Problem 5-131 


A 40-mm-diameter shaft is made from an elasticplastic material as shown. Determine the radius of its 
elastic core if it is subjected to a torque of T= 300 N*m. If the shaft is 250 mm long, determine the 
angle of twist 


Given: d := 40mm L := 250mm T := 300N-m 
y Y := 0.006 Ty := 21MPa 


Solution: c — 

2 

Elastic-plastic torque: 

Use Eq. 5-26 from the text : 

T- —-14c -p Y 


p Y := /4c 


6T 


n '( x y) 


p Y = 16.77 mm 



Angle of Twist: 

(ty) l 

<]> '= - 

py 


= 0.089445 rad 
<\> = 5.1248 deg Ans 











Problem 5-132 


A torque is applied to the shaft having aradius of 100 mm. If the material obeys a shear stress-strain 

relation of t= 20 / 1/3 MPa, determine the torque that must be applied to the shaft so that the maximu 
shear strain becomes 0.005 rad. 

Given: r Q := lOOmm 

Ymax 0.005 x = 20 \Zy-unit 


Solution: c := r Q 

r-pFunction : unit := MPa 


Y ™ c '^max 


Ultimate Torque : 


T = 20 -\Zy-unit 
3 /- 


T = 20 — Ymax' unit 



rc 


T = 2tt- 


x-p^ dp 


rc 


T := 2n -unit- 



dp 


T = 6.446 kN-m 


Ans 









Problem 5-133 


The shaft is made of an elastic-perfectly plastic material as shown. Determine the torque that the shaf 
can transmit if the allowable angle of twist is 0.375 rad. Also, determine the permanent angle of twist 
once the torque is removed. The shaft is 2-m-long. 

Given: r Q := 20mm 

y Y := 0.001875 

Solution: c := r Q 

Angle of Twist: 

^allow* 0 7 i MPa) 



Ymax • 


L 


Ymax = 0.00375 rad 


150 


Ymax Yy Yy 

-= p y :=-c p y = lO.OOmm 

c PY Ymax 


0.001875 


y (rad) 


Elastic-plastic Torque: 

Applying Eq. 5-26 from the text : 


T := 


*'( t y) 


4c -p Y ‘ 


T = 2.435 kN-m Ans 
Permanent Angle of Twist: 

When the torque is removed: The equal but opposite torque T is applied. 



x Y 

G := — 
YY 


n 4 
J := — r„ 


f := 


T-L 

G-J 


f = 0.24219 rad 


Permanent angle of twist: <j) r := <t> a p ow _ <1>' 

()) r = 0.13281 rad 

<)) r = 7.61 deg Ans 















Problem 5-134 


Consider a thin-walled tube of mean radius r and thickness t. Show that the maximum shear stress in 
the tube due to an applied torque T approaches the average shear stress computed from Eq. 5-18 as r/i 
approaches infinity. 



— [{Zr + t)* - {2r ~ i)*] = — [64 r\ + 16 rP] 

32 32 


Tc 2 r + r 


£[64 ^1 + l6rf 3 J ~ 2n r + |í ! | 
T <£+&> 

As - -»-9, lhe ui — 0 

j r 

_ Ar + o.) _ t 

2jt r f ( | + 0) 1 1 














Problem 5-135 


Given: d Q := 60mm 


The 304 stainless Steel shaft is 3 m long and has an outer diameter of 60 mm. When it is rotating at 60 
rad/s, it transmits 30 kW of power from the engine E to the generator G. Determine the smallest 
thickness of the shaft if the allowable shear stress is r allow =150 MPa and the shaft is restricted not to 
twist more than 0.08 rad. 

L := 3m 

P := 30kW 

T allow := 150MPa <)> allow := °- 08rad 

Solution: 

P 

T := — T = 500 N-m 

co 


rad 

co := 60- 

G := 75GPa 



Allowable Shear Stress : Assume failure due to shear strss. 


"o • 


c := x r 


T n f 4 4 

J = —• UA -r 


T allow " 


Tc 


J = 


2 A r ° r i 


Tc 

T allow 

Tr o 


c allow 


r i : = r o - 


4 2T ' r o 


71 • T 


allow 


rj = 29.392 mm 


Angle of Twist: Assume failure due to angle of twist limitation. 




T-L 

G-J 


J' := 


T-L 


^'^allow 


n ( 4 .4 

2 v° Xl 


T-L 


2T-L 


^'^allow 


i • 


n tallow 


r'j = 28.403 mm 


Choose the smallest value of r ; : rj := min^rj, r’jj rj = 28.403 mm 


t := r o - rj 


t= 1.597 mm Ans 
















Problem 5-136 


The 304 stainless solid Steel shaft is 3 m long and has a diameter of 50 mm. It is required to transmit 
40 kW of power from the engine E to the generator G. Determine the smallest angular velocity the 
shaft can have if it is restricted not to twist more than 1.5°. 

Given: d Q := 50mm L := 3m 

p ;= 40kW G := 75GPa 

^allow := L5de g 

Solution: 

Angle of Twist: 



T L G-J x 

^ ™ G J ^ _ L ^ a ^ ow 



T = 401.60 N-m 


Angular Velocity: 


T = 


P 


co 


co := 


P 

T 


co 


rad 
99.6- 


s 


Ans 









Problem 5-137 


The drilling pipe on an oil rig is made from Steel pipe having an outside diameter of 112 mm and a 
thickness of 6 mm. If the pipe is turning at 650 rev/min while being powered by a 12-kW motor, 
determine the maximum shear stress in the pipe. 


Unit used: 


rpm := 


^271^ rad 
s 


Given: d Q := 112mm t := 6mm 


co := 650-rpm 


P := 12kW x allow := 70MPa 


Solution: co = 68.07- 

s 

P 

T := — T = 176.29N-m 

co 


Max. stress: d 

u o 

( 

o 

ro,V" 

c T 

d i - = d 0 “ 2t ^ - = ^2 j' 

_U ) ~ 

[ij. 


_ Te 
T max •“ t 


T max“l*75MPa Ans 









Problem 5-138 


The tapered shaft is made from 2014-T6 aluminum alloy, and has a radius which can be described by 

the function r = 0.02 (1 + x 3/2 ) m, where x is in meters. Determine the angle of twist of its end.4 if it i 
subjected to a torque of 450 N*m. 

Given: T : = 450N-m L := 4m 



•'O 


§ := unit- 


_L 

m 


2T 


G-71-[ 0 . 02(1 +-/?)• unit] 


dx 


<|> = 0.02771 rad 


§ = 1.588 deg Ans 





Problem 5-139 


The engine of the helicopter is delivering 660 kW to the rotor shaft AB when the blade is rotating at 
1500 rev/min. Determine to the nearest multiples of 5mm the diameter of the shaft AB if the allowabl 
shear stress is r allow = 56 MPa and the vibrations limit the angle of twist of the shaft to 0.05 rad. The 
shaft is 0.6 m long and made of L2 tool Steel. 



Allowable shear stress , 


Thus, 


_ d 

C " 2 


d:= 2 


Assume failure due to shear stress 
4 




T-c 


2 UJ 


T allow " 


7i\ 

f T T 

w 

^ T allow )_ 


d = 72.57 mm 


Angle of Twist: Assume failure due to angle of twist limitation 

v 4 


Thus, 


'-Kâ 


<]> = 


d:= 2 


7i\ 

( T ' L T 


^^'^allow^ 


TL 

G-J 

0.25 


d = 51.15 mm 

Shear stress failure Controls the design. Hence, 


Use d = 75imn 


Ans 














Problem 5-140 


The engine of the helicopter is delivering 660 kW to the rotor shaft AB when the blade is rotating at 
1500 rev/min. Determine to the nearest multiples of 5mm the diameter of the shaft AB if the allowabl 
shear stress is r allow = 75 MPa and the vibrations limit the angle of twist of the shaft to 0.03 rad. The 
shaft is 0.6 m long and made of L2 tool Steel. 



Allowable shear stress , 


Thus, 


- d 

C " 2 


d:= 2 


Assume failure due to shear stress 
4 


J= — - 


d Y 


2 UJ 


7i\ 

í t y 

U) 

y T allow )_ 


Tc 


T allow " 


d = 65.83 mm 


Angle of Twist: Assume failure due to angle of twist limitation 

,4 


Thus, 


-Kl) 


<t> = 


d := 2 


7i\ 

í TL y 

w 

y^^allow^ 


TL 

G-J 

0.25 


d = 58.12 mm 

Shear stress failure Controls the design. Hence, 


Use d = 70mm 


Ans 














Problem 5-141 


The material of which each of three shafts is made has a yield stress of t y and a shear modulus of G. 

Determine which shaft geometry will resist the largest torque without yielding. What percentage of tt 
torque can be carried by the other two shafts? Assume that each shaft is made of the same amount of 
material and that it has the same cross-sectional area^. 

Given: Aq = A A c ^ = A A a = A 


Solution: 


For circular shaft: 

A 2 
Aq = KC 


n 4 
J= —c 
2 


Tc 


L max 


sq 


C= J- 

y k 

j=^ 

2n 


L max 


_ 2-\fn T 
AyfÃ 



T- 

' 2*Jk Y 


For square shaft: 


A S q - a 


4.81T 


L max 


= y[Ã 


-max 


4.81T 

A-VÃ 


a o := 


2 yfn 


T- A ^t 
1 —-T v 

4.81 Y 


aQ = 0.2821 


For triangular shaft: 0 := 60deg 


Aa = —-a-sin(o) 


20T 


a = 


2 VÃ 


"max 3 
a 


"max 


t/3 
_ 5-1/27T 
2 A-VÃ 


a„ n :=- 

S< 1 4.81 


T = 


2 A VÃ 


5-1/27 

2 


•x Y 


a a := 


5-1/27 


a Qn = 0.2079 


a Y = 0.1755 


The circular shaft will carry the largest torque. Ans 

a c 


For square shaft: 


% 


-sq 


sq •“ 


100 


a 


O 


% S q=73.7 


Ans 


a A 

For triangular shaft: % Y :=-100 % Y = 62.2 Ans 

a O 

















Problem 5-142 


The A-36 Steel circular tube is subjected to a torque of 10 kN*m. Determine the shear stress at the 
mean radius p = 60 mm and compute the angle of twist of the tube if it is 4 m long and fixed at its far 
end. Solve the problem using Eqs. 5-7 and 5-15 and by using Eqs. 5-18 and 5-20. 

Given: p ;= 60mm t := 5mm L := 4m 

T := lOkN-m G := 75GPa 

Solution: 

Section properties: 
r Q := p + 0.5t 


A o 

Sds := 2n p 

A 2 
A m := n p 

j n ( 4 4 

J:= 2 \ T o _ri 

Shear Stress: 
Applying Eq. 5-7, 


q := p - 0.5t 
Sds = 376.99 mm 


A m = 11309.73 mm 


J = 6797621.10 mm 


T-c 



c := P 


T := 


?.27MPa Ans 


Applying Eq. 5-18, 
T 


avg 


2‘tV 


avg 


= 88.42 MPa Ans 


Angle of Twist: 
Applying Eq. 5-20, 
TL 


f := 


JG 

Applying Eq. 5-20 
TL 


())' = 0.07846 rad <)>' = 4.495 deg Ans 


♦ - 


4Am 2 -G 


- ds 
t 


4 >:= 


TL 


4A m 'G V 


r Lds^l 

~) 


-i (]) = 0.07860 rad § = 4.503 deg Ans 








Problem 5-143 


The aluminum tube has a thickness of 5 mm and the outer cross-sectional dimensions shown. 
Determine the maximum average shear stress in the tube. If the tube has a length of 5 m, determine th 
angle of twist G al = 28 GPa. 


Given: a Q := 150mm b Q := lOOmm 



S := 2a + 2-b S = 480mm 


Maximum Average shear stress: 

t ab := t a 
t bc := t a _ t b 

T max : = max ( T AB’ T Bc) 


^max 280N-m 


L max 


avg_max- 


T avg_max ^.03 MPa 


Ans 



Angle of Twist: 
TL 


<t> = 


<t>:= 


4An) 2 'G 


- ds 
t 


T AB L AB + T BC L BC f S^i 


4> = 0.004495 rad 
(|) = 0.258 deg Ans 








Problem 6-1 


Draw the shear and moment diagrams for the shaft. The bearings at A and B exert only vertical 
reactions on the shaft. 


Given: a := 250mm b := 800mm 

F := 24kN 


Solution: 
Equilibrium : 

+t *F= 0; 


Given 

A + B - F = 0 


C + ZM a = 0; 

Guess 


-F-a - B-b = 0 
A := lkN B := lkN 


Í A V. 
U )' 


Find(A, B) 



U ) 


^31.50 ^ 
v -7.50j 


kN 


xj := 0,0.01-a.. a 


Vl(x,):= 

M l( x l) : = 


1 

-F- 

kN 

-F-xj 


kN-m 


X 2 := a, 1.01-a.. a + b 
V 2 ( x 2 ):=(-F + A)A 

M 2< x 2) : = [~ F ( x 2> + A ( x 2 



1 


kN-m 



Distance (m) 


Distane (m) 





























Problem 6-2 


The load binder is used to support a load. If the force applied to the handle is 250 N, determine the 
tensions T x and T 2 in each end of the chain and then draw the shear and moment diagrams for the arm 


ABC 

Given: a := 300mm b := 75mm F := 250N 

Solution: Given 

Equilibrium : 

+f 2F= 0; Tj - T 2 - F = 0 
C+ T.M b = 0; -F-a + Tjb = 0 

Guess Tj := IN T 2 := IN 

:= FindfTj, T 2 

Aij 


f T T f 1.25^ 

= kN 

(j 2 ) U-OOj 



xj := 0,0.01-a.. a 


v iH : = 

M 1 ( x 1 ) 


1 

-F- 

kN 


-Fxj 


N-m 


x 2 := a, 1.01-a.. a + b 
V 2 (x2):.(-F + Ti). í L 

M 2< x 2) - [- F ( x 2> + T 1'( x 2 “ “)}^ 



Distance (m) 


Distane (m) 




























Problem 6-3 


Draw the shear and moment diagrams for the shaft. The bearings at A and D exert only vertical 
reactions on the shaft. The loading is applied to the pulleys at B and C and E. 


Given: 


a := 350mm 
c := 375mm 
B := 400N 


b := 500mm 
d := 300mm 
C := 550N 
E := 175N 


-350 mm- — 500 mm—+-375 mm 


T 


300 mm 


Solution: 

Equilibrium: Given 

+f IF= 0; A + D- B- C- E= 0 


^ ■! J ^ 


'i 


400 N 


175 N 


I.M d =0; A-(a + b + c) - B (b + c) - Cc + E-d = 0 


550 N 


Guess A := IN D := IN 

Aa\ f 


:= Find(A,D) 


vdJ 

xj := 0 , 0 . 01 -a.. a 


A] ( 411.22 ^ 


v Dj ^ 713.78 J 
X 2 := a, 1 . 01 -a.. a + b 


N 


X 3 := a + b, 1 . 01 - (a + b).. a + b + c 
x^:= a + b + c, 1 . 01 -(a+ b +c).. a + b + c + d 


V l(*l) = A + V 2 (x 2 ) : =( a - b )A V 3 (x 3 ):=(A-B-C)A 


Mi(xi) := 


A-xi 


N-m 


V 4 (x 4 ) :=(A-B-C + D)~ 

M 2 ( x 2 ) : = [ A ‘( x 2 ) - B ’( x 2 - a )}^ 


N-m 


M 


3( x 3) : = [A-( x 3) - b ‘( x 3 - a ) - C '( x 3 - a - b )} 


N-m 



















Moment (N-m) 


M 4 (x 4 ) := fA-(x 4 ) - B-(x 4 - a) - C-(x 4 - a - b) + D-(x 4 - a - b - c)]-^- 



Distance (m) 



Distance (m) 













Problem 6-4 


Draw the shear and moment dia granis for the beam. 

6 10 kN 10 kN 10 kN 10 kN 


Given: a := lm F := 10kN 





Solution: 

\ \ 

\ \ 

\ \ 

i 

Equilibrium : Given - 





+t 2F= 0; A - 4F + B = 0 1 

1 y h — 1 ni—* 

■*— \ ITl —*■ 

* — 1 m—^ 

1 m—<- 

-—] m —*| 


I.M b =0; A-(5a) - F-(4a + 3a + 2a + a) = 0 


Guess A := lkN B := lkN 

f 


B ) 


:= Find(A,B) 


f A'] í 20^ 

B J “ UoJ 


kN 


xj := 0 , 0 . 01 - a., a X 2 := a, 1 . 01 -a.. 2 a 


X 3 := 2a, 1.01-(2a).. 3a 


v i( x i) - 

M1( x 1) := 


X 4 := 3a, 1.01-(3a) .. 4a := 4a, 1.01-(4a) .. 5a 


1 / \ 1 

A-V ? (x 9 ) := (A-F)- 

kN A A kN 


V 3 (x 3 ):=(A-2F).- 
V 4 (x 4 ):=(A-3F).A V 5 (x 5 ):=(A-4F)A 


A-x 


1 


kN-m 


M. 


2<x 2 ) := [a(x 2 ) - f (x 2 - a)]. 


1 


kN-m 


M 3 (x 3 ) := [A-(x 3 ) - F-(x 3 - a) - F-(x 3 - 2a)] —2- 


kN-m 


M, 


4 ^x 4 ) := [A-(x 4 ) - F-(x 4 - a) - F-(x 4 - 2a) - F-|x 4 - 3a)J- 


1 


kN-m 























Moment (kN-m) Shear (kN) 


M 5 ( x s) : = fA'M - F '( x 5 - a ) - F ‘( x 5 - 2a ) - F '( x 5 - 3a ) - F '( x 5 - 




Distance (m) 











Problem 6-5 


A reinforced concrete pier is used to support the stringers for a bridge deck. Draw the shear and 
moment diagrams for the pier when it is subjected to the stringer loads shown. Assume the columns a 
A and B exert only vertical reactions on the pier. 

Given: a := lm b := 1.5m F, := 60kN F 2 := 35kN 60 F 35 35 kN35 tN 60 j 1 

Solution: L := 4a + 2 b ] 

Equilibrium : Given 

+f IE y = 0; A + B-2FJ-3F 2 = 0 A 

C+ Y.M b =0; A-(2a + 2-b)-F r (L-2a)-F 2 -(3-b + 3a) = 0 




Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A) (\ 12.5^ 


kN 


VBJ U12.5 ) 

xj := 0,0.01-a., a x 2 := a, 1.01-a.. 2a x 2 := 2a, 1.01-(2a) .. (2a + b) 

x 4 := (2a + b), 1.01 -(2a + b) .. (2a + 2-b) 
x 5 := (2a + 2-b) , 1.01-(2a + 2-b) .. (3a + 2-b) 
x 6 := (3a + 2-b) , 1.01-(3a + 2-b) .. (4a + 2-b) 

v iH : =- F rií v 2N^( a - f i)-A 

V 4 ( x 4 ) - (A - F, - 2F 2 )A v 5 (x 5 ) := (A - F, - 3F 2 )A 

V 6 (-6) =- (A- F l-31=2 + 0).-^ 

3 (x 3 ) - [A-(x 3 - a) - F,-(x 3 ) - F 2 -(x 3 - 2a)]--4 


M 


( x 0 := 


-F r x l 


kN-m 


Mn 




M 4 (x 4 ) := [A-(x 4 - a) - F r (x 4 ) - F 2 -[2(x 4 - 2-a) - b]]-^- 
sM : = [a-( x 5 - a ) - F r( x s) - f 2-[ 3 ( x 5 - 2 ' a ) - 3 ‘ b ]}^ 


kN-m 

1 

kN-m 

kN-m 


M ó( x ó) : = [A'( x 6 - a ) - F r( x ó) - F 2'[ 3 '( x 6 - 2-a) - 3-b] + B-[x 6 - (L - a)]]--^ 


















Distance (m) 














Problem 6-6 


Draw the shear and moment diagrams for the shaft. The bearings at A and B exert only vertical 
reactions on the shaft. Also, express the shear and moment in the shaft as a function of v within the 
region 125 mm<i < 725 mm. 

1500 N 

Given: a := 125mm b := 600mm c := 75mm 


8Q0N 


Fj := 0.8kN F 2 := 1.5kN 

Solution: L := a + b + c 

Equilibrium: Given 

+f ZF y = 0; A-F 1 -F 2 + B= 0 

C+T.M b = 0; A-(L)-F r (b + c)-F 2 -(c) = 0 




■ 600 mm- 


125 mm 


75 nun 




Guess A := lkN B := lkN 


B ) 


í, 


:= Find(A,B) 


PC\ í 0.8156^ 
B J- v 1.4844 J 


kN 






xj := 0,0.01- a., a x 2 := a, 1.01-a., a + b x 2 := a + b, 1.01-(a + b).. a + b + c 

V lW- A — V 2H-( A - p l)'í!j V 3 ( x A=( A - F 1- F 2)4j 


M1 ( x 1) := 


kN 
Axi 


N-m 


M 

M 


2 (x 2 ) :=[A-(x 2 )-F r (x 2 -a)}A m 

3 (x 3 ) := [A- (x 3 ) - F,-(x 3 - a) - F 2 -(x 3 - a - b)].-l 


N-m 


Vr 


s 


Vo 


h 2( x 2) 

03 - 

CD / x 

g V 3M_,_ 



Distance (m) 
































Moment (N-m) 



Distance (m) 






Problem 6-7 


Draw the shear and moment diagrams for the shaft and determine the shear and moment throughout 
the shaft as a function of x. The bearings at A and B exert only vertical reactions on the shaft. 


Given: a := 0.9m 

c := 0.3m 
Fj := 4kN 


b := 0.6m 
d := 0.15m 
F 2 := 2.5kN 


15 kN 


™ B =i 


Solution: 

Equilibrium: Given 
+f ZF y = 0; A-F 1 + B-F 2 =0 

A-(a + b) - Fj-(b) + F 2 -(c + d) = 0 

Guess A := lkN B := lkN 



% 


Fh 


V 

][)rt 






U-J«J 


(A} 

:= Find(A,B) 


( 0.85^1 

kN 

u 

U ) 

Uj 

^5.65 J 

t 

; Ü l ( - Q fl 








D.dSMJ 


xj := 0,0.01 -a., a x 2 := a, 1.01-a., a + b 

v iN 


M1 ( x 1) := 


kN 
A-xi 


N-m 


x 2 := a + b, 1.01-(a + b) .. a + b + c 

1 

kN 


V 2H : = ( A - F l)"S v 3 (*A=( A - F i + B )'íb 

m 2 (x 2 ) := [a-(x 2 ) - F,-(x 2 - a)] —i 


N-m 


M 


3( x 3) := [ A ‘( x 3) - F F( x 3 - a) + B-(x 3 - a - b)]- 


N-m 



Distance (m) 





























Moment (N-m) 


1000 



Distance (m) 





Problem 6-8 


Draw the shear and moment diagrams for the pipe. The end screw is subjected to a horizontal force oJ 
5 kN. Hint: The reactions at the pin C must be replaced by equivalent loadings at point B on the axis 
the pipe. 

Given: a := 400mm h := 80mm F := 


Solution: Given 

Equilibrium : 

+f 5^=0; A + C = 0 
í' 2M C =0; A-a + F-h = 0 

Guess A := IN C := IN 


4ÜÜ mm 



( A ^ 

:= Find(A, C) 

VW 

"\ 

O > 

II 

f-1.00^ 
1 1-00 ) 

xj := 0,0.01-a.. a 



Vifxi) := A- — 

H v kN 



A-xj 

Mifx,) :=- 

A v N-m 




kN 


Ans 



Distance (m) 


Distane (m) 


























Problem 6-9 


Draw the shear and moment diagrams for the beam. Hint: The 100-kN load must be replaced by 
equivalent loadings at point C on the axis of the beam. 


Given: 

a := lm 

b := 

lm 


c := lm 

d := 

0.25m 


F 1 := 75kN 

F 2 ^ 

= lOOkN 


75 kN 




Jt 


Solution: 

Equilibrium: Given 

+t s/ 7 v=o; 


1 m- 




1 m 




li 


1 m 


A-F 1 +B = 0 


ZM C = 0; A-(a + b + c) - Fj-(b + c) - F 2 *(d) = 0 


a- í k-J I 


Guess A := lkN B := lkN 


r 




IDÜK-J 


I ÜÜK-J 


£fl.33iüü 




B ) 


:= Find(A,B) 


A^i í 58.33^ 
bJ ~ 1.16.67 J 


kN 


xj := 0 , 0 . 01 -a.. a X 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 -(a + b) .. a + b + c 

v lM : = A 'A V 2 (x 2 ):=(A-F,).A V 3 (x 3):=(A- Fi ).A 


M1 ( x 1) := 


A-x 


1 


kN-m 


M 2 (x 2 ) := [A-(x 2 ) - F,-(x 2 - a)] —k 


kN-m 


M 


3( x 3) : = [A‘( x 3) - F f( x 3 - a ) - F 2' d } 


1 


kN-m 



Distance (m) 





























Moment (kN-m) 



Distance (m) 





Problem 6-10 


The engine crane is used to support the engine, which has a weight of 6 kN. Draw the shear and 
moment diagrams of the boom when it is in the horizontal position shown. 


Given: 


a := 0.9m 
c := 1.2m 


b := 1.5m 
W := 6kN 


Solution 


: d := yj 


2 2 
a + c 


c 

V '“ d 


h:= - 
d 


Equilibrium: Given 

4 



ZFy- 0 ; 


-A y + B- v - W = 0 


+ 24^=0; (-B-v)-a + W-(a + b) = 0 

*L ZF= 0; A x -B-h=0 

Guess A := lkN A := lkN 

x y 

A y | := Find(A x ,Ay,B) 

B ) 


B := lkN 


A x ^ 


B ) 


( 12 ^1 


10 kN 


20j 


xj := 0,0.01-a., a X 2 := a, 1.01-a.. a + b 

V l( x l) : = _A y'wíí 


M,(x,) := 


kN 

~ Ay ' X 1 

kN-m 


M 


: 2 (x 2 ) := [-A y -(x 2 ) + (B-v)-(x 2 - a)]- 


1 


kN-m 



Distance (m) 


Distane (m) 






























Problem 6-11 


Draw the shear and moment diagrams for the compound beam. It is supported by a smooth plate at A 
which slides within the groove and so it cannot support a vertical force, although it can support a 
moment and axial load. 

Set: a := lm P := lkN 

Solution: 

Equilibrium: Given 

+f XF y = 0; A-P + C- P= 0 

C + ZM b = 0; P-(2a) - C-a = 0 


Guess A := lkN C := lkN 

í 


Cj 


:= Find(A, C) 


f.A) _ ^0^ 


kN 


xj := 0 , 0 . 01 a.. a X 2 := a, 1 . 01 -a.. 2 a 

X 4 := 3a, 1.01 -(3a) .. 4a 



Vi(xi) := A- — 
H v kN 


V 2 (x 2 ):=(A-P)A V 3 (x 3 ):=(A-P).A 

V 4 (x 4 ):.(A-P + C)A 



Distance (m) 



































Moment (P kN-m) 


M a := C-(3a) - P-(4a) - P-(a) M A = 1.00kN-m 


Mj 



- M 2 (x 2 )^[M A + A-(x 2 )-P-(x 2 -aJ]-^ 

“sH : = [< A - P)-(x 3 - 2 a )]-^J— 

M 4 (x 4 ) := [(A - P)-(X 4 - 2a) + C-(x 4 - 



Distance (m) 










Problem 6-12 


Draw the shear and moment diagrams for the compound beam which is pin connected at B. 

30 kN 40 kN 


Given: a := lm 

b := 1 . 5 m 

c := lm 

d := lm 

F 1 := 30kN 

F 2 ;= 40kN 

Solution: 


Equilibrium: Given 



-t SF = 0; 


-Fi + A-Fo + C= 0 


C+T.M b =0; -F r (a + b) + A-b = 0 


Guess A := lkN C := lkN 

f PC\ . (A^ 


Find(A, C) 


^50^1 

v cJ “ I20J 


vC )' 

xj := 0 , 0 . 01 -a., a X 2 := a, 1 . 01 *a.. a + b 



X 3 := a + b, 1 . 01 -(a + b).. a + b + c 
X 4 := a + b + c, 1 . 01 -(a + b + c).. a + b + c + d 


V 


l( x l) := _F l'kN v 2h) - (- F l + 4 « V 3 (x 3 ):=(-F, + a ).- 


kN 


kN 


V 4 (x 4 ) := (- 


F 1 + a-f 2 


)-IS 



Distance (m) 



























Moment (N-m) 


- F r x i 


1 


M 


< x i) - 


kN-m 


M- 


:( x 2 ) := [- F 1 • ( x 2 ) + A ‘ ( x 2 - a )]• 


kN-m 

1 


kN-m 


M 3( x 3) : = [(- F l + A )'( x 3 - a - b )} 

M 4 (x 4 ) := [(-F j + A)- (x 4 - a - b) - F 2 -(x 4 - a - b - cj] - 


kN-m 



Distance (m) 









Problem 6-13 


Draw the shear and moment diagrams for the beam. 
Set: a := lm M Q := lkN-m 

Solution: 

Equilibrium: Given 

+f XF y = 0; A + B = 0 

C+ I.M b = 0; A- (3a) + 2M Q - M Q = 0 


Mo 


Mo 

J 


Mo 


Guess A := lkN B := lkN 


B ) 


í, 


:= Find(A,B) 


PC\ —0.33 ^ 

B J ~ ( 0.33 ) 


kN 


xj := 0,0.01-a.. a X 2 := a, 1.01-a.. 2a X 3 := 2a, 1.01*(2a).. 3a 

V lW- A — V 2H : -< A >4 V 3N-(A)A 


kN 

M 0 + A-xj j 

M l( x l) : = ~idím - M 2 < x 2> : = P' M o + A-(x 2 J]- — 

M 3 (x 3 ) :=[2.M 0 + A.(x 3 )-M 0 ].-i 


kN-m 


kN-m 






Distance (m) 


Distance (m) 

































Problem 6-14 


Consider the general problem of a simply supported beam subjected to n concentrated loads. Write a 
Computer program that can be used to determine the internai shear and moment at any specified 
location x along the beam, and plot the shear and moment diagrams for the beam. Show an applicatio 
of the program using the values P } = 2.5 kN, d l — 1.5 m, P 2 = 4 kN, d 2 = 4.5 m, L x = 3 m, L = 4.5 m. 


Pi P2 F, 




-Ji- 


-<hr 


























Problem 6-15 


M 


M := ( 


+ A-xj - iru- 


o' x l)' 


1 


kN-m 


L 



L 

\ 



The beam is subjected to the uniformly distributed moment m (Moment/length). Draw the shear and 
moment diagrams for the beam. 

_ kN-m 

Set: L := lm m 0 := 1- 

m 

Solution: Given 

Equilibrium : 

+f 2^=0; A := 0 

ZM a =0; M A :=m 0 -L 
xj := 0,0.01 L.. L 

v iN := a ÍÍJ 


7T\L 

CE= 


\ - 


TTlU 


nt 


L 

+nX i/ 


I-—*—H 























Problem 6-16 


Draw the shear and moment diagrams for the beam. 


Given: a := 2.5m kN 

w := 10 — 

b := 2.5m m 

Solution: 


Equilibrium : 


-f 

II 

o 

A := w- a - w- a 


A = OkN 

XM Ã =0; 

Ma := (w-a)-(0.5a) 


M a = -62.50 kN-m 


Í0lcN/m 



(w-b)-(a + 0.5b) 


B 

10kN/m 


xj := 0,0.01-a.. a 
V l( x l) : = (A-w-xj)- 


x 2 : = 

1 

kN 


M 



+ A-xj - 


m 2 



+ A- X2 - 


a, 1.01-a.. a + b 


V* 


'( x 2) : = [ A 


W-a + W- Xn 



1 

kN 


0.5w-xj^-- 

(w-a)-|x 2 


1 

kN-m 

0.5aj + 0.5 w-|x2 



1 


kN-m 



Distance (m) 


Distane (m) 







































Problem 6-17 


The 75-kg man sits in the center of the boat, which has a unifortn width and a weight per linear foot of 
50 N/m. Determine the maximum bending moment exerted on the boat. Assume that the water exerts a 
uniform distributed load upward on the bottom of the boat. 

Given: a := 2.5m M w := 75kg 

b := 2.5m CA N 

w := 50 — 
m 

Solution: W:=M w -g 

Equilibrium : 

4 vz 7 « W + w(2a) 

q = 197.1 — 
m 





A 




xj := 0,0.01 -a., a X 2 := a, 1.01-a., a + b 

V l( x l) :=[(q-w)- X] ]-2 

V 2( x 2) :=[(q-w)-x 2 -W]~ 

Mi( x i) := 0.5(q-w)-xj^ 

^2( x 2) := 0.5(q - w)-X 2 ^ - W-^x 2 - a) 





I9Í.N/* 


N-m 




N-m 



Distance (m) 


Distane (m) 






























Problem 6-18 


Draw the shear and moment diagrams for the beam. It is supported by a smooth plate at A which 
slides within the groove and so it cannot support a vertical force, although it can support a moment ar 
axial load. 

o kN 

Set: L := 1 m w := 1 — A := 0 

m 

Solution: Given 

Equilibrium : 


+f £F V =0; A+B-wL=0 B := w- L 





Distance (m) 


Distane (m) 
































Problem 6-19 


Draw the shear and moment diagrams for the beam. 


Given: 


a := 1.5m 
M 0 := 45kN-m 


kN 

w := 30 — 
m 


30 kN/m 


Solution: 

Equilibrium: Given 
+f ZF y =0; -wa + A + B=0 

ZM a =0; -(w-a)-(0.5a) + M Q - B(2a) = 0 

Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


kN 








45 kN«m 


-V3 

-13 m- 

2=- 

-tJm- 

-13 m -J 


Xi := 0 , 0 . 01 -a.. a 
-w- X | 


V 


( x i> := 


kN 


( A\ ( 41.25 

1 

UJ v 3-75 ) 

X 2 := a, 1.01-a.. 2a X 3 := 2a, 1.01*(2a).. 3a 

V 2 Í' : 2 Í ( - w ;l V 3 (x 3 ) = (-w a+ A)~ 


M ,(x,):= 


-0.5w-x^ 

kN-m 


kN-m 


2 ( x 2 ) := [-(w-a)-(x 2 - 0.5a) + A-(x 2 - a)]- 
3 ( x 3 ) := [-(w-a)-(x 3 - 0.5a) + A-(x 3 - a) + M 0 ]--2 


kN-m 



Distance (m) 
































Moment (kN-m) 






Problem 6-20 


Draw the shear and moment diagrams for the beam, and determine the shear and moment throughout 
the beam as functions of x. 


Given: a := 2.4m b := 1.2m 


P 1 := 50kN 
P 2 := 40kN 
M 2 := 60kN-m 


kN 

w := 30 — 


m 


Solution: 

Equilibrium : 



-f = 0 ; 


A := w-a + + P 2 A = 162kN 


30(2.» ^2-f*J SÜF^J U-ÜpnJ 

b—i 

Cti — ) 


&ZM a =0; M A :=(waH0.5a)+P r a + P 2 -(a + b)+M 2 Çj j- p, 7 

r 1 1 L- 1 1 iL- 'A- I ■ L- 

M a = 410.40 kN-m 




xj := 0,0.01-a.. a 


x 2 := a, 1.01-a.. a + b 


kN 


kN 



/A 


M i( x i) := (- m a + A ‘ X 1 - °- 5w - x i 2 )-i^ 

M 2 ( x 2 ) := + A-x 2 - (w-a)-|x 2 - 0.5-aj - Pj-(x 2 



1 


kN-m 


It-Oc.l 





Distance (m) 


Distane (m) 






































Problem 6-21 


Draw the shear and moment diagrams for the beam and determine the shear and moment in the beam 
as functions of x, where 1.2m<x<3m. 


Given: a := 1.2m M Q := 300N-m 300 N-m 

b := 1 . 8 m 


!5 IcN/m 


kN 

1 0 w := 2.5 — 

c := 1 . 2 m m 


Solution: 

Equilibrium: Given 

+f SF = 0; -w-b + A + B = 0 


i= 


— 




300 N-m 


-1 2 m-1- 


'L8 m ■ 


-Um- 


C+ ZM b = 0; -M 0 + A-b - (w-b)-(0.5b) + M Q = 0 

Guess A := lkN B := lkN 


2..Í (* - I.ZJ 




ih 


1 . 1 * 


B ) 


:= Find(A,B) 


A^i f 2.25^ 
Bj~{2.25) 


«4 - 


W 

O - 1.1 


V 


kN 


xj := 0 , 0 . 01 -a., a X 2 := a, 1 . 01 -a.. (a + b) 


X 3 := (a + b), 1.01 -(a + b).. (a + b + c) 


V 


0 


ib 1 ) ' kN 


/ \ o 

M 1 (xi) :=- 

l \ l > N-m 


kN 

M c 

N-m 


V 2( x 2) : = [A - w ’( x 2 - a )] TV V 3( x 3) : = (A - w-b + B)~ 


M* 


2 ( x 2 ) := [~M 0 + A-(x 2 - a) - 0.5w(x 2 - a)" 


N-m 


M 


3 ( x 3 ) := [-M 0 + A-(x 3 - a) - (wb)-(x 3 - a - 0.5-b) + B-(x 3 - a-b)]- 


N-m 


2 

£ ^lN) 

f V 2 ( x 2 > 0 

<D / x 

£ 

-2 


0 12 3 4 

X 1> x 2’ x 3 


Distance (m) 









































Moment (N-m) 



Distance (m) 






Problem 6-22 


3 kN 


Draw the shear and moment diagrams for the compound beam.The three segments are connected by 
pins at B and E. 

3 kN 0.8 kN fm 

Given: a := 2m b := lm F := 3kN 

l be := a + 2b 


B 


l AB := a + b 


kN 

w := 0.8 — 
m 


Solution: L := 3a + 4-b 

Eauil ibrium : Consider segmentai?: 



4 


V , 

4 



yt 

1 n - 


H- 

c 

-"i —t 

D 

-i rr, 

2 



’ £ Cll 

1 m 

1 Fjj 

" z ni 

1 m 

1 m 

■ z m 


ZM b =0; A-(a + b) - F-(b) = 0 A := —F A = 1.00 kN 

+f EF = 0; A + B - F = 0 


a + b 
B := F - A 


B = 2.00 kN 


Consider segment BE\ 

By symmetry, E = B D = C 

+f IF y = 0; 2C-2B- w-(a + 2-b) = 0 C := B + ~(a + 2-b) C = 3.60kN 

D := C D = 3.60 kN 

E := B E = 2.00 kN 

:= a, 1.01-a., (a + b) x 3 := (a + b), 1.01 - (a + b).. (a + 2- 
:= (a + 2-b) , 1.01 • (a + 2-b).. (2a + 2-b) 

:= (2a + 2-b) , 1.01-(2a + 2-b) .. (2a + 3-b) 

:= (2a + 3-b) , 1.01-(2a + 3-b) .. (2a + 4-b) 

:= (2a + 4-b) , 1.01-(2a + 4-b) .. (3a + 4-b) 

V l( X l) : - A ÍS V 2 (x 2 ):=(A-F).-L V 3 ( x 3):=[A —F —w.(x 3 -L ab )].A 


xj := 0,0.01-a.. a ^ 

x 4 

x 5 

x 6 

x 7 


V, 


[A-F + C-w.(x 4 -L ab )].A 

< 

lí 

[a-f + c + d-w.(l be )].A 

< 

<1 

lí 


kN 


M i( x i)üd; M 2 W( A b 2 ) ■ F h ■ a )l d: 


kN-m 


kN-m 


M. 


M 3( x 3) : = |_ _B ' ( x 3 - L ab ) - 0.5 w(x 3 - L AB y 

[ 2 "1 | 
-B- (x 4 - L ab ) - 0.5w (x 4 - L ab ) + C- (x 4 - L ab - b)J- — 


M 5 ( x s) : = [- B '( x 5 - L Ab) - 0-5w-(x 5 - L AB ) 2 + C-(x 5 - L AB - b) + D-(: 
M ó( x ó) := [ E ’( x 6 _ L AB “ L Be)]'77T 


I x 5 _L AB 


kN-m 


b - a) 


kN-m 







































Moment (kN-m) 


m 7 ( x 7 ) [E-(x 7 - L ab - L be ) - F-(x y - L ab - L be - b)]- 


1 


kN-m 



Distance (m) 



Distance (m) 














Problem 6-23 


Draw the shear and moment diagrams for the beam. 


Given: a:=1.5m 


30 IcN/m 


3ÜkN/m 


M 0 := 30kN-m 


kN 

w := 30 — 
m 


30 kN-m I 


41 v ip 


1_ A t : 

p 

■ ■ 1 ■ 

1-- L5 m —-1- - 1.5 m — - 

C -IL 

-- 1.5 m— -I 


Solution: 

Equilibrium: Given 

+f ZF =0; -w-a + A - w-a + B = 0 


ZM b = 0; M q - (w-a)-(2.5a) + A-(2a) - (w-a)-(0.5a) = 0 


3ÜÍI.E) ■ ItEf^U 3DÍI,£Í 

31* •" I "' r ~~ r~i 


« 


lú .wÍÍ .i 


Guess A := lkN B := lkN 


,KW 




I.E* 


53 


31.EFII 


B J 


:= Find(A,B) 


A] ( 57.50^ 


kN 


xi := 0 , 0 . 01 -a.. a 
-w- X | 


V,(x!):= 


kN 


V B J [32.50 ) 

X 2 := a, 1 . 01 -a.. 2 a 
V 2( x 2) : = [-(w-a) + A] A 


X 3 := 2a, 1.01-2a.. 3a 


V 


3 ( x 3 ) := [-(w-a) + A - w(x 3 - 2a)]- — 


M 


( x i) := 


M q - 0.5w-x^ 
kN-m 


M 


2 (x 2 ) := [M 0 - (w-a)-(x 2 - 0.5a) + A-(x 2 - a)]- 


1 


kN-m 


M 


3 ^x 3 ) := Aí q - (w-a)-|x 2 - 0.5a) + A-|x 2 - a) - 0.5w-|x 2 - 2a)^ 


1 


kN-m 








































Moment (kN-m) 




Distance (m) 









Problem 6-24 


The beam is bolted or pinned at A and rests on a bearing pad at B that exerts a uniform distributed 
loading on the beam over its 0.6-m length. Draw the shear and moment diagrams for the beam if it 
supports a uniform loading of 30 kN/m. 


30 kN/m 


Given: 


a := 0.3m 
b := 2.4m 


c := 0 . 6 m 
kN 

w := 30 — 
m 


Solution: 

Equilibrium: Given 

+f ZF y =0; A - w-b + = 0 




'Trr. 

,Tir 


. 


|A I 

^ ,1 m 

i (UmJ 

l)Jnl 


1 u.o m 3 


ZM a =0; (w-b)-(a + 0.5b) - (qB* c )'( a + b + 0.5c) = 0 n~ 




Guess A := lkN 

^ A ^ 


kN 

q B := 1 — 
m 


V 






kN 


v q Bj 

xj := 0 , 0 . 01 -a.. a 

/ \ A 

Viíxi):= — 

H N kN 


:= Find(A, q B ) A = 36.00 kN q B = 60.00- 

X 2 := a, 1 . 01 -a.. (a + b) X 3 := (a + b), 1 . 01 *(a + b).. (a + b + c) 

v 2(x 2 ) : =[ A -w.(x 2 -a)}-!- 


V 


1 


3 (x 3 ) := [A - w-b + q B -(x 3 - a - b)]- — 


Mi(xi) := 


A-x 


kN-m 


kN 

1 

kN-m 


M- 


M 2 (x 2 ) := [a-(x 2 ) - 0.5w-(x 2 - a) 2 }-^ 
í( x 3 ) := [a‘( x 3 ) _ (w-b)-|x 3 - a - 0.5-bj + 0 . 5 q B /x 3 - a - b/ 


1 


J kN-m 



Distance (m) 






































Moment (kN-m) 


40 



Distance (m) 





Problem 6-25 


Draw the shear and moment diagrams for the beam. The two segments are joined together at B. 

40 kN cn ^ K1/ _ 


Given: a := 0.9m P := 40kN 

b := 1.5m 
c := 2.4m 


kN 

w := 50 — 
m 


Solution: 

Equilibrium: Given 

+f ^F y = 0; A - P - w-c + C = 0 

ZM b = 0; (w-c)-(0.5c) - C-(c) = 0 

Guess A := lkN C := lkN 


1 , 








•1 


lâÜFyJ.^ 




L==J 




iLCnJ 


üuiimiL 






C J 


:= Find(A, C) 


í f 100 ^ 

[cj “Uo J 


kN 



M a := P-a-(C-wc)-(a + b) M A = 180 kN-m 


xj := 0,0.01 a., a X 2 := a, 1.01-a., (a + b) x 3 := (a + b), 1.01 - (a + b).. (a + b + c) 

V l( x l) : -S v 2(*2) == CA - P)~ V 3 (x 3 ):=[A-P-w.(x 3 -a-b)}-k 


M 


< x i) - 


kN 

—M a + A-x^ 
kN-m 


M' 


:N [" 


+ A* X 2 - P 


■( x 2 - a )lw: 


Mi 


kN-m 
2 " 


3 ( x 3 ) := [-M a + A-x 3 - P-(x 3 - a) - 0.5w(x 3 - a - b) 


1 


kN-m 



Distance (m) 









































100 



x l’ x 2’ x 3 

Distance (m) 





Problem 6-26 


Consider the general problem of a cantilevered beam subjected to n concentrated loads and a constan 
distributed loading w. Write a Computer program that can be use d to determine the internai shear and 
moment at any specified location x along the beam, and plot the shear and moment diagrams for the 
beam. Show an application of the program using the values P x = 4 kN, d l = 2 m, w = 800 N/m, a l = 2 

m, a 2 = 4 m, L = 4 m. 


_,T-_ 


- ú^i- 

l J i 

I 

P 

I 

2 

: i 

i 

n 

I 

■ JlJ 

,.II 

i 


—4 - 

J. 



._ A 

LL ff 

._ I 


























Problem 6-27 


Determine the placement distance a of the roller support so that the largest absolute value of the 
moment is a minimum. Draw the shear and moment diagrams for this condition. 


wL 1 

+1 -a wL-—- -wjsO 
2ã 

..IrJt 

2a 


JC 

fnZM = 0; Af + **£)-(wL-~-)*=0 


SubsDüifc x ■= í - — ; 

2d 


Aí, 


mu i;*j 




-üd-^ 

2 3tf 


IM=U: =0 










Tci gel ahíüSüK mkiinHiiu miKfiMit, 
^ i l» = Aí m * l C-& 


2 Zíi 2 


J 

2íi 


ff =« _ Ara 



a-ttíui 

V 






















































Problem 6-28 


Draw the shear and moment diagrams for the rod. Only vertical reactions occur at its ends A and B. 




Distance (m) 



Distance m) 







































Problem 6-29 


Draw the shear and moment diagrams for the beam. 

kN 

Given: Set L := lm w 0 := 1 — 

m 

L 

a := — 

3 

Solution: 

Equilibrium: Given 

+f ZF y =0; A - 2(0.5w 0 )-a - w Q -a + B = 0 


.<tTÍÍTTTTTTTtt^ 




3 


^M b = 0; A-(3*a) - ^0.5-w Q -aj-^2a + —^ - (w 0 -aj-( 1.5a) - ^0.5-w Q -a 


!)- 


Guess A := lkN B := lkN 


bJ 


:= Find(A,B) 


fA^ ( 0.33^ 
B ) ~ vO.33 ) 


kN 


4'*U 



£ 


X! := 0,0.01-a.. a 


v i(*i) - 


w o 

A- 

2 


c l^l 


x 2 := a, 1.01a.. (2a) x 3 := (2a), 1.01-(2a).. (3f 

V 2( x 2) : = [A - °- 5 'w G - a - w 0 - (x 2 - a)]~ 


^ a ) l ] kN 

V 3( x 3) := A-0.5-w o -a-w o -a-w o -(x 3 -2a)- 1 -0.5 


kN 

x 3 - 2a T 


a 


Jj kN 



Distance (m) 








































Distance (m) 























Problem 6-30 


Draw the shear and moment dianrams for the beam. 

kN 

L := lm w 0 := 1 — 
m 


Set: 


Solution: 

Equilibrium: Given 

+f 5^=0; A + B - 0.5-w 0 -L = 0 


* 2-L 

C + ZM b = 0; A- 


Guess A := lkN 


^ w o ^ fV\ 

-L,- - = 0 

V2 JVlJ 

B := lkN 


B ) 


:= Find(A,B) 


A^i í 0.25^ 

Bj “U- 25 J 


kN 


L 

Let a := — 
3 


xj := 0,0.01a.. a 


X 2 := a, 1.01 -a.. 3a 


w o X 1 


W„ X 1 1 W n Xj 

viW-^T-W-s y 2 W- A-T-r-H 



1 

■ T Í ~ii TM 


FF 


o 

2 L 


kN 


“.(*.):= TT« 


^íT 
3 J. 


1 


kN-m 


w o x 2 

M 2 ( x 2 ) : = A ' ( x 2 - a ) - ——'( x 2 )' 


x 2^ 


3 )\ kN- 


m 



Distance (m) 


















































Moment Wo*L*L (kN-m) 



Distance (m) 






Problem 6-31 


The T-beam is subjected to the loading shown. Draw the shear and moment diagrams. 

10 kN 


Given: 

a := 2 m 

P := 10kN 


b := 3m 

kN 


c := 3m 

w := 3 — 
m 


Solution: 

Equilibrium: Given 
+f IF= 0; -P + A-wc + B=0 

I.M b =0; -P-(a + b + c) + A-(b + c) - (w-c)-(0.5c) = 0 

Guess A := lkN B := lkN 




3 (3) ■ í nl 

■■ 

L I i, 


B ) 


:= Find(A,B) 


A^i f 15.58 ^ 


k 


2 -^ 


f 




Ij-.Sa. 'I.EiU 


kN 


lE.Efl F*J 


3.Lt2-fM 


v bJ V 3.42 J 

xj := 0 , 0 . 01 -a., a X 2 := a, 1 . 01 -a.. (a + b) X 3 := (a + b), 1 . 01 -(a + b).. (a + b + c) 
v 2H <- p + A > ^ V 2l'l) = [- p + A- w.(x 3 - a - b)]A 




Mi(xi) := 


kN 

-P-x 


1 


kN-m 


M- 


,(x 2 ):=[-p.x 2 + A.(x 2 -a)]-i 


kN-m 


M 


3( x 3) := |_ _p ' x 3 + A '( x 3 - a ) - 0.5-w(x 3 - a - b)" 


1 


kN-m 



Distance (m) 



































Moment (kN-m) 



Distance (m) 





Problem 6-32 


The ski supports the 900-N (~90-kg) weight of the man. If the snow loading on its bottom surface is 
trapezoidal as shown, determine the intensity w, and then draw the shear and moment diagrams for the 
ski. 


900 N 


Given: a := 0.5m P := 900N 

Solution: 

Equilibrium : 

+f ^F y = 0; -P + ~(2a + 4a) = 0 

P N 

w := — w = 600 — 
3a m 


xj := 0 , 0 . 01 -a., a X 2 := a, 1 . 01 -a.. 2 a 

X 3 := 2a, 1.01 -(2a).. 3a X 4 := 3a, 1.01- (3a).. 4a 



V 


( x l) := 


w 


a 


X 1 


1 

N 



■* - ♦ § ■ 

JL(ds) k(D ÍL(aj) 


V 


2 ( x 2 ) :=[0.5-wa + w(x 2 -a)]-- 


V 


3 ( x 3 ) := [0.5-w-a + w-a - P + w-(x 2 - 2ajJ- — 


Va 


\ 

/ \ 

( x 4 - 3a^ 

■) : = 

0.5-w-a + w-a - P + wa + w-íx^ - 3al- 

1 - 0.5-, 

^ a /_ 


1 

N 



Distance (m) 
































Moment (N-m) 




( 2 w-a)-^X 4 - 2-a) - P-^ - 2a) 



1 


N-m 



Distance (m) 






















Problem 6-33 


Draw the shear and moment diagrams for the beam. 
Given: L := 9m kN 

n cr w n : = 50 - 

a := 0.5L 0 m 

Solution: 

Equilibrium: Given 
+f ZF y =0; A - 2^0. 5w 0 )-a + B = 0 


50 kN fm 


I.M b =0; A-L - ^0.5-w o -a)-| a + —J - (0.5-w o -a)-| — j = 0 


2a^ 


3 ) 


Guess A := lkN B := lkN 


bJ 


:= Find(A,B) 


kN 


xj := 0,0.01-a.. a 

V ,N - 


1 

r vTi 

A-w 0 -x r 

! =* 
A 
o 

l 


tC\ f 112.50 ^ 

B J- \ 112.50 J 

X 2 := a, 1.01-a.. (2a) 
1 

kN 


V 2 (x 2 ) := 


50 kN/ 



ííZ-5 




J > ) I6&7 ST 


]/Sn 



w o 2 


f 

) : = 

A ‘ x l 2~ X 1 ‘ 

1 - 

X a J 3l 


w o 

A - 0.5-w„- a- 

o t 


1 


xo - a 


V a 


l '( x 2 “ a ) 


kN 


w o -2 “I 

“•ihG—l— r (*2-») 


kN-m 

x 2 “ a V v f x 2 ~ a ^l 


V a 




V 


3 J 


M' 




A-Xn 


w G -a f 


£\ 

3) 


x 2 - T I - M 2 


( x 2) 


1 


kN-m 




Distance (m) 


Distance (m) 













































Problem 6-34 


Draw the shear and moment diagrams for the wood beam, and determine the shear and moment 
throughout the beam as functions of x. 


IkN 


Given: a := lm 

b := 1.5m 
c := lm 


P := lkN 


kN 

w := 2 — 
m 


Solution: 

Equilibrium: Given 
+f XF y = 0; A - w-b + B - 2P = 0 

I.M b =0; -P-(a + b) + A-b - (w-b)-(0.5b) + P-c = 0 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


(A') í 2.50^ 
B J “ U.50 ) 


kN 


1 kN 



,hrt t - U 

ur~r- 

-daw 




K ?■ - I 1 




xj := 0 , 0 . 01 - a., a X 2 := a, 1 . 01 -a., (a + b) 


X 3 := (a + b), 1 . 01 -(a + b).. (a + b + c) 


V 


í( Xl ) ' kN 


M 


( x i) := 


kN 

~ Px l 

kN-m 


V 2( x 2) : = [-P + A - w-(x 2 - a)]~ V 3 (x 3 ) := (-P + A - wb + B)~ 


M 


2 ( x 2 ) := |_ _p ' x 2 + A'(x 2 - a) - 0 . 5 w ( x 2 - a) _ • 


2 1 


kN-m 


M 


3 ( x 3 ) := [- p x 3 + A '( x 3 - a) - (w-b)-(x 3 - a - 0.5-b) + B-(x 3 - a - b)]- 


1 


kN-m 



Distance (m) 










































Moment (kN-m) 



Distance (m) 





Problem 6-35 


The smooth pin is supported by two leaves A and B and subjected to a compressive load of 0.4 kN/m 
caused by bar C. Determine the intensity of the distributed load w 0 of the leaves on the pin and draw 

the shear and moment diagrams for the pin. 


kN 

Given: L := lOOmm w := 0.4 — 

m 

a := 0.2L 

Solution: 

Equilibrium : 

+f ZF y =0; 2^0.5w o j*a - w-(3a) = 0 


w Q := 3w 


kN 

w 0 = 1.20 — 
m 




C 














.4 


B 








mm 


04 tN/i 




ft'0 I-tm 

7 


20 mm 60 mm 20 ciim 


xj := 0 , 0 . 01 -a.. a 

v ,( x ,) - 


X 2 := a, 1.01-a.. (4a) X 3 := (4a), 1.01-(4a).. L 


~ w o 

Í X T 1 

1 


w n 

0 / \ 

_ 2 ’ 

U/ xi _ 

N 

V 2 ( x 2 ) : = 

— -a- w*(x 2 -aj 


1 

N 


w o 

V 3( x 3) := —•a-w-(3a) + w 0 -(x 3 -4a). 


x 3 - 4a \ 

1 - 0.5-, 

a J. 


1 

N 



Distance (m) 












































Moment (N-m 


M,(x,):= 
M 2 (x 2 ) := 


-1 

o 

x l~ 

_ 2 

!- 

T 

1 =* 



2a^ 

~) 




1 


N-m 


M'3 




^ x 3 _4 ' a ^l l 

k a J 3_ 


m 3 



w Q -a f 


2-a^l 

3 ) 


- w-(3a)-^x 3 - 2.5-aj 



1 


N-m 



Distance (m) 
























Problem 6-36 


Draw the shear and moment diagrams for the beam. 
Given: a := 3.6m b := 1.8m 

kN 

Ma := 2.25kN*m w := 45 — 

A m 

Solution: 

Equilibrium: Given 

+t ^v=o; 


225 kN - m 




A 


A + B - 0.5w-b = 0 


-3.6 m- 


™ B = 0; 


+ A-a + (0.5w-b)-^—j = 0 
Guess A := lkN B := lkN 




vbJ 

xj := 0,0.01a.. a 
/ \ A 

v i(*i) ™ 


:= Find(A,B) 


'A^ f-7.38^ 

V B ) ~ \47.88 ) 
X2 := a, 1.01-a.. a + b 


kN 


4.5 m/m 


rm>.' 


TL 




V 2( x 2) := A + B-w(x 2 -a)- 


f 


1 -0.5- 


-4 


V 


b Jj kN 


M 


( x i) := ( 


Ma + A-x 


)■ 


kN-i 


Mo 


/ \ w / \2 


' x 2“4 lT 

M A + A-X2 + b '( x 2 - a ) - y( x 2 " a ) ' 

1 - 

1 b / 3_U 


•m 



Distance (m) 



































Moment (kN-m) 



Distane (m) 





Problem 6-37 


The compound beam consists of two segments that are pinned topether at R Draw the shear and 



A := 


2w-L 

27 


A = 0.0741 kN 


Consider whole beam ABC. 

w-L 


M c = AL 


3 ) 


M, 


C 


-5 w-L 
54 


M c = -0.09259 kN-m 


xj := 0,0.01 -(2a).. (2a) 


V(x) := 


w 

A- 

2 


'*) ' 
— -x 

L J _ 


•— M(x) := 

kN 


n 



t “T-gJ- 

* 


A- x - — • f—^ • x- f— 

2 Uj Uj. 


1 


kN-m 



Distance (m) 



Distance m) 










































Problem 6-38 


Draw the shear and moment diagrams for the beam. 



w' := wj - w 0 


X 1 : = 

V(x) 


0,0.01-L.. L 


w' ( xA 

1 

M(x) := 

(xA w' 

(A 

fx^l 

-w„-x-— -X 

L ° 2 [lJ j 

kN 

: w ° x \2j- Y 

Ur 

[ 3 )_ 







































Problem 6-39 


Draw the shear and moment diagrams for the beam and determine the shear and moment as fnnctions 
ofx 



Guess A := IN 
:= Find(A,B) 

Ib ) 

Shear and Moment Functions : 
For 0 < x < 3m, 

V := A V = 200 N 


B := IN 

( A\ f 200 ^ 

B ) “ UooJ 






N 






J- fsn y I 

0-5~, 


7 


Ans 


ql)« 




M = A-x M = (200x)-N-m Ans 
For 3m < x < 6 m. 




W / X 

v ’= A - w Q -(x - a) - — 



( 100 2^1 
500 -x -N 

V = 

1 3 ) 


z±\. 
a ) 

Ans 


(x- a) 


-a»*? 



EL,. 

r 1 

i±á 

1 -II 

I - 1 


r V 

_+ 


M' = A-x - w Q -(x - a) • 


x - a w / x - a 


2 2 

, 100 3^ 

M' = 600 - 500x +-x -N-m Ans 

9 ) 


•(x- a)- 


x - a 


3 J 


xj := 0 , 0 . 01 *a.. a 


X 2 := a, 1.01-a.. L 


A 


. ( \ w’ 

f x 2- a \ " 

N 

V 2 ( x 2 ) : = 

A_w o’( x 2 _a ) _ y 

1 a /( X 2 - a )J 


1 

N 


Mi(xi) := (a ,x i]"~ 


N-m 


M 2 ( x 2) := a ‘ x 2 “ w o '( x 2 - a)" 


x "> ~ a w > 

~2 


xo - a 


L ) 


( x 2 - >)• 


X 9 — a 


3 ). 


N-m 






























































Shear(N) 



Distance (m) 



Distance (m) 









Problem 6-40 


Determine the placement distance a of the roller support so that the largest absolute value of the 
moment is a minimum. Draw the shear and moment diagrams for this condition. 

Solution: n 

Equilibrium : 



II 

0 

A - 2P + B = 0 

tr 


L 


IA/,=0; 

P - B-a + P-L = 0 

+T 


2 

4 


3-L 4a 

^ 1 


B = - P A = — 




2a 

Internai Moment : 

For positive moment, 

For nega ti ve moment, 
When | M max | - | M m i n | 


A-— = P-(L-a) 
2 


2a 


^max ^'2 
Mmin = - p -(L - a ) 


f 4a - 3L 

-P ■— = P-(L-a) 

2a ) 2 

(4a - 3L)L = 4a(L - a) 

.VI, 


a = -—L 

2 


Set: L := lm P := lkN 


4a - 3L 

a := ——L A :=-P 

2 2a 


a’ := 0.5L b' 

:= a - 

xj := 0,0.01 a’.. a 1 

x 2 : 

Viíxi) := A- — 

H 1/ kN 

v 2 l 

A-xj 

Mi (xi) :=- 

l > kN-m 

m 2 


Mo 


Ans 


3-L 

B :=-P 

2a 


c’ := L - a 


u ° 


J 

1 ^ -1 

p p 


,t 

t—■ 





14. 



I + I 

1 P 

[x J 

r 

I 1 


T 

r 

j c-ô •&»•■!_ ! 




yjlip 


kN 


kN 


kN-m 


kN-m 


































Moment P*L (N-m) 



Distance (m) 



Distance (m) 










Problem 6-41 


Draw the shear and moment diagrams for the beam. 


kN 

Given: a := 2m wn := 8 — 

m 

0 kN 2 

Solution: unit :=- w = (unit)*2x 

m 


W = 

vv x 


w dx 



8 kN/m 


W x = (unit)* 


! 

f X 

2 

. 2 3 

s 


2x dx 

W Y = (unit) — x 

J. 

V 

0 J 

x 3 

^ - - 


2 3 
W a = (unit) — a 






n f 


-f SF =0; A 


r a 


w dx = 0 A := (unit)* 


2x 2 dx 


A = 5.33 kN 


C a 


w*x dx 


unit 

x p :=- 

c A 


2-x 3 dx 


x c = 1.500 m 


M a := A- (x c ) M a = 8.00 kN- m 


x := 0,0.01-a.. a V(x) := 


2 3 

A - (unit)- — x 


1 

kN 


M(x) 


2 3 

f x cT 

-Ma + A*x - (unit) — x x* 

i i 

3 

1 a Jj 


•m 



Distance (m) 


































Moment (kN-m) 


0 



0 0.5 1 1.5 2 

x 


Distance m) 




Problem 6-42 


The truck is to be use d to transport the concrete column. If the column has a unifortn weight of w 
(force/length), determine the equal placement a of the supports from the ends so that the absolute 
maximum bending moment in the column is as small as possible. Also, draw the shear and moment 
diagrams for the column. 

Solution: 

Support Reactions: By symmetry, A=B=R 
+f ^F y = 0; 2R - wL = 0 

R = 0.5w L 
Internai Moment: 

For negative moment, 



M min = -0.5wa 


For positive moment, 
(at mid-span) 


^inax " 


L 


w—-Rl-a 


V 


2) 4 


For optimal minimum: 
w-L 1 


w-L 

^max TT" ‘ (^ a ” 


^max " ^min 


-•(4a - L) = • w-a (4a - L) L = -4a 


Let a = — 
L 


a + a - 0.25 = 0 


a 


:= -•[-! +A 2 -4-(-0. 


25). 


a = 0.2071 
a = 0.2071L 


Ans 


o kN 

Set: L := lm w := 1 — 

m 


a := aL 


R := 0.5w-L 


b := L - 2a 


\- m “ - 

—*-J 



1 ' L 


via. 




láf-L 






rrrrrrrrn 


rz 


B J 

- 



* flfi* L 



Zr 




xi := 0 , 0.01 -a., a X 2 := a, 1 . 01 -a., (a + b) 

-W-Xj j 

V l( X l) :=_ CÍT v 2 ( x 2)-( R - w ' x 2)"5J 


m i( x i) := It' x i 2 }ü7 


X 3 := (a + b), 1.01-(a + b).. L 
v 3 ( x j) := (2R-w x 3 ).-1 


/ \ / \ w 2 

M 2Í x 2j : = R -( x 2- a )-y x 2 


m 


1 


kN-m 


\ 


w 2 

) : = 

R-( x 3 -a) + R-( x 3 -a- b ) 

-Xt> 

2 3 J 


1 


kN-m 



































































Moment w*L*L (kN-m) 



Distance (m) 



Distance (m) 








Problem 6-43 


A member having the dimensions shown is to be used to resist an internai bending moment of M = 2 
kN*m. Determine the maximum stress in the member if the moment is applied (a) about the z axis, (b) 
about the y axis. Sketch the stress distribution for each case. 

Given: d := 120mm b := 60mm 


M z := 2kN-m M y := 2kN-m 


Solution: 


T 1 , «3 

l 7 := —b d 

z 12 


t 1 j .3 

I,, := —d b 

y i2 


Maximum Stress: a = M - 

I 

(a) About the z axis 
d 


^max • rs a max * (^z)‘ 


7 max 


a max = 13.89 MPa 


(b) About the y axis 
b 


max • 


a max • (^y)' 


z max 


Ans 



a max = 27.78 MPa 


Ans 












Problem 6-44 


The Steel rod having a diameter of 20 mm is subjected to an internai moment of M = 300 N*m 
Determine the stress created at points A and B. Also, sketch a threedimensional view of the stress 
distribution acting over the cross section. 


Given: d := 20mm M := 300N-m 

0 := 45deg 


Solution: 




yA : = 


d 

2 


yA 

CT A : = M ~ 



= jOON-jti 


a A = 381.97 MPa Ans 


YB : = 


j)-sin(e) 


yB 

CJg != M- 

ag = 270.09 MPa Ans 






Problem 6-45 


The beam is subjected to a moment M. Determine the percentage of this moment that is resisted by th 
stresses acting on both the top and bottom boards,^ and B , of the beam. 

Given: bf := 200mm tf := 25mm 

t w := 25mm d w := 150mm 

Solution: D := d w + 2t f 


25 mm 


1 := T2 'L bf 1)3 " ( b f “ 2t »)' d w 3 . 


Bending Stress: 


a = M- 
I 



Set M := lkN-m 


25 mn.v 


c 0 := 0.5D 


:= M— 


c i := 0.5^ ctj := M — 


cr 0 = 1.097143 MPa 


crj = 0.822857 MPa 


Resultant Force and Moment: For board. ! or B. 

F := —+ (jjj-bf tf F = 4.800kN 

^ 1 


tf 


Centroid of force: cj-(b f t f )-- + --(c 0 - cjj)-(b f t f )-- = 


y c := 


tf i 


tf 


CT i ( b f tf) — + T-(<*o “ CT i)'( b f tf)'T 





y c = 11.905 mm 


M' := F- (D - 2y c ) 

M' = 0.8457 kN-m 

M' 

Hence, %j^ := — • 100 


M 


% M = 84.57 Ans 
















Problem 6-46 


Determine the moment Mthat should be applied to the beam in order to create a compressive stress ai 
point D of <j d = 30 MPa. Also sketch the stress distribution acting over the cross section and compute 
the maximum stress developed in the beam. 


Given: bp := 200mm tp := 25mm d w := 150mm 
t w := 25imn := 30MPa 

Solution: D := d w + 2t f 


1 

■" ~n 


bf D 


( b f- 2t w)' d w 3 


I = 91145833.33 mm 


25 mm 



25 mm 


25 mm 


25 ninv 


Bending Stress: 

c 

a = M- 
I 


C D := 0.5d w 

C D 

a D = M ~ 

a D'I 

M :=- 

C D 



M = 36.46 kN-m 


c max 

c max 

a max •“ M j 



c>max = 40 -°° MPa Ans 










Problem 6-47 


Given: 


t := 20mm 



L := 1.5m d := 0.5m 
Gf := 1.5MPa 


kN 

Solution: w := y-d-t w = 0.24 — 

m 

1 2 

^max *“ “* W *L 


1 3 

I ;=-t d 

s 12 


1 3 

I ;=-d-t 

e 12 



The slab of marble, which can be assumed a linear elastic brittle material, has a specific weight of 24 
kN/m 3 and a thickness of 20 mm. Calculate the maximum bending stress in the slab if it is supported 
(a) on its side and (b) on its edges. If the fracture stress is oy = 1.5 MPa, explain the consequences of 
supporting the slab in each position. 


Q 

Maximum Stress: <j = M — 

I 

(a) Supported on its side 

d / x C 1 

C 1 •“ T G max *“ T” 

z A s 


a max = 0.081 MPa 


Ans 


(b) Supported on its edges 
t 


c 2 : = 


'max 




a max = 2.025 MPa Ans 
> CT f = 1.5 MPa 

The marble slab will break if it is supported as in case (b). 


I.í - D.54KJ 



o.mi.. 


t 


D.IÍICJ 


éz 




!J 


J 

Disa-E ^ 


to? 


D.D.DWH.h, 














Problem 6-48 


The slab of marble, which can be assumed a linear elastic brittle material, has a specific weight of 24 
kN/m 3 . If it is supported on its edges as shown in (b), determine the minimum thickness it should have 
without causing it to break.The fracture stress is oy = 1.5 MPa. 


Given: 

L := 1.5m 

d := 0.5m 


kN 

y := 24- 

3 

ap := 1.5MPa 


m 


Solution: 

w = y-d-t 



1 2 1 / \ 2 

^max ~ ~*w-L ^max " ~*u*d-t)-L 


Maximum Stress: 




d-t 


3 



_ c 6 

J max " ^max' 7~ a max " ^max 7 
A e d-t 


Thus, 


1 2 b 

°max = --(yd-t)-L-; 


d-t 


t := 


3-y-L 

4-ap 


t = 27 mm 


l.í ÍJJÍD.íDMiW - 10* 



Ans 















Problem 6-49 


A beam has the cross section shown. If it is made of Steel that has an allowable stress of <r allow =170 

MPa, determine the largest internai moment the beam can resist if the moment is applied (a) about the z 
axis, (b) about th çy axis. 

Given: bf := 120mm tf := 5mm d := 120mm 

t w := 5mm cr allow := 170MPa 
Solution: D := d + 2tf 


U ■= — 


12 L 


bf D 


(bf-íwj-d 3 


ly := 2 


f 1 3^ 1 3 

ln' , f b fj + õ' d ' , w 


Bending Stress: cr a llow = 

(a) About the z axis 
D 


c 7 := — 
z 2 


M z • ( CT allow)' 



M z = 14.15 kN-m 


Ans 


(b) About the y axis 
bf 

c y := T 


My • ( a allow)' 

c y 

M y = 4.08 kN-m 


Ans 










Problem 6-50 


Two considerations have been proposed for the design of a beam. Determine which one will support 
moment of with the least amount of M= 150 kN*m bending stress. What is that stress? By what 
percentage is it more effective? 

L-200 mm-„] I 

I*-200 mm-_| I 1 


Given: bp := 200mm d w := 300mm 
tp a := 15mm t w a := 30mm 
tp^ := 30mm t w ^ := 15mm 

M := 150kN-m 

Solution: 

Section Property: 

For section (a): 


C 


"15 mm 


300 .rum 
—30 mm 


15 mm 


(b) 


: d w + “M'.a 


For section (b): 

D b := d w + 2t f.b 


12 
1 

Ib 1 ~2 


• ,-,' _ b f^a ( b f *w.a) d w _ 


bf D b 3 -(bf-tw.b)- d w 3 


30 mm 


300 mm 


^15 mm 


30 mm 


0>) 


Maxim um Bending Stress: a = M - 
For section (a): 


c max • ^-5D a 


'max 


:= M- 


"max 


a max = 114.35 MPa 


For section (b): 
c max 


a max • M- 


max 


a'max = 74.72 MPa Ans 


By comparison, section (b) will have the least amount of bending stress. 


% 


a max a max 


eff 


100 


max 


% eff zz 53.03 Ans 




































Problem 6-51 


The aluminum machine part is subjected to a moment of Determine the bending stress M = 75 N*m. 
created at points B and C on the cross section. Sketch the results on a volume element located at each 
of these points. 


Given: bf := 80mm tf := lOmm 

t w := lOmm d w := 40mm 
M := 75N-m 

Solution: D := d w + tf 
S-(^ Aj) 

y " 2; (Ai) 


20 nujj 



y c : = 


(b f tf)-0.5tf + 2(d w -t w )-(0.5d w + t f ) 


bf tf + 2d w *t 


w 


y c = 17.50 mm 


k := ^' b f tf 3 + ( b f ^-(yc - °- 5t f) 2 

l w : = ^-v d w 3 + (wj-bc - (°- 5d w+tf )] 2 


3-íl Mp* 


{'({‘ms* 






!f +2I w 


C 

Bending Stress: a = M- — 


At B: 

C B 

:= y c 

a B 

C B 

:= M- 

I 

a B = 

3.612 MPa 

Ans 





c C 

:= M- 

I 




At C: 

c C 

'lí 

"C 

o 

1 

i-?T 

a C 

a c = 

1.548 MPa 

Ans 










Problem 6-52 


The aluminum machine part is subjected to a moment of M = 75 N*m. Determine the maximum tensi] 


and compressive bending stresses in the part. 
Given: bf := 80mm tf := 10mm 

t w := 10mm d w := 40mm 

M := 75N-m 

Solution: D := d w + tf 

^ (» Aj) 

y ’ S-(Ai) 

(b f tf)-0.5tf + 2(d w -t w )-(0.5d w 
Yc ’ b f t f +2d w‘ t w 


20 nim 



tf) 


y c = 17.50 mm 


tf^^-bftf 3 + ( b f tf)(y c - °-5t f ) 2 

l w : = ^-V d w 3 + (wj-hc - (°- 5d w + tf)] 2 
I:= If+ 2 I W 


Bending Stress: a = M- — 

For compression: 

c c *“ y C a c max 


c 

:= M— 


For tension: 


c t : = D - y c 


J t max 


:= M— 


CT c_max = 3 - 612MPa Ans 
a tmax = 6 - 709MPa Ans 








Problem 6-53 


A beam is constmcted from four pieces of wood, glued together as shown. If the moment acting on 
the cross section is M = 450 N*m, determine the resultant force the bending stress produces on the top 
board A and on the side board B. 


Given: bf := 240mm tf := 15mm 

t w := 20mm d w := 200mm 
M := 450N*m 

Solution: D := d w + 2t f 

■y : = t>f 3 - d w (bf- 2t w ) 3 _ 

c 

Bending Stress: a = M- — 

c o 

c o :=0.5b f a 0 :=M— = 

y 

c i 

Cj := 0.5b f - t w aj := M-— a i = 

y 

Resultant Force : For board .1 or B. 



450 N-m 


0.410251 MPa 



Fa := — 


a o í h f ^ a o ( h í \ 


-■'<)-T\T lí ) FA = 0kN Ans 


f B : = t°o +0 i)' d w' t w F b = 1.504 kN Ans 

















Problem 6-54 


The aluminum strut has a cross-sectional area in the form of a cross. If it is subjected to the moment 
M = 8 kN*m, determine the bending stress acting at points A and B , and show the results acting on 
volume elements located at these points. 

Given: b’f := 50mm tf := 20mm 

t w := 20mm d w := 220mm 

M := 8kN-m 


Solution: 


I:= ^-V d w + 2 | —- b 'f¥ 


3 ^ 


12 


I = 17813333.33 mm 


Bending Stress: a = M- - 


At A: := 0.5d w 

At B: cg := 0.5tf 



C A 

a A := M- — 
C B 

c>g := \1 ■ — 




cr A = 49.401 MPa Ans 
cr B = 4.491 MPa 


Ans 







Problem 6-55 


The aluminum strut has a cross-sectional area in the form of a cross. If it is subjected to the moment 
M= 8 kN*m, determine the maximum bending stress in the beam, and sketeh a three-dimensional vie 
of the stress distribution acting over the entire cross-sectional area. 


tf := 20mm 
d w := 220mm 


Given: b'f := 50mm 
t w := 20mm 
M := 8kN-m 

Solution: 


1 3 ( 1 Z\ 

I:= 7^-V d w +2 ^' b 'f t f j 

I = 17813333.33 mm 4 



Bending Stress: 


o = M- 
I 


c max ’ ^.5d w 


a max • 


"max 


a max = 49 - 401 MPa Ans 


At B: 

cg := 0.5tf 


C B 

c>g ;= VI■ —j— 


a B = 4.491 MPa 











Problem 6-56 


The beam is made from three boards nailed together as shown. If the moment acting on the cross 
section is M= 1.5 kN-m, determine the maximum bending stress in the beam. Sketch a 
three-dimensional view of the stress distribution acting over the cross section. 



y c = 159.71 mm 

+ ( b f t f)'(y c -°- 5 t f ) 2 

l w : = ^-v d3 + ( dt w)[y c - (°- 5d +tf)] 2 

r f : = ^' b ’f tf 3 + ( b 'f tf){y c - (D - 0.5t f )] 2 

1 : = íf + ! w + r f 

Bending Stress: a = M- - 

At B: c max : = D - Yc 


max 


:= M- 


max 



c>max = b -684 MPa Ans 


At A. c A : c max tf 

At C: c c := y c - t f 
At D: c D := y c 


C A 

CT A : = M ~ 


c C 

c>ç := M- — 
C D 

a D := M— 


a A = 0.564 MPa 

cr c = 0.385 MPa 
aj) = 0.505 MPa 























Problem 6-57 


Determine the resultant force the bending stresses produce on the top board A of the beam if M = 1.5 
kN-m. 


y c = 159.71 mm 




'f : = 7T- b f tf 3 + ( b f tfj-fyc - °- 5t f)" 


Sá MV 


12 


■w : = 7T l w' dí + ( d '‘w)'[/c - (°' 5<1 + '()]' 


+ ( b 'f , f)[yc-( D -°- 5t f)]' 


12 

1 : = íf + ! w + r f 
Bending Stress: a = M- - 

At C: e c := y c - t f 

At D: c D := y c 


c C 


<3q := M — <jç = 0.385 MPa 


C D 


aj) := M — aj) = 0.505 MPa 




The resultant Force: For top board A 

F := 0.5|aç + tfp))'(bf tf) F = 4.23 kN Ans 
















Problem 6-58 


The control levei is used on a riding lawn mower. Determine the maximum bending stress in the lever 
at section a-a if a force of 100 N is applied to the handle. The lever is supported by a pin at.4 and a 
wire at B. Section a-a is square, 6 mmby 6 mm. 

100 N 

Given: L := 50mm b := 6 mm 

d := 6 mm F := 100N 

Solution: I ;= — • (b* d 3 ) 

12 v 7 

M := F L 
M = 5.00 N-m 


Bending Stress: 

_ d 
C 2 


a = M- 
I 


^max 


c 

:= M- 


a max 138.89 MPa ^ns 
















Problem 6-59 


Determine the largest bending slress developed in the member if it is subjected to an internai bending 
moment of M = 40 kN-m. 


1^ := 10mm d w := 180mm 
M := 40kN-m 


Solution: D := d w + t f + 2r f 


_ S-(yj-Aj) 
I.(Ai) 


y c := 



b f t f +d w‘ t w + " -r f 


y c = 143.41 mm 

: f := ~~ ■ b f + (bftf)-(y c -0.5tf)' 


1 3 r 

l w : = T7-V d w + - (°- 5d w + tf)]' 


12 
71 4 


r f : = 7' r f + C«- r f J{y c - ( r f + d w + tf)]' 

1 := : f + [ w + [ 'f 


9 


Bending Stress: a = M- - 

Maximum stress occurs at the bottom fibre. 

Cn 

c max y C a max 


:= M- 


"max 


I 


a max = 1^8.51 MPa Ans 
















Problem 6-60 


The tapered casting supports the loading shown. Determine the bending stress at points A and B. The 
cross section at section a-a is given in the figure. 


Given: L a := 250mm P := 750N 

:= 375mm L c := 125mm 
b := lOOmm t := 25mm 
d := 75mm 

Solution: 

Equilibrium : 



C+ 24=0; F r (2L b + L c ) - P-(L C + L b ) - P-(L b ) = 0 


Fi := 


P-(L c + L b ) + P.(L b ) 
2L b + L c 


Fj = 750.00 N 
Section a-a : D := d + 2t 


M:=F r L a 


M = 187.50 N-m 


I := —( b . D 3 _ b . d 3 ) 
12 






Bending Stress: 

D 


C A : = 


C B : = 


cj = M — 

T 

C A 

CT A : = M ~ 
C B 

çjg ;= M- 


a A = 0.918 MPa 
g b = 0.551 MPa 


Ans 


Ans 




















Problem 6-61 


If the shaft in Prob. 6-1 has a diameter of 100 mm, determine the absolute maximum bending stress ir 
the shaft. 

Given: a := 250mm b := 800mm 


F := 24kN d Q := lOOmm 


Solution: 

Equilibrium: Given 

+f XF y = 0; A + B - F = 0 

C+ ZM a = 0; -F-a - B-b = 0 

Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A^i í 31.50 ^ 
B ) “ 1-7.50 J 


kN 



xj := 0,0.01- a., a X 2 := a, 1.01-a.. a + b 


M 


< x i) - 


—F-x 


kN-m 


M 2 (x 2 ) := [-F (x 2 ) + A-(x 2 - a)]-—F 


kN-m 


Max. Moment: unit := kN-m 
Mj (a) = -6.00 


Bending Stress: M := Mj(a)-unit 



CT max • 




Distane (m) 


tc-cL 


I := 


64 


c>max = 61.12 MPa Ans 


























Problem 6-62 


If the shaft in Prob. 6-3 has a diameter of 40 mm, determine the absolute maximum bending stress in 
the shaft. 


Given: a := 350mm b := 500mm c := 375mm 


-350 mm-'— 500 mm —-'-375 mm- 


d := 300mm d Q := 40mm 
B := 400N C := 550N 

Solution: 

Equilibrium: Given 

+f =0; A + D- B- C- E= 0 


E := 175N 




300 mm 


Qr^ e 
D [ 


175 N 


400 N 


.6-3 


C+SAÇ,=0; A-(a + b + c) - B(b + c) - Cc + E-d = 0 


550 N 


Guess A := IN D := IN 

f\\ í , 


PJ 


:= Find(A, D) 


A) (411.22') 


N 


D) V 713.78 J 

:= 0 , 0 . 01 -a., a X2 := a, 1 . 01 -a.. a + b X3 := a + b, 1 . 01 -(a + b).. a + b + c 
x 4 := a + b + c, 1 . 01 -(a + b + c).. a + b + c + d 


M l( x l) := IjA M 2 (x 2 ) := [A-(x 2 ) - B-(x 2 - aj]~ m 

M 3 ( x 3 ) = [A-(xj) - B (x 3 - a) - C (x 3 - a - bj]~ 

M 4 (x 4 j := [A-(x 4 ) - B-(x 4 - a) - C-(x 4 - a - b) + D-(x 4 - a - b - cj]-—^ 


N-m 


N-m 



Max. Moment: unit := N-m 
M 3 (a+b) = 149.54 

Bending Stress: M := M 3 (a + b) • unit I := 


ti • d, 


Distance (m) 

4 


o 


■*0 


c := 


a = M- — 
I 


"max 


c 

:= M- — 


64 2 

T max = 23.8 MPa 


Ans 
































Problem 6-63 


If the shaft in Prob. 6-6 has a diameter of 50 mm, determine the absolute maximum bending stress in 
the shaft. 

1500 N 

Given: a := 125mm b := 600mm c := 75 mm 


800 N 


Fj := 0.8kN F 2 := 1.5kN d Q := 50mm A 

jtr 1 


Solution: L := a + b + c 

Equilibrium: Given 
+f IF y = 0; A-F 1 -F 2 + B= 0 


125 mm 


SAf 6 =0; A-(L)-F r (b + C)-F 2 -(c) = 0 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


( A^ ( 0.8156^ 

B)~ v 1.4844 ) 


kN 


B 


■ DÜÜ mm- 


£L 


75 mm 


fsà d 


% 

'ft/S.fcS 




X! := 0 , 0 . 01 - a., a x 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 -(a + b).. a + b + c 


M1 ( x 1) := 


M 2 (x 2 ) := [A- (x 2 ) - F| (x 2 - .J]~ 

M 3 (x 3 ) [ A ( x 3) “ F l ( x 3 " ») “ F 2*( x 3 “ a “ b )]' 


N-m 



Distance (m) 


Max. Moment: unit := N m 
M 2 (a + b) = 111.33 

Bending Stress: M := M 2 (a + b)unit I := 


n ' d o 

~64 


a = M- — 
I 


c’ 

a max *“ M *Y 


a max = 9.072 MPa 


Ans 
































Problem 6-64 


If the shaft in Prob. 6-8 has a diameter of 30 mm and thickness of 10 mm, determine the absolute 
maximum bending stress in the shaft. 

Given: a := 400mm h := 80mm F := 5kN 


d Q := 30mm t := lOmm 


di := d Q - 2t 


Solution: Given 

Equilibrium : 

+f 5^=0; A + C = 0 

2M C =0; A-a + F-h = 0 
Guess A := IN C := IN 


5tN 


-m 


- 400 mm ■ 


r JtjJ 


C ) 


í L 


:= Find(A, C) 


A] ^- 1 . 00^1 

lc ) “ l 1.00 


kN 




80 mm 


i tri 




M 




Moment: unit := N m 
Mj (a) = -400.00 


Bending Stress: M := Mj(a)-unit 



a max • 



A-xj 

xi := 0,0.01-a..a Miíxi) :=- 

1 " N-m 




a max = 152.8 MPa Ans 





























Problem 6-65 


If the beam ACB in Prob. 6-9 has a square cross section, 150 mm by 150 mm, determine the absolute 
maximum bending stress in the beam. 


Given: 

a := 

lm 

b := 


c := 

lm 

d := 


a 0 := 

= 150mm 



F i: 

= 75kN 

F 2 ^ 


75 kN 


£ 


1 


w 


tnsM° kN 


1 m 




1 m 


Solution: 

Equilibrium: Given 
+f ZF y = 0; A-F 1 + B= 0 


^M c = 0; A-(a + b + c) - Fj-(b + c) - F 2 '(d) = 0 



IPDJ 

| 

ir 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A^i í 58.33^ 
bJ ~ 1.16.67 J 


kN 


xi := 0 , 0 . 01 -a.. a X 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 -(a + b).. a + b + c 


M,(xi) := 


A-x 


1 


kN-m 


M 2 (x 2 ) := [A-(x 2 ) - F,-(x 2 - a)] —F 


kN-m 


M 


3( x 3) : = [A‘( x 3) - F f( x 3 - a ) - F 2' d } 


1 


kN-m 



Max. Moment: unit := kN-m 
M 1 (a)= 58.33 

a 0 a o 

Bending Stress: M := M 1 (a)-unit I := c’ := — 



a max • 



a max = 103.7 MPa 


Ans 































Problem 6-66 


If the crane boom ABC in Prob. 6-10 has a rectangular cross section with a base of 60 mm, determine 
its required height h to the nearest multiples of 5 mm if the allowable bending stress is <r allow =170 MPa. 

Given: a := 0.9m b := 1.5m b Q := 60mm 

c := 1.2m W := 6kN a allow := 170MPa 

Solution: d := yfí 


, 2 2 
' a + c 


c 

V d 


h := — 
d 


Equilibrium: Given 

4 



ZFy- 0; 


-A y + B- v - W = 0 


C+ ZM a = 0; (-B-v)-a + W-(a + b) = 0 


XF = 0; A x -B-h=0 


Guess A y := lkN A v := lkN B := lkN 

X y 


A y | := Find(A x ,A y ,B) 

vBj 


A y | 

VB ) 


12 ^ 


10 kN 


20 j 


Mi(xi): 


-AyXj 

kN-m 


*- Y 


D,9n,i l.fn 


rw 


xj := 0,0.01 -a., a X 2 := a, 1.01-a.. a + b 

M 2( x 2) : = [-VN + (B' v )‘( x 2 - a )}^ 


kN-m 


k-j 


Míix. Moment: unit := kN-m 
Mj (a) = -9.00 

Bending Stress: M := Mj(a)-unit 

tu 


I = 


^ 0*^0 


12 


a = M- — 
I 


h~ : 


6 M 



^o‘( a allow) 


h Q = 72.76 mm 


Use h rt = 75mm Ans 

































Problem 6-67 


If the crane boom ABC in Prob. 6-10 has a rectangular cross section with a base of 50 mm and a 
height of 75 mm, determine the absolute maximum bending stress in the boom. 



xj := 0,0.01- a., a X 2 := a, 1.01-a.. a + b 


M,(x,):= 


~ A y' x l 

kN-m 


M 2 ( x 2 ) := [ _A y‘( x 2 ) + (B v )-( x 2 - a)]- 


1 


kN-m 


Max. Moment: unit := kN-m 
Mj (a) = -9.00 

Bending Stress: M := Mj (a) • unit 


I := 


^o‘^o 


12 


a = M- 
I 


"max 


c 

:= M- 


Pmaxl = 192MPa Ans 






























Problem 6-68 


Determine the absolute maximum bending stress in the beam in Prob. 6-24. The cross section is 


rectangular with a base of 75 mm and height of 100 mm. 


30kN/m 


Given: a := 0.3m b := 2.4m c := 0.6m 

kN 

b n := 75mm h 0 := lOOmm w := 30 — 

m 

Solution: 

Equilibrium: Given 

+f lE y =0; A - w-b + (qgj-c = 0 

T.M a =0; (w-b)-(a + 0.5b) - (qg-c)-(a + b + 0.5c) = 0 

kN 

Guess A := lkN qg := 1 — 

m 


[ 

1 ü 

E 



\B 

1)3 d 

-2.4 m - 

-- 0.6 m-j 


nnmnm 






in] 


mi/*. 


M , v kN 

:= Find(A,qgj A = 36.00 kN qg = 60.00 — 


:= 0 , 0 . 01 -a.. a x 2 : = a > 1 - 01 -a.. (a + b) 


X 3 := (a + b), 1 . 01 -(a + b).. (a + b + c) 


Mi(x,) := 


A-x 


kN-m 


M- 


,(x 2 ) := [a-(x 2 ) - 0.5w(x 2 - a)" 


1 


kN-m 


m 3( x 3) := _ A '( x 3) - (w-b)-(x 3 - a - 0.5-b) + 0.5q B -(x 3 - a - b) 2 _--2 


kN-m 


Max. Moment: unit := kN-m 
b f := 0.5-b 
M 2 (a + b') = 32.40 

Bending Stress: 

M := M 2 (a + b’)-unit 
3 


I := 


^o'^o 


12 


c := 


a = M- — 
I 


"max 


:= M- — 



a max = 259.2 MPa Ans 


Distance (m) 






























Problem 6-69 


Determine the absolute maximum bending stress in the beam in Prob. 6-25. Each segment has a 
rectangular cross section with a base of 100 mm and height of 200 mm. 

40 kN 


Given: a := 0.9m b := 1.5m c := 2.4m 


b Q := lOOmm h Q := 200mm 


50 kN/m 


kN 

w := 50 — 
m 


P := 40kN 

Solution: 

Equilibrium: Given 
+f ^F y = 0; A-P-wc+C= 0 

^M b = 0; (w-c)-(0.5c) - C-(c) = 0 

Guess A := lkN C := lkN 


1 , 

T 





< 




—0.9 m- 

-- \5 m— - 

--2.4 m-► 

0 


J iUlULllillll 

:= lkN 

M 

Wk«I 


'UpKJ 40 KJ 


C J 


:= Find(A, C) 


ÍA'] f IOQAj 


kN 


IcJ Uo ) 

M a := P-a - (C - w-c)-(a + b) M A = 180 kN-m 

xj := 0,0.01 -a., a X 2 := a, 1.01-a.. (a + b) x 3 := (a + b), 1.01-(a + b).. (a + b + c) 


M 


Ni - 


—M a + A-xj 
kN-m 




:N [" 


■M a + A* X2 - P 




Mi 


kN-m 
2 " 


3 ( x 3 ) := [_-M A + A-x 3 - P-(x 3 - a) - 0.5w(x 3 - a - b) 


1 


kN-m 


Max. Moment: unit := kN-m 
c’ := 0.5-c 

M 3 (a + b + c’) = 36.00 
Bending Stress: 

M := M 2 (a + b + c’)-unit 
3 


I := 


^o'^o 

12 




"o • 


a = M- — 
I 


a max • j 


a max = lO^MPa 



Ans 





































Problem 6-70 


Determine the absolute maximum bending stress in the 20-mm-diameter pin in Prob. 6-35. 
Given: L := lOOmm 


kN 

w := 0.4 — 
m 

a := 0.2L d Q := 20imn 

Solution: 

Equilibrium : 

+f ZF y =0; 2^0.5w o j-a - w-(3a) = 0 




C 














A 


B 








mm 


0.4 kN/i 




^0 wo 

7 


20 mm 60 mm 20 mm 


W Q := 3w 


kN 

w 0 = 1.20 — 
m 


xj := 0 , 0 . 01 -a.. a 


\ 

1 

0 

iV 

1- 

>r 

:= 

— • 

— 

r x i — 

1 1 3 J 

/ 

_ 2 

la; 


X 2 := a, 1.01-a.. (4a) X 3 := (4a), 1.01-(4a).. L 

1 / \ w o' a ( 2 a^j / ^2 


w o 

M 3( x 3) := —'( x 3- 4 ‘ a ) 


N-m 

2 


M 2( x 2) : = ( x 2-Yj-°- 5w '( x 2- a ) 


1 

N-n 


^ x 3- 4 ' a ^l 


V a 


"/3. 




w Q -a f 


2 -a^ 


3( x 3) := —'( x 3-—j- w '( 3a )'( x 3- 2 - 5 ' a ) +M 3 ( x 3) 


N-m 



Max. Moment: unit := N-m 


M 2 (.5L) = 0.260 


Bending Stress: 

M := M2(.5L) unit 

1 —i 

‘lí 

Q- 

O 

q_ 

c’ 

a = M-- 
I 

c» 

a max *“ Y 

a max = 0.331 MPa 





















































Problem 6-71 


The member has a cross section with the dimensions shown. Determine the largest internai moment A 
that can be applied without exceeding allowable tensile and compressive stresses of (c r / ) a ii ow =150 

MPa and (<r c ) a n ow = 100 MPa, respectively. 



y c 


b f t f +d w t w + " -r f 


y c = 143.41 mm 

: f := ~~ • b f + (bftf)-(y c -0.5t f )" 


O 


1 3 r 

l w : = T7-V d w + (wj-hc - (°- 5d w + tf)]" 


12 
71 4 


r f : = 7 ' r f + (,™- r f J{y c - ( r f+ d w + tf)]" 


1: f +1 w + [, f 


I = 44639608.23 mm 


Maxim um Bending Stress: a = M - 


Assume failure due to tensile stress. 


c t.max • y C 


^t.max 


= M- 


u t.max 

I 


Assume failure due to compressive stress. 

c, 


c c.max • ^ yc a c. 


max 


= M- 


c.max 

I 


M t := 


M c := 


a t.allow‘I 

c t.max 

a c.allow‘^ 

c c.max 


M t = 46.69 kN-m 


M c = 41.88 kN-m 


M allow : = min(M t ,M c ) 

M allow = 41.88 kN-m Ans 



















Problem 6-72 


Determine the absolute maximum bending stress in the 30-mm-diameter shaft which is subjected to ti 
concentrated forces. The sleeve bearings at A and B support only vertical forces. 


Given: a := 0.8m b := 1.2m c := 0.6m 
Fj := 0.6kN F 2 := 0.4kN 
d Q := 30mm 

Solution: L := a + b + c 

Equilibrium: Given 

+1 ZF } .=0: A-F 1 -F 2 + B= 0 

C+?.M b = 0; A-(b)-F r (a + b)+F 2 -(C) = 



Guess A := lkN B := lkN 


f A V. 

U )' 


Find(A,B) 


U ) 


^ 0 . 8^1 

v0-2j 


kN 


X! := 0 , 0 . 01 -a.. a 


u x 



~ F r x i 

N-m 


x 2 := a, 1 . 01 -a., a + b x 2 := a + b, 1 . 01 - (a + b).. a + b + c 
M 2 (x 2 ) : =[-Fr( x 2 ) + A '( x 2 -a)]~ 

“sN [ -F 1 '( x 3) + A '( x 3 - ») + B ( x 3 - »- bj]— 



Distance (m) 

Max. Moment: unit := N-m 
Mj (a) = -480.000 

ti 4 

Bending Stress: M := Mj(a)-unit I := —-d 0 c’ := — 

o - M--j- CT max := ^'Y | CT max| = 181.1 MPa Ans 



































Problem 6-73 


Determine the smallest allowable diameter of the shaft which is subjectedto the concentrated forces. 
The sleeve bearings at A and B support only vertical forces, and the allowable bending stress is <r allow 
160 MPa. 

Given: a := 0.8m b := 1.2m c := 0.6m 



Guess A := lkN B := lkN 


Í A V. 
U )' 


Find(A,B) 


U ) 


^ 0 . 8^1 

v0-2j 


kN 


X! := 0,0.01-a.. a 


m 1 



~ F r x i 

N-m 


X 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 - (a + b).. a + b + c 

M 2<*2) K“ F 1'H + A ( x 2 - a )}^ 

“sN - [ -F 1 '( x 3) + A ( x 3 " a ) + B ( x 3 - a - 



Max. Moment: unit := N m 
Mj (a) = -480.000 

Bending Stress: M := Mj (a) • unit 

c' 32 

<j - M- — CT allow “ ^ 7 

7T-d 0 


71 4 

=-d n 

64 0 


d G := 


32 M 


71 CT allow 


d Q = 31.26 mm 


Ans 







































Problem 6-74 


Determine the absolute maximum bending stress in the 40-mm-diameter shaft which is subjected to the 
concentrated forces. The sleeve bearings at A and B support only vertical forces. 



Given: 

a := 300mm 

b := 450mm 


c := 375mm 

d Q := 40mm 


¥ í := 2kN 

F 2 := 1.5kN 


Solution: 

Equilibrium: Given 

+f IF= 0; A-F 1 + B-F 2 =0 

C + ZM b = 0; A-(a + b)-F r (b)+F 2 -(c) 


Guess A := lkN 


B J" 


Find(A,B) 


B := lkN 


2 kN 


xj := 0 , 0 . 01 -a.. a 


V,(x,) 

M1( x 1) := 


1 

A- 

kN 

A-xj 


N-m 


x 2 := a, 1 . 01 -a.. a + b 

V 2 H:-( A - F l)'i5í 

m 2 (i 2 ) :=[A (x 2 )-F, (x 
m 3 (x 3 ) :=[A (x 3 )-F, (x 


X 3 := a + b, 1 . 01 -(a + b) 

.. a + b + c 

V 3 (x 3 ) (A-Fj+B). 

1 

kN 

Y 1 1 


2_a )] N-m 


3 a) + B-(x 3 a b)]-- 

1 

N-m 


£ M^l) 1 

f V2 < X2 > 0 

CD / x 

g v 3b) 


>2 _I_I_I_I_I— 

0 0.2 0.4 0.6 0.8 1 

X 1 ’ x 2 ,x 3 


Distance (m) 
















Moment (N-m) 



Max. Moment: unit := N-m 
M 3 (a + b) = -562.50 


Bending Stress: 

M := M 2 (a + b)-unit 


71 • cL 


I := 


64 


c o 



a max • 



I 


a max = 89.52 MPa Ans 







Problem 6-75 


Determine the smallest allowable diameter of the shaft which is subjectedto the concentrated forces. 
The sleeve bearings at A and B support only vertical forces, and the allowable bending stress is <r allow = 
150 MPa. j irKf 



Given: a := 300mm b := 450mm 

c := 3 75 mm a a llow 150MPa 

¥ í := 2kN F 2 := 1.5kN 

Solution: 

Equilibrium: Given 
+f IF= 0; A-F 1 + B-F 2 =0 

C + ZM b = 0; A-(a + b)-F r (b)+F 2 -(c) 

Guess A := lkN B := lkN 

f^\ 

:= Find(A,B) 

W \bJ 


xj := 0,0.01-a.. a 
A-X| 
N-m 



x 2 := a, 1.01-a.. a + b x 3 := a + b, 1.01- (a + b).. a + b + c 

M 2( x 2) : =[ A '( x 2)- F r( x 2-»)] ~ 

M 3 ( x 3 ) := [A-(x 3 ) - F r (x 3 - a) + B-(x 3 - a- b)} 


Max. Moment: unit := N-m 
M 3 (a + b) = -562.50 


Bending Stress: 

M := -M 3 (a + b)-unit 


A 4 
7T-d 0 

I = - 

64 


c> = M— 
I 




Distance (m) 


d G := 


32M 


71 ' CT allow 


d 0 = 33.68mm Ans 


















Problem 6-76 


iiiiiinniiimii 


5T 


c 




va 


2.4 m- 


F 


ZS iÜ -- IfDicJ 



1 

12 


b-D 3 - (b-t w )-d 3 









r 


ir 


3*6 m ■ 


The bois ter or main supporting girder of a truck body is subjected to the unifortn distributed load. 
Determine the bending stress at points A and B. 

25 kN/m 

Given: Lj := 2.4m L 2 := 3.6m 

b := 150mm tf := 20mm 

d := 300mm t w := 12mm 
w 

kN 

w := 25 — 
m 

Solution: 

By symmetty : Fj = R F 2 = R 

Equilibrium : 

+f IF= 0; -w(Lj + L 2 ) + 2R = 0 

R := 0.5-w-^Lj + L 2 j 

M ab := R Lj - 0.5W-LJ 2 
Section properties : D := d + 2-tf 


20 mm 150 mm 




3üü mm 


-12 mm 
A 


I X* 

20 mm 


Bending Stress: 

d 

C B : =T 


cj = M — 

I 

C B 

a B := M AB’Y 


ag = 89.6 MPa 


Ans 


d C A 

C A := 2 _ *f CT A := M AB’ — 

a A = 77.65 MPa 


Ans 



















































Problem 6-77 


A portion of the fêmur can be modeled as a tube having an inner diameter of 9.5 mm and an outer 
diameter of 32 mm. Determine the maximum ela Stic static force P that can be applied to its center 
without causing failure. Assume the bone to be roller supported at its ends. The <j-s diagram for the 
bone mass is shown and is the same in tension as in compression. 


Given: Lj := lOOmm L 2 := lOOmm 

d: •= 9 5mm d Q := 32mm 
mm 


<r (MPa) 


c e := 0.02- a e := 8.75MPa 


s r := 0.06 


mm 

mm 

mm 


a r := 16.1 MPa 


Solution: 

By symmetry : R = 0.5P 

^max " ^max " O-SP-L^ 

Section properties: 


l :=— íd 0 4 - dj 4 



f 




p 

f 


64 


C ^*0 

Bending Stress: r> = \ ] ■ — c 


dc 

2 


M = 


2a-1 


Requires: CT max = a e 


P := 


2a e -I 


{0.5-L,)d o 


P = 558.6N 


Ans 





















Problem 6-78 


If the beam in Prob. 6-20 has a rectangular cross section with a width of 200 mm and a height of 400 
mm, determine the absolute maximum bending stress in the beam. 


Given: a := 2.4m b := 1.2m 


P 1 := 50kN 
P 2 := 40kN 
b Q := 200mm 


kN 

w := 30 — 
m 


d Q := 400mm 


M 2 := 60kN-m 


Solution: 

Equilibrium : 

A := w-a + Pj + P 2 A = 162 kN 
M A := (w-a)-(0.5a) + P^-a + P 2 -(a + b) + M 2 
M a = 410.40 kN-m 


4_^=o; 

ZM a =0; 


As indicated in the moment diagram, the maximum moment is M A . 




400 

mm 


200 mm 




Section properties : 



o 



Bending Stress: 



c o 


"max 


o 

:= M a — 


a max = ^6.95 MPa 


Ans 














Problem 6-79 


If the shaft has a diameter of 37.5 mm, determine the absolute maximum bending stress in the shaft. 
Given: a := 450mm b := 600mm c := 300mm 

d 0 := 37.5mm Fj := 1000N F 2 := 750N 

Solution: 

Equilibrium: Given 
+f XF y = 0; A - 2Fj + B - 2F 2 = 0 


C+T.M b =0-, -2F r (a + b) + A-(b) + 2F 2 -(c) = 0 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


fA^ í 2.75^ 
B J ~ ^0.75 J 



kN 


Xi := 0,0.01-a., a x 2 := a, 1.01-a.. a + b X3 := a + b, 1.01-(a + b).. a + b + c 

M 2 ( x 2 ) : = [- 2 F f ( x 2 ) + A '( x 2 - a )]- 1 


Mi( x i) := 


-2F r x j 


kN-m 


kN-m 


M 3( x 3) : = [- 2F F H + A '( x 3 - a) + B-(x 3 - a - b)]--3 


kN-m 



Mj (a) = -0.900 

Bending Stress: 

M max := Mj(a)-unit 


71 * 


I := 


a = M- 
I 


64 

Ço 

max •” ^max* j 


c °T 


"max 


173.84 MPa Ans 















Problem 6-80 


If the beam has a square cross section of 225 mm on each side, determine the absolute maximum 


bending stress in the beam. 

Given: a := 2.5m b := 2.5m 

kN 

P := 6kN w := 15 — 

m 

b Q := 225mm d Q := 225mm 

Solution: 

Equilibrium : 


15 fcN/m 

6kN 

aiiiiii 

_ j 

r 


b 

1.-1 

- 25 m- 

2.5 m 



+t ZF= 0; 

C + zm a = 0 ; 


A:=wa + P A = 43.5 kN 

Ma := (w-a)-(0.5a) + P-(a + b) 

M a = 76.88 kN-m 


xj := 0,0.01-a., a X 2 := a, 1.01-a., a + b 

M l( x l) : = (-M A + A-xj -O.Swxi 2 )-^— 

M 2( x 2) : = [- M A + A ' x 2 - ( w *a)-( x 2 - 0 - 5 ' a )]'i^ 


As indicated in the moment diagram, the 
maximum moment is M A . 

Section properties: 


T 1 1 J 3 
I :=-b^-d„ 


12 

Bending Stress: 

c 0 : =V 


O o 


a = M- 
I 


a max • ^A* j 


a max = 40.49 MPa 



Ans 




















Problem 6-81 


The beam is subjected to the load P at its c enter. Determine the placement a of the supports so that th 
absolute maximum bending stress in the beam is as large as possible. What is this stress? 

Solution: 


Equilibrium : By symmetry, A=B=R 
+f 2F y =0; 2R - P = 0 
R = 0.5P 

Max. Moment: 

M max = R (°- 5L - a ) 

Mjjjax = 0.5P(0.5L - a) 

For the largest M max require, a := 0 

PL 

^max T~ 


Bending Stress: a = \ 1 - — 

b-d 3 

I = 


12 


, _ d 
C ~ 2 


-L/2 


-L/2- 


□I 


V 


Vi 


Ans 






a max " ^max* 


PL 3 


"max 


2 b-d 2 


Ans 





























Problem 6-82 


If the beam in Prob. 6-23 has a cross section as shown, determine the absolute maximum bending 
stress in the beam. 


30kN/m 


Cí 


kN 

Given: M := 30kN-m w := 30 — 

m 

a := 1.5m b := lOOmm tf := 12mm 

d := 168mm := 6 mm 

w 

Solution: 

Equilibrium: Given 

+f X/ 7 V =0; -w-a + A - w-a + B = 0 


ZM b = 0; M q - (w-a)-(2.5a) + A-(2a) - (w-a)*(0.5a) = 0 

Guess A := lkN B := lkN 


30 m/m 


4 ... 

1: 

p 

-- 1.5 m —-1-- 1.5 m —- 

c -tt 

--1.5 m—-I 


6 mm - 




í, 


vbJ 

xj := 0 , 0 . 01 a.. a 


:= Find(A,B) 


A\ ( 57.50^ 
yB ) ~ (32.5O ) 

X 2 := a, 1 . 01 -a.. 2 a 


12 mm 


168 mm 


12 mm 


kN 


M 


( x i) := 


M q - 0.5w-xf 
kN-m 


M. 


100 mm 

X 3 := 2a, 1.01-2a.. 3a 
1 


2 (x 2 ) := [M 0 - (wa)-(x 2 - 0.5a) + A-(x 2 - a)]- 


kN-m 


Mq 


3 ^x 3 ^ := M q - (w-a )-^3 - 0.5aj + A- ^3 - aj - 0 . 5 w-^X 3 - 2aj^ 


1 


kN-m 



As indicated in the moment 
diagram, the maximum 
moment is Mo. 


Sectionproperties : D := d + 2-t f I := —• b-D^ - (b - t w )-d J 


Distance (m) 

3 


Bending Stress: 

D 


C ° ' 2 


a = M- — 
I 


a max * M o* j 


a max = 131.87MPa Ans 



















































Problem 6-83 


The pin is used to connect the three links together. Due to wear, the load is distributed over the top and 
bottom of the pin as shown on the free-body diagram. If the diameter of the pin is 10 mm, determine 
the maximum bending stress on the cross-sectional area at the center section a-a. For the solution it is 
first necessary to determine the load intensities w 1 and w 2 . 


Given: P ;= 2kN 

a := 25mm b := 37.5 mm 
d Q := lOmm 


Solution: 



M. 


aa • 


M. 


aa 


(a b\ 

-P- - + - + P- 

U 2 ) 

-16.6667 N-m 



Bending Stress: 


I := 



64 



4kN ■» a H ' 3 



i mm 


































Problem 6-84 


A shaft is made of a polymer having an elliptical cross-section. If it resists an internai moment of M= 
50 N*m determine the maximum bending stress developed in the material (a) using the flexure formu] 

where I z — 1/4 n (0.08 m)(0.04 m) 3 , (b) using integration. Sketch a three-dimensional view of the 
stress distribution acting over the cross-sectional area. 

Given: a := 80mm b := 40mm 



-b 

I zo = 4021631.98 mm 4 


Bending Stress: 


G max • M z*" 


~max 


zo 


a'max = 0.497 MPa 


Ans 
























Problem 6-85 


Solve Prob. 6-84 if the moment is M= 50 N-m, applied about the v axis instead of the z axis. Here 
7=1/4 ;r(0.04 m)(0.08 m) 3 . 


Given: a := 80mm b := 40mm 
M y := 50N-m 

Solution: 

a) Using the flexure formula, c max := a 


y = 


7i -b* a 


ly = 16084954.39 mm 


max 


a max • My* j 



a max = °- 249 MPa Ans 


b) Using integration, 


22 u /- 

y L z _ . _ b i2 

— + — = 1 y = —V a - : 


T 2 2 
b a 


a 



V o ™ 


ri ^ 

z 2 dA I y0 = 


yo •“ 


rb 


z *(2y) dz 


-b 


f a 

(b 1 

2 

2z ■ 

—V ; 


u 


dz 


I yo = 16086527.94 mm 


Bending Stress: 


a max • My- j 


"max 


max 


yo 

0.249 MPa Ans 
























Problem 6-86 


The simply supported beam is made from four 16-mm-diameter rods, which are bundled as shown. 
Determine the maximum bending stress in the beam due to the loading shown. 


Given: Lj := 0.5m L 2 := 1.5m 


400 N 


d Q := 16imn P := 400N 


400 N 


1. 


Solution: — 

By symmetry : F| = R F 2 = R 

Equilibrium : 

+f 2F = 0; -2P + 2- R = 0 R := P 


3 

n 


|*-Ü 


5 m- 


í" M ma X : = R ( L l + 05L 2)- p ( 05L 2) 


15 m 


-05 m-* 


D.f 


jj. 






71 9 

Section properties : A := — • d„ 


I := 4- 


n , 4 . 

-d n + A- 

64 0 


doY 
.2 )_ 


-8^ 


Bending Stress: a = M- — 


c max * ^o a max * ^max*" 


^max 


a max = 49 * 74 MPa Ans 
















Problem 6-87 


Solve Prob. 6-86 if the bundle is rotated 45° and set on the supports. 


Given: Lj := 0.5m L 2 := 1.5m 


400 N 


d Q := 16mm P := 400N 


Solution: 

By symmetty : F| = R F 2 = R 

Equilibrium : 

+fsF=0; -2P + 2- R = 0 R := P 


(-0-5 


5 m- 


í" M ma X : = R ( L l + 05L 2)- p ( 05L 2) 

:= 0.5 


71 9 

Section properties : A — d n d' 


2 , 2 
+ d 0 


I := 2- 


— d 4 V 2 — 

64 °) \w’ U ° T "' U J 


71 á 

-d* + A-d ' 4 


Bending Stress: a = M- - 


c max * ^ + 2 


a max * ^max*" 


nnax 


400 N 


1 


3 

n 


\5 m 


•05 


ifDDd 


D.EW i 

f A . a. 






<4 


a max = 60.04 MPa Ans 



















Problem 6-88 


The Steel beam has the cross-sectional area shown. Determine the largest intensity of distributed load 
w 0 that it can support so that the maximum bending stress in the beam does not exceed cr max = 150 
MPa. m 

Given: Lj := 4m L 2 := 4m 
b := 200mm t := 8mm 


d := 250mm a max 150MPa 


Solution: 

By symmetty : F| = R F 2 = R 


Equilibrium : 


R = 0.25-w o -^Lj + 


W 1 " M max -R-Lj ^0.5w o -Ljj- ^ 

L 1 

M max = 0.25-w^Lj + L 2 )-Lj - (O^Wq-Lj)- — 
Section properties : D := d + 2-t 

I ;= J_.[ b . D 3 _(b- t )-d 3 ] 

12 


Bending Stress: <j = M — 


D 


"max 






írf. 




max 


L 1 

0.25-Wq-JLj + L 2 )-Lj - (0.5w o -Lj )-y 


D 

21 


CT max'(^) 


w 0 := 


D 


L | 

0.25-(l 1 + L 2 ).L 1 -(0.5L 1 )- — 


kN 

w n = 13.47 — 
m 


Ans 


































Problem 6-89 


The Steel beam has the cross-sectional area shown. If w 0 = 10 kN/m, determine the maximum bending 


stress in the beam. 


Given: Lj := 4m 

L 2 := 4m 

b := 200mm 

t := 8mm 

d := 250mm 

3 

0 

lí 

0 


kN 

m 


Solution: 

By symmetty : F| = R F 2 = R 


Equilibrium : 

+t ^v=°; 


-O.SWo-fLj +L 2 ) + 2R= 0 
R:= 0.25 -w o -(l 1+ L 2 ) 


^max • |0.5w o -Ljj- ^ 

Section properties : D := d + 2-t 

I ;= J_.[ b . D 3 _(b- t )-d 3 ] 

12 

Q 

Bending Stress: o = M- 

D c max 


c max • 2 a max * ^max* j 



= HM 

-— 


+ 


HW 1 HW 


■f. tH> - IM4 

-J-x, 






S3.333lcJ.it 


a max “ 111.38MPa Ans 
































Problem 6-90 


The beam has a rectangular cross section as shown. Determine the largest load P that can be 
supported on its overhanging ends so that the bending stress in the beam does not exceed cr max = 10 
MPa. 


Given: a := 0.5m b Q := 50mm 

a allow lOMPa d Q := lOOmm 

Solution: 

By symmetry : A = R B = R 

Equilibrium : 



+f ZF y = 0; -2P + 2-R = 0 R = P 


50 mm 



~~T100 mm 


M max = -P (1.5a) + R-(0.5a) M max = -Pa 


Section properties: 


I := — fb 0 -d 0 3 


12 

Bending Stress: 


a = M- 
I 


a = (P-a)- 

21 


max • 


P := 


a allow*(2I) 
a- d^ 


P = 1.67 kN 


Ans 


R:= P 


Xi := 0 , 0 . 01 -a.. a 
- px i 
kN-m 



X 2 := a, 1 . 01 -a.. 2 a X 3 := 2 a, 1 . 01 -( 2 a).. 3a 

M 2 (x 2 ) := [-P (x 2 ) + R-(x 2 - a )]"^ 

“sN : = [- P '( x 3) + R ( x 3 - a ) + R '(*3 - 2a )] ^ 



Distance (m) 




















Problem 6-91 


The beam has the rectangular cross section shown. If P = 1.5 kN, determine the maximum bending 
stress in the beam. Sketch the stress distribution acting over the cross section. 


Given: a := 0.5m 
P := 1.5kN 


b Q := 50mm 
d Q := lOOmm 


Solution: 

By symmetry : A = R B = R 

Equilibrium : 

+f ZF= 0; -2P + 2R = 0 


M max = -P(1.5a) + R-(0.5a) 
Section properties: 


. 3 


'O o 


Bending Stress: 

d^ 



R:= P 


^max • ^‘ a ^max 0.75 kN-m 


nnax 


"max • 


"max 


• ^max* j 


'max 



Xi := 0,0.01-a.. a 
- p -*i 
kN-m 



X2 := a, 1.01-a.. 2a X3 := 2a, 1.01*(2a).. 3a 

M 2 (x 2 ) := [-P (x 2 ) + R (x 2 - a)}-^ 

“sN [" P 'N + R ( x 3 " ») + R '(*3 - 2a )] ^ 



Distance (m) 






















Problem 6-92 


The beam is subjected to the loading shown. If its cross-sectional dimension a = 180 mm, determine 
the absolute maximum bending stress in the beam. 

40 kN/m óo jf N l fl 

JTTTTTTTl i £.' b 


Given: 


L ] := 2m L 2 := lm 
P := 60kN a := 180mm 
kN 

w := 40 — 
m 


-2 m- 


Solution: 

Equilibrium: Given 

+f ZF y = 0; A + B - P - w-Lj = 0 

XM Ã =0; P-(Lj + L 2 ) - B-Lj + OAw-Lj 2 = 0 

Guess A := lkN B := lkN 


-1 m—-| 







, 


1 

i_ 1 ' 


t 4n 

F 

\ fln f I/» 

r * 






J 




:= Find(A,B) 


(pC\ ( ío.oo ^ 


.B ) 

xj := 0,0.01-Lj.. Lj 
Ml( x l)-( A - x l-0-5w-x, , kN m 


B ) \ 130.00 ) 


kN 


X2 := Lj, 1.01-Lj.. L| + L 2 


2A 1 


M' 


;(x 2 ) := [A-X 2 - (w-L 1 )-(x 2 - 0.5-Lj) + B-(x 2 - Lj)}—^ 


kN-m 


Max. Moment: unit := kN-m 


M 


(Lj) = -60.000 


M max := -Mj (Lj)- unit 
M max = 60.00 kN-m 

Section properties: 

I-(yi-Ai) 

yc= z-N 


y c : = 


a (a 2a^\ ( 2a^\ 

i t/6 + I v 2t/I v ~j 

r a^\ (a, 2a^\ 

l a '3j + l2Tj 


w 



r a 2a^j 


( 2 a yi 2 

U/U; 

Ut/ 

y c 

Uj_ 


I f := —(a)- 
1 12 


f a V + 

( 


í a ^l 

h) 

a-— • 

1 3 ) 

y c - 

UÁ 








































Bending Stress: 



c max * a y C 


c max 
axj J 

a max = 1^5.11 MPa Ans 



Problem 6-93 


The beam is subjected to the loading shown. Determine its required cross-sectional dimension a , if th 
allowable bending stress for the material is cr allo w = 150 MPa. 

60 kN 1 


Given: Lj := 2m L 2 := lm 

P := 60kN a allow := l^OMPa 
kN 

w := 40 — 

Solution: m 

Equilibrium: Given 

+f ZF y = 0; A + B - P - w-Lj = 0 

ZM a =0; P-(Lj + L 2 ) - B-Lj + 0.5w-Lj 2 = 0 

Guess A := lkN B := lkN 


40 k N/m 


JT 




TG 


i & 


-2 jj-j- 


^ f 

-1 m—-| 




í I 1 I 

f T i T / wi 1 

rd 


éís tev 1 




:= Find(A,B) 


(pC\ ( ío.oo T 


.B ) 

xj := 0,0.01-Lj.. Lj 
Ml( x l)-( A - x l-0-5w-x, , kN m 


B ) \ 130.00 ) 


kN 


x 2 Lj, 1.01-Lj.. L| + L 2 


2A 1 


M' 


;(x 2 ) := [A-X 2 - (w-L 1 )-(x 2 - 0.5-Lj) + B-(x 2 - L 


kN-m 


Max. Moment: unit := kN-m 


M 


(Lj) = -60.000 


M max := -Mj (Lj)-unit 
M max = 60.00 kN-m 

Section properties: 

I-(yi-Ai) 

yc= z-N 


y c 


a^ a ia 2a^ í 2a^j 

T/ê + 

(a 2a^\ 

a '3j + (jTj 



y c 


5a 

Ü 


x l ,x 2 

Distane (m) 


' w= 12 ' 


1 

Ti’ 


f a T 

( 2a T 3 I 

^a 2a^ 


f 2a Tl 

[ 2 ) 

U; 1 

v i’T/ 

y c 

UtJ 


43a 

Iw= Í296 


(*\\( A 

í 

U; TV 

1 *C 
O 

1 




n 2 


lf = 


31a 


1296 







































I=I f +I W 


I = 


37a 

~648” 


Bending Stress: a = M- 


I 


c max " a y C 


max 


7a 

12 


I - 


"max 


a allow 


a := 


T7T 

648M max * j 


37a 


allow 


a = 159.88 mm 


Ans 








Problem 6-94 


The wing spar ABD of a light plane is made from 2014T6 aluminum and has a cross-sectional area of 

1000 mm 2 , a depth of 80 mm, and a moment of inertia about its neutral axis of 1.662 (10 6 ) mm 4 . 
Determine the absolute maximum bending stress in the spar if the anticipated loading is to be as shown. 
Assume .4, B , and C are pins. Connection is made along the central longitudinal axis of the spar. 


Given: a := lm b := 2m 

2 


!5fcN/m 


A := lOOOrn 

I := 1.662-(10 6 ) 
d Q := 80mm 
Solution: L:=a + b 

Equilibrium: Given 

+t SF v = °; 


kN 
:= 15 — 
m 


v o 


mm 



^M a = 0; 


A-B + 0.5w o -(L) = 0 
B-a-(0.5w o -L)-^ = 0 


Guess A := lkN B := lkN 


l£K<l/W 





í, 


vbJ 

xj := 0,0.01a.. a 


:= Find(A,B) 


A) f-0.00^ 


V B J ^22.50 ) 
X 2 := a, 1.01-a.. a + b 


kN 


Mi(xi) 

w ° 2 
A x l + — x i • 

T x i^ r 

1 

kN-m 

M 2 (x 2 ) := 

[A-x 2 -B-(x 2 - 

w n o 

a )] + T' X2 ' 

1---1 

1 

"\ 

LO | 

1 - 1 


•m 


Max. Moment: unit := kN-m 
Mj (a) = 6.667 
M max := Mj (a)-unit 

Bending Stress: 

c ^o 

a - M- y c max ~ 

c max 

a max *“ ^max j 

a max = 160.45 MPa Ans 



(<a Y = 414 MPa) 









































Problem 6-95 


The boat has a weight of 11.5 kN and a center of gravity at G. If it rests on the trailer at the smooth 
contacta and can be consideredpinned at B , determine the absolute maximum bending stress 
developed in the main strut of the trailer. Consider the strut to be a box-beam having the dimensions 
shown and pinned at C. 


Given: 

a := 0.9m 

b := 1 . 8 m 


c := 1 . 2 m 

d := 0.3 m 


b Q := 45mm 

d Q := 75mm 


bj := 3 8 mm 

dj := 45mm 

Solution: 


W := 11.5kN 

Equilibrium (for boat) : 

Given 


-f 2F = 0; A - W + B = 0 



45 mm 


37.5 mm 


G^M b = 0; A-(a + b) - W-(b-d) = 0 


Guess A := lkN 
Find(A,B) 


B := lkN 


vbJ' 

Equilibrium (for assembly) : Given 
+f SF = 0; D-A-B + C= 0 


Ví 


6.389^ 
B)~ f 5.111 J 


kN 


ll.SkJ 




ZM C = 0; -A-(a + b + c) + D (b + c) - B e = 0 

D : 

Find(C, D) 


I.W 


Guess C := lkN 

fc\_ 

w" 


lkN 

w 


r- 

i— 


*4 y 


1.15 ^ 
10.35 J 


kN 


ir 


— / - -•* 


X! := 0 , 0 . 01 -a.. a X 2 := a, 1 . 01 -a.. a + b 


M,(x,):= 


-A-x 


1 


kN-m 


M 2 ( x 2 ) : = [- A '( x 2 ) + D '( x 2 - a )} 


X 3 := a + b, 1 . 01 -(a + b) .. a + b + c 
1 


kN-m 


























1 


M 3( x 3) : = 

Max. Moment: unit := kN-m 
Mj (a) = -5.750 
M max := -Mj (a)-unit 
Section properties: 

1 := T^'( b o' d o 3 - b i’ d i 3 ) 

Bending Stress: 

c 

a - M- y c max 
c max 

a max *“ ^max j 


[- A - (x 3 ) + D-(x 3 - a) - B-(x 3 - a - b)]- 


kN-m 



a max = ^6.7MPa Ans 








Problem 6-96 


The beam supports the load of 25 kN. Determine the absolute maximum bending stress in the beam if 
the sides of its triangular cross section are a = 150 mm. 

Given: a := 150mm L := 0.6m P := 25kN 

Solution: 

^max “ ^ 

Section Property: 

1 3 

I :=-a-(a-sin(60deg)) 

36 

c 

Maximum Bending Stress: a = M — 

2 

c max : = — a-sm(60deg) 

c max 
axj J 

a max = 142.2 MPa Ans 







Problem 6-97 


The beam supports the load of 25 kN. Determine the required size a of the sides of its triangular cross 
section if the allowable bending stress is cr allow = 126 MPa. 

Given: L := 0.6m P := 25kN a allow := 126MPa 

Solution: 

^max “ ^ 

Section Property: 

1 3 

I =-a-(a-sin(60deg)) 

36 

c 

Maxim um Bending Stress: a = M - 



c max = --a-sin(60deg) 


“ (^max)' 


max 


I = 


- (M max j- 


"max 


a allow 


a := 


f 


24 


ksin(60deg) 


2 


^max^l 
a allow J 


a = 156.2 mm 


Ans 










Problem 6-98 


The wood beam is subjected to the uniform load of w = 3 kN/m. If the allowable bending stress for the 


material is cr 


allow 


10 MPa, determine the required dimension b of its cross section. Assume the 


support dXA is a pin and B is a roller. 

Given: Lj := 2m c> allow := 10MPa 

kN 

L 9 := lm w := 3 — 
z m 

Solution: 

Equilibrium: Given 

+f ^F y = 0; A+B-w-L] = 0 

C + ZM a =0; 

Guess A := lkN B := lkN 


nr 


-2m- 


B-^Lj + L 2 j “t - 0.5w- 


= 0 


VB ) " 

xj := 0,0.01Lj.. Lj 


Find(A, B) 


( f 4.00^ 


kN 


kN-m 


Mi( x i) := (^A-xj - 0.5w-xj' 

: 2 ( x 2 ) := [A-x 2 - (w-L 1 )-(x 2 - 0.5-Lj)]T 


VB J U-00 ) 

x 2 := L 1 ,1.01L 1 ..L 1 +L 2 
1 


M' 


As indicated in the moment diagram, the 
maximum moment occurs in L x such that 

V^O: 

Vi = A -w-(x c ) 

A 


kN-m 


x c := - 
w 


x c = 1.333 m 


Max. Moment: unit := kN-m 


M 


(x c ) = 2.667 


M max := M i ( x c)-unit 
M max - 2.667kN-m 


Section properties: 
Bending Stress: 


I - M max - 


1 =-b-(1.5-b)~ 

12 


a = M- 

I 


1.5 b 


a allow 


b := 


^‘^max ^ 
2.25-a a p ow J 


3 


-1 m- 


□ZP-* 

-g- 


Hl) ■ 

= ilCJ 

1 , 

I IJ 

Lz i ... 

1 í 

+ . . . _L_ i 

1 *, 1 

í £ 


lí-ICJ 


b = 89.3 mm 


Ans 


2 lt<l 




































Problem 6-99 


The wood beam has a rectangular cross section in the proportion shown. Determine its required 
dimension b if the allowable bending stress is cr allow =10 MPa. 

500 N /m 

Given: Lj := 2m c>allow := 10MPa 


2 m 


kN 

w := 0.5 — 
m 


Solution: 

Equilibrium: Given 

+f ^F y = 0; A + B-w-L| = 0 

C + ^V= 0 ; 







+ L 2 ) + 0.5w-Lj = 0 


Guess A := lkN B := lkN 




r """ 

r 



I f 

fm ^ 

1 


.B J 

xj := 0,0.01-Lj.. Lj 


:= Find(A,B) 


fA^ f 0.75 




kN 


B J v0.25 J 

x 2 := L 1 ,1.01L 1 ..L 1 +L 2 


kN-m 


Mi( x i) := (^A-xj - 0.5w-xj" 

M 2 ( x 2 ) := [ A ' x 2 - ( w L i) ( x 2 - °- 5 * L l)] pi^: 


kN-m 


As indicated in the moment diagram, the 
maximum moment occurs in L, such that 


V^O: 


V i = A -w( x c) 

A 


x c : = - 
w 


x c = 1.500 m 


Max. Moment: unit := kN-m 


M 


(x c ) = 0.5625 


Mmax : = M l( x c)‘Unit 
M max = 0.5625 kN-m 


Section properties: 
Bending Stress: 


1 =-b-(1.5-b)~ 

12 


a = M- 

I 


1.5 b 





I - M max -- 


a allow 


6-1VL 


b := 


max 


2.25-a a iiow 


b = 53.1 mm 


Ans 











































Problem 6-100 


A beam is made of a material that has a modulus of elasticity in compre ssion different from that giver 
for tension. Determine the location c of the neutral axis, and derive an expression for the maximum 
tensile stress in the beam having the dimensions shown if it is subjected to the bending moment M. 


U n 

[a 


J, = 


EwM* zsl 


ih = h 




U* - o 

c 


Locadon mwiI 

+1 f = (H, - f>( ff., j, it) * ),(*>) = a 

i* - m 

(ft - ^ ; Í<A - c)' ^ Çe J 


Talring posiuvc ram. 

* . ff 
* - í Ví 



jü!L ,_XL_ 


EZ 1 A&s 


ZAÍ h 


aí = [^íft - - íJ + 


Aí = -(A ' rj\&><*„«>. + 


Fram Eq. 11J, (!)„„), 


ft - í 


<<W, 


W = ^íA - K<Vu). + 

i n ^ r i 


m - - f + c); («Wh = ^ 


Fttm Eq. |2| 


<»-->• ■ s(^) 


Ana 
















Problem 6-101 


The beam has a rectangular cross section and is subjected to a bending moment M. If the material 
from which it is made has a different modulus of elasticity for tension and compression as shown, 
determine the location c of the neutral axis and the maximum compressive stress in the beam. 


S«e die^olulion u Prob. 6 - tüü 




Anfi 


SílIOC (€?„„)<• = --O ratl }. 

n - c 






<<v,a 


(tf.ü.iíi 



). 




V4 + 






A EU 
















Problem 6-102 


The box beam is subjected to a bending moment of M = 25 kN*m directed as shown. Determine the 
maximum bending stress in the beam and the orientation of the neutral axis. 


Given: 


ãy := -3 a z := 4 a r 


b Q := 150mm d Q := 150mm 
bj := lOOmm dj := lOOmm 


Solution: 

Internai Moment Components : 

a y a z 

M := —-M M :=—M 

y a r a r 


Section Property: 


1 ( 3 3 

l y := üy à °' h ° _di ' bi 



U := -■(b 0 -d 0 3 -b i -d i 3 


z 12 

Maximum Bending Stress: By inspection, maximum bending stress occurs at B and D. 

í 


a = 


M z -y M y -z 


I, 


+ 


I, 


At B : y B :=0.5d o zg := 0.5b o 

M z'yB M y' z B 


cr B := 


l z V 


cr B = -77.5 MPa (C) Ans 
At D: y D :=-0.5d o z D :=-0.5b o 

M z'yD M y' z D 

U I I 

z y 

a D = 77.5 MPa (T) Ans 



L 


Orientation of Neutral Axis : tan(a) = —tan(9) 

*y 


0 := atan 


Vi 

— a := atan 


V a zJ 


I. 





— tan(o) a = -36.87 deg Ans 


vV 


) 


y' := b Q -tan(a) 


y’ = -112.50 mm 

























































Problem 6-103 


Determine the maximum magnitude of the bending moment M so that the bending stress in the member 
does not exceed 100 MPa. 


Given: ay := -3 a z := 4 a r := 5 

b Q := 150mm d Q := 150min 

bj := lOOmm dj := lOOmm 

Solution: 

Internai Moment Components : 

a y a z 

M = — M M = —M 
y a r a r 

Section Property: 


a allow 



:= lOOMPa 


1 f 3 3 

■y : "{ d o b o -4» 


"l "1 




'O o 


"1 


Maximum Bending Stress: By inspection, maximum bending stress occurs at B and D. 


M Z*y M y z 

Apply the flexure formula for biaxial bending at either point B or D. a =-H- 

l z ^y 


At B: yg := 0.5 d Q 


Z B 


0.5b. 


M z yB M y z B 
a B = - + 


U L 


a allow " 


^ Z B 

— M-+ J A/r 

a r ) ^ z 


— M- 

a r J l y 


M := 


a allow 


_^z yB 

a r ^z 


*y\ fB 

aA 


|m| = 32.24 kN-m 


Ans 


















































Problem 6-104 


The beam has a rectangular cross section. If it is subjected to a bending moment of M = 3500 N*m 
directed as shown, determine the maximum bending stress in the beam and the orientation of the 
neutral axis. y 

Given: M := 3.5kN-m 0' := 30deg 

b := 150mm d := 300mm 

Solution: 0 : = (l80deg- 0’) 0 = 150deg 

Internai Moment Components : 


M y :=M-sin(0) M z := M-cos(o) 


M = 3500 N- 


Section Property: 

T 1 J ,3 
I,, := —d b 
y i2 


T 1 i ,3 
\ 7 := —b d 

z 12 


M z -y M -z 

Maximum Bending Stress: a =-b 


L 


L 


NtA : := 0.5d z^ := 0.5b 

M zAA M y’ z A 





a A := 


+ 


At B : yg ;= -0.5d 


Z B 


M 


erg := 


AB M y z B 


I Z Iy 


cr A = 2.903 MPa (T) Ans 
0.5b 

cr B = -2.903 MPa (C) 


Ans 


At C : yç ;= 0.5d zq := -0.5b 

a c = -0.208 MPa (C) 


M zAC M y' z C 
a c :=-+ 


L 


L 


At D: yj^ := -0.5 d 


M z *yj) 


a D : = 


y z D 


L 


L 


zj) := 0.5b 

a D = 0.208 MPa (T) 
L 



Orientation of Neutral Axis : tan(a) = —tan(o) 

r h \ Iy 

tan(o) a _ -66.59 deg 

v7 ) 


a := atan 


Ans 


z’ := 0.5-b 


0.5d 


tan(a) 


z’ = 10.05 mm 








































Problem 6-105 


The T-beam is subjected to a bending moment of M = 15 kN*m. directed as shown. Determine the 
maximum bending stress in the beam and the orientation of the neutral axis. The location of the 

V 


centroid, C, must be determined. 

Given: M := 15kN-m 0' := 60deg 
bf := 300mm tf := 50mm 
t w := 50mm d w := 200mm 

Solution: 0 : = (l80deg- 0’) 0 = 120deg 

Internai Moment Components : 

M y :=M-sin(0) M z := M-cos(0) 


M - 15 kN-m 


Section Pwperty: 

1(2, 3 

k := T2 V tfbf “ 



I-(yi-Ai) 
YC= S '(Ai) 


y c : = 


\y = 110416666.67 mm 


(bf tf)'(0-5tf) + (t w d w )-(0.5d w + t f ) 


(b f t f ) + ^t w * d w ) 


I z = 130208333.33 mm 


Maximum Bending Stress: a = 
At A : 


Iz:= T2' bftf + ( b f t f)'(°' 5t f _y c) + 77‘Vdw +(V d w)-(°- 5 d w + tf-y c ) 


y c = 75.00 mm 
2 


12 


M z -y M z 
+ 


l. 


I, 


& S 0 ftft 


a A := 


y A : = y c 

M z'y A M y'Z A 


z^ := 0.5bf 


7*3 

í c 


m 








1 1 

r 4 


■ 


L 


L 


c> A = 21.97 MPa (T) Ans 


At B : 


yB : = y c 


zg := -0.5bf 










































CT B = -13.33 MPa (C) 


a B := 


M z -yB m v' z b 


+ 


At D : y D := -(tf + - y c ) z D := -0.5t w 


a D := 


M z'yD M v Z D 


+ 


a D = -13.02 MPa (C) 
L 


Orientation of Neutral Axis : tan(a) = —tan(o) 

(h '\ Iy 

a := atan —tanÍB) 

Uy J 


z' := 0.5bf 


y c 


tan(a) 


a = -63.91 deg 
z’ = 186.72 mm 


Ans 














Problem 6-106 


If the resultant internai moment acting on the cross section of the aluminum strut has a magnitude of 
M = 520 N*m and is directed as shown, determine the bending stress at points A and B. The location; 
of the centroid C of the strufs cross-sectional areamust be determined.Also, specify the orientation o 
the neutral axis. / 


Given: M:= 520N-m 
bf := 400mm 
t w := 20mm 


0' := atan 


O 

y\2) 


tf := 20mm 
d w := 180mm 
Solution: D := d w + tf 0 := (l80deg - 0’) 
Internai Moment Components : 

M y := M-sin(0) M z := M-cos(o) 

Section Pwperty: 



1 

l yn' 


I-(yi-Ai) 

yc= z-N 


D- b f 3 - d w - (b f - 2t w ) 3 ] I y = 366826666.67 mm 4 
(b f tf)-(0-5t f ) + 2(t w -d w )-(0.5d w + tf) 


C (bf t f ) + 2(t w - d w ) 

l z '■= ~r • bf tf + (b f tf)-(0.5 t f - y c ) 2 + 2- + (t w -d w )-(0.5d w + t f - y c ) 


y c = 57.37 mm 
2 


M z -y M -z 

Maxim um Bending Stress: a =- 1 --— 

U Lr 


At A : 

> 

lí 

o 

1 

E> Z A 

:= -0.5b f 



M z-yA 

M y' z A 



a A 

i 

I 

a A = -1.298 MPa 

(C) 


z 

y 



At B : 

yB : = y c 

Z B 

:= 0.5b f 



M z-y B 

M y' z B 



a B 

I, 

L r 

a B = 0.587 MPa 

(T) 


I z 

Orientation of Neutral Axis : tan(a) = —tan(o) 


a := atan 


Iz 

v*y 


d 


a zz -3.74 deg 


Ans 


l z = 57601403.51 mm 4 




Ans 
















































Problem 6-107 


The resultant internai moment acting on the cross section of the aluminum strut has a magnitude of 
M = 520 N*m and is directed as shown. Determine the maximum bending stress in the strut. The 
location y of the centroid C of the strufs cross-sectional area must be determined. Also, specify the 
orientation of the neutral axis. 


Given: M:= 520N-m 


0' := atan 


5^ 


yUj 

bf := 400mm tf := 20mm 
t w := 20mm d w := 180mm 
Solution: D := d w + t f 0 := (l80deg - 0’) 
Internai Moment Components : 

M y :=M-sin(0) M z := M-cos(0) 

Section Property: 



1 

l yn ' 


I-(yi-Ai) 

YC= Z.( Ai ) 


Iy = 366826666.67 mm 


D ' b f 3 - d w'( b f- 2t w) 3 ] 

( b f tf)'(0-5tf) + 2(t w -d w )-(0.5d w + tf) 


y c := 


(bf tf) + 2 ( t w' d w) 

l z '■= i-bf tf 3 + ( b f tf)-(0.5tf- y c f + 2- ~ + (t w -d w )-(0.5d w + t f - y c ) 


y c = 57.37 mm 
2 


M z -y M -z 

Maximum Bending Stress: a =-b 


I z = 57601403.51 mm 


L 


L 


z A y 

By inspection, the maximum bending stress can occur at either point A or B. 


AtA: y A :=y c -D 


M. 


CT A : = 


AA M y’ z A 


+ 


z A := -0.5bf 

ct a =-1.298 MPa (C) Ans 


AtB: y B :=y c 


M, 


cr B := 


Ab M y z B 


zg := 0.5bf 

a B = 0.587 MPa (T) 
L 




Orientation of Neutral Axis : tan(a) = —tan(o) 



a := atan 


L 


— tan(o) 


3 


\}y 


) 


a = -3.74 deg 


Ans 


^3-; 













































Problem 6-108 


The 30-mm-diameter shaft is subjected to the vertical and horizontal loadings of two pulleys as show: 
It is supported on two journal bearings at.4 and B which offer no resistance to axial loading. 
Furthermore, the coupling to the motor at C can be assumed not to offer any support to the shaft. 
Determine the maximum bending stress developed in the shaft 



R Z '■= F z R z = 400 N 
Internai Moment Components: 

The shaft is subjected to two bending moment components M y and M z . The moment disgram 
for each component is drawn. 

xj := 0,0.01-a.. a ^ a > 101a.. (2a) X 3 := (2a), 1.01-(2a).. 3a 


M zl( x l) := 


~ 2F y~ x l 

N-m 


M, 

M, 


z 2 (x 2 ) :=[-2F y (x 2 ) + A y .(x 2 -a)]-^ 

z3( x 3)-[-2Fy(x 3 ) + Ay.( x 3-a)]-i 


N-m 

1 

N-m 


M yl( x l):=° M y 2 (x 2 ):= 


R z‘ ( x 2 - a ) 


N-m 


M, 


y3( x 3) : = [ R z'( x 3 - a ) - 2F z'( x 3 " 2a )]'^ 




Distane (m) 


Distane (m) 





















Maximum Bending Stress: unit := N-m 

Since all the axes through the circle’s center for circular shaft are principal axes, then the 
resultant moment M = (M y 2 + M z 2 ) 0 - 5 can be used to determine the maximum bending stress. 
The maximum bending stress moment occurs at E (x=2a). 

M max := ^M z2 (2a) 2 + M y2 (2a) 2 -unit M max = 427.20N-m 
Hence, 

c max •“ 2 

a max “ ^1.2MPa ^ ns 


T 71 a 4 

I :=-d n 

64 0 


'max 


: ^m 


"max 


ax 


M 

M 

M 


/ M Zll 

M 

I 2 + M yl( x l) 2 

/ M z2l 

( x 2) 

I 2 + M y2( x 2) 2 


3 ( x 3) := V M z 3( x 3 f + M y3( x 3) 2 



Distane (m) 











Problem 6-109 


The shaft is subjected to the vertical and horizontal loadings of two pulleys D and E as shown. It is 
supported on two journal bearings at.4 and B which offer no resistance to axial loading. 
Furthermore,the coupling to the motor at C can be assumed not to offer any support to the shaft. 
Determine the required diameter d of the shaft if the allowable bending stress for the material is <r alloi 
= 180 MPa. 



M 


zl 


(*i) 


~ 2F y~ x l 

N-m 


“ziH [~ 2F y ( x 2) + A y‘( x 2 - a )]'TT 


N-m 


Equilibrium : In x-z plane, by symmetry: A z = B z = R^. 
+f ^F= 0; 2R Z - 2F Z = 0 

Rz : = F z Rz = 400 N 


x'i := a, 1.01*a.. (2a) x ’2 := (2a), 1.01-(2a).. 3a 


M yl( x 'l) := 


R z ( x ’l - a ) 


N-m 


M, 


y2( x 2) : = [Rz-( x 2 - a ) - 2F z'( x 2 “ 2a )]’ 


N-m 


Internai Moment Components: 

The shaft is subjected to two bending moment components M y and M z . The moment disgram 
for each component is drawn. 




Distane (m) 


Distane (m) 






















Maximum Bending Stress: unit := N-m 

Since all the axes through the circle’s center for circular shaft are principal axes, then the 
resultant moment M = (M y 2 + M z 2 ) 0 - 5 can be used to determine the maximum bending stress. 
The maximum bending stress moment occurs at E (x=2a). 

M max := ^M z2 (2a) 2 + M yl (2a) 2 -unit M max = 427.20N-m 

Hence, 

d c 

o 7i 4 ^max 

c max Y 1 ~ 64 ^° a allow" ^max j 


71 

64* 



^max^l ^o 
v a allow ) ^ 


d 0 := 


32M m; 


ax 


71 ' a allow 


d Q = 28.91 mm 


Ans 








Problem 6-110 


The board is used as a simply supported floor joist. If a bending moment of M = 1.2 kN*m is applied 
3 o from the z axis, determine the stress developed in the board at the comer A. Compare this stress 
with that developed by the same moment applied along the z axis ( 6 = 0 o ). What is the angle a for the 
neutral axis when 0= 3 o ? Comment : Normally, floor boards would be nailed to the top of the beam so 
that 0=0° (nearly) and the high stress due to misalignment would not occur. 



M ’ z -yA m V z a 


CT A := 


+ 


CT A = 6-40 MPa (T) Ans 



























Problem 6-111 


Consider the general case of aprismatic beam subjected to bending-moment components M y and M z , 
as shown, when the x, y, z axes pass through the centroid of the cross section. If the material is 
linear-elastic, the normal stress in the beam is a linear fimction of position such that cr= a + by + cz. 
Using the equilibrium conditionsO = J a dA , M y = J za dA , M z = J - yo d^determine the 
constants a, b, and c, and show that the normal stress can be determined from the equation 

a = [- (M z I y + My Iy Z ) y + (My \ + M z \z) Z 1 1 d y \ wh ere the moments and products of 

inertia are defined in Appendix A. 

Given: Linear function: a x = a + by + z 

Solution: 

Equilibrium Conditios: 

0 = J a g x dA , 0 = J a (a + by + cz) dA 

0 = a dA + b J y dA + c J z dA 

M y = J zg x dA , M y = J z (a + by + cz) dA 

M y = aJ^zdA+ bj^yz dA+ cj^z 2 dA 

M z = J - ya x dA, M z = J - y (a + by + cz) dA 

M = -a í y dA - b í y 2 dA - c í yz dA 

Ja J a Ja 



The integrais are defined in Appendix A. Note that J y dA = J zdA = 0 

Thus, 0 = aí d A + b • 0 + c • 0 

Ja 


M y = a • 0 + b • I yz + c • I y 


M z = -a • 0 - b • Iy - c • I yz 


Bending Stress: 

1 


a = 0 (since A * 0) 

Ans 

b = -T(M y I y! + M, 

: I y ) where D = I y • I z - I yz 2 


Iyz) AnS 


=-(M z - Iy +M y .I yz ).(-y) + -(M z -Iy Z +My -I z ).z QED 


In matrix form, 
1 

a = — 
D y 


( 

M„ V 

"Iy lyzV 

V z 

y ) 

ylyz Iz ) v 


Ans 






Problem 6-112 


The 65-mm-diameter Steel shaft is subjected to the two loads that act in the directions shown. If the 
journal bearings at A and B do not exert an axial force on the shaft, determine the absolute maximum 
bending stress developed inthe shaft. 


Given: a := 1.25m b := lm 


F := 4kN 



L := 2a + b d Q := 65mm 0 := 30deg 

Solution: 

Equilibrium : In x-y plane, by symmetry: A y = B y = R y . 

+f ZF= 0; 2Ry - 2F-cos(e) = 0 

Ry := F-cos(e) Ry = 3.464 kN 

Eau ilibrium : In x-z plane, by anti-symmetry: A z =» -B z = R z . 

ZM b = 0; A z -L - F-sin(0)*(b) = 0 

R z := F-sin(e)-jjfj R z = 0.571 kN 
Internai Moment Components: 

The shaft is subjected to two bending moment components M y and M z . The moment disgram 
for each component is drawn. 

xj := 0,0.01-a.. a X 2 := a, 1.01-a.. (a + b) X 3 := (a + b), 1.01-(a + b).. L 


M zl( x l) : = 


R y x l 

kN-m 


M z2( x 2) := [ R y'( x 2) - F-cos(e)-(x 2 - a)]--2 


kN-m 

1 

kN-m 


M z3( x 3) : = [VN “ f 'Cos(0)-(x 3 - a) - F-cos(e)-(x 3 - a - b)]-^- 
1 M y 2 ( x 2 ) : = [ R z-( x 2 ) - F-sm(e)-(x 2 - a )]--2 


kN-m 


yi( x i) := 

y3( x 3) [ R z (>3) " F sin(e)'(x 3 - a) + F.sin(e)-(x 3 - a- b )]--2 


kN-m 
1 

kN-m 




Distane (m) 


Distane (m) 


















Maximum Bending Stress: unit := kN-m 

Since all the axes through the circle’s center for circular shaft are principal axes, then the 
resultant moment M = (M y 2 + M z 2 ) 0 - 5 can be used to determine the maximum bending stress. 
The maximum bending stress moment occurs at x=a. 

Mmax := V M zl( a ) 2 + M yl (a) 2 -unit M ma t = 4.389kN-m 

Hence, 

c max •“ 2 

a max = 162.8 MPa Ans 


T 71 a 4 

I :=-d n 

64 0 


"max 


: ^m 


"max 


ax 


/ M Zll 

M 

| 2 + M y i( X i) 2 

/ M z2l 

N 

I 2 + M y2( x 2) 2 


M 3( x 3) := V M z 3( x 3 f + M y3( x 3) 2 



Distane (m) 











Problem 6-113 


The Steel shaft is subjected to the two loads that act in the directions shown. If the joumal bearings at 

A and B do not exert an axial force on the shaft, determine the required diameter of the shaft if the 

allowable bending stress is cr allow =180 MPa. 

Given: a := 1.25m b := lm F := 4kN 

L := 2a + b 0 := 30deg a allow ISOMPa 

Solution: 


Equilibrium : In x-y plane, by symmetry: A y = B y = R y . 

+f *F= 0; 


Eau ilibrium : 


2R y -2F-cos(e) = 0 
R y := F-cos(e) Ry = 3.464 kN 

In x-z plane, by anti-symmetry: A z = -B z = R^. 
A Z *L - F-sin(o)*(b) = 0 

R z := F-sin(e)-jjfj R z = 0.571kN 



Internai Moment Components: 

The shaft is subjected to two bending moment components M y and M z . The moment disgram 
for each component is drawn. 

xj := 0,0.01-a.. a X 2 := a, 1.01-a., (a + b) X 3 := (a + b), 1.01*(a + b).. L 


M zl( x l) : = 
M, 


R y x l 

kN-m 


kN-m 

1 

kN-m 


M z2( x 2) : = [M x 2) - F-cos(9)-(x 2 - a)]-j-2 
z3( x 3) : = [VN “ f -cos(0)-(x 3 - a) - F-cos(e)-(x 3 - a - b)]-^- 

M yl( x i) := ^ M y2N : = [®z-( x 2) - F ‘ sin (®)‘( x 2 - 
M y3( x 3) := [ R z'( x 3) - F 'sin(e)-(x 3 - a) + F-sin(e)-(x 3 - a - b)]--2 


kN-m 
1 

kN-m 




Distane (m) 


Distane (m) 


















Maximum Bending Stress: unit := kN-m 

Since all the axes through the circle’s center for circular shaft are principal axes, then the 
resultant moment M = (M y 2 + M z 2 ) 0 - 5 can be used to determine the maximum bending stress. 
The maximum bending stress moment occurs at x=a. 

Mmax := V M zl( a ) 2 + M yl (a) 2 -unit M ma t = 4.389kN-m 

Hence, 

d c 

o 7i 4 ^max 

c max Y ^ ~ 64 ^° a allow" ^max j 


71 

64* 



^max^l ^o 
v a allow^ ^ 


32M m; 


ax 


"o * 


71 ' a allow 


d Q = 62.86 mm 


Ans 








Problem 6-114 


Using the techniques outlined in Appendix A, Example A.4 or A.5, the Z section has principal mome 
of inertia of / = 0.060(10" 3 ) m 4 and I z = 0.471(10" 3 ) m 4 , computed about the principal axes of inertia 

and z, respectively. If the section is subjected to an internai moment of M = 250 N*m directed 
horizontally as shown, determine the stress produced at point A. Solve the problem using Eq. 6-17. 

Given: M := 250N-m 0 := 32.9deg 

bf := 300mm tf := 50mm 

t„, := 50mm d w := 150imn 


w * 


I y := 0.060 


(io 3 ) 


m 


I z ;= 0.471 


(l0 3 ) 


m 


Solution: 

Internai Moment Components : 

M y := M-cos(e) M z :=M-sin(e) 

Coordinates of Point A : 

y a : = °- 5b f z 'a := — ( d w + °- 5t f) 



AaI _ 

^cos(o) -sin(o)^ 

AaI 

K < 
> 

1 

V Z A / 

^sin(o) cos(o) ) 

v z 'a J 

1 


221.00 ^ 
-65.46 J 


mm 


Bending Stress: 

f 

a A := 


Mz-yA M y z A^I 

+ ' 


V Iz 





Cf A = -0.293 MPa (C) Ans 

























Problem 6-115 


Solve Prob. 6-114 using the equation developed in Prob. 6-111. 
Given: M := 250N-m 0 := 32.9deg 

bf := 300mm tf := 50mm 
t w := 50mm d w := 150mm 

Iy := 0.06o(lO _3 )m 4 I z := 0.471 (10" 3 )m 4 

Solution: 

Internai Moment Components : 

My. := M M z , := 0 



Section Property : c z w := 0.5d w + 0.5t f c y w := 0.5b f - 

1 3 ( 1 3 2^ 

V := ^' b f tf + 2 |j r v d w + t w‘ d w' c z.w J 

1 3 f 1 3 2^ 

l z' := b f +2 ^' d w' t w + d w‘ t w‘ c y.w J 

Iy'z' := ^w‘ d w' ( c z.w)‘ ( _c y.w) + V^w'( -c z.w)’( c y-w) 


0.5t w 

Iy. = 181.25 X 10“ 6 m 4 


I z . = 350.00 x 10 6 m 4 
Iy z , = -187.50 x 10“ 6 m 4 


Coordinates of Point A : 

y a : = °- 5b f z 'a := — ( d w + °- 5t f) 

y'^ = 150 mm z'^ = -175 mm 


Bending Stress: Using formula developed in Prob. 6-111. 


E> Iyl z < - Iy z - 


CT A : = 


D' 


( ]VL, 

M,,i V 

"V 

Vz9 

V z 

y ) 

dy'z' 

! z' ) 


-?a) 
z 'a ) 


cr A = -0.293 MPa (C) Ans 
















Problem 6-116 


Using the techniques outlined in Appendix A, Example A.4 or A.5, the Z section has principal mome 
of inertia of / = 0.060(10" 3 ) m 4 and I z = 0.471(10" 3 ) m 4 , computed about the principal axes of inertia 

and z, respectively. If the section is subjected to an internai moment of M = 250 N*m directed 
horizontally as shown, determine the stress produced at point B. Solve the problem using Eq. 6-17. 

Given: M := 250N-m 0 := 32.9deg 

bf := 300mm tf := 50mm 

t w := 50mm d w := 150imn 

I y := 0.06o(lO _3 )m 4 I z := ( 

Solution: 

Internai Moment Components : 

M y := M-cos(e) M z :=M-sin(e) 

Coordinates of Point B : 



y B : = -0.5b f z' B := d w + 0.5t f 


v Z B ) 


^cos (e) -sin(0)^| fy'B^ 
v sin(0) cos (e); {* B ) 


Bending Stress: 


f 


a B : = 


V 


M z y B 


I 


z 


M y' z B^l 


^B^l 

v Z B ) 


f-221.00^ 

. mm 
65.46 J 



cr B = 0.293 MPa 


(T) Ans 

























Problem 6-117 


For the section, I y > = 31.7110-62 m4, I z , = 114(10" 6 ) m 4 , I y , z , = 15.1(10" 6 ) m 4 . Using the techniques 
outlined in Appendix A, the member’s cross-sectional area has principal moments of inertia of I y = 

29.0(10" 6 ) m 4 and I z = 117(10" 6 ) m 4 , computed about the principal axes of inertia y and z, respectiveb 

If the section is subjected to a moment of M = 2500 N*m directed as shown, determine 
the stress produced at point A, using Eq. 6-17. 

Given: 


M 

:= 2500N-m 

0' : 

= lO.lOdeg 

h l 

:= 80mm 

h 2 

:= 140mm 

b l 

:= 60mm 

b 2 

:= 60mm 


_„ / „— ol 

1 4 


V 

:= 29.0U0 J 

lm 

I z .= 1 


7(10 6 ) 


Solution: 0 ;= -0’ 

Internai Moment Components : 

M y := M- 1 sin(e) | M z := M- 1 COS (e)l 


Coordinates of Point A : 


yA 


:= —hn 


Z A := _b 2 


yA) 

y z Aj 


^cos(o) 


V sin 


( 0 ) 


-sin 1 

cos 


(eri 
(0) / 


z 'a J 


m 


fy A ^ 

v Z A ) 


-148.35^ 
-34.52 ) 


mm 



Bending Stress: 

f M z -y A m v' z a^i 


a A : = 


V 


L 


+ ■ 


L 


y ; 

cr A = 2.599 MPa (T) Ans 


























Problem 6-118 


Solve Prob. 6-117 using the equation developed in Prob. 6-111. 
Given: M := 2500N-m 0' := lO.lOdeg 

h] := 80mm I 12 := 140mm 


bj := 60mm 


b2 := 60mm 


I y . := 31.7 


(10 6 ) 


m 


i Z ' : = 1141 


I y y := 15.H 


l(l0 6 )m 4 

Solution: 0 ;= -0’ 

Internai Moment Components : 


M y ? := 0 


M z , := M 


Coordinates of Point A : 


yA 


:= —hn 


Z A := -b 2 


(Al 

y z Aj 


COS 


\sm 


(e) -sin(e)^ 
( 0 ) cos(o) ) 


y'h\ 

z 'a ) 


(10 6 ) 


m 


f-148.35^ 


Z A ) 


-34.52 ) 


mm 



Bending Stress: Using formula developed in Prob. 6-111. 
2 


E> Iyl z . - I y z . 


°A : - Hf’ 


í Mv 

M,,i V 

"V 

Vz 3 

V z 

y ) 

dy'z' 

l z' J 


A a 1 

Z A ) 


cr A = 2.608 MPa (T) Ans 




















Problem 6-119 


The composite beam is made of 6061-T6 aluminum (A) and C83400 red brass (B). Determine the 
dimension h of the brass strip so that the neutral axis of the beam is located at the seam of the two 
metais. What maximum moment will this beam support if the allowable bending stress for the 
aluminum is (o- allow ) al = 128 MPa and for the brass (o- allow ) br = 35 MPa? 


Given: b := 150mm 

h a j := 50mm 

E al := 68.9GPa 

E br := lOlGPa 

a al_allow : 128MPa ^br_allow : 35MPa 

Solution: 

Section Property: n 

E al 

:=- n = 0.682178 

E br 




lyj.Ai 

Given y c := h al 


A br =b h A’ al := (n b)-h al 

_ A al'( bA ' b al) + A br'( b al + 0-5-hj 


A al + A br 


h al = 


A ’al'(°- 5 - h al) + b ' h -( h al + 0 - 5 - h ) 


[J 






A’ al + b- h 


Guess h := 10mm 

h := Find(h) h = 41.30mm Ans 

A br := b-h 

V : = ■~’b-h 3 + A br -(0.5h) 2 

r al := ~"( n-b )' h al^ + A 'al’(y c - 0-5h al ) 2 


I := I br + r a i I = 7785108.17 mm 4 


Allowable Bending Stress: 
Assume failure of red brass: 

ybr := h 

Assume failure of aluminum: 

y a l : = h al 


a = 


M-y 

I 


M br := 


M a i == 


( a br allow)' * 

ybr 

( a al allow)G 

n -y a i 


M br = 6.60 kN-m 

M al = 29.22 kN-m 

^allovv ,= m ' n í^br ’ ^al) 
M allow = 6 - 60kN ' m Ans 



















Problem 6-120 


The composite beam is made of 6061-T6 aluminum (A) and C83400 red brass (B). If the height h = 4 
mm, determine the maximum moment that can be applied to the beam if the allowable bending stress 
for the aluminum is (cr allow ) al = 128 MPa and for the brass (cr allow ) br = 35 MPa? 


Given: b := 150mm 

h a i := 50mm h^ r := 40mm ^ 


E al := 68.9GPa E br := lOlGPa 


a al_allow * 

128MPa a^ r a p ow := 35MPa 

5 

Solution: 

E al 

A 

Section Property: 

n :=- n = 0.682178 , 

E br 

A br :=b h br A 'al := ( n ' b )' h al 

|^,150 niiu^ 



y c = 


IA 


y c := 


^ar(^*^'^al) + ^br‘(^al + ^.5-h^j 

^ al + ^br 


y c = 49.289 mm 


^br * ^ ^br + ^br' (^al + ^-^br ^c) 

r al : = ~"( n-b )' h al^ + A 'af (y c - 0-5h al ) 2 
I := I br + r al I = 7457987.63 mm 4 


iTI «1 



J. AU t i 


Allowable Bending Stress: a 


M-y 

I 


Assume failure of red brass: 
y br := h al + h br - y c 

Assume failure of aluminum: 

y a i : = y c 


M br := 


M a i == 


( a br allow)'^ 

ybr 

( CT al allow)’^ 

n -y a i 


M br = 6.41 kN-m 

M al = 28.39 kN-m 

^allovv ,= m ' n í^br ’ ^al) 
M allow = 6 - 41 kN ' m 
















Problem 6-121 


A wood beam is reinforced with Steel straps at its top and bottom as shown. Determine the maximum 
bending stress developed in the wood and Steel if the beam is subjected to a bending moment of M = 
kN*m. Sketch the stress distribution acting over the cross section. Take E w = 11 GPa, E st = 200 GPa. 


Given: b := 200mm h w := 300mm t st := 20mm 



r st : = + A 'sf(°- 5h w + °- 5t st) 2 

1 3 4 

I := — b- h w + 21’ t 1 = 4178484848.48 mm 

j 2 W SL 


Maximum Bending Stress: 


a = 


M-y 

I 


L ftftfMy - Sbjí j|ji «t jh 



r e ú 


For wood beam, 


y w := °- 5h w 


_ M -y w 

<J w.max •“ r 


CT w.max 0.179MPa Ans 


For Steel straps, 

y st := 0.5h w + t st 


a st.max 


n- M- y st 


I 


CT st.max = 3.6" MPa Ans 


n-M-y' st 

At y' st := 0.5h w a' st :=--- 


cr' st = 3.263 MPa 



,-j Pi? -vfl, 

lUM?* 



















Problem 6-122 


The Douglas Fir beam is reinforced with A-36 Steel straps at its center and sides. Determine the 
maximum stress developed in the wood and Steel if the beam is subjected to a bending moment of M z = 

10 kN*m Sketch the stress distribution acting over the cross section. 


Given: b, 


st 


12mm 


b w := 50mm 


d := 150mm 


M z := lOkN-m 


E w := 13.1GPa E st := 200GPa 

Solution: _ 

Section Property: n 


"w 


"St 


l z-= -rjL( 3b st) d +n -( 2 yH 


n = 0.0655 
3" 


12 

Maximum Bending Stress: 
^max *“ ^-5d 

M z* ^max 


M-y 


a = 


a st * 


L 


w 


:= n-(a st ) 


a st = 62.7 MPa 


a w = 4.10 MPa 


12mm I2mni 


12 mm 


150 mm 


50 mm 


50 mm 




Ans 


Ans 




. Y 




































Problem 6-123 


The Steel channel is used to reinforce the wood beam. Determine the maximum stress in the Steel and 
in the wood if the beam is subjected to a moment of M = 1.2 kN*m. E st = 200 GPa, E w = 12GPa. 

Given: b gt := 399mm d st := lOOmm t st := 12mm 

b w := 375mm d w := 88mm M := 1.2kN*m 

E w := 12GPa E st := 200GPa 

Solution: d f := d w 

Section Property : n ~ E t 11 ~~ 

A sl := ^sf^f A s2 ^st^st 

( A 'w + A sl)'(°- 5d w + t st) + A s2'(°- 5t st) 


A ’w := n - b w‘ d w 



y c : = 


A w + A sl + A s2 


Iw ^ \ n * b W d w 3 ) + A V( 0 * 5d w + tst - y C ) 2 
Isl * = ^-(ztsfdf ) + A sl'(^*^ d w + tst _ ^c) 

^s2 := T7'^st'tst ) + A s2‘(^*^t s t ” Yc) 


y c = 29.04 mm 


H~r ÍM Ti pp^ 




t • t w + I s i + I s 2 


Maximum Bending Stress: <j = 


c max • d st y C 


Mc 


Mc 


max 


a st * 


a st = 10.37 MPa 


Ans 


w 


:= n-(a st ) 


a w = 0.62 MPa Ans 













Problem 6-124 


The Douglas Fir beam is reinforced with A-36 Steel straps at its sides. Determine the maximum stress 
developed in the wood and Steel if the beam is subjected to a bending moment of M z = 4 kN*m. Sketc 

the stress distribution acting over the cross section. 


Given: b st := 15mm d := 350mm 
b w := 200mm IVL 4kN• m 

w z 

E w := 13.1GPa E st := 200GPa 


Solution: 


"w 


Section Property : n :=- n = 0.0655 

E st 

l z := l^{( 2b st)' d3 + n ' b W c|3 _ 



Maximum Bending Stress: <j = 

^max *“ ^-5d 

^z^max 


M z y 


a st * 


E 


a st “ 4.546 MPa 


Ans 


w 


:= n-(a st ) 


c> w = 0.298 MPa Ans 


ti- 


T 

-A 


•Í-ÍLW—' 























Problem 6-125 


The composite beam is made of A-36 Steel (A) bonded to C83400 red brass (B) and has the cross 
section shown. If it is subjected to a moment of M= 6.5 kN*m, determine the maximum stress in the 
brass and Steel. Also, what is the stress in each material at the seam where they are bonded together? 

Given: b := 125mm h st := lOOmm h br := lOOmm — 


E st := 200GPa E br := lOlGPa 
M 6.5kN*m 


100 mm 


Solution: 

E br 

Section Property : n :=- 

E st 


y c : 


S yj- A i 

IA 


A st : E ‘ E st 


y c 


n = 0.505 

A’ br := (n-b)-h br 

Abr*(0.5*hbr) + A sb ^h br + 0.5-h st j 
A br + A st 



y c = 116.445 mm 


Is t : 12 ^ + ^sf ( E br + ^-^ E st yc) 

^br - = “pr - * ( n * b) * hbr + A br'(yc _ ^-5h br j 


I: = ^t+Tbr 


I = 57620604.93 mm 


M-y 

For Steel, 

y S t E br + E st ” yc a st.max 
For red brass, 

ybr *“ yc a br.max * 
Bending Stress at the Seam: 

yseam yc “ E br 



M -y st 


n 'M-y br 


^t.max 


a br. 


max 


9.426 MPa 


6.634 MPa 


Ans 


Ans 


yseam 

i ._ 

c’ st = 1.855 MPa 

Ans 

st i 

br := n ' CT 'st 

cr' br = 0.937 MPa 

Ans 
















Problem 6-126 


The composite beam is made of A-36 Steel (A) bonded to C83400 red brass (B) and has the cross 
section shown. If the allowable bending stress for the Steel is (c r a n 0 w)st = 180 MPa and for the brass 

( a aiiow)br = 60 MPa, determine the maximum moment Mthat can be applied to the beam. 

Given: b := 125mm h st := lOOmm h br := lOOmm 


E st := 200GPa E br := lOlGPa 

a st allow *” l^OMPa a br a p ow •- 60MPa 


Solution: 

E br 

Section Property : n :=- 

E st 


100 mm 


y c = 


IA 


A st • b ' h st 


y c : = 


n = 0.505 

A'br := (n-b)-h br 

Abr'(0.5-hbr) + A sb ( b br + bA ' b st) 
A br + A st 



'st : 12 ^ + A st’( b br + bAb st yc) 

r br := ~"( n, b)- h b r 3 + A br‘(y C " °- 5h br) 2 
I = 57620604.93 mm 4 
M-y 


12 
1 

Ti 

I:= i st + r br 


y c = 116.445 mm 






O-Jjn 


Allowable Bending Stress: a = 




Assume failure of red brass: 

ybry c 

Assume failure of Steel: 
y st :=h br + h st -y c 


M br := 


M st := 


( a br allow)' ' 

n -ybr 

( CT st allow)'^ 

y s t 


M br = 58.79 kN-m 

M st = 124.13 kN-m 
^allovv := m i n ( iVl br , M S |j 
M allow = 58.79 kN-m Ans 





















Problem 6-127 


The reinforced concrete beam is made using two Steel reinforcing rods. If the allowable tensile stress 
for the Steel is (cr st ) allow = 280 MPa and the allowable compressive stress for the concrete is (cr C0nc ) 
aiiow = 21 MPa, determine the maximum moment Mthat can be applied to the section. Assume the 
concrete cannot support a tensile stress. E st = 200 GPa, E conc = 26.5 GPa. 


Given: bf := 550mm 
b w := 150mm 
d r := 25mm 
E conc := 2 6-5GPa 
CT c allow -= 21 MPa 


df := lOOmm 
d w := 450mm 
h r := 50mm 
E st := 200GPa 
a st allow *” 280MPa 


Solution: E st 

Section Property : 11 p n = 7 54717 

n conc 


A’ st := n-27i-(0.5d r j 2 



Given A' sf (d w - h' w - h r ) - b f d f (O.5 d f + h' w ) - b w - h' w - (0.5 h' w ) = 0 
Guess h’ w := lOmm 

h' w := Find(h' w ) h' w = 3.41 mm 

2 

!st *“ A st'( d w ~~ ^ w _ ^r) 

'i : Ti' íb f d í 3 j + (brdf)-(o.5df + hg 2 

r w ■= ^-(b w .h' w 3 ) + (b w -h' w )-(0.5h' w ) 2 




I Tioc 

TTPT- 

ISfW 




si 7 


^ • T st + T f + 1 w 


Assume concrete fails: 


^max * df+h. 


w 


a = 


M-y 


M, 


( a c allow)*^ 


cone 


M CO nc - 277.83 kN-m 


7 max 


Assume Steel fails: 

y S t •“ d w - h w - h r M st .= 

^allow m ^ n (^conc ? ^st) 


( a st allow)*^ 


n-y st M st = 127.98 kN-m 


M allow= 127 - 98kN * m Ans 
















Problem 6-128 


Determine the maximum uniform distributed load w 0 that can be supported by the reinforced concrete 
beam if the allowable tensile stress for the Steel is (<r st ) allow = 200 MPa and the allowable compressive 
stress for the concrete is (o- conc ) a n ow = 20 MPa. Assume the concrete cannot support a tensile stress. 
Take E st = 200 GPa, £ conc = 25 GPa. 


d := 500imn 
h r := 50mm 
E st := 200GPa 


Given: b := 250mm 
d r := 16mm 
p conc - = 25GPa 
a c_allow : = 20MPa L := 2 - 5m 
a st_allow •“ 2 ^0MPa 

Solution: e + 

°t 

n = 


Kt) 


iiiiiun 



r 


L 

15 m-k 

2.5 m 



16-mm diameter rods 
I 


50 mm 


á 


500 mm 


250 mm 


-Z 


A r 


Section Property : 11 ' p 




cone 


A’ st := n-27i-(0.5d r j 2 

Given A’ st -(d - h f - h r ) - b-h'-(0.5h’) = 0 
Guess h' := lOmm 

h f := Find(h’) h f = 95.51 mm 

' 2 r -i.M 

12 






1 := A ’sf ( d - h ' - h r)" 


(b-h’)-(0.5hV 


_ M-y 

Assume concrete fails: a ” j 


^max : h ^conc 
Assume Steel fails: 


( a c allow)*^ 


M CO nc - 99.85 kN-m 


7 max 


y st := d - h f - h r M st := 
Thus, Steel fails first. 


( a 


st allow) I 


n -y s t 


M st = 33.63 kN-m 


Maximum moment ocurs over the middle support: M max = 


w o L 


2-M. 


st 


w 0 := 


kN 

w n = 10.76 — 
m 


Ans 



































Problem 6-129 


A bimetallic strip is made frompieces of 2014-T6 aluminum and C83400 redbrass, having the cross 
section shown. A temperature increase causes its neutral surface to be bent into a circular arc having a 
radius of 400 mm. Determine the moment that must be acting on its cross section due to the thermal 


stress. Take E ãl = 74 GPa, E 

br = 102 GPa. 

Given: b br := 6mm 

d br := 2mm 

b a j := 6mm 

d a j := 2mm 

E al := 74GPa 

p := 400mm 

E br := 102GPa 




!mm 
2 mm 


Solution: Transformthe section to brass 


n a l 

Section Property : n :=- n = 0.72549 

E br 

A 'al := n ' b al' d al A br := V d br 

A 'al(°- 5d al) + A br'(°- 5d br + d al) 


y c := 


A al + A br 


y c = 2.16 mm 












Ial := Ti'í b al‘ d al J + A 'al (°- 5d al “ y C ) 

'br := (^br' d br ) + A br'( dAd br + d al _ ^c) 


1 := l al + : br 

Maximum Bending Stress: — = 

p EI 


M := 


( E br)' 


i 


M = 6.91 N-m 


Ans 


















Problem 6-130 


The fork is used as part of a nosewheel assembly for an airplane. If the maximum wheel reaction at the 
end of the fork is 4.5 kN, determine the maximum bending stress in the curved portion of the fork at 
section a-a. There the cross-sectional area is circular, having a diameter of 50 mm. 

Given: r c := 250mm a := 150mm F := 4.5kN 

0 := 30deg d Q := 50imn 

Solution: 

Internai Moment: 


ZM C = 0; M - F-(a - r c *sin(o)j = 0 

M := F-(a - r c *sin(o)j 
M = 112.5N*m 


Section Property : r Q := 0.5d Q 




dA 

' r 

A 2 

A := jw 0 

1 A_r ~ 

H 

I A_r= 2 ' n ( r c-J r c 2 ~ r o 2 ) 

R = - 

A 


2 

n ' r o 

R := - r-- 


A A r 


•"•( r c -/ 


r — r 
A c A o 


Bending Stress: 


r A : = r c - r o 


r B := r c + r o 


R = 249.373 mm 

M-(R-r) 

0= A-r.(r c -R) 

M-(R-r A ) 



a A : = 


A - r A- 


a B := 


( r c - R) 
M-(R-r B ) 


Ar 


B 


( r c- R ) 


cr A = 9.91 MPa 


c>g = -8.52 MPa 



CT max := max (| a A| ’\°b\) 
c>max = 9 - 91 MPa ( T > Ans 




























Problem 6-131 


Determine the greatest magnitude of the applied forces P if the allowable bending stress is (cr allow ) c 
50 MPa in compression and (c^aiiow)* = 120 MPa in tension. 

Given: bf := 75mm b'f := 150mm t^:= lOmm 

t w := lOmm d w := 150mm q := 250mm 


Solution: 

Internai Moment: 

M = P(d w +t f ) kN-m is positive since it tends 
to increase the beanfs radius of curvature. 


120MPa 

ii 

1ÓU nmi 


P 

// ff 250 mm 


fí 1 \ 



75 nmi 

H j 


10 rmi — — 


10 


150 nmi 


15Ü mm 


= 10 


Section Property : r e := rj + d w + 2t f 

2 

A := bptp+ d w *t w + b’ptp A = 3750mm 

( b 'f tf)-( r i + °- 5t f) + (Wj-fi + °- 5d w + tf) + ( b f tf)'( r e - °- 5t f) 


r = 


_ S-(rj-Aj) 
I.(Ai) 


r c : = 


r c = 319.000 mm 


dA 




: A r := b 'f ln 


r i + *f! í r e~ tf! 


V r i 


tw' ln 


r; + t f J 


+ bf ln 


V i 


r e "! 


V r e 


tf j 


Ia r - 12.245 mm 


R := 


a A r 


Normal Stress: 


R = 306.243 mm 
M-(R-r) 


a-Ar 


a = 


Ar- 


h- R ) 


M = 


( r c- R ) 


R-r 


Assume tension failure. 


r: = r i P*(d w + t f ) = 


_ a t.allow‘^‘ r ‘( r c a t.allow‘^‘ r ‘( r c 


R-r 


Assume compression failure. 

/ x a c.allow* r * ( r c “ 

r := r e P' (dw + <f)-5T7- 1 


(d w + t f ) ( R - D 
P = 159.48 kN 


P’ := 


a c.allow' r ’ ( r c R ) 
( d w + t f)-( R - r ') 

P' = 55.2 kN 


P allow : = min ( p » P ’) P allow = 55.20kN Ans 




























Problem 6-132 


If P = 6 kN, determine the maximum tensile and compressive bending stresses in the beam. 
Given: bf := 75mm b'f := 150mm tf := 10mm 

t w := 10mm d w := 150mm rj := 250mm 


P := 6kN 

Solution: 

Internai Moment: 
M: = P-(d w + t f ) 


M = 0.960 kN-m 


M is positive since it tends to increase the 
beairís radius of curvature. 

Section Property : r e := rj + d w + 2tf 



75 nmi 

H j 


160 nmi 
P 


10 mm.— — 


: 10 


150 mm 


15Ü mm 


= 10 


r = 


_ ^ (ri-Aj) 

S.(Ai) 


A := bf tf + d w *t w + b’ptf A = 3750mm 

( b 'f tf)-( r i + °- 5t f) + (dw-twj Oi + °- 5d w + tf) + ( b f tf)'( r e - °- 5t f) 


c • 


r c = 319.000 mm 


dA 




R := 


: A r := b 'f ln 


r i + tfl f r e ~ tfi 


V r i 


V ln 


T; + t f J 


+ bf ln 


V 1 


V r e ' 


t f ) 


'A r 


Normal Stress: 


Ia r - 12.245 mm 


R = 306.243 mm 
M-(R-r) 


a = 


Ar- 


h- R ) 


^ C 


Maximum tensile stress: r := r- 


*t max 


M-(R-r) 
A‘ r (r c -R) 

Maxi m um compressive stress: r := r e 

M-(R-r) 


J t max 


4.51 MPa (T) Ans 


J c max • 


A-r- 


(t r ) 


CT c max = - 5 - 4 4MPa (C) Ans 






































Problem 6-133 


The curved beam is subjected to a bending moment of M = 900 N*m as shown. Determine the stress 
at points A and B , and show the stress on a volume element located at each of these points. 

Given: bf := lOOmm tf := 20mm q := 400mm 


t w := 15mm d w := 150imn 

M := -900N- m 0 := 30deg 

Solution: 

Internai Moment: 

M is negative since it tends to decrease the 
beairis radius of curvature. 

Section Property : r e := rj + d w + tf 

A := b f t f + d w -t w 



b 


E-(rj-Ajj ( d w‘ t w)' 

(r i + 0.5d w ) + (b f t f )-( r e-0.5t f ) 


-+- 

-1 

1 “ Z.( Ai ) fc ’ 

A 

F 




r c = 515.000 mm 

■*. 

Wl 

íf, 



, ^ r dA ( 

r e ~ k\ 

Q 

í fe ^ 

õ 



A_r _ ^ J A r r V' 

- + bp ln 



6 


A r - 

- r i ) 



I A r = 8.349 mm 


R:= 


A A r 


R = 509.067 mm 


Normal Stress: 


At A: v \ := r 


At B\ rn := r 


a = 


M-(R-r) 


Ar- 


A : = r e a A 


h- R ) 

4-(R-r A ) 


A-r / 


M' 


B : = r i a B : = 


A-r 


-( r o - R ) 

( R - r s) 

( r <=- R ) 


B 


c>^ = 3.82 MPa 


cr B = -9.73 MPa 



(C) Ans 



























Problem 6-134 


The curved beam is subjected to a bending moment of M= 900 N*m. Determine the stress at point C. 
Given: bf := lOOmm tf := 20mm r- := 400mm 
t w := 15mm d w := 150imn 

M := -900N* m 0 := 30deg 

Solution: 

Internai Moment: 


M is negative since it tends to decrease the 
beairís radius of curvature. 

Section Property : r e := rj + d w + tf 

A := bf tf + d w *t w 


. S ( r i- A i) 

S-(Ai) 




r c := 


r c = 515.000 mm 


1 A r : V' 



V r i 


i ; 


+ bf ln 


V r e l f) 


a A r 


8.349 mm 


R:= 


A A r 


R = 509.067 mm 


Normal Stress: a 


AtC: r C := r e - c f 


M-(R-r) 

A-r-(r c -R) 

M-(R-r c ) 

° C:= A -fc( r c- R ) 


C> c = 2.66 MPa (T) Ans 



























Problem 6-135 


The curved bar used on a machine has a rectangular cross section. If the bar is subjected to a couple 
as shown, determine the maximum tensile and compressive stress acting at section a-a. Sketch the 
stress distribution on the section in three dimensions. 


q := 162.5mm 


Given: b := 50mm h := 75mm 

P := 250N 0 := 60deg a := 150mm 

Solution: 

Internai Moment: 

M := P-(a*sin(o) + h-cos(o)) 

M = 41.851 N-m 

M is positive since it tends to increase the 
beairis radius of curvature. 



75 n 


250 N 


0N>r 


ffy 150 mm 


Section Property : r e := q + h 
A := b-h 


75 mm 


r c := rj + 0.5-h 


A = 3750 mm' 


r c = 200 mm 


dA 




R := 


I 




'A r 


A r := b ln 
R = 197.634 mm 


— I 


v r ij 


A r 


Normal Stress: 


a = 


M-(R-r) 


A-r- 


At A: 

r A : = r e 

CT A : = 

At B: 

r B : = r i 

cr B := 


( r c - R ) 

M ( R - r A ) 

A ' r A’( r c- R ) 

M-(R-r B ) 





A-r 


B 


( r o - R ) 


a A = -0.792 MPa (C) Ans 
ct B = 1 -020 MPa (T) Ans 


























Problem 6-136 


The circular spring clamp produces a compressive force of 3 N on the plates. Determine the maximur 
bending stress produced in the spring at A. The spring has a rectangular cross section as shown. 

Given: b := 20mm h := 10mm q := 200mm 

P := 3N a := 220mm 

Solution: 

Internai Moment: 

M := P a 
M = 0.660 N-m 

M is positive since it tends to increase the 
beairis radius of curvature. 


Section Property : r e := rj + h 
A := b-h 



A = 200 mm 


dA 




R := 


a A r 


Normal Stress: 


r c := rj + 0.5-h 




c> = 


M-(R-r) 


A-r- 


('=-*■) 


r c = 205 mm 


Ia r := b-ln — I 
R = 204.959 mm 


A r 


0.976 mm 



* O-ttÔ rtj rf"!- 


Maximum tensile stress: r^ := rj 


M 


J t max • 


Ar 


( R --x) 


y t max 


= 2.01 MPa (T) Ans 


Maxi m um compressive stress: r^ := r e 


J c max 


A-r 1 


( R ~ r 'A) 
’A-( r c- R ) 


<?c max = - 1 - 95MPa ( C > Ans 






















Problem 6-137 


Determine the maximum compres si ve force the spring clamp can exert on the plates if the allowable 
bending stress for the clamp is <r allow « 4 MPa. 

Given: b := 20mm h := lOmm q := 200mm a := 220mm 

a t.allow •“ 4MPa a c.allow * = _ 4MPa 

Solution: 

Section Property : r e := q + h 
A := b-h 


r c := q + 0.5-h 




Ia r := b ln 


Vl 


v r iJ 


A = 200 mm 


r c = 205 mm 


Ia r = 0.976 mm 


R := 


a A r 


R = 204.959 mm 


Internai Moment: 

^max " P*( a + R) 

M is positive since it tends to increase the 
beairis radius of curvature. 

M(R-r) 



Normal Stress: 


a = 


Ar 


( r c- R ) 


M = 


g A r j r c~ R ) 



R-r 


Assume tension failure. 


r:= r i 


P(a + R) = 


a t.allow* r * ( r c 


R-r 


P := 


a t.allow* r * ( r c 


(a + R)-(R - r) 
P = 3.087N 


Assume compression failure. 

r' := r e P'-(a + R) = 


CT c.allow- A - r ’-( r c- R ) 


R-r’ 


P ? := 


a c.allow' A ' r ’ ( r c R ) 


(a + R)-(R - r') 
P’ = 3.189N 


P allow : = min ( p »P’) P allow = 3-087N Ans 




























Problem 6-138 


While in flight, the curved rib on the jet plane is subjected to an anticipated moment of M = 16 N*m £ 
the section. Determine the maximum bending stress in the rib at this section, and sketeh a two- 
dimensional view of the stress distribution. 

Given: bf := 30mm tf := 5mm 

t w := 5mm d w := 20mm 

M := 16N-m q := 600mm 

Solution: 

Internai Moment: 

M is positive since it tends to increase the 
beanís radius of curvature. 

Section Property : r e := rj + d w + 2tf 

2 

A := 2bptp+ d w -t w A = 400 mm 

( b f tf)-( r i + °- 5t f) + + °- 5d w + tf) + ( b f tf)-( r e - °- 5t f) 



_ S-(rj-Aj) 
I.(Ai) 


r c : = 


r c = 615.000 mm 




: A r := b f ln 


r i + tf^l 


i ) 


V r i 


V ln 


Vi ( r e ^ 


a A r 


0.651 mm 


V r i 


i + t fj 


+ bf ln 


V r e l f) 


R := 


a A r 


R = 614.793 mm 


Normal Stress: 


a = 


M-(R-r) 


Ar- 


h- R ) 


Maximum tensile stress: r := r- 


w 

4>r tu?*- 


jü 


t.TílhÜ- 


M-(R-r) 
CT t- max A-r-(r c -R) 

Maximum compressive stress: r’ := r e 

M-(R - r’) 


J c max 


A-r' 


'■ ( r c - R ) 


°tmax = 477MP ‘> < T > Ans 


°cmax = -« 7 MPa (C) Ans 


















Problem 6-139 


The Steel rod has a circular cross section. If it is gripped at its ends and a couple moment of M = 1.5 
N-m is developed at each grip, determine the stress acting at points A and B and at the centroid C. 


r A : = r 


ei 


r B := r ce 


r C := r c 


CT A : = 


a B := 


a C : = 


M(R-r A ) 



A ' r A' 


( r c - R) 
M-(R~r B ) 
^ r B ( r c - R ) 
M- (R - r c ) 


Ar C 


( r c-R) 


Cf A = 1.3594 MPa (T) Ans 

erg = -0.9947 MPa (C) Ans 
ct c = -0.0531 MPa (C) Ans 





























Problem 6-140 


The curved bar used on a machine has a rectangular cross section. If the bar is subjected to a couple 
as shown, determine the maximum tensile and compressive stresses acting at section a-a. Sketch the 
stress distribution on the section in three dimensions. 


Given: b := 50mm h := 75mm 

:= 250N 
:= 150 mm 


r i := lOOmm P 


d' := 50mm d 

Solution: 

Internai Moment: 

M := P d 
M = 37.5N*m 

M is positive since it tends to increase the 
beanís radius of curvature. 



Section Property : r e := rj + h 
A := b-h 


r c := rj + 0.5-h 




Ia r := b ln 


Vl 


v r iJ 


A = 3750 mm 


r c = 137.5 mm 


Ia r = 27.981 mm 




if 

+—e- 




Z 

& 


R := 


I 


R = 134.021 mm 


A r 


Normal Stress: 


a = 


M(R-r) 
A-r-(r c -R) 

Maximum tensile stress: r := r- 



y t max • 


M(R-r) 
A-r-(r c -R) 

Maximum compressive stress: r’ := r e 

M (R - r’) 


J t max 


= 0.978 MPa (T) Ans 


J c max • 


^'•( r c- R ) 


c>c max = _ 0-673 MPa (C) Ans 

































Problem 6-141 


The member has an elliptical cross section. If it is subjected to a moment of M = 50 N-m, determine 
the stress at points A and B. Is the stress at point A \ which is located on the member near the wall, th( 
same as that at Al Explain. 


Given: q := lOOmm L a := 150mm := 75mm 

M := 50N-m 

Soiution: 


Internai Moment: 

M is positive since it tends to increase the 
member’s radius of curvature. 


Section Property: 


a 0 • 0.5L a 
r e : = r i + L a 


b Q := 0.51^ 


A: = n -v b o 


A = 8835.73 mm 



r c := rj + a Q r c = 175 mm 



R = 


A 

: A r 


R := 


n - a o' b o'( a o) 


2-7i-b 0 - 



R = 166.557 mm 


Bending Stress: 


r A := r i 

r B : = r e 


M-(R-r) 


A-,(r c -R) 

M -(R-r A ) 

:=-7-y a A = 0-446 MPa (T) Ans 

A ' r A-( r c- R ) 

M -(R-r B ) 

c> B :=--A- a B = -0.224 MPa (C) Ans 

A r B‘( r c _ R ) 


No. The stress at point A' is not the same as that at A, 
because of localized stress concentration. 


Ans 
















Problem 6-142 


The member has an elliptical cross section. If the allowable bending stress is cr allow = 125 MPa, 
determine the maximum moment Mthat can be applied to the member. 


Given: r- := lOOmm L a := 150mm L b := 75mm 

CT t.allow := 125MPa c C-allow := -125MPa 

Solution: 

Internai Moment: 

M is positive since it tends to increase the 
member’s radius of curvature. 

Section Property : a Q := 0.5L a b Q := 0.5L b 


r e := r i + L a 


A:= n ' a o' b o 


r c := rj + a Q 




R = 


_ 27T-b 0 / p r 

Ar ’ V r c V r c “o 

a 0 

*- a o' b o'( a o) 

R •= - V ’ 

n ' 

-yj v C “ a 0 


A = 8835.73 mm 
r^ = 175 mm 

2^ 


a A r 


2-"-Vl r c 


Normal Stress: 


R = 166.557 mm 


M-(R-r) 
a = - 


Ar 


■(r c -R) 


M = 


g - A ' r -( r c- R ) 


R-r 


Assume tension failure. 


75 mm 



v:= rj 


M = 


a t.allow* A ’ r * ( r c R ) 


R-r 


M := 


Assume compression failure. 

a c.allow* A * r '( r c“ R ) 

M’ =---- 


r := r^ 


R-r’ 


a t.allow* A * r * ( r c R ) 
R-r 

M = 14.01 kN-m 

a c.allow* A ’ r ’( r c _ R ) 

M’ :=---- 

R-r’ 

M’ = 27.94 kN-m 


M allow : = min (M,M’) M allow = 14.01 kN-m Ans 

















Problem 6-143 


The bar has a thickness of 6.25 mm and is made of a material having an allowable bending stress of 
cr aiiow = 1^6 MPa. Determine the maximum momentMthat can be applied. 


Given: t := 6.25mm r := 6.25mm 
w := lOOmm h := 25mm 
a allow 126MPa 

Solution: 

Section Property: 


I ;= -L t . h 3 
12 


I = 8138.02 mm 


Stress Concentration Factor: 


— = 4 
h 


- = 0.25 
h 


From Fig. 6-48, K := 1.45 


Maximum Moment: 


a = K- 


Mc 


c := 0.5-h 


^max • 


( a allow)'^ 

Kc 



M max - 56.57 N-m 


Ans 










Problem 6-144 


The bar has a thickness of 12.5 mm and is subjected to a moment of 90 N*m. Determine the maximum 
bending stress in the bar. 


Given: t := 12.5mm r := 6.25mm 
w := lOOmm h := 25mm 
M := 90N m 

Solution: 

Section Property: 

1 3 4 

I ;=-t-h I = 16276.04 mm 

12 

Stress Concentration Factor: 

w r 

— = 4 - = 0.25 

h h 

From Fig. 6-48, K := 1.45 



Maximum Bending Stress : 


c := 0.5-h 


Mc 

G max •” t 


a max = 100.2 MPa 


Ans 








Problem 6-145 


The bar is subjected to a moment of M = 40 N-m. Determine the smallest radius r of the fillets so that 
an allowable bending stress of cr allow =124 MPa is not exceeded. 


Given: w := 80mm h := 20mm t := 7mm 

M := 40N*m a a llow := 124MPa 

Solution: 

Section Property: 

4 


1 3 

I ;=-t-h 

12 


I = 4666.67 mm 
Mc 


Allowable Bending Stress : a = K 


I 


c := 0.5-h 


a allow* I 


K := 

Mc 

K = 1.45 


20 mm 




-4 




yj mm 


7 mm 


^ - \ 


Stress Concentration Factor: 

w 

From Fig. 6-48, with K = 1.45 — =4 

h 

then, — = 0.25 
h 

r := 0.25-h 
r = 5.00 mm Ans 














Problem 6-146 


The bar is subjected to a moment of M= 17.5 N * m. If r = 5 mm, determine the maximum bending 
stress in the material. 


Given: w := 80mm h := 20mm 
t := 7mm r := 5mm 

M := 17.5N-m 

Solution: 

Section Property: 


1 3 

I ;=-t-h 

12 


I = 4666.67 mm 


Stress Concentration Factor: 


w 

— = 4 
h 


- = 0.25 
h 


M 


80 nun 


20 nmi 


.— 1 — sT 

f 

1 

1 j 

_II 

\ 


M 


From Fig. 6-48, K := 1.45 


Maximum Bending Stress : 


c := 0.5-h 


Mc 

a max •” t 


a max 54 .4 MPa 


Ans 











Problem 6-147 


The bar is subjected to a moment of M= 20 N-m. Determine the maximum bending stress in the 
and sketeh, approximately, how the stress varies over the criticai section. 

Given: w := 30mm h := lOmm 3ünmi 


t := 5mm r := 1.5mm 

M := 20N m 

Solution: 

Section Property: 



I := 


1 3 

—t-r 
12 


I = 416.67 mm 


Stress Concentration Factor : 

w r 

— = 3 - = 0.15 

h h 

From Fig. 6-48, K := 1.6 



Maximum Bending Stress : 


c := 0.5-h 


Mc 

G max •” t 


a max = 384MPa 


Ans 















Problem 6-148 


The allowable bending stress for the bar is <r allow = 175 MPa. Determine the maximum moment M 
that can be applied to the bar. 

Given: w := 30mm h := lOmm 

30 nmi 


t := 5mm r := 1.5 mm 

CT allow : = 175MPa 

Solution: 

Section Property: 

1 3 4 

I :=-t-h I = 416.67mm 

12 



5 - 


Stress Concentration Factor: 


w 

— = 3 
h 


- = 0.15 
h 


From Fig. 6-48, K := 1.6 


Maximum Moment: a = K- 


Mc 


c := 0.5-h 


M := 


( a allow)'] 

Kc 


M = 9.11 N-m 


Ans 














Problem 6-149 


Determine the maximum bending stress developed in the bar if it is subjected to the couples shown. 
The bar has a thickness of 6 mm. 


Given: t := 6mm w := 108mm 

hj := 72mm h 2 := 36mm 20kN m 
rj := 7.2mm r 2 := 27mm 


Mj := 20N-m 

M w := 12.5N-m 
w 


M 2 := 7.5N*m 


Solution: 

Section Property: 

For the larger section 1: 


I 


1 


1 3 4 

-t-hi li = 186624 mm 4 

12 1 1 


Stress Concentration Factor: 
For the larger section 1: 

0.1 


w M 

— = 1.5 — 


l l 


n 


From Fig. 6-48, Kj := 1.755 


72 mm 



108 mm 

—I— 


36 mm 


12.5 fcNm 


1, 


=H 5 


7.2 mm 


_ 


27 ram 7.5kN-m 


SW 


K J.n, í.2 tm I l í tm 




For the smaller section 2: 


1 3 

I9 :=-t-ho 

2 12 2 


I 2 = 23328 mm 


For the smaller section 2: 

rn 


w _ 3 l 2 

ho hn 


0.75 


2 2 n 2 
From Fig. 6-48, K 2 := 1.15 


Maximum Moment: a = K* 


Mc 


For the larger section 1: 


Mi c 


cj := 0.5-hj 


CT 1 := K r 


r L i 


CTj = 6.77 MPa 


For the smaller section 2: 


C 2 := 0.5-h 2 


M 2 -c 2 

°2 := K 2—;- 

l 2 

a 2 = 6.66 MPa 


CT max := maxfcrj ,cj 2 ) 

CT max = 6 - 77MPa Ans 





















Problem 6-150 


Determine the length L of the center portion of the bar so that the maximum bending stress at A, B , 
and C is the same.The bar has a thickness of 10 mm. 


Given: w := 60mm t := lOmm 

h := 40mm r := 7mm 

a := 200mm P := 350N 

Solution: 

Section Property: 


1 3 
I ;= —t-h 
12 


I = 53333.33 mm 


Stress Concentration Factor: 


w 

— = 1.5 
h 


- = 0.175 
h 


From Fig. 6-48, K := 1.5 


Maximum Bending Stresses at A andB 


c := 0.5-h 


a A. 


max • 


K- 


M A' c 


I 


°A max = 19.688 MPa 
CT B.max -= a A.max 


At Section C-C: 


Require, CT C.max • ^A.max 


1 3 

I' :=-t w 

12 


I’ = 180000 mm 
Maximum Bending Stress : 


c' := 0.5-w 


CT C. 


MC C ' 


max 


7 mm 

Sh- 


350 N 
60 mm 


T 


40 mm 
7 mm I 

s I _ 


A 


JL 


■ 200 mm —-I 


I"— 200 mm - 

Support Reaction : By symmetry, A =B = R 
+f XF y = 0; 2R - P = 0 

R := 0.5P R = 175N 

Internai Moment : 

M a := Ra M a = 35.00 N-m 

M B := M A 
M c = R(a + 0.5L) 


,, 550* 

?LL-1r_£r 

I 1 * 6 iV 

- 'j * ^ 


r 

05* 




CT A. 


r 


R-(a + 0.5L)-c’ 


r 




ny 


max 


F 


L := 


2a 


A.max 


•r ^ 


V Rc’ 
L = 950 mm 


2a ,j 

Ans 































Problem 6-151 


If the radius of each notch on the plate is r = 10 mm, determine the largest momentMthat can be 
applied. The allowable bending stress for the material is cr allow =180 MPa. 

Given: w := 165mm h := 125mm 

t := 20mm r := lOmm 

20 mm 

CT allow : = ISOMPa 

Solution: 

Section Propertyr. 

1 3 4 
I :=—th I = 3255208.33 mm 
12 

Stress Concentration Factor: 

b := 0.5-(w - h) 

b r 

- = 2 - = 0.08 

r h 

From Fig. 6-50, K := 2.1 



Maximum Moment: a = K- 


Mc 


c := 0.5-h M:= 


( a allovv)'' 
Kc 


M = 4.464 kN-m Ans 









Problem 6-152 


The stepped bar has a thickness of 15 mm. Determine the maximum moment that can be applied to its 
ends if it is made of a material having an allowable bending stress of cr allow = 200 MPa. 

Given: w := 45mm t := 15mm 45 mm 


h | := 30mm h 2 := lOmm 

r | := 3mm r 2 := 6mm 


CT allow := 200MPa 

Solution: 

Section Property: 

For the larger section 1: 



For the smaller section 2: 


ti :=-t-hr 

1 12 1 


33750mm 




12 = 1250 mm 


Stress Concentration Factor: 

For the larger section 1: 

w r l 

— = 1.5 — = 0.1 

h i h i 

From Fig. 6-48, Kj := 1.75 


For the smaller section 2: 



h 2 h 2 
From Fig. 6-48, K 2 := 1.2 


Maximum Moment: a = K* 
For the larger section 1: 


Mc 

I 


cj := 0.5-hj 


Mj := 


( a allow)‘ 

K l' c l 


For the smaller section 2: 


c 2 °- 5 ' h 2 


M 2 : = 


( a allow)‘^2 
K_2' C2 


Mj = 257.14N-m 


M 2 = 41.67N-m 


M allow :=min ( M l’ M 2) 
^allow = 41.67 N-m ^ ns 















Problem 6-153 


The bar has a thickness of 12.5 mm and is made of a material having an allowable bending stress of 
cr aiiow = 140 MPa. Determine the maximum momentMthat can be applied. 


Given: t := 12.5mm r := 7.5mm 
w := 150mm h := 50mm 
a allow 140MPa 

Solution: 

Section Property: 

1 3 4 

I :=-t-h I = 130208.33 mm 

12 


Stress Concentration Factor: 


— = 3 
h 


- = 0.15 
h 


From Fig. 6-48, K := 1.6 


Maximum Moment: a = K- 


Mc 


c := 0.5-h 


M := 


( a allow)'] 

Kc 



M 


M = 455.73 N-m 


Ans 


















Problem 6-154 


The bar has a thickness of 12.5 mm and is subjected to a moment of 900 N*m. Determine the 
maximum bending stress in the bar. 


Given: t := 12.5mm r := 7.5mm 
w := 150mm h := 50mm 
M := 900N-m 

Solution: 

Section Property: 

1 3 4 

I :=-t-h I = 130208.33 mm 

12 

Stress Concentration Factor: 

w r 

— = 3 — = 0.15 

h h 

From Fig. 6-48, K := 1.6 




Maximum Bending Stress : 


c := 0.5-h 


Mc 

a max •” t 


a max = 276.5 MPa 


Ans 
















Problem 6-155 


The simply supported notched bar is subjected to two forces P. Determine the largest magnitude of P 
that can be applied without causing the material to yield. The material is A-36 Steel. Each notch has a 
radius of r = 3 mm. 

P P 

Given: t := 12mm 
w := 42mm 


Solution: 

Section Property: 

I : = -L t . h 3 
12 

Stres s Concentration Factor : 
b := 0.5-(w - h) 



Í-2 

r 


- = 0.1 
h 


From Fig. 6-50, K := 1.92 


Maximum Moment: 

c := 0.5-h 


a Y 


= K- 


M C' c 


M C = 


H- 


K-c 


Pa = 


K)- 


P := 


K-c 

W ' 1 

a-K-c 


Support Reaction : By symmstry, Rj=R 2 =R 

+f IF= 0; 2R - 2P = 0 R = P 

Internai Moment: At mid-span, 

— R- a 


Mq = Pa 


La 




J) H‘.0.Sp 


nd 

í ÜL 1 


p = 468.75 N Ans 






















Problem 6-156 


The simply supported notched bar is subjected to the two loads, each having a magnitude of P = 500 
N. Determine the maximum bending stress developed in the bar, and sketeh the bending-stress 
distribution acting over the cross section at the center of the bar. Each notch has a radius of r = 3 mm. 


Given: t := 12mm 
w := 42mm 
a := 500mm 

Solution: 

Section Property: 

I : = -L t . h 3 
12 


r := 3mm 
h := 30mm 
P := 500N 


I = 27000.00 mm 


Stress Concentration Factor: 
b := 0.5* (w - h) 


Í-2 

r 


- = 0.1 
h 


From Fig. 6-50, K := 1.92 


Maximum Bending Stress : 


c := 0.5-h 


'max 


:= K- 


M c c 


a max = ^66.7 MPa 



-500 mm 


—|— 500 mm—1-500 mm-J—: 


500 mm— 


Support Reaction : By symmstry, R]=R 2 =R 

+f IF= 0; 2R-2P=0 R := P 

Internai Moment : At mid-span, 


M, 


C 


Ra 


M c = 250 N-m 


X L 






Ans 


£C0d 



























Problem 6-157 


A rectangular A-36 Steel bar has a width of 25 mm and height of 75 mm. Determine the moment 
applied about the horizontal axis that will cause half the bar to yield. 


Given: 


b := 25mm 
d := 75mm 


ay := 250MPa 


Solution: d e := 0.5d dp := 0.5d 

Elastic-plastic Moment: 


M := 




M = 9.52 kN-m Ans 



















Problem 6-158 


The box beam is made of an elastic perfectly plastic material for which a Y = 250 MPa. Determine the 
residual stress in the top and bottom of the beam after the plastic moment is applied and then 

released. 


Given: b Q := 200mm 
bj := 150mm 


d Q := 200mm 
dj := 150mm 


ay := 250MPa 


Solution: 


Section Property: 

t b := 0.5(d o - dj) t d := 0.5(b o - bj) 


1 : = lI'l. b o' d o 

Plastic Moment: 


3 3 

-bjdj 3 


I = 91145833.33 mm 



Mp := OY-( b o- t bH d o- t b) + CT Y- 

Mp = 289062.50 N-m 


djVdj^ 

2td '2j\2j 


Modulus ofRupture: 

The modulus of rupture a r can be determined using the flexure formula 
with the application of reverse plastic moment Mp. 

Mp-c 

I 


c := 0.5d, 


o 


a r := 


a r = 317.14 MPa 



i =0 


Residul Bending Stress: 

çj'^ := ÇJp — CJy 

c>'b := CT r - ay 


cr' t = 67.14 MPa 


c>' b = 67.14 MPa 

























Problem 6-159 


The box beam is made of an elastic plastic material for which o Y = 250 MPa. Determine the residual 
stress in the top and bottom of the beam after the plastic moment is applied and then released. 

Given: bf := 200mm d w := 200mm 

tf := 15mm t w := 20mm 

ay := 250MPa 

Solution: 


Section Property: 

D + 2tf 


Plastic Moment: 


1 


I: "rr D -( b f- , w) d w_ 


I = 82783333.33 mm 



Mp := a Y -(b f t f )-(D - tf) + a Y - 
Mp = 211.25 kN-m 


O ro 
2 )\ 2 ) 


Modulus ofRupture: 

The modulus of rupture a r can be determined using the flexure formula 
with the application of reverse plastic moment Mp. 

Mp-c 


c := 0.5D 


a r := 


I 


a r = 293.46 MPa 


Residul Bending Stress: 
g \ := a r - a Y 

:= a r - ay = 43.46MPa 


a ? t = 43.46 MPa 


Ans 

Ans 





















Problem 6-160 


Determine the plastic section modulus and the shape factor of the beam's cross section. 
Set a := mm 
Given: bf := 2a 
d w := 2a 
Solution: 

Section Property: 

A := b f t f + d^t 


y c 


-■(yr A i) 

S.(Ai) 



1 : = 75 b r'| 3 + (bflf)-(0.5i f - y..) 2 + + (t w d w ) (0.5d w + t f -y c ) 


12 

I = 3.08 a 4 

Maximum Elastic Moment: 

c := d w + tf - y c c = 1.75 a 


o_ 


CT Y = 


MyC 


M 


Y I 


C Y 


A 3 

- = 1.7619 a 
W 

M y = (1.7619 a 3 )-cr Y 


•l 


Plastic Moment: 

J a a d A = 0 cr Y - t w - (d) - cr Y - t w - (d w - d) - a Y - (b f t f ) = 0 

Vdw + hftf 


Zo- 




d := 

2t w 

d arm 0-^tf + d w — 0.5d 

M P . 

Mp " a Y**w‘‘^arm ™ 

ay 


d = 2a 


^arm 1-50 a 


arm V' (• d arm 3.00 a 

= ( 3 .OO a 3 )-( 


Mp 3.00 a 3 

Shape Factor : k = —— k :=- 


Ma 


Plastic Section Modulus , 


1.7619 a 

Mp 


Mp 

k = 1.70 


• CT Y 


Ans 


z = 3.00 a Ans 


a Y 








































Problem 6-161 


The beam is made of elastic perfectly plastic material. Determine the maxirrmm elastic moment and ti 
plastic moment that can be applied to the cross section. Take a = 

Given: a := 50mm bf := 2a tf := a 

ay := 230MPa d w := 2a t w := a 

Solution: 

Section Property: 

A := b f t f + 


y c = 


-■(yj- A i) 

I.(Ai) 


y c : = 


(b f tf)-(0.5t f ) + (<yt w )-(0.5d w + tf) 



y c = 62.5 mm 


1 := ^' b f tf 3 + ( b f t f )' (°-5 tf — y c )‘ 


^•Vdw 3 


(VdwJ-f 0 - 5 ^ 


I = 19270833.33 mm 


Maximum Elastic Moment: 

c := d w + tf - y c c = 87.50 mm 

My C Qy I 


a Y = j 

My := - My 

c 

= 50.65 kN-m Ans 

Plastic Moment: 

í adA = 0 

Ja 

<?Y'V( d ) - a Y'V( d w _ d ) 

i 

Q 

II 

o 


Vdw + hftf 
d := - 

d = 100 mm 


2t w 


+ 


tf-yc) 


2 




d arm * 0.5tf + d w 0.5d 

Mp := a yl w *(d)*d arm 
M p = 86.25 kN-m Ans 


cirin 





































Problem 6-162 


The rod has a circular cross section. If it is made of an elastic plastic material, determine the shape 
factor and the plastic section modulus Z. 

Set r := mm 

Solution: 

Section Property: 

A 2 T K ( 4 ) 

4 v 7 

Maximum Elastic Momcnt: 

MyC 



c := r 


g y - 


I 


Plastic Momcnt: 


^arm : ^ 


M p= 


3n ) 

—\d 


arm 


M Y _ I 
cr Y ^ 


A 3 

- = 0.7854 r 

w 

My = (o.7854 r 3 )- 


3Ü t 


ay 


2 J u arm 


ay 


A'] 3 

I j.d arm = L3333 r 3 


Mp 


= (l.3333 r 3 )- 


ay 


=5, 


.’ T 


Mp 

Shape Factor: k = —— 


M- 


Y 


k := 


1.3333 r 


0.7854 r 


k = 1.70 


Ans 


Plastic Section Modulus: 


= Mp 

a Y 


z = 1.333 r Ans 
















Problem 6-163 


The rod has a circular cross section. If it is made of an elastic plastic material, determine the maximur 
elastic moment and plastic moment that can be applied to the cross section.Take r = 75 mm, cr Y = 25C 
MPa. 

Given: r := 75mm ay := 250MPa 

Solution: 

Section Property: 

a 2 T n ( 4 \ 

A := 7ir I := —^r ) 


Maximum Elastic Moment: 


c := r 


a Y = 


MyC 


Ma 


Gyl 


My = 82.83 kN-m Ans 



Plastic Moment: 

) _ I 

3n) 


^arm • ^ 


Mp := °Y' 


2 ) 


arm 


Mp 


140.63 kN-m 


Ans 











Problem 6-164 


Determine the plastic section modulus and the shape factor of the cross section. 
Set a := mm 


Given: b f := 3a t f := a 

d w := 3a t w := a 

Solution: 

Section Property: 

A := b f t f + (d w -t f )-t w 

t 1 u . 3 1 (, 3 

:= ü' bftf + 7^' t w\ d w _t f 

Maximum Elastic Moment: 
c := 0.5d w c = 1.5 a 

MyC 


A = 5a 


I = 2.41667 a 



M 


g y - 


I 


Y _ I 


f A 3 

- = 1.61111 a 

w 


Plastic Moment: 

^w.arm *f + ^(d w ” ^f) 
^f.arm ®.5tf 

r. ^ 

Mp = a Y‘ 


Ma 


d w. 


= (l.óllll a 3 )-cr Y 


arm 


= 2.00 a 


bf 2 J' ^f.arm + CT Y’Kv’ 


df.arm d -50 a 
íá w ~ 

d w. 


arm 


“p ( ‘A 

— = b f — I 

CTy V 2 J 


bf o I' d f.arm + *av' 


V 2 ) 


bf t f d f.arm + t w' 


V 2 J 

' 2 J w.arm 

_ 3 

J^w.arm " ^-75 a 


Mp 


= (2.75 a 3 )- 


0 


CT Y 


Mp 

Shape Factor: k = —— 


Ma 


k := 


2.75 a 


1.61111 a 

= ™p 

a Y 


k = 1.71 


z = 2.75 a 


Ans 


Plastic Section Modulus: 


Ans 




























Problem 6-165 


The beam is made of elastic perfectly plastic material. Determine the maximum elastic moment and tl 
plastic moment that can be applied to the cross section. Take a = 50 mm and a Y = 250 MPa. 


Given: a := 50mm 
bf := 3a 


ay := 250MPa 
tf := a 


t w ; = a 


d w := 3a 

Solution: 

Section Property: 

A := b f t f + (d w -t f )-t w 

t 1 u . 3 1 (, 3 

:= Ti' bftf + Ti' tw 'v dw _tf 

Maximum Elastic Moment: 
c := 0.5d w c = 1.5 a 


M 




Gy = 


My := 


CJy J 



Plastic Moment: 


d w.arm ’ tf+0.5^d w ^f) 


d f.arm : ®.5tf 

A tf 


M p : = a Y*^ b f^J d f.arm + a Y* t 


d w.arm ^-00 a 
d f.arm = a 


w* 


r d w - tf 
2 ) 


•d 


w.arm 


M p = 85.94 kN-m 


Ans 




















Problem 6-166 


Solution: 

Plastic Moment: 

A 1 : = K '■ ( r o 2 - r i 2 ) d arml : = d w + 2r o 

^2 t\y(0.5dw) ^arm2 := ^-5d w 

:= ( a Y‘^l) ,( ^arml + ( a Y‘^2)‘^arm2 



The beam is made of an elastic perfectly plastic material. Determine the plastic moment that can be 
supported by a beam having the cross section shown. <j y = 210 MPa. 

Given: r Q := 50mm t w := 25mm ay := 210MPa 

rj := 25mm d w := 250mm 


M p = 515kN-m Ans 




















Problem 6-167 


Determine the plastic moment that can be supported by a beam having the cross section shown. 
cj y = 210 MPa. 


Given: r Q := 50mm t w := 25mm ay := 210MPa 

rj := 25mm d w := 250mm 


Solution: 

A 1 = n '( r o 2 - r i 2 ) 

A 2 = Vfdw - d ') 

a 3 = tw* 1 ' 

j^CT dA = 0 CJy Aj + CJy Á^2 ~ CJy A 3 = 0 



'25 mm 


Ai + A 9 — A^> = 0 


71 •(jo - r i ) + tw(dw - d’) - t w d’ = 0 


d' := 


n-[r„ 2 -r ; 2 ) + t v (d w ) 


O 1 


2t 


w 


d' = 242.81 mm 


Plastic Moment 
A i 



Ch" 

1 

<N 

O 

è 

11 

^arml * = r o + ( c Kv _ ^) 

1 

4* 

J 

II 

^arm2 * = 

:= t w d’ 

^arm3 := ®.5d 

:= (<^Y‘ A l)'darml 

+ (ay A 2 )-d arm2 + (ay A 3 j-d arm3 


lll.li-DC^ 


M p = 225.6 kN-m 


Ans 














Problem 6-168 


Determine the plastic section modulus and the shape factor for the member having the tubular cross 
section. 

Set d := mm 

Solution: 

Section Property: 

A := -[(2d) 2 - d 2 ] A = 2.35619d 2 




2d) 4 - d 4 ] 


I = 0.73631 d 


Maximum Elastic Moment: 

c := d 



MyC 


Gy = 


I 


cr Y c 


(A 3 

- = 0.73631 d 

w 

M y = (o. 73631 d 3 )- 


a Y 


Plastic Moment. 


y c = 


-•(yj A i) 

I.(Ai) 


y c : = 


í ^ n *\ 2 ffl.ntí J 2 U *0 

I (2d) • - 0.5 I d • - 

V 4 J IW V 4 J 2 V3tiJ 


0.5 


0.5A 


y = 0.49515 d 


c Wm • 2y c 
Mp = a Y 


í A ^d 

Mp = 


Í A ^ 

U / arm 

CT Y 

arm 



-"arm 


Mp = (l.16667 d 3 )-cr Y 



Mp 

Shape Factor : k = —— 


Ma 


k := 


1.16667 d 


k = 1.58 


Ans 


0.73631 d 


Plastic Section Modulus: 


z = 


_ Mp 


z = 1.16667 d 


Ans 


a Y 



























Problem 6-169 


Determine the plastic section modulus and the shape factor for the member. 
Solution: Set b := mm h := mm 

Section Proverty: 

A=Vh) 1= J-(b-h 3 ) 

z 3o 

Maximum Elastic Moment: 


c := —-h ay = 


MyC 


m y _ i 

CJy C 


Plastic Moment: 

d 

From the geometry, b' = — b 



A a = — • b’- d 


A trp = -(b + bKh-d) 


- 1/0 


A A = --[T' b r d A trp = — I b + — b |-( h - d) 


2\0 


d A 

_ U l 


Oi* 

h ) 


Ía G d A = 0 °Y' ( A a) “ C Y‘ ( A trp) = 0 


A A “ A trp 


1 (d \ 1 ( d A 

——b -d= — b + — b -(h-d) 

2 U ) 2 ^ h ) 



Note: The centroid of a trapezoidal area was used 
in the calculation. h-d 2-b’ + b 


h = 

c 3 


b’ + b 


^arm 3 * ^ + [P 1 ^ ^ç] 

1 b’ + 2-b 

d a rm = —d + (h - d)- 

arm 3 7 3(b’ + b) 



cirm 


1 h 


í 


M p = a Y‘(yf d 




arm 


h ^ b + 2\p2-b 
3(b + i/2-b) 

2 / Uarm 


_ 4(2 - >/2)-h 


"arm 


a y 


A 
— d 


arm 


6 




M 

Shape Factor : k = —— 


M 


k:= 


L Y 


Plastic Section Modulus: 


6 _ 

1 2 
— b-h 
24 


Mp = 




b-h j-CJy 


k = 2.34 


Ans 


= Mp 

a y 


2~4l 


•b-h 2 Ans 





































Problem 6-170 


The member is made of elastic perfectly plastic material for which a Y = 230 MPa. Determine the 

maximum elastic moment and the plastic moment that can be applied to the cross section.Take b = 5C 
mm and h 80 mm. 



Maximum Elastic Moment: 


2 My c ay-1 

c := —-h ay = —-— My :=- My = 3.07kN-m Ans 


Plastic Moment: 

d 

From the geometry, b' = — b 

h 


f adA = 0 

Ja 


i f 


d A i 

—-b -d = —• 
h ) 2 


A* = — b’-d 

A 2 

A trap = 2 

1 

(d A , 

1 

A* = — • 
A 2 

— b -d 

U ) 

A trap = 2 

£ 

II 

O 


A A “ A trap 

d A 



b H-b -(h - d) 

d" h 


Note: The centroid of a trapezoidal are a was used 
in the calculation. h - d 2-b’ + b 

hc 3 b’ + b 
darm ” y d + [(^ _ d) - h c J 

1 b' + 2-b 

d arrn = —d + (h - d)- 

arm 3 3(b’ + b) 

1 h í h ^ b + 2\p2-b 
<Wm = + l 72j'3(b + V2b) 


4(2 ->/2)-h 


^arm • 


d arm = 31-24 mm 


d A 
—b • 
h ) 




b 

7 


QO&Ò&m 

0 0^38 m 
ü-otZ fei? ^ 
& ííj-í+y j-i 



Mp := CT Y' 


A\ d 

2 J arm 


Mp = 7.19kN-m Ans 




































Problem 6-171 


The wide-flange member is made from an elasticplastic material. Determine the shape factor and the 
plastic section modulus Z 

Set b := mm h := mm t := mm 

Given: b f := b t f := t 

D := h t w := t 

Solution: d w =D-2-t f d w := h - 2t 
Section Property: 

A = b f D - (b f - t w )-d w A := b-h - (b - t)-(h - 2t) 

, = ±. bfD 3 _±.( bf _g. dw 3 


12 1 12 
Maxim um Elastic Moment: 
c := 0.5D c := 0.5h 



1 3 1 • 

I := —b-h-(b - t)-(h - 2t)' 

12 12 


MyC 

a Y = — 

Plastic Moment: 
d w .arm" = 0.5d w 

d f.arm “ D - t^ 


M 


CTy 


Y I 
c 


I 1 2 1 3 

c 6 6-h 


Ma 


= A.[ b ,3 


6-h 


K' - (b - t)-(h - 2-t) 3 ]-a Y 


^w.s 


h-2t 


Mp = ay(bf t f |-d farm + g Y ' 1 w 

h-2t^ h - 2t 


arm 2 
d f.arm “ h - t 

V 


2 j ‘ d w.arm 


Mp 

-= (b-t)-(h - t) + t- 

ct y 


Mp = 


2)2 

2 


(b-t)-(h — t) H-(h — 2t) 

4 


<7 Y 



1 

■1 

í. 

r ’ 


ll 1 

1 1 

l— -■ 1- -■ -i 

h-Jt 

h- 1 


i 

1 

z 

r 1 ~ 


L- .-1 

7* 

j 

1 


M (b-t)-(h — t) + — - (h — 2t) 

Shape Factor : k = — — k = 


Ma 


Plastic Section Modulus , 


—k-[b-h 3 - (b - t)-(h - 2-t) 3 ] 
6-h 


k= 2± 

4b-t-(h - t) + t-(h - 2t) 2 

2 

_b-h 3 - (b - t)-(h - 2-t) 3 _ 


Ans 


Mp t 

z = - z = (b-t)-(h - t) H-(h - 2t Y 

Gy 4 


Ans 
































Problem 6-172 


The beam is made of an elastic-piastic material for which cr Y = 200 MPa. If the largest moment in the 

beam occurs within the center section a-a , determine the magnitude of each force P that causes this 
moment to be (a) the largest elastic moment and (b) the largest plastic moment. 

Given: a := 2m b := lOOmm h := 200mm 

ay := 200MPa 

Solution: 

Section Property: 


P 


A := b-h 

I := — b . h 3 
12 


A = 20000 mm 


I = 66666666.67 mm 


i;- 

._2 m _-I 

lT 

L_2 rn _ - 

i th. 

,_2 m _ _ 

L_2 m _ - 








a) Maximum Elastic Moment: 
c := 0.5-h My = P a 


2ÜÜ mm 


ay = 
ay = 


My C 

I 

P-a-c 

I 


100 mm 


P := 


ay 


I 


b) Plastic Moment: 


cirin • 


Mp := °Y ' 


Mp 


a-c 

P = 66.67 kN 

200.00 kN-m 


in| ' u 


Ans 


A\ d 

2 J arm 

Mp 

P’ := — P' = 100.00 kN Ans 




















Problem 6-173 


The beam is made of phenolic, a stmctural plastic, that has the stress-strain curve shown. If a portion 

of the curve can be represented by the equation cr= (5(10 6 )^) 1/2 MPa, determine the magnitude of w 
the distributed load that can be applied to the beam without causing the maximum strain in its fibers z 


the criticai section to exceed s mãx = 0.005 mm/mm. 


Given: b := 150mm h := 150mm 

a 2 = 5(l0 6 )e 
L := 2m 

Solution: 

Stress-strain Relationship : unit := MPa 
When 8 max = 0.005, 


8 max • 0-005 


mm 


mm 




- 2 cn - 


- 2 m - 


±fr(MPa) 


■/síic/T 


CT max : = unit 


a max = 158.11 MPa 


max 


5(1&}e 


150 mm 


gDI J 


150 mr. 


. t ínmi/nmij 


Resultant Internai Forces: 

The resultant internai forces T and C can be evaluated from the volume of 
stress block which is a paraboloid, T=C. 


T •= - rr í—^ 

3 mãx \ 2 J 


d 


arm 


:= 2 - 


[-3 f M] 

_5 U;_ 


T = 1185.85 kN 
d arm = 90 mm 


Maximum Internai Moment: 



^max * ^arm ^max ^06.73 kN- m 

By observation, the maximum moment occurs over the middle support. 



^max " w * L 






































Problem 6-174 


The box beam is made from an elastic plastic material for which cr Y = 175 MPa. Determine the 
intensity of the distributed load w 0 that will cause the moment to be (a) the largest elastic moment and 
(b) the largest plastic moment. 


*‘ci 


R = 0.5w o -L 


Maximum Moment , 


M= R-L- — (0.5-w o -L) M = 


w o L 


a) Elastic Anafysis : a = 

c := 0.5d, 


My := 


w D := 


<7y I 
C 

3My 


Mc 

I 

1 
12 


I:=— ( b 0 - d Q - bj-dj' 


My = 638.02 kN-m 


A f := b 0 t f 


c Wm 1 • c *o c f 
^arm2 := 0.5dj 

Mp := |oy Afj-d arm i + ( <J Y'^w)‘^arm2 


A •= H * • t 
w * u i L w 



300 mm 


i 


□ 


400 mm 


—! 1“ 

150 mm 




l-í^i 




kN 


L i 

w n = 212.67 — 
m 

Ans 




nri 

\w m 

í w := 0.5(b o - bj 

1 

o 

o 

Jl 

^4H 



*1 


L" JS S *T -r t 


Mp = 809.4 kN-m 
3-Mp 


kN 


w n := 

0 T 2 


w ? 0 = 269.79 — Ans 
m 








































Problem 6-175 


The beam is made of a polyester that has the stress-strain curve shown. If the curve can be 

representedby theequation cr= [140 tan _1 (15^)] MPa, where tan _1 (15^) is inradians, determine the 
magnitude of the force P that can be applied to the beam without causing the maximum strain in its 
fibers at the criticai section to exceed £ max = 0.003 mm/mm. 

Given: b := 50mm h := lOOmm 

a = 140atan(l5s) 


I 


8 max • 0-003 


mm 


mm 


L := 2.4m 

Solution: 

Support Re action : By symmstry, R 1 =R 2 =R 
+f XF y = 0; 2R - 2P = 0 

R = P 

Maximum Moment: 

M = R-L M= PL 

Stress-strain Relationship : unit := MPa 

The bending stress can bs expressed 
in terms of y using e m ax 

s = -— y 




50 mm 

H h" 

□ I"» 


mm 


■2,4m- 


■ 2 A m- 


±tr(MPa) 



a = 140atan 


0.5h 


s max ^ 
15—-y ,-unit 


When s max = 0.003 


v 0.5 h ) 

^max -= 


c>max := 140-atan 


A 8 ^ 
°max l 

15-yinav I • unit 

V 0.5h max J 


a max = 0-30 MPa 


Resultant Internai Moment: M = J y <J d A 

r0.5h 

( ( z \ \ 

°max I I 

M := 2 y- 140atan 15-y ,-unit ,-bdy 

V V 0 - 5 h ) ) 

M = 524.79 N-m 


M 

P := — 
L 


P = 218.66N 


Ans 


i i 

r tk k 

S- 

& 


V 

h 








































Problem 6-176 


The stress-strain diagram for a titanium alloy can be approximated by the two straight lines. If a strut 
made of this material is subjected to bending, determine the moment resisted by the strut if the 
maximum stress reaches a value of (a) <j a and (b) cr B . 

Given: b := 50mm d := 75mm 

a A := 980MPa a R := 1260MPa 


mm mm 

8a := 0.01- 8d := 0.04- 

mm mm 


75 mm 


Solution: 

Maximum Elastic Moment: 

Since the stress is linearly related to strain up 
to point^t, the flexure formula can be applied. 

Mc 


±<T[ MPa) 
cr = 1260 



a = 


I 


rr - 980 


I := b-d 


Ma 


551.25 kN-m Ans 


c := 0.5d 

ga-í 

M y :=- 

c 

Ultimate Moment: 

y A := —• (0.5d) h := 0.5d - y A 
8 B 

CT A + CT B 

Ci-Tj Tj:= ---(bh) 

c 2 =t 2 


/ 


ei mm/mm) 


t 2 : = ^-( b -yA) 



Note: The centroid of a trapezoidal area was used 
in the calculation of moment. 

h 2a B + a A 
h c :=- 

/ \ 3 ÇJo + ÇJ A 

^arml + ^c) 

^arm2 ^(^a) 

M := + (T2)‘^arm2 

M = 78.54 kN-m Ans 




"■ r 

c„ 



A ( 

lÍL 




'i 



































Problem 6-177 


A beam is made from polypropylene plastic and has a stress-strain diagram that can be approximated 
by the curve shown. If the beam is subjected to a maximum tensile and compressive strain of £=0.02 
mm/mm, determine the maximum moment M. 

Given: b := 30mm h := lOOmm 
cr = lot/aMPa 


c max ’ ^.02 


mm 


mm 


Solution: 

Stress-strain Relationship : 


unit := MPa 


The bending stress can bs expressed 
in terrns of y using s max 




Resultant Internai Moment: M = J y a d A 
f 0.5h 

f 4 fê 

& max 

M := 2 y- 10 /-y-unit.-bdy 

y y 0.5h ) 


M = 0.251 kN-m Ans 



aüir 


















Problem 6-178 


The bar is made of an aluminum alloy having a stress-strain diagram that can be approximated by the 
straight line segments shown. Assuming that this diagram is the same for both tension and 
compression, determine the moment the bar will support if the maximum strain at the top and bottom 
fibers of the beam is £ max = 0.03. 

Given: b := 75mm 


mm 


8a := 0.006- 

mm 

<jç := 630MPa 

mm 


c max • 


Solution: 

Maximum Stress , 


mm 



max 


a B a C ~~ a B 


s max S B 


8 C -S 


B 


a C - a B 


'max • 


Z C 


-( s max “ £ b) + a B 

“ S B V 7 


CT max = 574 MPa 


Maximum Moment: 

S A 


a B 


yA : = 


(0.5d) 

y B *(0.5d) 


8 max 


£ max 




a B + a max / \ 

Cl" 

T 1 

T l-= 

2 ( bh l) 




CT A + CT B , v 

C 2 = 

T 2 

T 2 == 

2 ( bh 2) 




°A ,, , 

O 

II 

T 3 

T 3 == 

— ( by A) 


h l := 0.5d - y B h 2 := y B - y A 




Note: The centroid of a trapezoidal area was used 
in the calculation of moment. 







h , — 

h l 

^ a max + a B 

ü cl * 

3 

a max + a B 

^arml 

:= 

2 (yB + h d) 

^arm2 

:= 

2 (yA + h c2) 

^arm3 

:= 

|( 25, a) 

M := ( 

T 1 

)‘^arml + (^ 2 ) 

M = 96.48 kN-m 


h c2 := — " 


h 2 2c7 B + ct A 


3 a B + a A 


Ans 
































Problem 6-179 


The bar is made of an aluminum alloy having a stress-strain diagram that can be approximated by the 
straight line segments shown. Assuming that this diagram is the same for both tension and 
compression, determine the moment the bar will support if the maximum strain at the top and bottom 


fibers of the beam is s max = 0.05. 


Given: b := 75mm d := lOOmm 

g^ := 420MPa g b := 560MPa 560 


s max • S C 


Solution: 

Stress-strain Relationship : 


±<r{MPfc) 
630 


mm mm 

8a := 0.006- £d := 0.025- 420 — 

mm mm 

mm 

Gr := 630MPa eq •= 0.05- 

mm 



0.006 0.025 


100 mm 


(3.05 


- í(mm/mm) 



a l _ 

8 

a A 

£ A 

CT 1 = 

a A 

-s 

£ A 

a 2 “ a A 

a B C A 

a 2 = 

a B “ C A 

CO 

1 

CO 

> 

1 

e B _ £ A 

£ B _£ A 

a 3 - a B 

a C C B 


a C C B 

CO 

1 

CO 

dd 

1 

£ C _ e B 

a 3 = 

£ C _£ B 




•(s-8 A ) + a A 
•(s - s B ) + a B 



„ . max 

Strain : g =-y 


£ A 8 B 

y A :=-(0.5d) y B :=- 


•(0.5d) 


ai - 


£ A 


0.5d 

í « 


"max 


"max 


"max 


a 2 = 


a B - C A 
£ B _£ A 


0.5d Y J 

f „ 


J max 
V 0.5d 


Ga = 


g c - a B 
S C“ C B 


f c 


J max 


V 0.5d 


for 0 < y < y A 

■y — £ a j + ct a 

•y-8 B ^ + CT B for y B <y<0.5d 


for y A <y<y B 


Resultant Moment: M = | y CT d A 

f y A r / x ) - 


M, := 2 


M 2 :=2 


y- 


^A 

£ A 


^max 


0.5d y ) 


b dy 


M, = 0.76 kN-m 


0 

r y b 

y a 

a b 

' y A 


y- 


y- 


a B C A 
£ B _£ A 


a C C B 
£ C _ £ B 


"max 


V. 0.5d 


• y - £ A| + a A 


b dy 


M 2 = 22.28 kN-m 


"max 


0.5d 


^ ' 
■y- £ Bj + a B 


b dy 


M 3 = 23.8 kN-m 


M 3 :=2 













































Ans 


NI!— Nl| + “I - 

M = 46.84 kN-m 


Note : The solution can also be obtained from stress blocks as in Prob, 6-178 


Problem 6-180 


The beam is made of a material that can be assumed perfectly plastic in tension and elastic perfectly 
plastic in compression. Determine the maximum bending momentMthat can be supportedby the bea 
so that the compressive material at the outer edge starts to yield. 


Solution: 


= a-d 

A 2 = a(h - d) 


c = -cry-Aj 

T = a Y -A 2 


J A adA = 0 


C- T = 0 


-ayAj - a Y -A 2 = 0 


2 A 1 “ A 2 = 0 


-a-d - a(h - d) = 0 


d = 


2 -h 


Plastic Moment, 


d arm = 3 d + 2 ( h " d ) 


-‘arm 


2 2 -h 

3 — 



^p " ( a Y‘^2)‘^arm 


Mp = aya-(h - d)-- 


11 -h 

Tê” 



Ans 


















Problem 6-181 


The plexiglass bar has a stress-strain curve that can be approximated by the straight-line segments 
shown. Determine the largest moment M that can be applied to the bar before it fails. 

Given: b := 20mm h := 20mm 

a tl 40MPa a t 2 := 60MPa 


e tl := 0.02 ■ 


mm 


mm 


s t2 ' 


mm 


mm 


a cl - 80MPa a c 2 -lOOMPa 


8 cl := -0.04- 8 2 

mm 

Solution: 

Assume failure due to tension and s c < 8 C ^ 


mm 


-0.06- 


mm 



& (MPa) 


60-- 

40 


mm 


compressjon 


Aj = b(h - d) 

Ao = —bd 
1 2 

Ao = — bd 


C= 2 CT c A 1 


0.02 0.04 


ÈLÍlLire 

tensLon 


-80 

-100 


T 1 = 2 CT tl' A 2 

T 2 = l( a tl + CT t2)‘ A 3 


| A adA = 0 C-T 1 -T 2 =0 

~ a c '[b(h - d)] - ^a tl -Q-b-dj - 2(cj tl + a^J-Q-b-dj = 




r r 

A 




(h \ 

CTc 'U x ) = Ctl + 0 ' 5CTt2 

Tty cr ;= 74.833MPa then d := 


h-o r 


a c < 


rcl 


Check: 


h-d 


CT t i + 0.5c t2 + a c 


mm 


d = 10.334 mm 


From the strain diagram, 8 C :=-e t 2 s c = 0.037417- O.K! s c < s 


mm 


cl 


From the c-s diagram, a :=-a c j 

£ cl 

Hence. 


a = 74.833 MPa O.K! Close to assumed value. 


C := 

-a c -[b( h 

-d)] 



C = 

7.2336 kN 


1 (\ 






T v 

~ 2 CTtl \2 

•b-dj 



T 1 

= 2.0667 kN 


1 / 

\ 

(\ 

, 2 



^2 : 

II 

Ol 

+ 

a t2j- 

U 

•b-dj 

T 2 

= 5.1668 kN 


LI 


L 



K 


h 




7 




























Ultimate Moment: 


2 

d arml : = 3 ( h " d ) d arml = 6 - 4442 mm 

2Í d] 

d arm2 ~iy2j d arm2 _ 3.4446mm 

Note: The centroid of a trapezoidal area was used 

inthe calculation. q 2<j^ + <3^ 

:=- h r = 2.4112 mm 

Co, c 

3 CT tl + a t 2 

d arm 3 := d _ d c d arm 3 = 2 -9225 mm 

^ult := 4 ' d arml + 4 1' d arm2 + 4 2' d arm3 
M u it = 94.67 N-m Ans 




Problem 6-182 


The beam is made from three boards nailed together as shown. If the moment acting on the cross 
section is M= 650 N-m, determine the resultant force the bending stress produces on the top board. 



'w : = ^'( 2t w)' d w 3 + ( 2 V d w){y C - (°- 5d W + tf )] 2 

I ;= i f + i w I = 17990374.89 mm 4 



c 

Bending Stress: a = M- — 


At B: 


I 


C B 



C B 

II 

"C 

o 

1 

a B 

:= M- 

I 

a B = 

1.0815 MPa 

At A: 

C A 

■= y c 

a A 

C A 

:= M- 

I 

a A = 

1.6235 MPa 


Resultant Force: For the top board. 

F := 0.5Ícj a + a B )-(b f tf) F = 5.883 kN Ans 











Problem 6-183 


The beam is made from three boards nailed together as shown. Determine the maximum tensile and 
compressive stresses in the beam. 



I 


:= iy( 2t w)- d w 3 + ( 2 V d w){y c - (°- 5d w+tf)]" 


w 12 
l -= !f +I w 


I = 17990374.89 mm 


Maximum Bending Stress: 
For compression: 

c c y c 


For tension: 


c t •“ D _ y c 


a = M- 
I 


a c_max * j 


a t max • T 


a c max “ 1-623 MPa Ans 


a t max 3.435 MPa Ans 













Problem 6-184 


Draw the shear and moment diagrams for the beam and determine the shear and moment in the beam as 
functions ofx, where 0 < x< 1.8 m. 

Given: a := 2.4m b := 1.2m 

P := 40kN 

M := 75kN-m 


kN 

w := 30 — 
m 


Solution: 

Equilibrium : 

43=0; 

ZM a = 0 ; 


3ükN/m 


3 


75 kN-rn 


l.Sm- 


-12 m- 


A:=w*a+P A=112kN 

M a := (w-a)-(0.5a) +P (a + b) +M 
M a = 305.40 kN-m 


30X 

Z0S .4-KN) .wr "■ j — 


40 kN 

i 


ll2 -KN' S 


,„irZTiT 


X| := 0 ,0.01-a.. a X 2 := a, 1.01 -a., a + b 

v i(*i) H 

A - w-xi) - V 9 ÍX 9 ) := (A - w-a)- 

< kN 2 > J kN 

M 1( x 1) := 

Í-Ma + A-xi - 0.5w-xi 2N )- 

V a 1 1 / kN-m 

M 2 (x 2 ) 

[M a + A-x 2 (w-a)-(x 2 0.5-aj + M]-^^ 


Ans 


Ans 




Distance (m) 


Distane (m) 




































Problem 6-185 


Draw the shear and moment diagrams for the beam. Hint: The 100-kN load must be replaced by 
equivalent loadings at point C on the axis of the beam. 

75 kN 


a := 1 . 2 m 

b := 1 . 2 m 


c := 1 . 2 m 

d := 0.3m 


F 1 := 75kN 

F 2 := 100kN 

£ 


1 


Solution: 

Equilibrium: Given 
+f ZF y = 0; A-F 1 + B= 0 


1.2 m- 


7^ 


^\ 


100 kN 

Lim 


‘ U m ■ 


J 

-Um- ] 


sH 




ZM C = 0; A-(a + b + c) - Fj-(b + c) - F 2 *(d) = 0 




\ Ur, I 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A^i í 58.33^ 
bJ ~ 1.16.67 J 




kN 


xj := 0 , 0 . 01 -a., a X 2 := a, 1 . 01 -a.. a + b X 3 := a + b, 1 . 01 -(a + b).. a + b + c 

v l( x l) := A t!j V 2 (x 2 ):=(A-F,).A V 3 (x 3 ):=(A- Fi ).A 


M1 ( x 1) := 


A-x 


1 


kN-m 


M 2 (x 2 ) := [A-(x 2 ) - F,-(x 2 - a)] —F 


kN-m 


M 


3( x 3) : = [A‘( x 3) - F f( x 3 - a ) - F 2' d } 


1 


kN-m 



Distance (m) 


IUU 

1 1 1 



1 M l( x l) 




S M 2< x 2) 50 


W 

<D / \ 


a m 3( x 3 


W _ _ 

Z _ 1 _ 1 _ 1 _ 


0 *- 1 - 1 - L 

0 12 3 

X 1> x 2 ,x 3 

Distance (m) 






























Problem 6-186 


Determine the plastic section modulus and the shape factor for the wide-flange beam. 
Given: bp:= 180mm tp:=20mm 
d w := 180mm t w := 30mm 

Solution: D := d w + 2 t f 
Section Property: 

A:= 


A = 12600 mm 


I := 


_L. b f D 3 __L.( b f_ t w). d w 3 


I = 86820000 mm 


Set ay := MPa 
Maximum Elastic Moment , 


c := 0.5D 


a Y = 


MyC 


M Y := \~J' a Y 


M 


Y 3 

789272.73 mm 


Plastic Moment: 
d w .arm * = °- 5d w 
d f.arm := D - t^ 


Mp := 

Mp 


(bf tf)'df arm + Kv' 


963000.00 mm 


C Y 

d w.arm = 90 mm 
df arm = 200 mm 

'O 

V 


2 J‘^w.arm 


•a Y 


ay 

Plastic Scction Modulus : z := 


Mp 

ay 


z = 963 x 10 ^ m^ 


Ans 





- 1 H 


" P 


T. 


Mp 

Shape Factor: k = —— k = 1 22 

M v 


Ans 






















Problem 6-187 


Draw the shear and moment diagrams for the shaft if it is subjected to the vertical loadings of the belt, 
gear, and flywheel. The bearings at^4 and B exert only vertical reactions on the shaft. 

Given: a := 200mm b := 400mm 

c := 300mm d := 200mm 


C := 450N D := -300N 


Solution: 
Equilibrium : 

+t ZF= 0; 
C' ^M b = 0 ; 


E := 150N 

Given 

A + B- C- D- E= 0 

A-(a + b + c) - C-(b + c) - D c + E d = 0 


Guess A := IN B := IN 

/a\ í , 


bJ 


:= Find(A, B) 


A] f 216.67^ 


N 


B) ^ 83.33 ) 

:= 0,0.01-a., a X2 := a, 1.01-a.. a + b X3 := a + b, 1.01-(a + b).. a + b + c 

x 4 := a + b + c,1.01-(a + b + c).. a + b + c + d 

ViFA-aA V 2 (x 2 ):=(A-Q.i V 3 (x 3 ) : =(A-C-D).i 

V 4 (x 4 ) : =(A-C-D + B)-i 

m 2 (x 2 ) -[A-(i 2 )-C-(x 2 -.J]~ 

3( x 3 ) [ A '( x 3) “ C '( x 3 “ a ) “ D ( x 3 “ a “ b )] 7T 


M 3 ( x i) : 


Axi 


N-m 


N-m 


M 4 (x 4 ) := [A-(x 4 ) - C-(x 4 - a) - D-(x 4 - a - b) + B-(x 4 - a - b - c)J~ 


N-m 



Distance (m) 
















Moment (N-m) 



Distance (m) 





Problem 6-188 


The beam is constructed from four pieces of wood, glued together as shown. If the internai bending 
moment is M = 120 kN-m, determine the maximum bending stress in the beam. Sketch a 
three-dimensional view of the stress distribution acting over the cross section. 

Given: b Q := 300mm d Q := 300mm 

bj := 250mm dj := 250mm 

M := 120kN-m 

Solution: 

Section Property: 

1 := ^{v^-bi-di 3 ) 

Maximum Bending Stress: a = 


















Problem 6-189 


The beam is constructed from four pieces of wood, glued together as shown. If the internai bending 
moment is M = 120 kN-m, determine the resultant force the bending moment exerts on the top and 
bottom boards of the beam. 


Given: b Q := 300mm d Q := 300mm 
bj := 250mm dj := 250mm 

M := 120kN-m 

Solution: 

Section Property : t := 0.5(d o - djj 
1 := li'( b o' d o 3 - b i- d i 3 ) 

Mc 

Maxim um Bending Stress: a = — 

M-c 0 

c 0 := 0.5d o a 0 := —— a 0 = 

M-Cj 

cj := 0.5dj aj := —-— aj = 

Resultant Force: 

F : = + 



25 mm 


M = 120 kN-m 


51.505 MPa 

42.921 MPa 





F = 354.10kN 


Ans 












Problem 6-190 


For the section, I y =31.7(10' 6 ) m 4 , I z = 114(10" 6 ) m 4 , I yz = 15.1(10" 6 ) m 4 . Using the techniques outline 
in Appendix A, the member’s cross-sectional area has principal moments of inertia of Iy = 29(10" 6 ) m 

and I z f = 117(10“ 6 ) m 4 , computed about the principal axes of inertia y' and z\ respectively. If the secti( 

is subjected to a moment oíM = 2 kN*m directed as shown, determine the stress produced at point A, 
(a) using Eq. 6-11 and (b) using the equation developed in Prob. 6-111. 


Given: M := 2000N-m 

0 := lO.lOdeg 


bj := 80mm 

b 2 := 140mm 


h] := 60mm 

I 12 := 60mm 


I - 6^ 

4 í 

- 6 

Iy 31.7(10 

m I z :=114\ 

10 


,) 4 


I -= 15.1(10 

)m 


( -6' 

1 4 1 

' -6 

Iy- := 29.0^10 

)m I z i := 1171 

,10 

Solution: 0' ;= -0 

Coordinates of Point A : 

y A := b 2 z A 

:= h 2 

^A^l f cos(0') - 

-sin(0')^ ^A^ 



' m 



in(e') COS (&)) 


A ) V sm 

a) Using Eq. 6-11 

Internai Moment Components : 


Z A ) 


V A ) 

z 'aJ 


148.35 ^ 
34.52 J 


mm 


M y . := M-1 sin(e) | M z , := M- |cos(e)| 


Bending Stress: 

f M z''y’A M y r z ' 


a A : = 


V 


L 


V ) 


a A = -2.079 MPa (C) Ans 


b) Using the equation developed in Prob. 6-111 
Internai Moment Components : 

M y := 0 M z := M 

Bending Stress: Using formula developed in Prob. 6-111. 


D . Iy* I Z Iy Z 


D' 


í IVL 

M,, V 

1— 

V z 


s^yz ) 


'-yx\ 
V Z A J 



a A = -2.086 MPa (C) Ans 
































Problem 6-191 


The strut has a square cross section a by a and is subjected to the bending moment M applied at an 
angle 6 as shown. Determine the maximum bending stress in terms of a , M, and 6. What angle 6 wil 
give the largest bending stress in the stmt? Specify the orientation of the neutral axis for this case. 


Solution: 

Internai Moment Components : 

M y = -M- sin(e) M z = -M- cos(e) 


Section Property: 


4 

a 

l y~ li 


4 

a 

z " T2 


Maximum Bending Stress: 

By inspection, maximum bending stress occurs at.4 (and B). 
At A: y a = 0.5a z ^ = -0.5a 


M z -y M y -z 
a =-+ 



I. 


L 



n= 




4, 


a = — 


-12M- cos(o)-(0.5a) -12M-sin(e)-(-0.5a) 


c> =- (cos(g) + sin(0)) 


Ans 


—a =-(-sin(o) + cos(o)) 

de a 3 

—c> = 0 -sin(o) + cos(e) = 0 

de 


y 



tan(e) =1 0 := 45deg Ans 


Orientation of Neutral Axis : 0’ ;= -0 

l z I z 

tan(a) = —tan(0') — = 1 

V v 

a := atan(l*tan(O f )) 


a = -45.00 deg 


Ans 
































Problem 7-1 


If the beam is subjected to a shear of V = 15 kN, determine the web’s shear stress at A and B. Indicate 
the shear-stress components on avolume element located atthese points. Set w = 125 mm. Showthat 

the neutral axis is located at y = 0.1747 m from the bottom and I NA = 0.2182(10" 3 ) m 4 . 

Given: bf := 200mm b'f := 125mm tf := 30mm 


200 mm 


t 


w 


= 2 5 mm 
15kN 


d w := 250mm 


V := 

Solution: 

Section Property : D := d w + 2tf 
A := bptp+ d w *t w + Vftf A 


16000 mm 



_ s-(yj-Aj) 
I.(Ai) 


y c : = 


( b 'f tf)-(°- 5 t f) + ( d w' t w)'( bAd W + tf) + ( b f tf)'( D “ °- 5 t f) 


y c = 174.69 mm 


r f : = 7^ • b 'f tf 3 + ( b 'f tf)- (°- 5t f - y c ) 2 

l w := ^-v d w 3 + (v d w)-(°- 5d w + tf - y c ) 2 
tf := ^ 7 ' b f tf 3 + ( b f tf)'(D _ 0.5t f - y c ) 2 
I:=I f +I w + I' f I = 218.18 x 10“ 6 m 4 

Q = s-yj-Ai Qa := ( D - °- 5t f - y c )(b f t f ) 

Qb : = (y c - °- 5t f)( b, f tf) 

Shear Stress: x 

v-Q a 

Ta _ i t 

w 

v-Qb 


VQ 

it 

IA = 1-99 MPa Ans 
Tg = 1.65 MPa Ans 


Q a = 721875.00 mm 3 
Qg = 598828.12 mm 3 
















Problem 7-2 


If the wide-flange beam is subjected to a shear of V = 30 kN, determine the maximum shear stress in 
the beam. Set w = 200 mm. 


Given: bf := 200mm tf := 30mm 

t w := 25mm d w := 250imn 

V := 30kN 

Solution: 

Section Property : D := d w + 2tf 


1 

■" ~n 


b f D 3 - (b f - t w )-d w 3 


I = 268.65 x 10 6 m 4 






í.dfrtí'™. 


Q= Z-yj-Aj 


^max 


, Ui, ^ f d w V d W^ 

( b ftf)-^ 2 “ 2 j + [ 2 -Vjl 4 j 


D 


200 mm 



Shear Stress: x = 


Q 

v-Q 

it 


max 


1035312.50mm 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 
V* Qmax 


"max * 


í-tw 


T max = 4.62 MPa ^ ns 




















Problem 7-3 


If the wide-flange beam is subjected to a shear of V = 30 kN, determine the shear force resisted by the 
web of the beam. Set w = 200 mm. 


Given: bf := 200mm d w := 250mm 
tf := 30mm t w := 25mm 


V := 30kN 


Solution: 


Section Property : D := d w + 2tf 


I = 268.65 X 10 6 m 4 


Af = (0.5D - y)-bf = 0.5(0.5D - y) + y 

y f = 0.5(0.5D + y) 

Qf = A f y f 

Q f = 0.5(0.5D - y)-b f (0.5D + y) 

Q f = 0.5b^(o.25D 2 - y 2 ) 


Shear Stress: x = 


v-Q 

it 


Xf = 


Xf = 


l hh fj 
fv} 


Qf 


0.5bf(o.25D 2 - y 2 ) 


v Ib fJ 

Resultant Shear Force: y = f T dA = 0 

Ja 


For the flange, 

0.5E) 

V 0.5-b f (o.25-D 2 -y 2 ) 


Vf := 


Ib 


• Df 


-0.5D 

0.5d 


bf dy 


w 


V f = 1.46 kN 


V w :=V-2V f 


200 mm 










\ w = 27.09 kN 


Ans 



























Problem 7-4 


If the wide-flange beam is subjected to a shear of V = 125 kN, determine the maximum shear stress 
the beam. 

Given: bf := 200mm d w := 250mm 
tf := 25 mm t w := 25 mm 


V := 125kN 


Solution: 


Section Property : D := d w + 2tf 


b f D 3 - (b f — t w ) d w 3 


1 ' 12 


<max 


:= (b f tf)- 


Maximum Shear Stress 


D ^ f d w ^ (<0 

v 7 "TAlxVlT; 

VQ 



T = 


It 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 
V* Qmax 


L max 


It 


w 


T max “ 19.87 MPa Ans 





















Problem 7-5 


If the wide-flange beam is subjected to a shear ofV = 
the web of the beam. 

Given: bf := 200mm d w := 250mm 
tf := 25mm t w := 25mm 

V := 125kN 

Solution: 

Section Property : D := d w + 2tf 

1 := n( hf 1)3 “ ( bf ” , W )' d w 3 ] 



A 1 = bf t f y lc = 0.5 (d - tf) 

a 2 = (°- 5d w - y) -t w y2c = 0.5(0.5d w - y) + y 

y 2c = 0.5(0.5d w + y) 

Qw= A r(yic) + A 2-(y2c) 

Q w = 0.5b f t f (D - t f ) + 0.5(0.5d w - y)-t w - (0.5(1^ + y) 
Q w = 0.5bf tf (D - tf) + 0.5t w (o.25d w 2 - y 2 ) 



Shear Stress: x = 


v-Q 

it 


T w“ 


T w = 


l M w J 


•Q 


W 


0.5-b f t f (D - t f ) + 0.5-V (^0.25• d w 2 -y 2 


Resultant Shear Force: For the web. V = í rdA = 0 

Ja 


v w ^= 


f0-5d w 


- 0.5cL 




v: ) 


M 0.5-bf tf (d - tf) + 0.5• V (^0.25-d w 2 - y^J-^ dy 


V = 1 15.04 kN Ans 

W 





















Problem 7-6 


The beam has a rectangular cross section and is made of wood having an allowable shear stress of 
r aiiow = 11 -2 MPa. If it is subjected to a shear of V = 20 kN, determine the smallest dimension a of its 
bottomand 1.5a ofits sides. 

Given: V : = 20kN x allow := 11.2MPa 

Solution: 

Section Property: 

,3 


1 

I =-a-(1.5a) 

12 


^max 


t = a 
1.5a ^ f l.5a] 


-•a • 


2 VI 4 J 

Allowablwe Shear Stress: 

Qmax 


x = 


v-Q 

it 


it = 


c allow 


1 3 

— a-(1.5a) -a = 
12 


f V ^ ( 1.5a ^ f L5a] 

c allow J 


A 4 J 



V 


a := 


c allow 


a = 42.26 mm Ans 


























Problem 7-7 


The beam has a rectangular cross section and is made of wood. If it is subjected to a shear of V = 20 
kN, and a = 250 mm, determine the maximum shear stress and plot the shearstress variation over the 
cross section. Sketch the result in three dimensions. 

Given: a := 250mm V := 20kN 

Solution: 


Section Property : b := a d := 1.5a 


T 1 t «3 

I :=-b-d 

12 


<max • 


rí. k \r^ 


U V u; 


Maximum Shear Stress: 


v-Q 

I-b 



Maximum shear stress occurs at the point where 
the neutral axis passes through the section. 

V* Qmax 

T max 



i 


r 1 







A 


T max = 0-320 MPa Ans 





















Problem 7-8 


Determine the maximum shear stress in the stmt if it is subjected to a shear force of V = 20 kN. 
Given: bf := 120mm tf := 12mm 
t^, := 80mm d w := 60mm 
V := 20kN 

Solution: 

Section Property : D := d w + 2tf 


1 

Ti' 


b f D 3 - (b f - t w )-d w 3 


-6 4 
I = 5.21 x 10 m 



, tfT f d w T í O 

Q “ ^-Yi* A 1 Qmax •“ (bf tf)’ ~ 2J + ^ 2 4 ) 


D 


m j- a | 


Qmax “ 87840.00 mm 


Cr 




V.-ííí/í m 
d r~ 


Shear Stress: x = 


v-Q 

it 




a&r m 

1 - A 

íúim 

Ü*£fT, 


tfí Jn 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 
V* Qmax 


l max * 


It 


w 


T max = 4.22 MPa ^ns 























Problem 7-9 


Determine the maximum shear force V that the stmt can support if the allowable shear stress for the 
material is r allow = 40 MPa. 

Given: bf := 120mm tf\= 12mm 

t w := 80mm d w := 60mm 

T allow := 40MPa 

Solution: 

Section Property : D := d w + 2tf 


1 ' 12 


b f D 3 - (b f - t w )-d w 3 



-6 4 
I = 5.21 x 10 m 


- / \ D l f I 

Q “ s 'yi' A i Qmax •“ (bf tf )-—j 


k\ ( d w V O 






Shear Stress: x = 


<max 


V-Q 


87840.00 mm 


Y- 


H± 






T í* 


V"--!**■ 

9-03 m 


It 


I" ÒCgjín ^ 


j ^ O Sfií 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 


v-Q 


max 


T allow " 


It 


V:= 


^^v' T allow 


w 


<max 


V= 189.69 kN Ans 

























Problem 7-10 


Plot the intensity of the shear stress distributed over the cross section of the strut if it is subjected to a 
shear force of V = 15 kN. 

Given: bf := 120mm tf := 12mm 

t w := 80mm d w := 60mm 

V := 15kN 


Solution: 

Section Property : D := d w + 2 tf 


1 

T2 


b f D 3 -(b f -t w )-d w 3 


-6 4 
I = 5.21 x 10 m 



Q = SyrA, 


D 






Qa := (b f íf)■ - -j Q A = 51840.00 mm 

, .(d f d w 

Qmax ( b f tf) 1^ 2 ~ 2j + { 2 4 ) 




1 ^ 

*■ r 

-f—A 






^max 


87840.00 mm 


Shear Stress: x = 


v-Q 

it 


1-24 MÍW 





Maximum shear stress occurs at the point where the neutral axis passes through the section. 
V* Qmax 


l max * 


u w A 


í-v 

V-Q A 


It 


T max = 3.16MPa Ans 


T w A = 1-87 MPa Ans 


w 


T f A := 


v-Qa 

Ib f 


xp = 1.24 MPa Ans 



























Problem 7-11 



If the pipe is subjected to a shear of V = 75 kN, determine the maximum shear stress in the pipe. 
Given: r Q := 60mm q := 50mm V := 75kN 

Solution: 

Section Property : t := r Q - rj 


I:=—(r G -rj 


4 4 

r 

f 


Qmax • 0 

3n 


A a í A 

n • 1 4r* n • r- 1 


Maximum Shear Stress: 


T = 


v-Q 

Ib 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 


60 mm 


V* Qmax 
Tmax := I- (2t) 

T max = 43.17 MPa Ans 












Problem 7-12 


The strut is subjected to a vertical shear of V = 130 kN. Plot the intensity of the shear-stress 
distribution acting over the cross-sectional area, and compute the resultant shear force developed in the 
vertical segment AB. 

Given: bf := 350mm tf := 50mm 

t w := 50mm d w := 350imn 

V := 130kN 

Solution: 

Section Property : a := 0.5(b f - t w j 

I: =^'( bft f 3 + V d w 3 -V t f 


I = 181.77 X 10 6 m 4 


Q = 2-vrA, 

Qc : = (a-tw)- 


4 £j 


Qü (a-V)- f+ TI + 


= V 'Q 

Shear Stress: 1 - |. t 

v-Qc 


c w C •= 


It 


T f c := 


w 


v-Qc 

I-bf 



‘ F 

2 ) 

(tf 

2) + {2' hf J\4j 


^ -aot&S"* 


ISO mm 


Qç = 750000 mm 


Qq = 859375 mm 




v-Qd 


T D : = 


I-bf 


U 


f 

iJÍM j 


x w c = 10.73 MPa ifc= 1.53 MPa 
Resultant Shear Force: y = f T dA = 0 

Ja 

A w = (0.5d w - y)-t w y w = 0.5(0.5d w - y) + y 

y w = 0.5(0.5d w + yj 

Qw= A w-y w 

Q w = 0.5(0.5d w -y)-t w -(0.5d w + y) 


x D = 1.76 MPa 


Q = 0.5U 0.25d w 2 - y 2 


T w“ 


V 


1 M W ) 
V 


AB •= 


It 


w 


•Qw 

„0.5d v 
0.5tr 


T w“ 


1 M W ) 


0.5t w (0.25d w -y 


0.5'Vl 0.25-dw 2 -y 2 ) 'Vdy 



IT' 


v AB = 5°. 29kN Ans 










































Problem 7-13 


The Steel rod has a radius of 30 mm. If it is subjected to a shear of V = 25 kN, determine the 
maximum shear stress. 

Given: r := 30mm V := 25kN 

Solution: 

Section Property: 

n a 
I := — r 
4 


4r 

Qmax *” T 
3 Tl 


n-r 1 

~) 



Maximum Shear Stress: 


T = 


v-Q 

I-b 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 


V- Q max 

w : = L(2r) 

T max “ ^-^MPa Ans 


50 kN 








Problem 7-14 


If the T-beam is subjected to a vertical shear of V = 60 kN, determine the maximum shear stress in the 
beam. Also, compute the shear-stress jump at the flange-web junction AB. Sketch the variation of the 
shear-stress intensity o ver the entire cross section. 

Given: b^:= 300mm d w := 150mm 

tp := 75mm t w := lOOmm 

V := 60kN 

Solution: 

Section Property : D := d w + tf 

0.5tf(b f t f ) + (0.5d w + t f )(d w -t w ) 



y c := 


1 


hftf+W 

T i := + ( b f t f)-(°- 5 t f-y c ) 2 

1 3 

l 2 : = TT-tw-dw + (wj-f 0 - 5 ^ + tf - yc) 


y c = 82.50 mm 




I : = II+I 2 


^max • t w '^D y c ) 


D-y c 


Qab : = ( b f tfifyc - °- 5t f) 


Shear Stress: 


_ VQ 

x = - 

Ib 


VQ, 


max 


v max • 


bt w 

v-Qab 


T max = 3-993 MPa 


Ans 


T f AB := 


T w AB 


Ib f 

v-Qab 


It 


if = 1.327 MPa Ans 


T w AB = 3-982 MPa Ans 


ÉE 




IDDft-tv 








3.993 


w 







































Problem 7-15 


If the T-beam is subjected to a vertical shear of V = 60 kN, determine the vertical shear force resisted 
by the flange. 


Given: bf := 300mm d w := 150mm 
tf := 75mm t w := lOOmm 

V := 60kN 


Solution: 

Section Property : D := d w + tf 



°- 5t f( b ftf) + (0.5d w + t f )(d w -t w ) 

Yc ' hftf+W Y 

T 1 : = ~' b f + (bft f )-(0.5t f -y c ) 2 

l 2 : = ^'Vdw + (WH 0 - 5 ^ + tf - y c ) 
I:=I 1 +I 2 

A ’f = (y c - y)' b f y& = °- 5 (yc - y) + y 
yfc = 0 - 5 (y c + y) 

Q = A 'f yf c 

Q= °- 5 (y c -y)' b f(yc + y) 

Q = 0.5bf(y c 2 - y 2 ) 


82.50 mm 



Shear Stress: x 


v-Q 

Ib 



Resultant Shear Force: For the flange. y Q := y c - tf 


v f: = 


Ac 


Ao 




b f J 


°.5bf(y c 2 



V f = 19.08 kN Ans 


V = í rdA = 0 

Ja 










































Problem 7-16 


The T-beam is subjected to the loading shown. Determine the maximum transverse shear stress in the 
beam at the criticai section. 


Given: L j := 2m L 2 := 2m L 3 := 3m 

bf := lOOmm d w := lOOmm 
tf := 20 mm t w := 20 mm 

kN 


20 kN 


1 

\ . 







A#\ 


- 

1 l 


P := 20kN 


w := 


m 


Solution: L := Lj + L2 + L3 

Support Reaction : 

Equilibrium: Given 

+Tf v =0; A - P - wL 3 + B = 0 


ÇeM b = 0; AL - P-(l 2 + L 3 ) - (w-L 3 )-(0.5L 3 ) = 0 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A^i í 19.43 ^ 
B )~ l24.57j 


kN 


Section Pwperty : D := d w + tf 

0.5tf(b f t f ) + (0.5d w + t f )(d w -t w ) 


y c ; 


bftf+W 
T 1 := ^- b f tf 3 + (bf tf)-(0.5tf- y c ) 2 
1 3 

l 2 '■= TT-Vdw + ( d w' t w)'( 0 - 5d w + tf - y c ) 


y c = 40.00 mm 


12 

I : =Il + I 2 


I = 5333333.33 mm 


Qmax * ^v'(^ yc)*" 


D 


y c 


Maximum Shear Stress: x = 


v-Q 

Tb 


^max 


V - B 
v max * 


64000 mm 


V. 


max ^max 


"max 


(I)t 


w 


T max 14.74 MPa 


Ans 


-3 m -1 


10 Ü mm 

I-II 

T T 

100 j jj n j 20 nim 


=l_l= 20 i 

















































Shear (kN) 


Shear Force Diagram: 


xj := 0,0.Ol-Lj.. Lj 


Vl 



A 

kN 


x 2 := L 1 ,1.01-L 1 ..(l 1 +L 2 ) x 3 := (Lj + L 2 ), 1.01-(l 1 + L 2 ).. (L) 
V 2 (x 2 ) := (A - P). A V 3 (x 3 ) := [A - P - w-(x 3 - L, - L 2 )] A 








Problem 7-17 


Determine the largest end forces P that the member can support if the allowable shear stress is r allow = 
70 MPa. The supports at A and B only exert vertical reactions on the beam. 


Given: L 2 := lm x allow := 70MPa 


= 2m 
= lm 


kN 

w := 3 — 
m 


I 


3 m/m 


I 


d Q := lOOmm b Q := 160mm 
dj := 60mm bj := 80mm 


1*— 1 m —T 


-2m- 


B 

-|-—L m— 


Solution: 

Section Property: 


y c • 


°- 5 d o( b o d o) - ( 0 5 d í)( b i d i) 


b 0 -d 0 bpdj 


y c = 58.57 mm 
T 1 : = T7 b o' d o 3 + ( b o- d o)'(°- 5d o - y C f 



h : = -^ b i d i 3 + ( b i d 0 (°- 5d i - yT 


Qmax = A ’f yfc A ’f = y c - ( b o - b i) y’c = °- 5 y c 


VO 

Maximum Shear Stress: t = - 

Tb 


V = P 
v max 1 


T allow " 


T allow " 


I.( b o- b i)_ 

r A 


°- 5 y c 2 ( b o - b i) 


Yjl°- 5 y c 


i : =ii-i 2 


Qmax = °- 5 y C x ( b o - b i) 

, , fcsi* 1 hrl^ 0 ^ 




( 1 }( \ { 

? 3 (2j 

- p 

P := 


J 



v°-^c J 1 

í r—! 

t i 

P = 373.42 kN Ans 

K K ,| K K 






Shear Force Diagram: L := Lj + L 2 + L 3 

Equilibrium: Given 
+f IF v = 0 ; A-wL 2 + B-2P= 0 


C + ZM b = 0; -P-(Li + L 2 ) + a ' l 2 - ( w ' L 2 )-( 0 - 5 L 2 ) + p ' l 3 = 0 


Guess A := lkN B := lkN 


B ) 


:= Find(A,B) 


A^i í 376.42^ 

B ) “ 1,376.42 J 


kN 















































Shear (kN) 


xj := 0,0.01 Lj.. Lj X 2 := Lj, 1.01-Lj.. + L 2 ) X 3 

v iNS V2 M := [“ p + A - w ( x 2 - L i)} ^ 


:= (l 1 +L 2 ),1.01-(l 1 +L 2 )..(L) 
V 3( x 3) := (-P + A - w ' l 2 + B )~ 


^1) 

V 3< x 3) 


0 12 3 4 

X 1 ’ x 2 ,x 3 

Distance (m) 







Problem 7-18 


If the force P = 4 kN, determine the maximum shear stress in the beam at the criticai section. The 
supports at A and B only exert vertical reactions on the beam. 

Given: 


= lm P := 4kN 


A 


d Q := lOOmm b Q := 160mm 


:= 2 m 

:= lm 


3 kN/m 

bN 1 

w := 3 — j 







n 

, i 


dj := 60mm 

Solution: 

Section Property: 


bj := 80mm 


u 


A 

m "K 


-2 m- 




y c : = 


°- 5 d o( b o d o) - ( 0 5 d í)( b i d i) 


b 0 * d Q bp dj 


T i : = 7 ^ b o- d o + ( b o- d o)'(°- 5d o - y c ) 


y c = 58.57 mm 
2 


h : = ^- b i- d i 3 + ( b i d 0 (°- 5d i - yc ) 2 

Qmax -J ^fyfc “ yc‘( b o _ b i) 

VQ 


Maximum Shear Stress: x = 
P 


L max 


"max • 


I* 


( b o - b i). 


V 

j k v max 
0.5y c 2 ( b o - bj) 


y' c = 0.5y c 

= P 


f}(°' 5 y c 2 


T max = 0*^50 MPa Ans 



100 mm 


2 

Qmax = °- 5 y C x ( b o - b i) 



L L j + L 2 + L 3 


Shear Force Diagram: 

Equilibrium: Given 
+f IF v = 0 ; A-wL 2 + B-2P= 0 


Ç?XM b = 0; -P-(l 1 + L 2 ) + A-L2-(w-L2)-(0.5L 2 ) + P-L3 = 0 


Guess A := lkN B := lkN 

í 


A 

B ) 


:= Find(A,B) 


( A\ f 7.00^ 

B ) ~ ^7.00 J 


kN 










































Shear (kN) 


xj := 0,0.01-Lj.. Lj x 2 := Lj, 1.01 Lj.. (Lj + L 2 ) x 3 := (Lj + L 2 ), 1.01-(Lj + L 2 ).. (L) 
V l(*l) : " v 2 (x 2 ):=[-P + A-w.(x 2 -L 1 )]. í L V 3 (x 3 ):.(-P + A-w.L 2 + B). 


1 

kN 


o 

V 3< x 3) 


10 - 1 - 1 - 1 - 1 

0 12 3 4 

x l> x 2’ x 3 


Distance (m) 






Problem 7-19 


Plot the shear-stress distribution over the cross section of a rod that has a radius c. By what factor is 
the maximum shear stress greater than the average shear stress acting over the cross section? 


K =P A f - f i I = jC* 
■4 

r = ri f 


dA =■ = 2-/ r J --- y 1 Jy 


Q- J'W^^r= 

i 3 t 3 

VE _ *r,.i I. 


% nmun yiu fbw z-ü*jí cnxvr wlrai y - Ü 
f * M = 3JÍÍ* 


V „ y 

A if s 


f 

T »fcj. _ )ir 3 


Anfl 



The JaLlur = 


4 














Problem 7-20 


Develop an expression for the average vertical component of shear stress acting on the horizontal plane 
through the shaft, located a distance y from the neutral axis. 


íM = 2 j \*ly — tly 


í? ■ ] y dA.m J‘ 2y t/c 1 - f dy * - f f 1 

7 3 

/ ■ - C *- / * Kc 1 - y >> 

4 - 

s# «lír* - 

r a — lí -í-■ 

l! - sy 



S*t* 


Aa*. 


Afeo, 

V = — ff -- ■ ■ 1 -- 


I c^iill - 2 f ? _sin A 

lF™ 


£? = /A" ■ |f 3 infi(l - H» a 0) = ~ ú 3 sirt 3 0 


f = - ic; í - 3 f sifi ff 

4 



TO = H|c a Jn a g) = 4 Vam ] g 
/f | 3nf 3 


ítfi 0 = 




41* f a ^ / _ 4VU 2 - y 1 ). 
’ Jjiv» í» ” 3*^ 


Alt 


Ttaefücc, r 















Problem 7-21 


Railroad ties must be designed to resist large shear loadings. If the tíe is subjected to the 150-kN rail 
loadings and the gravei bed exerts a distributed reaction as shown, determine the intensity w for 
equilibrium, and find the maximum shear stress in the tie. 


150 kN 


Given: 


'1 


= 0.45m P := 150kN 

= 0.90m kN 

w ■= 3 — 
= 0.45m m 


d := 150mm b := 200mm 


Solution: 
Equilibrium : 


15Ü kN 




Shear Force Diagram: L := Lj + L 2 + L 3 

Xj := 0,0.01-L 1 ..L 1 X 2 := L 1 ,1.011^ .. (l 1 + L 2 ) x 3 := (l 1 + L 2 ), 1.01-(l 1 + L 2 ).. (L) 

f w-x^ j j 

v l( x l) := °' 5 - X l ~rr i'kN V 2< X 2) := [°- 5w L l - P + w-(x 2 - Lj)]--— 


V 


' 1 J 


V 


>H : = 


).5*w*Lj — 2-P + w-I^ + w-^x^ - L] - L^j* 


f 


1 - 


x 3 - L 1 - L 2^l 
')_ 


1 

kN 


Maximum Shear Stress: 

_ VQ 

x = - 

Ib 

v max- | v 2( L l)|'™ 
^max^l 


L max 


max 


•Q 


max 


T max 5MPa 


Ans 









































Problem 7-22 


The beam is subjected to a uniform load w. Determine the placement a of the supports so that the shear 
stress in the beam is as small as possible. What is this stress? 

w 



kN 


w := 

— 

a := m 


m 


L i 

:= a 

l 3 := a 

L 2 

:= L - 

- 2a 







rr:.m. „, 



E d 

- ~m=r -- 

--lt--| |- - a -- 

-- L - 

V 


Solution: 

Equilibrium : By equilibrium, A = B = R 


OL 


-t 


IF= 0; 2R - w-L = 0 
R := 0.5w-L 




L 


í 

i 


Shear Force Diagram: 

xj := 0,0.01 -L^.. L| X2 := Lj, 1.01 -L^.. ^ 

V l( x l) := ( w '*l) ^ V 2 (x 2 ) : =( w x 2-R)-2j V 3 (x3):.(w.X 3-2.R).- í L 


X 3 := (l 1 + L 2 ),1.01-(l 1 + L 2 )..(L) 


kN 

Require, 

Vl(a) = -V 2 (a) 

w-a = -(w-a - R) 

2w-a = 0.5w- L 
a = 0.25L 


V max= w ' a 


Vmax : = 0.25w-L 



1 3 

Section Property : I =-b d 

12 


., b .í\í 

<max l 2 ) 4 


Distance (m) 


Maxim um Shear Stress: 


v-Q 

Ib 


T max 


(\ \ 

v max I 

Tb - ; 


•Q 


max 


T max 


f 0.25w-L ^ 

T-b-Tb 

v 12 ; 



d) d 
2j"4_ 


3w-L 
T max " ^ 


Ans 











































Problem 7-23 


The timber beam is to be notched at its ends as shown. If it is to support the loading shown, determine 
the smallest depth d of the beam at the notch if the allowable shear stress is r allow = 3 MPa. The beam 
has a width of 200 mm. 

20 fcN 

15 kN 15 kN 

300 mm ^ 1 


Given: 


'1 


= 1.2m 
= 1.8m 
= 1.8m 


1 


= 12.5kN 
= 25.0kN 
= 12.5kN 


^ 1.2m b := 200mm 

T allow : = 3MPa 

Solution: 

Equilibrium : By symmetry, Rj=R , R 2 =R 

+f ZF y = 0; Pi + P 2 + p 3 - 2R = 0 
R:= 0.5(P 1+ P 2 + P 3 ) 


tl 2m ‘ 


R = 25.00 kN 


-3 m- 


-3 m- 


-2 m— jH, 


ISf^J 2-ÜN ISN 

r LJ -H 


2-S f 




jy 


2,\Xí.'k.'k 

-fffijgf 


1 3 

Section Property : I =-b- d 

12 


^max 


= (0.5-b-d)-0.25d 


Qmax = 0125bd 


Maximum Shear Stress: 


_ VQ 

T = - 

Tb 


V •= R 
v max • AV 


T allow " 


R-(o. 125b-d 2 ) 


-L-b-d 3 ^-b 

12 J 


d := 


12-(0.125)-R 

( T allow)' b 


d = 62.5 mm 


Ans 




















Problem 7-24 


The beam is made from three boards glued together at the seams A and B. If it is subjected to the 
loading shown, determine the shear stress developed in the glued joints at section a-a. The supports at 
C and D exert only vertical reactions on the beam. 


Given: bf := 150mm d w := 200mm 
tf := 40mm t w := 50mm 

P := 25kN 

Solution: 

Equilibrium : By symmetry, R C =R , R D 
+f ZF y = 0; 3P - 2R = 0 
R:= 1.5P 


25 kN 25 kN 25 kN 

| 1 1 



1 


a 


r 

D 

— Um — 



-Ü.9m— 

—Um —- 



0.45 m0.45 m 


150 ram 


R = 37.50 kN 


Section Property : D := d w + 2tf 

1 3 1 3 

1 := —bf D-tw'd w 

12 t 12 w w 




f 


1 








s J “ 


t i 


Wmm — 


1 1 



4Ü mmi 


-50 mm 


Qa : = (b f t f )-(0.5D-0.5t f ) 

Qb : = Qa 


Shear Stress: 


v-Q 

Ib 


V - 
v aa • 


R- P 


T A : = 


Via' Qa 


bt W 


T B : = 


Via' Qb 


bt W 


x A = 0.747 MPa Ans 

ig = 0.747 MPa Ans 

































Problem 7-25 


The beam is made from three boards glued together at the seams A and B. If it is subjected to the 
loading shown, determine the maximum shear stress developed in the glued joints. The supports at C 

25 kN 25 kN 25 kN 


and D exert only vertical reactions on the beam. 
f : 


Given: lv := 150mm d w := 200mm 


tp := 40mm t w := 50mm 
P := 25kN 

Solution: 

Equilibrium : By symmetry, R C =R , R D =R 


-f *F = 0; 


3P - 2R = 0 
R:= 1.5P 
R = 37.50 kN 



. 

\ 

a \ 

LJ 

1 
















c 

1 

— Um — 


a 


r 

-—12 m-—- 

D 


0.45 m0.45 m 


150 ram 


40 mm± 


Section Property : D := d w + 2tf 

1 3 1 3 

I:= 7^' b f D --^'V d w 

Qa : = (b f t f )-(0.5D-0.5t f ) 

Qb : = Qa 


1 r 

200 mm 

1 L 


40 mmT 


-50 mm 

P» 


Shear Stress: t = 


v-Q 

Ib 


V - R 
v max • 


Ta := 


Vnax' Qa 
bt w 

' v max' Qb 


T B : = 


bt w 


x A = 2.24 MPa 


x B = 2.24 MPa 


Ans 


Ans 

































Problem 7-26 


The beam is made from three boards glued together at the seams A and B. If it is subjected to the 
loading shown, determine the maximum vertical shear force resisted by the top flange of the beam. The 
supports at C and D exert only vertical reactions on the beam. 

Given: bf:=150mm d w := 200mm 25 kN 25 kN 25 kN 

tf := 40mm t w := 50mm P := 251 

Solution: 

Equilibrium : By symmetry, R C =R , R D =R 


+f ZF= 0; 3P - 2R = 0 
R:= 1.5P 

Section Pwperty : D := d w + 2tf 

1 3 1 3 

1 := —bf D-tw'd w 

12 t 12 w w 

y c := 0.5D 

A ’f = (y c _ y) b f y& = °- 5 (y c - y) + y 
y& = 0 - 5 (y c + y) 

Q = A 'f yfc 

Q= 0 - 5 (y c -y)' b f{yc + y) 

Q = 0.5bf(y c 2 - y 2 ) 

VO 

Shear Stress in flange: x = 




Ib 


V = R 


í 


x = 




}■*) 


•Q 




0.5ly c 2 -y 2 


I i 


1 


a 


n 

D 

“1.2 m — 




*— 1 2 nr —- 



0.4$ m0.45 m 


|ÍÜ KW 




lll-ÜKh 

J- 


150 mm 


40 mmi 


I 1 

200 mm 

i 1 


40 mmT 


-50 mm 

r* 


Resultant Shear Force: For the flange. y Q := y c - tf 


Vr 


T dA 


Vf : = 


r V c 

f 

J 2 2 A 

J \T 

li / 

L°A y c - y JJ 


y 0 


V f = 2.36 kN 


Ans 














































Problem 7-27 


Determine the shear stress at points B and C located on the web of the fiberglass beam. 

3 kN/m 


bf : 

:= lOOmm 

d w 

:= 150 mm 

í f := 

= 18mm 

*w ■ 

:= 12 mm 

L 1 

:= 2m 

L 2 

:= 0.6m 

L 3 

:= 2m 




kN 


kN 

w o 

:= 2.5— 

W] 

:= 3 — 

m 

m 




C 

t ir 1F 


ÍTr^ 

1 J 

_ rd* 


D 




iti- 


-1 m- 


0,6 m 


-2 m 


Solution: L := Lj + L 2 + L 3 

Equilibrium: Given 

+f ZF y =0; A - w 0 *Lj - 0.5 wj-L3 + D = 0 


1(>I> mm jgfTOn 

-U 


C+ ZM d =0; A-L-w o -L r (L-0.5L 1 )-0.5-w r L 3 - 

V 

l' f 4.783^ 

P) ~ V3.217J 


2L 3 ^ 
. 3 ) 


12 


150 mm 


'B 


= 0 


I- -I M 

100 mm 18 mm 


Guess A := lkN D := lkN 
:= Find(A, D) 

\P J 

Section Property : D := d w + 2tf 

1 3 1 3 

I := —bf D-t w -d w 

12 1 12 w w 

Qb : = (b f tf)-(0.5D-0.5tf) 


kN 


2.,£(U-£nJ {£)-■ 

r-4-i rl^ 


K. "h. 


I K 1 U.333^ 

IM53f<J 




h lOOntnt . 

=ãH í. 


Qc := Qb 


Shear Stress: 


* -l-a j 

*•* [iTfu 


lôntnt 

?Snm, 


2-.£ íl)j 

VJ, ja 3Í.^3 f^J 


ISVKVK 

10VKVK 



T = 


v-Q 

Ib 


V BC :=A-w o -(0.5L!) 


v bc'Qb 

v bc'Qc 


Tg = 0.572 MPa Ans 

xç = 0.572 MPa Ans 




















































Problem 7-28 


Determine the maximum shear stress acting in the fiberglass beam at the criticai section. 


b f : 

:= lOOmm 

d w 

:= 150 mm 

k 

= 18mm 

*w ■ 

:= 12 mm 

L 1 

:= 2m 

L 2 

:= 0.6m 

L 3 

:= 2m 




kN 


kN 

w o 

:= 2.5— 

W] 

:= 3 — 

m 

m 


3 kN/m 


V V V ’f 

V u \t i 

r i 




[—1 m— 

—1 ni- 

D.6m 

- 2 n] - 


Solution: L := Lj + L 2 + L 3 

Equilibrium: Given 

+f ZF y =0; A - w q Lj - 0.5 wj-L 3 + D = 0 


lüOmm itimm 

l"l U 


C+ ZM d =0; A-L-w o -L r (L-0.5L 1 )-0.5-w r L 3 - 

V 

Guess A := lkN D := lkN 

(A\ f A'] f 4.783 A 

:= Find(A,D) 

Id J Id ) >,3.217; 

Section Property : D := d w + 2tf 

1 3 1 3 

I:= TT b f D -T 7 'V d w 


2 l 3 ; 
. 3 ; 


12 mmj 


150 mm 


= 0 


l!ii mi 


T\ 


100 mm 18 mm 


kN 


Z .S íZJ « e N ^(3) - 3r*) 

—j—} 


K * L-.L-íil- 

k.l33n\ 3.2ÃIU 


”^Í .333 ri 


12 1 12 
Qmax : = (bf tf)-(0.5D - 0.5t f ) + (0.5d w -(0.25c^) 

VQ 


Shear Stress: 


T = 


Ib 

^max* Qmax 


v max • 


It 


V - A 
v max • 


T max = l-467MPa Ans 


V 


r.3k'K'K 


| LÜ0^_| 

xí 


L 




31 


1-Sv^A- 


T 


w 


Shear Force Diagram: L := Lj + L2 + L3 

Xj := 0,0.01-Lj.. Lj X 2 := Lj, 1.01-Lj.. (Lj + L 2 ) x 3 := (Lj + L 2 ), 1.01 -(Lj + L 2 )..(L) 

V l( x l) := ( A " w o x l)"SÍ V 2< x 2) ( A " w o' L l)"Sí 


V 3N : = 


A- W 0 L, -w, (x 3 -L, -L 2 )- 


1 - 


kN 

3 _L 1 ~ L l) 


2 Li 


1 

kN 



Distance (m) 

























































Problem 7-29 


The beam is made from three plastic pieces glued together at the seams A and B. If it is subjected to 
the loading shown, determine the shear stress developed in the glued joints at the criticai section. The 
supports at C and D exert only vertical reactions on the beam. 

Given: bp := 200mm d w := 200mm 

tp := 50mm t w := 50mm 


3 kNVm 


iiijiimiiji 


kN 
:= 3 — 
m 


v n ^ L := 2.5m 

m 

Solution: 

Equilibrium : By symmetry, R C =R , R D =R 
+f ^F y = 0; w q L - 2R = 0 
R := 0.5(w o -L) 

R = 3.75 kN r 



3 j t.ScO 


Section Property : D := d w + 2tf 

1 3 1 3 

1 := —bf D-tw'dw 

12 t 12 w w 

Qa : = (b f t f )-(0.5D-0.5t f ) 

Qb : = Qa 


50 mr vT t 

200 mm— —50 mm 

i— y 


\, z £' k'k r 




50 




í 










í L 1 - 




í L 1 '*.'*■ 


Shear Stress: 


_ VQ 

T = - 

Tb 


V •= R 
v max • 


Viiax’ Qa 

bt w 

Vnax’ Qb 


T B : = 


T 4- 


x ^ = 0.225 MPa Ans 


x B = 0.225 MPa 


Ans 

























Problem 7-30 


rm 

nr 

TT 

TI 



The beam is made from three plastic pieces glued together at the seams A and B. If it is subjected to 
the loading shown, determine the vertical shear force resisted by the top flange of the beam at the 
criticai section. The supports at C and D exert only vertical reactions on the beam. , ^ ^ n , 

Given: bp := 200mm d w := 200mm 

tp := 50mm t w := 50mm 

L := 2.5m 

Solution: 

Equilibrium : By symmetry, R C =R , R D =R 
+f ^F y = 0; w q L - 2R = 0 

R:= 0.5(w o -L) 

R = 3.75 kN r 

Section Property : D := d w + 2tp f 


kN 

w o 3 — 
m 


D 


-2.5 m- 


300 m m 


50 m 


nr— 



i ^ 


200 mm— 

L 

íOrnirrr— * 


_A 

50n 

^B 


| I ,iü-í Vi,Vi, 


1 3 1 3 

I :=-bfD-1 -d 

12 t i 2 w w 

y c := 0.5D 

A ’f = (y c - y)' b f y& = °- 5 (y c - y) + y 
yfc = °- 5 (y c + y) 

Q= A ' f y fc 

Q = °- 5 (y c -y)' b f{yc + y) 

Q = 0.5b t (y c 2 - y 2 




T 


I. 3 .í£eí) 


ÍQOt 


5Ví * as j 


5 


l £ % 

Y 


vo 

Shear Stress in flange: x = - 

Tb 


V = R 
v max AV 


T = 


R 1 


v' b fj 


^L' 


T = — 


0.5(y c 2 -y 2 


Resultant Shear Force: For the flange. y Q := y c - tp Vf 

" yc ír\ r í ? i \i 

Vf:= [tji°- 5 v c _y JJ‘ b f dy 

V 

V f = 0.30 kN Ans 


T dA 









































Problem 7-31 


Determine the variation of the shear stress over the cross section of ahollow rivet. What is the 
maximum shear stress in the rivet? Also, show that if ^ r 0 then r max = 2( V/A ). 


: UiIab ihteqwdon for acircle, x ■ (r* -y*} \ 




Íííraflfl froíirtJff .' 

'-Í0W) 

Far Q í ^ < rj 

o- /^ 

-£’>[('í -f 1 ) *■-I (t ->T J*+J r ":í>l(>*■-Í*)> 


[-íí-/) ! +(-fvj ! J+[-(-á- 

-«n 

Wr-u-zy] 



Fof í; <> s r, 

Vii* *jT ayírí-ji 1 ) 1 ^ ■ -> a ) = J 


$ htnr Strcis ; ApplyíljJ IÍié sbear formuli f = 

For 0 í < Tj 


VQ 


To 


fvftf-/)*-tf-^l 

tf->»>*-tf-y»>* 


4V 

‘ 3Ír 




Ans 




For r d < > £ r # 


„_HüüL 

J 


Arcs 


ThÊ nufmuíra fh^rstreu acenr? * ^ ■ 0. Hwx, 

i-t 




-o 


Hiíwç^r. r’ -t> = ( % + r ,r t +1-?) < * -,i-> Jicr 


_ 

T "‘ ” 3Í 


JT+Vj+íf 


{*-*> 


Àns 


SutaiituteA m» r mB1 . Tkiiyjslds 



rf + ^^+F? 

4V 

+*? 

r -“ Jir 

[(*«/) (rf-*)J 

i3 

[ í^?) . 


Aí Ç -*r„ 


■SM 


(fi.E-ií > 

























Problem 7-32 


The beam has a square cross section and is subjected to the shear force V. Sketch the shear-stress 
distribution over the cross section and specify the maximum shear stress. Also, from the neutral axis, 
locate where a crack along the member will first start to appear due to shear. 



Shrar $Ufíf r AfpLylrtK lhe shcoi in-jTtiuLj 

T _ VQ_ qfrí-^yW 

~" = (4)M 
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Problem 7-33 


Write a Computer program that can be use d to determine the maximum shear stress in the beam that 
has the cross section shown, and is subjected to a specified constant distributed load w and 
concentrated force P. Show an application of the program using the values Z = 4 m, a=2m, P = 1.5 
kN, ci\ = 0, d 2 =2 m, w = 400 N/m, t } = 15 mm, t 2 = 20 mm, 6 = 50 mm, and h = 150 mm. 





























Problem 7-34 


The beam has a rectangular cross section and is subjected to a load P that is just large enough to 
develop a fiilly plastic moment M p = PL at the fixed support. If the material is elastic-plastic, then at a 

distance x< L the moment M = P x creates a region of plastic yielding with an associated elastic core 
having a height 2 y\ This situation has been describedby Eq. 6-30 and the moment M is distributed 
over the cross section as shown in Fig. 6-54e. Prove that the maximum shear stress developed in the 
beam is given by z max = 3/2 (P/A ),where A ' = 2y'b , the cross-sectional area of the elastic core. 


Equilil>num: The shiácd anti lti^kííks tfrf- pl&sik 
IjúLhe in cIcpkíh iíi ihe pbsris mtit and wdfc ihecquaion 
c^Tüübnura. 



This prives UlüL lhe ^nfimdúiol- shw alreü. r Jaa| . is equil iü 
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ma in the piàsõç zojue.T^efefaíC. ibt shear force V = P ú zarr.cd 
l?y die macerul on3j' in itie eíulk lor.ç, 

Preptrfiu: 
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«ij- 




.Vdxl^iiypi JA**r SíríjiiApplyinj lhe íticu f&nnyli 
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Problem 7-35 


The beam in Fig. 6-54/is subjected to a fiilly plastic moment M Prove that the longitudinal and 

transverse shear stresses in the beam are zero. Hint: Consider an element of the beam as shown in Fig. 
l-4d. 



Fattt Eçuiiibriumt If a fu Ujf planeie mormeiiL kLi an diç cttcjj 
secÊGn. ihcn ançluDcnt of thí fioatóriil tak cn ftM! lhe cep or bottora 
ei tfií çrw JCOion is sufrfKird te lhe lüldiflg shflwn. Füf 


A - 0; tf,4, +t,„ p 4, - tf, A, ■ C 

Ihui no sheaí siro i li JrvdkípçJ cn the longitudinal of ffaruve™ 
p-lajvc of lhe (fi. E. D. > 


































Problem 7-36 


d ] := 50mm 
s n := 150 mm 


The beam is constmcted from two boards fastened together at the top and bottom with two rows of 
nails spaced every 150 mm. If each nail can support a 2.5-kN shear force, determine the maximum 
shear force V that can be applied to the beam. 

Given: b := 150mm 

Ú 2 := 50mm 

^allow •“ ^.5kN 

Solution: 

Section Property : D := d] + &2 

I := T.b-D 3 
12 


Q:= (b-dj)-(0.5dj) 


Shear Flow, 


q = 


VQ 



There are two rows of nails. Hence, the allowable shear flow is q a p ow := 
^^allow ^max* Q 


^allow 


s n 

I 

V 

v max • 

^'^allow 

Q s n 

V 

v max 

2.222 kN 


Ans 



















Problem 7-37 


The beam is constructed from two boards fastened together at the top and bottom with two rows of 
nails spaced every 150 mm. If an internai shear force of V = 3 kN is applied to the boards, determine 


the shear force resisted by each nail. 

Given: b := 150mm d^ := 50mm 
Ú 2 := 50mm s n := 150mm 

V := 3kN 

Solution: 

Section Property : D := d] + d2 

I := -b-D 3 
12 

Q:= (b-djj-fO.Sdj) 

™ V-Q kN 

Shear Flow : q :=- q = 45.00- 

I m 



There are two rows of nails. Hence, the shear force resisted by each nail is 
F = 3.37kN Ans 


F := 


q 

2 













Problem 7-38 


A beam is constmcted from five boards bolted together as shown. Determine the maximum shear 
force developed in each bolt if the bolts are spaced s = 250 mm apart and the applied shear is F = 35 
kN. 

Given: d^ := 250mm d2 := 350mm 
t := 25mm a := lOOmm 

s := 250mm V := 35kN 

Solution: a’ := ^2 ~ ~ a ) a ’ = 200 mm 

h := a’ + 0.5dj h = 325 mm 

Section Property: 

2jdi*tj-(0.5dj + a'j + 3^d2*tj-^0.5d2j 
Yc: ' 2 (d i • t) + 3(d 2 t) 

y c = 223.39 mm 

11 := -k-(2t)-+ (it-djj-JO.Sdj + a' - y c ) 2 

1 2 := A- (3-t)-d 2 3 + (3-t-d 2 )-(0.5d 2 - y c f 

I := Ij + I 2 I = 523597110.22mm 4 

Q := d r (2t)-(h - y c ) Q = 1270161.29mm 3 



250 nmi 


25 nun 


Uf 25 mm 
1 V. 25 mm 


Shear Flow : 

v-Q 


q := 


I 


kN 

84.90 — 

m 


There are four planes on the bolt. Hencs, the shear 
force resisted by each shear plane of the bolt is 


F := 


— -S 

V4 ) 


F = 5.31 kN Ans 














Problem 7-39 


250 mm 


A beam is constmcted from five boards bolted together as shown. Determine the maximum spacing s 
of the bolts if they can each resist a shear of 20 kN and the applied shear is V = 45 kN. 

Given: dj := 250mm d2 := 350mm 

t := 25mm a := lOOmm 

V := 45kN F allow := 20kN 

Solution: a’ := d2 - (dj - aj a’ = 200 mm 

h := a’ + 0.5dj h = 325 mm 

Section Property: 

2^d|-tj^0.5dj + a'j + 3^d2*tj^0.5d2j 


y c := 


l(d r t) + 3(d 2 -t) 


y c = 223.39 mm 

11 := ^•(2t)-d 1 3 + (2t-d 1 )-(0.5d 1 + a' - y c )" 

1 2 '■= -k-(3-t)-d 2 3 + (3 t d 2 ) (0.5d 2 - y c f 





I:=I 1 +I 2 


Q := d r (2t)-(h-y c ) 
VQ 


Shear Flow. 


q := 


I = 523597110.22 mm 


Q = 1270161.29 mm 


kN 

q = 109.16- 

m 


I 




LI U 

' 


0 - 2 $^ 




Since there are four planes on the bolt, the allowable shear flow is q a p ow = 


4F 


allow 


^allow 


s := 


s = 732.9 mm Ans 






























Problem 7-40 


The beam is subjected to a shear of V = 800 N. Determine the average shear stress developed in the 
nails along the sides A and B if the nails are spaced ^ = 100 mm apart. Each nail has a diameter of 2 
mm. 


Given: bf := 250mm 
t := 30mm 
s := lOOmm 


d Q := 2mm 


d w := 150mm 
a := lOOmm 
V := 800N 


Solution: h f := 0.5t h’ = 15 mm 

Section Property: 

b f t-(0.5t) + d w -(2t)-(0.5d w ) 


y c : = 


bp t + 2 




y c = 47.73 mm 
1 


T 1 : = -^- bf t 3 + (bf t) (0.5t - y c ) 2 
l 2 : = TT'( 2 ' t )' d w' 5 + ( 2 t d w ) (0 5d w - y c )" 


I : = II +I 2 
Q : = bf t- (y c - h’) 


I = 32164772.73 mm 


Q = 245454.55 mm 


Shear Flow: 

v-Q 


q := 


I 


F := q-s 


kN 

q = 6.105 — 
m 

F = 0.6105 kN 






Since each side of the beam resists this shear force, then 

7i 2 F 

A • — A q- • — _ 

o ' 4 o av §' 2A 0 

T„ va = 97.16 MPa Ans 
avg 













Problem 7-41 


The beam is fabricated from two equivalent stmctural tees and two plates. Each plate has a height of 
150 mm and a thickness of 12 mm. If a shear of V = 250 kN is applied to the cross section, determine 
the maximum spacing of the bolts. Each bolt can resist a shear force of 75 kN. 

Given: bf := 75mm d w := 75mm t := 12mm 

dp := 150mm dg := 50mm 

V := 250kN F allow := 75kN 

Solution: 

Section Property : D := 2d w + 2t + d g 
1-^3 1,3 1 


I T : =-' b f D ' --'(»f-t) <D-2.) 


12 

■P ^ < 2 ') V 

I != It + Ip 


12 





Q := (b f t)(0.5D - 0.5t) + (t-d^-fo^ + 0.5d g ) 

Shear Flow : q = 

I 

2F 

Since there are two shear planes on the bolt, the allowable shear flow is q = — 

s n 

^allow V-Q 




s 


n 


^‘^allow 

V-Q 


s n = 138.0 mm 


Ans 


















Problem 7-42 


The beam is fabricated from two equivalent stmctural tees and two plates. Each plate has a height of 
150 mm and a thickness of 12 mm. If the bolts are spaced at s = 200 mm, determine the maximum 
shear force V that can be applied to the cross section. Each bolt can resist a shear force of 75 kN. 



2'I^allow 

s n'Q 


V = 172.5 kN 


Ans 





















Problem 7-43 


The double-web girder is constmcted from two plywood sheets that are secured to wood members at 
its top andbottom. If each fastener can support 3 kN in single shear, determine the required spacing s 
of the fasteners needed to support the loading P = 15 kN. Assume^ is pinned and B is a roller. 

Given: bj := 150mm dj := 250mm 

t := 12 mm d Q := 350mm 

P : = 15kN F allow : = 3kN 

Solution: 

Equilibrium : By symmetry, A=R , B=R 

50 mm | 5(3 mm 
150 mm 

d' := 0.5(d o - di ) 


-t 2F,-0; 


2R - P = 0 
R:= 0.5P 


Section Property : b Q := bj + 2t 


T 1 u A 3 1 , , 3 

I := —b n d r .-b; d; 

12 ° ° 12 1 1 


>— 


50 mm 
50 mm 


H 


250 mm 


>T 


r 

tl 


........... 


| 12m |- 

12m—J 


B 


50 mm 


50 mm 


Q := (bj-d')-(0.5d o - 0.5d') 


Shear Flow : q= V max := R 

2F 

Since there are two shear planes on the bolt, the allowable shear flow is q = — 

s n 

^^allow ^max* Q 


s 


n 


^‘^allow 
^max‘ Q 


s n = 303.2 mm 


Ans 


























Problem 7-44 


The double-web girder is constructed from two plywood sheets that are secured to wood members at 
its top and bottom. The allowable bending stress for the wood is <r allow = 56 MPa and the allowable 

shear stress is r allow = 21 MPa. If the fasteners are spaceds = 150 mm and each fastener can support 
3 kN in single shear, determine the maximum load P that can be applied to the beam. 


Given: b- := 150mm d: := 250mm 


d Q := 350mm 


t := 12 mm 
s n := 150mm a allow := 56MPa 

^allow •“ T allow * = 21MPa 

Solution: 

Equilibrium : By symmetry, A=R , B=R 
+f ZF v =0; 2R - P = 0 
R = 0.5P 

Section Property : b Q := bj + 2t 

d' := 0.5(d o - dj) 


T 1 , . 3 1 , , 3 

I:=— b o d o - TT b i d i 




50 mm 


50 mm 


250 mm 


i 


>-n 


5ii" mm | 50 mm 
150 mm 


is o A-a. 


12 12 
Q := (bj-d’)-(0.5d o - 0.5d') 



Shear Flow: 


_ VQ 
q - — 


V, 


max 


= R 


II D -j ú =• 4- □ |3 Ü f- d D D ú u 


■B D U «□ P ff Q □ -D 3 D! 1? "3 B =» □ P 


50 mm 


50 mm 


0 -1.2 m !■ -1.2 m- B 


f l.2n, I 


o-sp 

V 


Q-SP 


-Ò-5P 


M 




q- 

s n 


Since there are two shear planes on the bolt, the allowable shear flow is 
^allow ^max‘Q ^allow 0.5P-Q 







KÍrO 


^ ^allow 
P :=- 

s n‘Q 
P = 30.32 kN 


Ans 
















































Problem 7-45 


The beam is made from three polystyrene strips that are glued together as shown. If the glue has a 
shear strength of 80 kPa, determine the maximum load P that can be applied without causing the glue 
to lose its bond. 


Given: bf := 30mm tf := 40mm 
t w := 20mm d w := 60mm 
T allow := 0-080MPa 

Solution: 

Equilibrium : Bv eauilibrium. A = B = R 

;b 


I ZF y = 0; 2R - P - 2| - p) = 0 


30 mm 






40 mm 

J 


1 - 
60 mm 

J 


1 

40 mm 

J 



1 ,, 

4 1 


4 1 ' 




|* G.B m -■j- 1 — 1 m —*■ -— 1 m —j— 0. S m 


R = 0.75P 


Maximum Shear : = R 

max 


Section Property : D := d w + 2tf 


V, 


max 


= -P 


1 * 12 * 


b f D 3 - (b f - t w )-d w 3 _ 


I = 6.68 x 10 


- , V fD tf) 

Q=I-y i -A 1 Q:= (bft f )-^--^ 


Shear Stress: % = 


v-Q 

it 


v. 


Q = 60000 mm 


max 


T allow 


It 


w 


V. 


T allow‘^* t 


w 


max 


3 T allow‘^ t w 

-P = - 

4 Q 

^allow^V 

P :=- 

3Q 

P = 0.238 kN Ans 



























Problem 7-46 


The beam is made from four boards nailed together as shown. If the nails can each support a shear 
force of 500 N., determine their required spacings s f and s if the beam is subjected to a shear of V = 



y c = 85.94 mm 

T 1 := ~' b f + (bft f )-(0.5t f -y c ) 2 

I 3 2 

1 2 : = ^'Vdw + ( d w- t w)'(°- 5d w + tf - yc) 

13 := + (2tb‘db)‘(0-5db - y c ) 

1 := T 1 +I 2 + I 3 

Qc := (v d b)-(yc-°- 5 d b) 

Qd := (Wj-fD-yc-o-^w) 


Shear Flow : q = - 

I 

The allowable shear flow at points C and D are : 
^allow V* Qç ^allow Qd 



I 



^allow f ^allow 

VQ C Sn:= v-q d 


s n = 216.6 mm 


s'n = 30.7 mm Ans 
















Problem 7-47 


The beam is fabricated from two equivalent channels and two plates. Each plate has a height of 150 
mm and a thickness of 12 mm. If a shear of V = 250 kN is applied to the cross section, determine the 
maximum spacing of the bolts. Each bolt can resist a shear force of 75 kN. 



Shear Flow, 


q = 


YiQ 

i 


Since there are two rows of bolts, the allowable shear flow is 


2F 

q= — 


^allow _ V-Q 


s 


n • 


^'^allow 

V-Q 


s n = 137.6 mm 


Ans 






























Problem 7-48 


A built-up timber beam is made from n boards, each having a rectangular cross section. Write a 
Computer program that can be used to determine the maximum shear stress in the beam when it 
subjected to any shear V. Show an application of the program using a cross section that is in 
the form of a “T” and abox. 


































Problem 7-49 


The timber T-beam is subjected to a load consisting of n concentrated forces P n ., If the allowable 
shear F nail for each of the nails is known, write a Computer program that will specify the nail spacing 
between each load. Show an application of the program using the values L = 4.5 m, a x = 1.2 m, P x = 3 
kN, a 2 = 2.4 m, P 2 = 7.5 kN, b x = 37.5 mm, h x = 250 mm, b 2 = 200 mm, h 2 = 25 mm, and F nail = 1 
kN. 
























Problem 7-50 


The strut is constmcted from three pieces of plastic that are glued together as shown. If the allowable 
shear stress for the plastic is r allow = 5.6 MPa and each glue joint can withstand 50 kN/m, determine 
the largest allowable distributed loading w that can be applied to the strut. 


Given : 


L 2 

L 3 


= lm x allow := 5.6MPa 


kN 

^allow -= 


m 


2m 
= lm 

bf := 74mm tf := 25mm 
d w := 75mm t w := 12mm 





I 



-—1 m — 

|- 2 m - 1 - 1 m -■ 



VO 

Allowable Shear Stress: t = - 

It 


V max = W ' L 1 


T allow 


w-L 




w-L 

T allow 


1 ( D -y c ) 


(2t w )-( D -y c ). 


d - y, 


w := 


21 


(D-y c f 


‘ ( T allow) 


"1 


kN 

w = 9.13 — 
m 


Shear Flow : Assume the beam fails at the glue joint and the allowable shear flow is 2- q a p ow 

v-Q 


^%llow " 


I 


_ ( w L i)-Qa 

^%llow" J 


w 


^^allow 

l i*Qa 


kN „ 

w = 7.06 — (Controls !) Ans 

m 
































































Shear Force Diagram: L := Lj + L 2 + L 3 

Equilibrium : By symmetry, R| = R R 2 = R 
+f ^F y = 0; 2R-w-L = 0 

R := 0.5w-L 


xj := 0,0.01-Lj.. Lj 

-W-X| 

kN 



x 2 := L i > 1.01-Lj.. +L 2 ) 

v 2 (x 2 ) (-W-X 2 + R)*~ 


X 3 := (l 1 + L 2 ),1.01-(l 1 + L 
v j(x 3 ) :=(-w x 3 + 2R) i l 



Distance (m) 






Problem 7-51 


The strut is constmcted from three pieces of plastic that are glued together as shown. If the dis tribute d 
load w = 3 kN/m, determine the shear flow that must be resisted by each glue joint 


Given: 

L i 

L 2 

:= lm 

:= 2m 

kN 

w := 3 — 


L 3 

:= lm 

m 


b f : 

= 74mm 

tp := 25mm 

Solution: 

d w 

:= 75mm 

A := 12mm 
w 


I m 


Section Property : D := d w + tp 

°- 5t f( b ftf) + (0.5d w + t f )(2t w d w ) 


y c : = 


bf t f + 2t w -d, 


w 


y c = 37.16 mm 

l i : = T^-bftf 3 + ( b f t f)-(°- 5t f-y c )" 


i 


12 

2 : = ^'( 2t w)' d w 3 + ^Vdwj-f 0 - 5 ^ + tf“ yc) 2 

I : =Il + I 2 

Qa := ( b f tfifyc - °- 5t f) 

VQ 

Shear Flow : Since there are two glue joints, hence 2q = —-— 
V max : = wL 


q := 


V max' Qa 

21 


kN 

q = 21.24— Ans 
m 


A 


-2m- 


-1 m- 



li- (3) ■= IfriJ 


,——j 

l ,1 

|_! *• , j | ^ j K -j 




-/tZM-Àw. 


| r- 






T 


1 -Evu*. 


Ml 1 *, 1 *, 
















































Shear Force Diagram: L := + L 2 + L 3 

Equilibrium : By symmetry, R| = R R 2 = R 
+f XF v =0; 2R - w-L = 0 
R := 0.5w L 


xj := 0,0.01-Lj.. Lj 



-W-X] 

kN 


X2 i — Lj, 1.01-Lj.. y 

+ L 2 ) 

x 3 

V 2 ( x 2 ) := (“ w ' x 2 + R )' 

1 

kN 

V 3 


:= (Lj + L 2 ),1.01 -(l 1 + L 

N : = (-»' x 3 + 2R )"jj; 



Distance (m) 






Problem 7-52 


The beam is subjected to the loading shown, where P = 1 kN. Determine the average shear stress 
developed in the nails within region AB of the beam. The nails are located on each side of the beam and 
are spaced 100 mm apart. Each nail has a diameter of 5 mm. 


Given: bf := 250mm 
t := 30mm 
s := lOOmm 
P’ := 3kN 

Solution: 

Section Property: 

1 


d w := 150mm 
a := 2m 
d Q := 5mm 
P := 7kN 


1 := Ti'L( b f +2 ' t )' d w - b f(dw- 2 -t)' 


I = 72000000 mm 


Q := bf t*(0.5d w - 0.5tj 


Q = 450000 mm 


Maximum Shear : := P' + P 

max 



30 nmi 


Vmax = 10kN 


Shear Flow. 


^max* Q 


q := 


I 


kN 

q = 62.500 — 
m 


There are two rows of nails. Hence, the sher force 
resistedby each nail is 


<1 

F := —• s 


I |^25Üm] mm 
30 mm 





F = 3.125 kN 






1 7 CP . 


ífjn J 

ú 


k 


n 7 
A o :=7-d 0 


av s' A, 


x„ v „= 159.2 MPa 
avg 


Ans 




1 

r 








fl G 

li 



-—Ô 





























Problem 7-53 


The beam is constructed from four boards which are nailed together. If the nails are on both sides of 
the beam and each can resist a shear of 3 kN, determine the maximum load P that can be applied to the 
end of the beam. 


Given: bp := 250mm d w := 150mm 


t := 30mm a := 2m 


s := lOOmm P' := 3kN 


^allow • 



Solution: 

Section Property: 
1 


1 * 12 


( b f + 2 t)d w — b f -(d w — 2-t) _ 


I = 72000000 mm 


Q := bf t-(0.5d w - 0.5tj 
Q = 450000 mm 3 



Maximum Shear : = P’ + P 

max 

There are two rows of nails. Hence, the allowable sher flow is 

^allow 

%llow •“ ” 

kN 

%llow “ 60.00 —- 



VÍW) 






Shear Flow: 

^max* Q 

%110W T 


%llow " 


(F + P)Q 
I 


P := 


%llow‘ ^ 

l Q ) 


- p ? 


1 

- 









l a 

1 





P = 6.60 kN 


Ans 



































Problem 7-54 


The member consists of two plastic channel strips 12 mm thick, bonded together at.4 and B. If the 
glue can support an allowable shear stress of r allow = 4.2 MPa, determine the maximum intensity w 0 of 
the triangular distributed loading that can be applied to the member based on the strength of the glue. 


Given: b Q := 150mm t := 12mm 
d Q := 150mm L := 4m 

T allow : = 4 - 2MPa 


Solution: 

Equilibrium : By symmetry, A=R , B=R 


-f SF = 0; 


2R - 0.5w q -L = 0 
R = 0.25 w 0 L 


Section Property: 


bj := b Q - 2t 


dj := d Q - 2t 


t 1 u , 3 1 u , 3 

I := b n *d n -bpd; 

12 ° ° 12 1 1 



Q : = (b o -t)-(0.5d o - 0.5t) + [2-t-(0.5-d i J]-(0.5d i ) 



Shear Flow : q = ^2 y max = R 

Since there are two planes of glue, the allowable shear flow is 2t-x a jj ow 

V O 
max v 

(2t)* T allow t 



(0.25w o -L).Q 
(2-t)T a llow T 


^‘^allow 

































Problem 7-55 


The member consists of two plastic channel strips 12 mm thick, glued together at.4 and B. If the 
distributed load has a maximum intensity of w 0 = 50 kN/m, determine the maximum shear stress 

resisted by the glue. 


rt-o 


Given: b Q := 150mm d Q := 150mm L := 4m 


t := 12mm 


kN 

W D := 50 — 
m 


Solution: 

Equilibrium : By symmetry, A=R , B=R 
+f IF= 0; 2R - 0.5w o - L = 0 


R:= 0.25 w 0 -L 


Section Property : bj := b Q - 2t d; := d Q - 2t 


T 1 , 4 3 1 , , 3 

I := —b n d n -bj - d: 

12 ° ° 12 1 1 


Q ;= (b o -t)-(0.5d o - 0.5t) + [2-t-(0.5-d i J]-(0.5d i ) 


^<ríTT- 


T-t--- 

Ur 




|-- 2 m -■ 

HL 

■ ■-2 m--| 




Allowable Shear Stress: x = 


v-Q 

Ib 


V •= R 
v max • AV 


l max • 


^max* Q 
H2 1 ) 


T max = 21.58 MPa Ans 

































ba > 


Problem 7-56 


shear force of V = 18 kN is applied to the symmetric box girder. Determine the shear flow at A and 
Given: bp := 125mm d w := 300mm t := lOmm 


d m := 200mm d g := 30mm V := 18kN 


Solution: 

Section Property: 

T 1 := • b f t 3 + (b f t)- (0.5d w - 0.5t) 


12 

1 - .3 


: 2 := 7T'bf t +( b ft)-(0.5t + 0.5d m ) 


12 

1 3 

l 3 : = 


I := 21 j + 2I 2 + 2I 3 


I = 125166666.67 mm 
3 


Qa := (bf tj-(0.5d w - 0.5tj Qa = 181250mm' 
Qb := (bf tj (0.5t + O.Sc^j Qb = 131250mm^ 


Shear Flow: 

1 v-q a 


c lA : = 


0b := 


2 I 

i v-Qb 


kN 

qA = 13.03 — 


m 


kN 


Ans 


2 I 


ob 


= 9.44— Ans 
m 


































Problem 7-57 


A shear force of V = 18 kN is applied to the box girder. Determine the shear flow at C. 
Given: bp := 125mm d w := 300mm t := lOmm 


d m := 200mm d g := 30mm V := 18kN 


Solution: 

Section Property: 

T 1 := • b f t 3 + (b f t)- (0.5d w - 0.5t) 


12 

l 2 : = 7^ b f t3 + ( b f t)-(0.5t + 0.5^) 


1 3 

l 3 : = T^-bdw 


I := 21 j + 2I 2 + 2I 3 



I = 125166666.67 mm 

Q c := (b f t)-(0.5d w - 0.5t) + (b f t)-(0.5t + 0.5d m ) + 2(0.5d w -t)-(0.25d w ) 


Qq = 537500 mm 
Shear Flow: 

i v-Qc 


ÍOí-n 




q c := 


2 I 


kN 

= 38.65 — Ans 


m 





























Problem 7-58 


The channel is subjected to a shear of V = 15 kN. Determine the shear flow developed at point A. 
Given: bf := 400mm d w := 200mm 
tf := 30mm t w := 30mm 
V := 75kN 

Solution: 

Section Pwperty : D := d w + tf 

0-5tf(bf t f ) + (0.5d w + t f )(2t w -d w ) 

Yc ’ b f t f +2 V d w 

y c = 72.50 mm 

l l := ^ ,b f'tf 3 + (b f tf)-(0.5tf- y c f 

h := ^-( 2t w)- d w 3 + ( 2 v d w)'(°- 5d w+tf - yc) 2 
I : =Il + I 2 
I = 120250000 mm^ 

Qa : = ( b f tf)(y c - °- 5 t f) 

Q A = 690000 mm^ 

Shear Flow: 

1 v-q a 

2 I 


kN 

q A = 215.2 — 


m 



9A : = 


Ans 









Problem 7-59 


The channel is subjected to a shear of V = 15 kN. Determine the maximum shear flow in the channeL 
Given: bf := 400mm d w := 200mm 
tf := 30mm t w := 30mm 
V := 75kN 

Solution: 

Section Pwperty : D := d w + tf 


y c : = 


0.5tf(b f tf) + (0.5d w + t f )(2t w d w ) 


bf tf + 2t w -d w 

y c = 72.50 mm 
T 1 := ^’ b f ^ + (bf tf)-(0.5tf- y c ) 2 

l 2 : = TT'( 2t w)- d w 3 + ( 2 V d w)'(°- 5d w + tf - yc ) 2 



12 

I : =Il + I 2 
I = 120250000 mm^ 


Qmax * y C ) 


<max 


372093.75 mm 




f 


■Xn 




Shear Flow: 


VQ 


9max * 


max 


kN 

w = 232 - 1 — Ans 













Problem 7-60 


The beam supports a vertical shear of V = 35 kN. Determine the resultant force developed in segment 


AB of the beam. 

Given: bp := 125mm d w := 250mm 

tp := 12mm t w := 12mm 

V := 35kN 

Solution: 

Section Property : D := d w + 2tp 



1 : = ^'( 2t f)' b f 3 + -J^- d w' t w 3 
Q= A ' f y fc 

Q = tp-(0.5bp- y)-|^0.5(0.5bf - yj + yj 
Q = 0.5tf(o.25b f 2 - y 2 ) 


“1 r 





Shear Flow: 


q = 


v-Q 

i 



0.25bf 



Resultant Shear Force: For AB 
V-tf 


r 0.5bf 


V 


AB 


21 


0.25b f 2 - y 2 


y G := °- 5t w 

dy 


Ao 


V A B = 


A 


q dy 


V AB = 7 - 43 kN 


Ans 






















Problem 7-61 


The aluminum strut is 10 mm thick and has the cross section shown. If it is subjected to a shear of V 
= 150 N, determine the shear flow at points A and B. 


Given: bf := 60mm 
tf := lOmm 


t w := lOmm 


b’f := 80 mm 
d w := 40mm 
V := 150N 


Solution: 

Section Property : D := d w + 2tf 
A := b f t f +2d w -t w + b' f t f 

A = 2200 mm 2 



- 2-(yi- A}) (b' f tf)'(0.5t f ) + 2(d w -t w )-(0.5d w + t f ) + (b f t f )(D - 0.5t f ) 

y= T(xr y ' := -x- 

y c = 27.73 mm 


r f := 7^• b 'f tf 3 + ( b 'f tf)- (o.5t f - y c ) 2 

+(v d w)'(°- 5d w + t f-yc) 
I f:=^' b ftf 3 + ( b ftf)-(D-0.5t f -y c ) 2 
I:= If+^ + Tf 
I = 981.9697 x 10“ 9 m 4 


Q A := (0.5b- f tf)-(y c - 0.5tf) Q A = 9090.91 mm^ 

Q b := (bf - 0.5tf- y c j Qb = 16363.64 mm 



. I JC) 


Shear Flow: 



v-Q A 

kN 


q A ’ = I 

q A = 1.39 — 
A m 

Ans 

i v-Qb 

kN 


q B' = 2 I 

q B = 1.25 — 
m 

Ans 







sü^n; 






























Problem 7-62 


The aluminum strut is 10 mm thick and has the cross section shown. If it is subjected to a shear of V 
= 150 N, determine the maximum shear flow in the strut. 

Given: bf := 60mm b'f := 80mm 

tf := lOmm d w := 40mm 

t w := 10mm V := 150N 1 

Solution: 

Section Property : D := d w + 2t f 

A := b f t f +2 d w -t w + b’ f t f 
A = 2200 mm 2 

- S-(yi-Ai) (b'f tf)'(°- 5t f) + 2 ( d w' t w)'(°' 5d w + tf) + ( b f tf)’( D “ °' 5t f) 

y= T(xr y < := - j- 

y c = 27.73 mm 


r f := • b 'f tf + ( b 'f tf) (0.5t f - y c ) ^ | 

n 

M 

R. 

1 3 2 

tw^TT-tw-dw + (tw' d w)'( 0 - 5d w + tf-y c ) 


^—i Íí 


>f : = -^ b f >f 3 + ( b r <f)'( D - °- 5, f - y c ) 2 


I:- If+2I W +I' f 
I = 981.9697 x 10“ 9 m 4 

Qmax : = ( b f tf)-( D - °- 5t f - y c ) + 2 'V( D - y c - tf) y( D - y c - tf) 

Q max = 21324.38 mm 2 



Shear Flow: 

1 V‘Qmax 

4max •“ ^ j 


kN 

%iax ” ^ 


Ans 






























Problem 7-63 


The angle is subjected to a shear of V = 10 kN. Sketch the distribution of shear flow along the leg AB. 
Indicate numerical va lues at all peaks. 


Given: L := 125mm t := 6mm 

0 := 45deg 

Solution: 

Section Property: 
h := L-cos(0) 

1 3 

I :=-(2b)-h 

12 



V := 10kN 


sin(0) 


Q = A'- y' c 

( 0.5h - y\ 


Q= t- 


k sin 


(e)j 


[0.5(0.5h - y) + y] 


Q = lÍ) (o ' 25h2 - y2) 


Shear Flow: 


_ VQ 
q - — 

v-t L 

q = -TT'V 0 - 

2 I-sin(e) 


25h 2 -y 2 ) 


Aty = 0, q=q max 


V-t ( 2^ 

q max •“ r"77T '\0-25h ) 

21* sm^0 J 



kN 

c hnax = ^4.85 —— 


m 


Ans 
























Problem 7-64 


The beam is subjected to a shear force of V = 25 kN. Determine the shear flow 
Given: bf := 274mm 


b'f := 250mm 
d w := 200mm 
d' w := 50mm 


Solution: 

Section Property: 


tf := 12mm 

ff := 12mm 

:= 12mm 
w 

V := 25kN 


at points A and B. 

12 ram 


D d w + tf 
D’ := D - d' w 

°- 5t f( b ftf) + (0.5d w + t f )(2t w -d w ) + (D' - 0.5t' f )(b' f t’ 
Yc ' b f t f +2t w -d w + b' f t' f 



1 1 : = "~bf tf + (bft f )-(0.5t f -y c ) 2 

1 2 : = 7^-( 2t w)' d w 3 + ( 2t w- d w)-(°- 5d w + tf - y c )‘ 
h ■= ~"b' f tf + (b' f t'fj-(D' - 0.5t' f - y c ) 2 


í nm 


- m wr v ~í~ 


-r 


Qa := (bftf)-(y c - 0 - 5t f) 

Q b := (b’ft’ f )-(D'-0.5t' f -y c ) 


Shear Flow: 

v-Qa 

qA ' 21 

v-Qb 

qB 21 


kN 

qA = 65.09 — 


m 


kN 

qo = 43.63 — 
m 


Ans 


Ans 
























Problem 7-65 


The beam is constructed from four plates and is subjected to a shear force of V = 25 kN. Determine 
the maximum shear flow in the cross section. 


Given: bf := 274mm tf := 12mm 
b'f := 250mm ff := 12mm 
d w := 200mm t w := 12mm 
d' w := 50 mm V := 25kN 

Solution: 

Section Property : D := d w + tf 


12 mm 


D' := D - d’ 


w 


y c 


°- 5t f( b ftf) + (0.5d w + t f )(2t w -d w ) + (D' - 0.5t’ f j(b’ f t’ f ) 


b f tf+ 2t w ' d w + lV f tf 



y c = 92.47 mm 

1 1 : = "~bf tf + (bft f )-(0.5t f -y c ) 2 

1 2 : = ^'( 2 t w)' d w 3 + ( 2 t w- d w)-(°- 5d w + tf“ yc)" 
h := ~"b' f tf + (b' f t'f)• (D’ — 0.5t' f - y c ) 2 




À-fl 




I ! 1 + I 2 + I 3 


f y c - tf^j 

Qmax := (bf tf) (y c - 0.5tf) + 2t w |^— f (y c - t f ) 


Maximum Shear Flow: 

V* Qmax kN . 

9max : =- Y\ - qmax = 82-88 AnS 






















Problem 7-66 


A shear force of V = 18 kN is applied to the box girder. Determine the position d of the stiffener plates 
BE and FG so that the shear flow dXA is twice as great as the shear flow at B. Use the centerline 
dimensions for the calculation. All plates are 10 mmthick. 

Given: t := 10mm bf := 135mm-t 

V := 18kN d w := t + 290mm 

Solution: 

Section Property: 

Q a := (bf tj-(0.5d w - 0.5tj = 181250mnf* 


Qb= ( b f t)(d) 

Shear Flow: 

0A = 


1 v-q a 


ob = 


i v-Qb 


Require, q A = 2q B 

1 v 'Qa _Ji v 'Qb'i 

2 I U I ) 

Qa = 2 Qb 
Qa= 2(bf t)-(d) 
Qa 




d := 


2bft 


d = 72.50 mm Ans 



























Problem 7-67 


The pipe is subjected to a shear force of V = 40 kN. Determine the shear flow in the pipe at points A 
and B. 


Given: q := 150mm t := 5mm 
V := 40kN 

Solution: 

Section Property : r Q := rj + t 


T n f 4 4 

:= 4V r ° “ r i 


Since a f -> 0, then := 0 


4r 

^o 

Qb:= T7 


2\ A ( A 

n • r^ 1 4r • n • r: 1 


2 ) 3n 


2 ) 


Shear Flow . 


OA : = 


c lB := 


v-Qa 

I 

v-Qb 

21 


kN 

qA = 0.00 — 


m 


kN 

c|o = 83.48 — 
m 


Ans 


Ans 


















Problem 7-68 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown where b 2 > b x . The member segments have the same thickness t. 


Sççtian Prapertit f ‘ 

1 * ^ * 2 í <i ' 1 +i * í ' Ij) 1 ] ■ "jyt* + *2 >] 

_ h Ae 

Q\ = ?A =-üt t U = 

. _ r „ h l 

Qi "fA ^-{x z )í ^ —Xj 



Stixar Fkfw Resultem; 

_ VQi _ KrO _ 6P 
fll ' írC* +6(ÍT| + 6*>] h[h 

= F ( y J i} &P 

<í: / +*(fr, +(,,;] íi[ft + ftf*, 

< J í* l * ,d *' 

^ [ft + + & 2 >] 



=!>*, =,r A+6 tb 1+ b 1 ]]J D Xj * 1 


ti [a + 6(b i + &i)]J 

irfrj 

+ 6 ífr t + bi 







Í&J 


f#L 


TO 


J flr C#jurtr; S immáng jhqííkm afr&uL pumí A. 


-ÍÇ>, A 


Pí 


:(ft> -- 


3P&f 


+ ^1^ -+Ê ; >J ' *l[A + df&L +ÍJ : )] 


(A) 


-&f) 

h + 6(fr, +^í 


ArtS 


Nçhí ifui ií ■ t L , f ■■ 0 [I sfiapejr. 













































Problem 7-69 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown.The member segments have the same thickness t. 


Srclinn 






Q = Ç r A J = áiutt 4j*{;ç j) ■ (jatiii 
Ehfãf Ftetv Hesuhanl: 


VQ 

^“T 

PfriisirnJ 8 )* 

f(íí+w 

* -rt 

II 

m; 

^ 3rtin 45" r 1 



' . 3^5 in 45* 

.KlÍí - —- P 

ajij+3i)) 


ÍAítfr Cenier: SüíilniiPg momcnis ahflbc píihi , 

fsiri 45°) 

;in4í 9 ] 


Ft=F f (2d. sin 45°) 
^sin 4í ç 


Pí = 


: 2(íí+3t) 


i\ns 









































Problem 7-70 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. The member segments have the same thickness t. 


Sumfflkng momento abtvial A, 

/ = - * ibdià? +i-f/iift 1 -(*-2*1/1 

12 2 12 

_ rt’ bjh^_ Ifft ■ 2*1 / 

6 2 12 


q\ 


r y'A F = -{A - 2h t +y)w = 

VQ _ rqhy-lkiy+y 1 ) 
í “ 21 


tfhy-2hiy + j? i 


Qi = I&A = H*-*, |**W±^*, {*-*,}+Arl 

/ Z i 


í Pt r* Pt i ftJ * 1 

F = J tfrdx. - —J [ftj ) + hx,\dx * — {h l hb- kfb* —) 
21 2 J 2 


FníPttt F-q. (IX 


t>e = 01A, rfb-hfkb + ^ + hkib -í btb\ 


í= — (2* 1 + íM J -(*-2Â!| )*> 

12 


í = JLi« + 3 * ,fc - t *>> Am 
12/ 2*’ + óbh 2 — {h~2h\ f 



n 


o *-1 


h 

I-— í—1 

1 

í 


hH 




























Problem 7-71 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. The member segments have the same thickness t. 


Shear FIow Reruliant; Pw jhear force flows tftftjugh 
indicaiBÊfi l?y #, and F 3 QH* WRV* íb>- TJic horizontal 

fbrc t «j u dibnura k ciot s ads fied (* O) . Ln arder cü í Hkfy 

ihi$ cquitibriiam nqufemat, íj ^ «gjs fcw equal iú í*ío. 

íftrff-r Cínítr," Sununing moments aboul pciintA, 

Pe=F t {U) t = Q An, 


Aiso,. 

Th* jhtar cKraujg fo seaidíL « mdicaied by fj. ^. F } , 

Hüwcvct, 4XF â ^ 

To s aüjfy Lhk «fuatiün, lhe Sí^tiofl mujUip so thal lhe retllhiíttif 

K + s + £ - p 

Akt^ h due EO the geoinetry, for caJculaÜDg ^ and -we-iisquire 
F, = V 

Hentt* í a 0 A tu 

Wc ^auld cvaJualc lhe j ítk thing if the IomJ j° 
wíí appLied ah&rimntfiJ sa. Is. 

































Problem 7-72 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. The member segments have the same thickness t. 


SuvGcniflg raarucois ibouiA. 

tF = frf, (1) 

12 12 12 

pt.h,nxrnh l ii)_rv,t 

* ,= - 7 -- 


I | = (l*Jj ) = - 

3 i *r 


From Eq. <J) r 


P 12 ! 


klí> 

’(h}+hl) 

b 


Aiu 





























Problem 7-73 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. The member segments have the same thickness t. 


Sedia n Praperties: 


I . h i h 2 

Q\ = +\.v -yj 

fh h. \ Jj 

& = IfV = +■ ]+, t * -UH 


S tirar Ffoí w: 


VQ i Pt ( í.v +A|> -y) 

‘ l ' ” — / 

_ VQ, ^í[A,ÍA -* ft, ) + * ji ] 

- 7 J 


Shvar FÍíj w fUStitiúnt; 


< F .>, 



■rfe 


•>' + s>’ 










$h##r CrnUr: Symming mDmrnti ikout pouil A r 


Pt f h 

- [ht (h +A 3 J t h x ]iir 
-£j[ 3 M,<* 411 , >+***] 


Pt* F/h- UF„) f b 

P< = ^jí 2bh < lh +*■ ) + &**]*’3 ; ^(W,*+wJ)L 
f = JjÜ 2 *!*** +k i )+M : ]-^( 3*fA + 4ftj) 

+ + (*{) 

= + + W-**■* - 8 *f) 


ífr( 6 * ,Á J + 36 ^- 8 **) 

irr^íA+yi.j^fifi^ 

í h + lA^ + fiWf! 








































Problem 7-74 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. The member segments have the same thickness t. 

Given: cIq := 150mm d v := 150mm 

0 := 30deg 

Solution: Set t := lmm 

Section Property: 


h 0 := d e -sin(e) b fi := — 


: e := ^ b e h e" 


I v := —-t-dY 

v i 2 v 


I:= 2I 0 + I V 


e 


( d e* t )' 


sin( 0 ) 

dy + ^Y 
. 2 ) 


y’ c = 0.5d y + hg - 0.5x-sin(o) 

Q = A' y f c Q = (x-t)-(0.5d v + hg - 0.5x-sin(o)j 


Shear Flow Resultant: 

V = P 


_ v-Q 
q- 


i 

q _ x-t 
P " I 

F 1 


— -|0.5d v + hQ - 0.5x-sin(o)j dx 


Shear Center: Summing moment about point A 
P-e = Fj-d v -cos(0) 

F 1 

e =-d v -cos(o) 


r d 0 


e := 


d v -cos(o)- -y^j-(0.5d v + hg - 0.5x-sin(o)j dx 


x-t^ 




^0.5d v + h 0 - 0.5x-sin(o)j 

W 

0 

X-t / . / \\ , 

\ 


X 5 




Fr 



e = 43.30 mm 


Ans 



























Problem 7-75 


Determine the location e of the shear center, point O, for the thin-walled member having a slit along its 
side. 


Given: a := lOOmm b := lOOmm 

Solution: 

Set t := mm P := kN 
Section Property: 
h := 2a 


I := -k-(2t)-h 3 + 2(b-t)-a 2 

Ql = (yt)~(y) 


I = 3.3333 a t 


t 2 
Q i = -y 

a-t 


Q 2 = (a-t)-—(a) + (x-t)-(a) Qj = —(a + 2x) 


Shear Flow Resultant: 



1 ÜÜ mm 


1ÜÜ mm 


<n = 


q 2 = 


VQi 

I 

v-Q 2 

i 

ra 


qi = 


P-t-y 


2 I 


P-(a-t)-(a + 2 x) 
q 2 =- 




2\ 


ra 


F w = 


F f = 


qi d y F w := 




P-t-y 

2 I 


dy 


F w = 0.05 P 


A 1 /jí/ m* I 


0 

fb 


q 2 dx Fp 


P-(a-t)-(a + 2x) 
21 


dx F f = 0.3 P 


Shear Center: Summing moment about point A 


P-e= 2F w b + F f h 


■= : =f(2F w .b + F f h) 



e = 70 mm Ans 













































Problem 7-76 


Determine the location e of the shear center, point O, for the thin-walled member having a slit along its 
side. Each element has aconstant thickness t. 


Given: a := mm 

Solution: 

Set t := mm P := kN 
Section Property: 


b := a 


h := 2a 


1 ,3 2 

3 

I := — (2t)-h +2(b-t)-a 

I = 3.3333 a t 

1 

t 2 

Qi = (yt)--(y) 

Q i = -y 

1 

a-t 

Q 2 = (a-t)--(a) + (x-t)-(a) 

Ql = — (a + 2x) 


Shear Flow Resultant: 


<U = 


q 2 = 


v-Qi 

i 

v-Q 2 

i 

ra 


qi = 


P-ty 


21 


P-(a-t)-(a + 2x) 

q 2 =- 




21 


ca 


F w = 


qi dy F w := 


Pty 

21 




dy 


«ipr 

KK=- 


j Jt, 


F w = 0.05 P 


F f = 


rb 


q 2 dx Fj? := 


P-(a-t)-(a + 2x) 
21 


dx 



A 



F f = 0.3 P 


Shear Center: Summing moment about point A 


P-e= 2F w -b + F f h 
e : =i.(2F„.b + F f h) 
e = 0.7 a Ans 

















































Problem 7-77 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. 


Given: a := mm 0 := 60deg 

Solution: 

Set t := mm P := kN 
Section Property: 

b := a-sin(o) b = 0.86603 a 
t 


f := 


cos 


(e) 


t' = 2t 


1 3 1 3 

I := —(t)-a + —(t')-a 
12 12 

Qi = (y’t’)~(y’) 


Q 2 = (h-f)--(h) + (h-y)-t y + -(h-y) 


h := — 
2 


I = 0.25 a t 


t' 2 

Q i = -y 

i 




60 ° 



rh 


F = 


q 2 dy 


F := 


P-[t'h 2 + t(h 2 - y 2 )] 


21 


dy 


F = 0.6667 P 


Shear Center: Summing moment about point A 


Pe = 2(F-b + F'-0) 

e := —-(2F b) 

P 

e = 1.1547 a Ans 





























Problem 7-78 


If the angle has a thickness of 3 mm, a height h = 100 mm, and it is subjected to a shear of V = 50 N, 
determine the shear flow at point A and the maximum shear flow in the angle. 


Given: h := lOOmm 
0 := 45deg 

Solution: 

Section Property: 
t 


t := 3 mm 
V := 50N 


t’ := 


sin(0) 


t' = 4.2426 mm 


1 3 

I :=-(2t’)-h 

12 


Q = A'- y' c 


Q = ^(o.25h 2 - y 2 ) 


Shear Flow: 


q = 


v-Q 

i 


21 

At A, := 0.5 h 

At y = 0, q=q max 


V-t' ( 2 2\ 

=-(o.25h -y ] 


qA 


:= 0 Ans 


qmax 


:= 2í.(0.25h 2 ) 


21 



Q = t'-(0.5h - y)- 

^(0.5h-y)+y 



2 

í? M 




H V 

7^ 


7 -i i í J 
- /£■ 6 * 


N 

c hnax “ ^75 — 


Ans 
















Problem 7-79 


The angle is subjected to a shear of V = 10 kN. Sketch the distribution of shear flow along the leg AB. 
Indicate numerical va lues at all peaks. The thickness is 6 mm and the legs ( AB ) are 125 mm. 


Given: L := 125mm 
0 := 45deg 

Solution: 

Section Property: 
h := L-cos(0) 

1 3 

I :=-(2t’)-n 

12 


t := 6mm 
V := 10kN 


t’ := 


sin(0) 


t’ = 8.4853 mm 




Aty = 0, q=q max 


^max 


:= ^.(o. 25h q 


21 


c lmax 


kN 

= 84.85— Ans 

m 

























Problem 7-80 


Determine the placement e for the force P so that the beam bends downward without twisting. Take 
h = 200 mm. 

Given: hj := lOOmm bp := 300mm 
I 12 := 200mm 

Solution: 

Set t := mm P := kN 
Section Property: 

I :=-íbf f* + t-hi^ + t-h 


12 


Q w2 = t-(o. 5 h 2 - y)- y + —(o. 5 h 2 - y) 


t 


2 2 


Qw2= 2'l°- 25h 2 -y 


Shear Flow Resultant: 

V'Qw2 


^2“ 


F w2 = 


I 


%<2 = 



10Ü mm 


, 7 - 80/81 


-300 mm 


2 2 


P-t^0.25h 2 -y 
21 


J|T 

li 


d). 51 i 2 

1 _: 


q W 2 dx 

r 

J- 0 . 5 h o 

e 1 


„0.5ho 


P-1- ( 0.25h2 2 - y 2 


r w2 •= 

0.5h 2 

F w2 = 0.8889 P 


21 


dy 


+■ 

h 




Shear Center: Summing moment about point A 

P-e= F w 2 -( b f+t) 

e: =-~[ F w2'( b f +t )] 



e = 267.5 mm 


Ans 






































Problem 7-81 


A force P is applied to the web of the beam as shown. Ife = 250 mm, determine the height h of the 


right flange so that the beam will deflect downward without twisting. The member segments have the 
same thickness t. 

Given: hj := lOOmm bf := 300mm 
e := 250mm 

Solution: 

Set t := mm P := kN 

Shear Center: Summing moment about point A 




J x J WZ u 

bf 

Section Property : Assume bj t 3 negligible. 


e 

Assume bj+t equal to Zy: F w 2 := —P 




12 





Shear Flow Resultant: 


_ v 'Qw2 

^w2" t 



Given 



Guess h 2 := lOmm 



h 2 = 171.0 mm Ans 







































Problem 7-82 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. 


fí-LiTD ming ra umoib abouí À, 

Pir/Jdf (J) 

dA - t iif w í r ii& 

¥ = r liníí 

ttí - JdA - rhkftiitrM) - r j ijin j ecffl 


J s r^|iin 1 ^= a -— 601 


f 1 C ELTi “ í “ 

. Lít# - -—íí) | 

2 2 *-=- cr 

2 2 2 

r J í r^i 

=■ — ltíicfíMMa= — (2a-4w.JixJ 


Jí> - rd 4 « c (f rJÍ) a r"i rim fl iifl 

O ■ r ] éj iintí' dê - r 1 r(-çuafl| f - B-íSfoosP * hmít) 


VQ 4 hmsJ -IftccflíS 4i Wí*-) 

= n—■ = -^7™- ™ « -1 r ' 

l - siri 2s] rí2ír™sii2a) 


JáF = JflA = |í rJff 


í &■ = 


-2#V 


r(2ü — línicrj í ■ 

4F 

- . — fcinú. - ítcoSB) 

'Ííf - mia 


| (cjçrçí + gfrfrg ísin^} 


2d - íui Ip 





Fro na fc*i| ( I ) \. f * = r [ 


4P 


ta - iir, 2 et 


i>«af - üi i^â)J 


4/ (&IACX - tfíiriÊfl 


* « 


lík - iin 2ít 


Am 

























Problem 7-83 


Determine the location e of the shear center, point O, for the tube having a slit along its length. 


Jffnan ÍPíptJílíJ. 8 


M p t dür ■ f r dB y = r stn. ê 

dl ■ lrd$) m d$ 


f * Jin' & 



dQ = = ydA * ra \n £( é r Jêi m r 2 iz\.n &d& 

Q =i suiQ dü = r r J t -cosfl? 

D 


Shtar Ftv^ Renifianl: 


<?- 


1 


Pr : rí 1 -«mSí 
JTr J r 


P 

-1 

nr 


L - 004 &\ 


J.-JE 

P B J ^t£f= t "CDS #| rd& 

n Jo nr 
Ftz* 

= -J {l-íosflwe 

u 

«2P 




5 fcíÍTfniffr. 1 hi umniLr.g nx>rni:Em ^b0UC pcinM . 


Ff = Fr 
Ft h 2 Pr 


Ans 


< slf 









Problem 7-84 


The beam is fabricated from four boards nailed together as shown. Determine the shear force each nail 
along the sides C and the top D must resist if the nails are uniformly spaced s = 75 mm. The beam is 
subjected to a shear of V = 22.5 kN. 


d w := 300mm 


Given: bf := 250mm 
tf := 2 5mm 
t^ := 25mm 
V := 22.5kN 

Solution: 

Section Property : D := d w + tf 

°- 5t f( b ftf) + (0.5d w + t f )(d w -t w ) + 0.5d b (2t b -d b ) 


t w := 25mm 
df> := lOOmm 
s n := ^5mm 


b f íf + d w - t w + 2 ( t b' d b) 


y c : = 

y c = 87.50 mm 

1 1 : = ~" b f tf + (bft f )-(0.5t f -y c ) 2 

1 2 : = + (dw-twj-fo-^w + tf - yc) 

13 := — -(2t b j-d b + |2t b -d b )-^0.5d b - y c ) 

1 := T 1 +I 2 + I 3 

Qc := (v d b)-(y c - 0 - 5d b) 

Qd := (dw-twl f 0 - y C - °- 5d w) 

VQ 



25 mm 
^25 mm 
75 mm 


y !í 


25 mm 


itm £iftft 

itLJftft 




íf=^í.iftftfi 


loDftft 

■4 


50Dftft 


Shear Flow. 


q = 


c 


D 


The allowable shear flow at points C and D are : = — q^) = - 


v-Qc 


f d vq d 


s n 1 

s n 

I 

V 'Q C ' s n 

- 

V ' Qd - s n 

F C - j 


I 

F c = 0.987 kN 

f d = 

6.906 kN 


Ans 

























Problem 7-85 


The beam is constructed from four boards glued together at their seams. If the glue can withstand 15 
kN/m, what is the maximum vertical shear V that the beam can support? 

Given: b f := lOOmm d w := 249mm 

tf := 12mm t w := 12mm dj := 75mm 

kN 

%llow •“ ^ ^ m 


Solution: 

Section Property: 


1 := + n' bftf3 + 2bf tf 


^ d i + tfY 
V 2 J 


Q := (b f tf)- 


d i + t f 



Shear Flow : Since there are two glue joints, hence 

^‘%llow 

V -- 

v max • q 

v max = 20.37 kN Ans 


2q = 


VQ 



























Problem 7-86 


Solve Prob. 7-85 if the beam is rotated 90° from the position shown. 
Given: b f := lOOmm d w := 249mm 

tp := 12mm t w := 12mm dj := 75mm 

kN 

%llow •“ ^ 


Solution: 

Section Property: 


2 3 2 3 

1 ^ -t f b f + ■^•‘V t w + 2d w* t 


w 


^ b f + twV 

2 ) 


Q : = (W)- 


b f+t w 



Shear Flow : Since there are two glue joints, hence 2q = 


v-Q 


V. 


^'%llow 


max • 


w- r =1= 


12. h* 

* 


I- jEDhK 

f V 


V max = 3J31kN 


Ans 
























Problem 7-87 


The member is subjected to a shear force ofV = 2 kN. Determine the shear flow at points A, B , and C. 
The thickness of each thin-walled segment is 15 mm. 


bf := 200mm 


Given: 

tf := 15 mm 
t^ := 15mm 
V := 2kN 

Solution: 

Section Property: 


d w := 300mm 
t w := 15mm 
d^ := 115mm 


D d w + tf 


y c := 



b f íf + d w - t w + 2 ( t b' d b) 


y c = 87.98 mm 

T 1 : = ~' b f + (bft f )-(0.5t f -y c ) 2 

j 3 .2 

1 2 : = ^'Vdw + ( d w- t w)'(°- 5d w + tf - yc) 

13 := ‘ (2tb)' + (2t b -d b )-^0.5d b - y c ) 

1 := T 1 +I 2 + I 3 
I = 86939045.38 mm 4 



Qa : =° 

Q b := (t b - d b )- (y c - 0.5d b ) Q B = 52577.05 mm 3 

Qc := Q b + tf (0.5bf- 0.5t w j-^y c - 0.5tfj Qç = 164242.29 mm 3 


Shear Flow: 


q = 


VQ 


q A := 0 


c lB := 


q c := 


v-Qb 

I 

v-Qc 

i 


kN 

q R = 1.210- 

m 


kN 

q r = 3.778 — 
m 


Ans 


Ans 


Ans 


I 



























Problem 7-88 


The member is subjected to a shear force of V= 2 kN. Determine the maximum shear flow in the 
member. All segments of the cross section are 15 mm thick. 

Given: bf := 200mm d w := 300mm 

tf := 15 mm 

t^ := 15mm 

V := 2kN 

Solution: 

Section Property : D := d w + tf 


t w := 15mm 
d^ := 115mm 


y c := 


y c = 87.98 mm 



b f íf + d w - t w + 2 (V d b) 


T 1 : = ~' b f + (bftf)-(0.5tf-y c )" 


J 3 n 

l 2 : = TT-Vdw + ( d w' t w)'(°- 5d w+ tf - yc) 


I 


12 

1 


3 : j 2 *(^ b )"^ b + (^b* d b)' (0*5 d b y c ) 

1 := T 1 +I 2 + I 3 
I = 86939045.38 mm 4 

Qmax ,= V( D _ y C )'^'( D _ y c ) 


-n- 






£3^ 


(L 


koil^n 








t'*r\ 


Q max = 386537.47 mm 


Shear Flow: 


q = 


v^> 

i 


Maximum shear flow occurs at the point where the neutral axis passes through the section. 


v-Q 


4max * 


max 


kN 

q max = 8 - 892 — Ans 





























Problem 7-89 


The beam is made from three thin plates welded together as shown. If it is subjected to a shear of 
V = 48 kN, determine the shear flow at points A and B. Also, calculate the maximum shear stress in 
the beam. 

Given: bf := 215mm tp := 15mm 

t w := 15mm d w := 315mm 

V := 48kN h := 200mm 

Solution: 

Section Property : a := 0.5íb f - t w ) 

[( b f- twj-tfj 11 + °- 5t f) + K^wX 0 - 5 ^) 


y c : = 


( b f _ t w)' t f + d w' l w 


y c = 176.92 mm 



: f : = + ( b f- t w)' t f( h + 0 - 5 ' t f-y c ) 2 

I 3 ^ 

l w : = -^-v d w + (v d w)-(yc - °- 5 d w) 

I:=I f +I w I = 43.71347 x 10“ 6 m 4 


sim* 



Qa : = ( a,t w)'( d w _ y C _ °-5a) 
Q b := (a-t f )-(h + 0.5-t f -y c ) 

Qmax ' VWyfyc) 


Shear Flow: 


q = 


v-Q 

i 


v-Qa 

q A := — 


9A = 


kN 

145.1 — 
m 


v-Qb 

q B = I 


kN 

c|g = 50.37 — 


m 


Maximum Shear Stress: 


v-Q 

I-b 


Q a = 132123.79 mm 3 
Q b = 45873.79 mm 3 
Q max = 234748.45 mm 3 


Ans 


Ans 


Maximum shear stress occurs at the point where the neutral axis passes through the section. 


T max • 


V* Qmax 


T max“^*^^^ a ^ ns 



























Problem 7-90 


A Steel plate having a thickness of 6 mm is formed into the thin-walled section shown. If it is subjected 
to a shear force of V= 1.25 kN, determine the shear stress at points A and C. Indicate the results on 
volume elements located at these points. 

Given: bf := lOOmm d w := 50mm b'p := 25mm 

t := 6mm V := 1.25kN 


V 


Solution: 

Section Property : D := d w + 2t 

0.5t(2b' f t) + (0.5^ + t)(2d w -t) + (D - 0.5t)(b f t) 



y c : = 


y c = 36.60 mm 


2b’p t + 2(1^-1 + bp t 


T 1 : = — b'f t 3 + (b' f t)-(0.5t - y c )" 


l 2 : = ■^• t - d w 3 + ( d w -t H°- 5d w + t- yc) 2 

h :=^-b f t 3 + (b f t).(D-0.5t-y c ) 2 

I := 212 + 2I 2 + I 3 
Q a := (b' f t)-(y c - 0.5t) 

Q c := (b’f t) (y c - 0.5t) + (d^t)- |0.5d w + t - y c | - (0.5b f t)-(D - 0.5t - y c ) 
Qç = 0.00 mm 3 (since A' =0) 

VO 

Shear Stress : x = - 

It 



v-Qa 


T c : = 


VQC 


It 


x A = 1.335 MPa Ans 


xç = OMPa Ans 

































Problem 7-91 


A Steel plate having a thickness of 6 mm is formed into the thin-walled section shown. If it is subjected 
to a shear force of V= 1.25 kN, determine the shear stress at point B. 

Given: bp := lOOmm d w := 50mm b'p := 25mm y 

t := 6mm V := 1.25kN 


Solution: 

Section Property : D := d w + 2t 



0.5t(2b' f t) + (0.5^ + t)(2d w -t) + (D - 0.5t)(b f t) 

y P :=- 

L 2b’f t + 2(1^-1 + bp t 

y c = 36.60 mm 

T 1 : = A- b'f t 3 + (b’f t)-(0.5t - y c ) 2 

l 2 : = ■^• t - d w 3 + ( d w -t ) - (°- 5d w + t- yc) 2 
h :=^-b f t 3 + (b f t).(D-0.5t-y c ) 2 
I := 21 j + 2I 2 + I 3 
Q b := (b f t)-(D-0.5t-y c ) 



Shear Stress: x = - 

Ib 

v-Qb 

td :=- Tn = 1.781 MPa 

B I(2t) B 


Ans 






















Problem 7-92 


Determine the location e of the shear center, point O, for the thin-walled member having the cross 
section shown. 


SummÍD£ moments ahmU A r 
Píf + ry P rjrff (1> 

.V -= fcoséí; dA * ids 


dl = =t dv; Hnwfçvet Jí = rdftiim, 


/ = r'í| E C0i 2 fi JÔ = f s rji"( ™™ + « )c 

o ü 2 


= T t« - — 


■ r coa flfjf JB) = / £ jüüs BJB 

ü - ‘coaíJlí =? r ! í sintf 

^ fM> 3 r sã! &} _ 2r S-in $ 
q l firr 1 * ar 



í - j iíF ^ = J tf r 


Fl UEIj £l|. (1) 


■a r 


P (í+ „ F{f+r) 

n * - A B 


2/ ffl . , 4 jt 

f = “J vin - r ■ — - r = ü.273f 


jt a 


Ana 













Problem 7-93 


Sketch the intensity of the shear-stress distribution actíng over the beairís cross-sectional area, and 
determine the resultant shear force acting on the segment AB. The shear acting at the section is V = 

175 kN. Show that I NA = 340.82(10 6 ) mm 4 . 

Given: bj := 200mm dj := 200mm V := 175kN 

b 2 := 50mm d 2 := 150mm 

Solution: 

Section Property : D := dj + d 2 

O.Sdjfbj-dj) + (0.5d 2 + d 1 )(b 2 -d 2 ) 


y c : = 


b r d l +b 2’ d 2 


h : = ^' b i' d i 3 + ( b i d i)'(°- 5d i - y c ) 2 

h : = TT' b 2' d 2 3 + ( b 2* d 2) ( D - °- 5d 2 " y c f 


y c = 127.63 mm 

y’ c : = D - y c 



i : =ii + i 2 


I = 340.82 x 10 6 mm 4 


(Q.E.D) 

yic= °- 5 (yc + yi) 


A ’i = (y c - yi) b i yic= °- 5 (yc-yi) + yi 

Qi = A Vy'ic Qi = °- 5 (y c - yi) b i(y c + yi) 

a 2 = (y'c - y2) b 2 y2c = °- 5 (y' c - yi) + y2 

Q2 = A ’2-y'2c Q2 = °- 5 (y'c - y2)' b 2(y' c + y2) Q2 = °- 5b 2(y' c z - y2 
v-Q © 


Ql = 0.5bi(y c 2 - y 2 2 

y2c = °- 5 (y'c + y2) 

2 2 


Shear Stress , 


At B : y | = 0 


x = — t cb = (■7 ]{ 0 - 5 (y c 2 - yi 2 


Ib 


t ib := (j)-( 0 - 5 y c 2 


X 1B “ 4.18MPa 


AtC: yi :=y c - d i T ic := I 7 ji' 


°- 5 ly c 2 - yi 2 


ijç = 2.84 MPa 


T AB = 
At C: 


f— ' 

v : NaJ 


0-51 y’ c 2 - Y2 2 




y 2 : =y’c - d 2 T 2C := ( 7 _y 2 
x 2C = 11.35 MPa 



Resultant Shear Force: For segment AS. y Q := y' - d 2 

ry'c 


V 


AB •= 


© 

1 1 ) 


0.5 y’ c -y 


•b 2 dy 


y 0 


n 


V 


AB 


C AB 


dA 


v Ab = 49 - 78kN Ans 






















































Problem 8-1 


A spherical gas tank has an inner radius of r = 1.5 m. If it is subjected to an internai pressure of p 
300 kPa, determine its required thickness if the maximum normal stress is not to exceed 12 MPa. 

Given: r := 1.5m p := 0.3MPa a allow l^MPa 


Solution: 


Normal Stress: 

_ pr 

CT allow ~ 2-1 

t := P ' r 

2 ' a allow 

t= 18.75 mm Ans 




Problem 8-2 


A pressurized spherical tank is to be made of 125mm-thick Steel. If it is subjected to an internai 
pressure oíp = 1.4 MPa, determine its outer radius if the maximum normal stress is not to exceed 105 
MPa. 

Given: t := 125mm p := 1.4MPa a allow 1^5MPa 

Solution: 

p-r 

Normal Stress : a = —— 

2-t 

^' ta allow 


P 


q = 18.750m 




Problem 8-3 


The thin-walled cylinder can be supported in one of two ways as shown. Determine the State of stress 
in the wall of the cylinder for both cases if the piston P causes the internai pressure to be 0.5 MPa. 
The wall has a thickness of 6 mm and the inner diameter of the evlinder is 200 mm 


Given: t := 6mm p := 0.5MPa 

rj := 200mm 


Solution: 


Case (a): 

Hoop Stress : a ] 

Normal Stress: 


P^i 

t 


a 1 = 16.67 MPa 
a 2 := 0 



<■) 

Ans 

Ans 



Case (b): 

Hoop Stress : 

Normal Stress: 




aj = 16.67 MPa Ans 

- 8.33 MPa Ans 
















Problem 8-4 


The tank of the air compressor is subjected to an internai pressure of 0.63 MPa. If the internai diameter 
of the tank is 550 mm, and the wall thickness is 6 mm, determine the stress components acting at point 
A. Draw a volume element of the material at this point, and show the results on the element 

Given: t := 6mm p := 0.63MPa 

dj := 550mm 

Solution: q := 0.5dj 

r i 

Hoop Stress : a := — a = 45.83 

t 

Since a > 10. then thin-wall analysis canbe used. 

P' r i 

çj i :=- çj i = 28.88 MPa Ans 

1 t 1 



Longitudinal Stress: 


g 2 := 


P^i 

2-t 


%*13.33 















Problem 8-5 


The open-ended pipe has a wall thickness of 2 mm and an internai diameter of 40 mm. Calculate the 
pressure that ice exerted on the interior wall of the pipe to cause it to burst in the manner shown. The 
maximum stress that the material can support at freezing temperatures is <r max = 360 MPa. Show the 
stress acting on a small element of material just before the pipe fails. 

Given: t := 2inin a allow := 360MPa 

dj := 40mm 

Solution: q := 0.5dj 



A i 

Hoop Stress : a := — a = 10.00 

t 

Since a > 10. then thin-wall analysis canbe used. 
a l •“ a allow 


P‘ r i a allow‘ t 



p = 36.0 MPa Ans 



Longitudinal Stress: 

Since the pipe is open at both neds, then 

c >2 := 0 Ans 







Problem 8-6 


The open-ended polyvinyl chloride pipe has an inner diameter of 100 mm and thickness of 5 mm. If it 
carries flowing water at 0.42 MPa pressure, determine the State of stress in the walls of the pipe. 

Given: t := 5mm p := 0.42MPa 

dj := lOOmm 



Solution: q := 0.5dj 


P' r i 

Hoop Stress: çji :=- ai =4.2 MPa Ans 

1 t 1 

Normal Stress : <j 2 := 0 Ans 

There is no stress componenet in the longitudinal direction since pipe has open ends. 



























Problem 8-7 


If the flow of water within the pipe in Prob. 8-6 is stopped due to the closing of a valve, determine the 
State of stress in the walls of the pipe. Neglect the weight of the water. Assume the supports only exert 
vertical forces on the pipe. 


Given: t := 5mm p := 0.42MPa 

dj := lOOmm 

Solution: q := 0.5dj 



Hoop Stress: 

p-'i 

ctj = 4.2 MPa 

Ans 


P' r i 
02 := T7 



Normal Stress: 

c >2 = 2.1 MPa 

Ans 





























Problem 8-8 


The A-36-steel band is 50 mm wide and is secured around the smooth rigid cylinder. If the bolts are 
tightened so that the tension in them is 2 kN, determine the normal stress in the band, the pressure 
exerted on the cylinder, and the distance half the band stretches. 

Given: t := 3mm b := 50mm 

r := 200mm F := 2kN 

E := 200GPa 

Solution: r^ := r + 0.5t := n- r^ 

Tensile Stress in the Band : 

F 

c>i := — c>i = 13.33 MPa Ans 

1 bt 1 

p-r 

Hoop Stress : a = —— 
t 

taj 

p :=- p = 0.199 MPa Ans 

r b 

Stectch : 

ai 

8 = s r L b = — 

a v L h 



E 


8 = 0.0422 mm Ans 






Problem 8-9 


The 304 stainless Steel band initially fits snugly around the smooth rigid cylinder. If the band is then 

subjected to a nonlinear tempera tu re drop of AT = 12 sin 2 0°C, where 6 is in radians, determine the 
circumferential stress in the band. 

Unit used: °C := deg 

Given: t := 0.4mm b := 25mm 

r' := 250mm E := 193GPa 

\2 


Aj = 12-sin(o)^ 

Solution: 


a := 17 


(lo 6 ) — 

°c 


Compatibility: Since the band is fitted to a rigid cylinder 
(which does not deformunder load), then 


St = 0 


P-(2tw) 

AE 


2 71 


a 


( A i) 


r d0 = 0 



E (A) 


•2n 


a 


•sin(o) -r d0 = 0 


However, — = <j^ 
A c 


2n -r 


•a„ = 12-a-r 


2 71 


sin(o) d0 


6aE 


a c := 


r2n ^ 

sin(e) 2 d0 -°C 

l J 0 J 


a c = 19.69 MPa 


Ans 



















Problem 8-10 


The barrei is filled to the top with water. Determine the distance s that the top hoop should be placed 
from the bottom hoop so that the tensile force in each hoop is the same. Also, what is the force in each 
hoop? The barrei has an inner diameter of 1.2 m. Neglect its wall thickness. Assume that only the 
hoops resist the water pressure. Note: Water develops pressure in the barrei according to Pascafs law, 
p = (0.0 lz) MPa, where z is the depth from the surface of the water in meter. 


Given: d := 1.2m p= O.Olz-MPa 
h := 2.4m h' := 0.6m 


Solution: r := 0.5d 



rh 


p = 

p-(2r) dz 

J 

0 



f 

"h ^ 

P := 2r- 

0.0lz dz 


V 

j 0 J 


MPa 


m 


P = 34.56 kN 



Equilibrium for the Steel Hoop : 






































Problem 8-11 


A wood pipe having an inner diameter of 0.9 m is bound together using Steel hoops having a 
cross-sectional area of 125 mm 2 . If the allowable stress for the hoops is <r allow = 84 MPa, determine 

their maximum spacing s along the section of pipe so that the pipe can resist an internai gauge pressure 
of 28 kPa. Assume each hoop supports the pressure loading acting along the length s of the pipe. 

Given: d := 0.9m p := 28*(l0 ^)*MPa 

2 

A s := 125mm a allow 84MPa 

Solution: r := 0.5d 

P=p(2r-s) F = CT allow'( A s) 

Equilibrium for the Steel Hoop : 

From the FBD, 

+► &?= 0; P - 2F = 0 



p-(2r-s) -2a allow -(A s ) = 0 

a allow' ( A s) 

s :=- 

p-r 


Ans 


D.ÍH. 





s = 833.33 mm 


P 

































Problem 8-12 


A boiler is constmcted of 8-mm thick Steel plates that are fastened together at their ends using a butt 
joint consisting of two 8-mm cover plates and rivets having a diameter of 10 mm and spaced 50 mm 
apart as shown. If the steam pressure in the boiler is 1.35 MPa, determine (a) the circumferential stress 
in the boiler’s plate apart from the seam, (b) the circumferential stress in the outer cover plate along the 
rivet line a-a , and (c) the shear stress in the rivets. 

Given: t Q := 8mm rj := 750mm p := 1.35MPa 


Solution: 


a) Hoop Stress : 


P* r i 

:=- aj = 126.6MPa 


t c := 8mm d^ := lOmm s := 50mm 


to 


Ans 



b) Hoop Stress in cover plate along line a-a : 

Consider a width of s (mm), F 0 (in boiler plate) = F’ 0 (in cover plates) 


CT r( s-t o) = CT 'r( s_d b)'( 2 'tc) 




14 ? 



c) Shear Stress in Rivet: := 0.5d^ 

From the FBD, 





í" r 




T 


avg 


= 322.3 MPa Ans 









Problem 8-13 


The ring, having the dimensions shown, is placed over a flexible membrane which is pumped up with a 
pressure p. Determine the change in the internai radius of the ring after this pressure is applied. The 
modulus of elasticity for the ring is E. 


Solution: 

Equilibrium for the Ring : 

±+ZF = 0; 2P - 2p-r r w = 0 
P = p-rpw 

Hoop Stress and Strain for the Ring : 

p p-rpw 


a l ” 


cj 1 — 7-x— 

A ( r o- r i)' w 

Using Hooke's Law, 

°i_ P r i 

E 


P r i 


C>1 - 


-1 


'1 


( r o - r i) 


•E 


( 1 ) 


r — r- 
o 1 




8r i _ 

P r i 


r 

( r o - r i! 

|E 

8rj= • 

2 

P-rj 


( r o - r i) 

•E 















Problem 8-14 


A closed-endedpressure vessel is fabricated by cross-winding glass filaments over a mandrel, so that 
the wall thickness t of the vessel is composed entirely of filament and an epoxy binder as shown in the 
figure. Consider a segment of the vessel of width w and wrapped at an angle 6. If the vessel is subjected 
to an internai pressure p , show that the force in the segment is F e = cr 0 wt , where <r 0 is the stress in the 

filaments. Also, show that the stresses in the hoop and longitudinal directions are cr h — <r 0 sin 2 0 and 

= <t 0 cos 2 0 , respectively. At what angle 6 (optimum winding angle) would the filaments have to be 
wound so that the hoop and longitudinal stresses are equivalent? 



Jhf Hfftp and L&JTEititdinal Strtssts / Apfdying Eq.S - 1 and 
EM-2 


, _P<‘_PÍi) _pá 
pr píj) ptl 

fft ■ - = - = - 

" lí 2 t 4r 


Tht Haap and LoitRitudixal Faree far FtíaMtíti : 

pd \» 


2r Vim O J 
■ii Vens & J 4ífli i 


2$m $ 

& 


Hcjwevçr. /Jçm 20+3 * Thçrçforc, 

Jioafi" 2G-* IOkm 20 + 3 

-= O 

iifli 20 + 5? 

Jcas 1 2 Bf lOcoi 

1(3)0) 


êüs 20 i 
«K 20 = -0.3333 

$ = S4,1 fl 


2(3) 


A Hf 


Hencí. 


Farce in ê Dirttíion : Consider i poraon of ihe cyliiider, For a 
fUaíiBn-l wifí dK cf&54 -«píoiij] irea u-A - Ihçn 



Jj^lV 

I 1 .jIehi 8 ) 


pd w i 4 


“V iin= e 

fÜJ J 0 

pdW J4 ccm s 0+sÍJi- 9 


SÍH J 0CÜS 1 0 

= —v'3cü3 29 +í 

2-fls ir2@ 


^ = (g.E.D.} 

W-thíp Srríf í.' TKí force in hoop duscoort Ls /£ = Esníf 

HVÍ . 

= íT 0 w[sui p *nd Unt mxh u ^ = -—- Th ai dw dic líieitiíl. 

5U1 0 

p-jtsEurep, 


ff, z ~ - p I_ 

á w r/sLii «9 


ffp = - 1 


F. 

r í . I ^ lllü í I r 


pj í y"3cos ILiS+ í ’'j 

2/lt ™ W j 


(0ÍB) 


ü ffç sin" 0 (£. E. D .} 


Lúngiiudiaei SlrffK Thí force in duc LísriBihjdiíiíü djççQori is 

F { = ^c-nsfi ■ er^jcns- 0 and dw aí*a is 4 =:- Th.cn duc ¥5 

cís 0 

lhe unera&J pttsíucçp, 


d &p 

—— =U whcn is rtunurturn. 
£T Ü 


2i/2f 

leo* 2 0 


loos 20 

iui 3 2 !*+ 


( ^3cos 20+5) - 


i/3cõs 20+ J^ 


ÍUT 26 


(v^cõsTe+j) ■ 


^ Lsin- IS 3 cíh 20 4-5 J 

L 1^20(34=0*2^^5] J 


^ ^wícnsíF 

= “ ■■- 

A wfVcos 0 

üpjinriím Ví-fsp À / tglt : Thií rwííiire ^ ^ ■ 2 Then 

ffj pãf*t 


or. 


(Jj SLn 1 ^ 

tan s P - 2 
fl ■ J4 7* 


= 2 













































Problem 8-15 


The Steel bracket is used to connect the ends of two cables. If the allowable normal stress for the Steel 
is <r allow =168 MPa, determine the largest tensile force P that can be applied to the cables. The bracket 
has a thickness of 12 mm and a width of 18 mm. 


Given: b := 18mm a := 50mm 

t := 12mm a allow 168MPa 

Solution: 

Internai Force and Moment: 
a Q := a + 0.5-b 


mm 



N = P 
M = Pa 0 

Section Property: 


M-P.DÍ9P 



+ 


A := t-b 


I := —t-b 
12 


3 


Alowable Normal Stress: <3 =- \ - 

A I 

The maximum normal stress occurs at the bottom of the Steel bracket. 

P P‘ a o‘ c max 

c max *“ a allow " H j 


a allow 

P :=- 

1 a o‘ c max 
— H- 

A I 


P = 1.756 kN 


Ans 





















Problem 8-16 


The Steel bracket is used to connect the ends of two cables. If the applied force P = 2.5 kN, determine 
the maximum normal stress in the bracket. The bracket has a thickness of 12 mm and a width of 18 
mm. 


Given: b := 18mm a := 50mm 

t := 12mm P := 2.5kN 

Solution: 

Internai Force and Moment: 


18 mm 
1 


-■l ■■ 1^ 




50 mm 




P 


a Q := a + 0.5-b 
N := P 

M-D.DÍ9T 

M := P a 0 
Section Property: 

1 3 

A := t-b I :=-t-b 

12 



Alowable Normal Stress: <3 =-t- 

A I 

The maximum normal stress occurs at the bottom of the Steel bracket. 


N M ’ c max 

c max *“ a max *“ 4 j 


a max = 239.2 MPa Ans 















Problem 8-17 


Thejoint is subjectedto a force of 1.25 kN as shown. Sketch the normal-stress distribution acting over 
section a-a if the member has a rectangular cross section of width 12 mm and thickness 18 mm. 

Given: b := 18mm a b := 50mm a y := 3 2 mm 

t:=12mm P := 1.25kN 



Normal Stress: a =-t- 

A I 


N c t0 p 

c top ®.5-t a top := j 

N M ‘ c bot 

c bot “0.5-t a^ ot — H - 


a top = 17.36 MPa (T) Ans 
a bot = -8.10 MPa (C) Ans 


Location of zero stress: 
| a t°p| _ y 0 
|%ot| x -y 0 


t- 

CT tOf 

■1 

| CT bot 

hl' 

CT top| 


y 0 = 8.18 mm 






































Problem 8-18 


The joint is subjected to a force of 1.25 kN as shown. Determine the State of stress at points A and B , 
and sketeh the results on diflferential elements located at these points. The member has a rectangular 
cross-sectional areaof width 12 mm and thickness 18 

Given: b := 18mm a^ := 50mm a y := 3 2 mm 

t:=12mm P := 1.25kN 

v := 3 h := 4 r := 5 

Solution: 

Internai Force and Moment: 


U ZF X = 0 ; 


P- 


A 


- ] -N= 0 

w 


-f XF v =0; V - P- 


í->0 

Vr J 


N:=P -,-j 

0 


V := P-l 




ZA/4 0; 




M + p ' -r a v _p ’ - r a h = 0 


0 


M := P- 

Section Property: 


A 


j' a h 


■J 

(A 

-]-«v 

W 


I := -L. b .t 3 
12 



A := b-t 
Q a := (0.5-t-b)-(0.25t) 
Qg := 0 (since A’ = 0) 


faint A 


dO -Q“ 






N M-c 

Normal Stress: <j =- 1 - 



z 

% 

0 

> 

C A := 0 

g a := + 

A A I 


N M ' c B 

Cg := -0.5-t 

CTb:= a + I 

Shear Stress: 

_ VQ 

x = - 


Ib 

v -Qa 


Ta ' Ib 

x A = 5.21 MPa 

v-Qb 


Tb = i-b 

xg = OMPa 


cr A = 4.63 MPa (T) Ans 
c> B = -8.10 MPa (C) Ans 


Ans 


Ans 










































Problem 8-19 


The coping saw has an adjustable blade that is tightened with a tension of 40 N. Determine the State of 
stress in the frame at points A and B. 



Section Property: 

1 3 

A := t-h I :=-t-h 

12 


N M-c 

State of Stress: <j =- 1 - 

A I 


At A: 


Na M 


A' C A 




^ HÜ ■ JK 


C A := 0.5-h a A : = — +-- 

cr A = 123.3 MPa (T) Ans 


a ir* 


ij o 


-ch 


Hf» fV. 


■* 

7,^ 


6 í . í * 


At B: 


cg := 0.5 h 


n B m B' c B 

CT B : = — + — 


c> B = 62.5 MPa (T) Ans 






























Problem 8-20 


Determine the maximum and minimum normal stress in the bracket at section a when the load is 
applied at x = 0. 


Given: a := 30mm b := 20mm 

x e := 0.5a P := 4kN 

Solution: 

Internai Force and Moment: 

N := -P 
M := P-x p 


Section Property: 
A := a-b 

T 1 K 3 

I :=-b-a 

12 


M = 0.060 kN-m 


A = 600 mm 


I = 45000 mm 


N Mc 

Normal Stress: <j =- 1 - 

A I 


N 


M-c r 


max 

c max Ã + I 




N 

:= -0.5-a := — 


Mc 


min 


4tN 





a t = 13.33 MPa 


(T) 


"OíCíEr 


a c = -26.67 MPa (C) 


CT max := max (| a t|’| CT c|) 
CT min := min (H>| a c|) 


| a max 

= 26.67 MPa 

| a min| 

= 13.33 MPa 


Ans 

Ans 














Problem 8-21 


Determine the maximum and minimum normal stress in the bracket at section a when the load is 
applied at x = 50 mm. 


Given: a := 30mm b := 20mm 

P := -4kN x e := 0.5a - 50mm 

Solution: 

Internai Force and Moment: 

N := P 


M := P x e 

Section Property: 
A := a-b 

T 1 K 3 

I :=-b-a 

12 

Normal Stress: 


M = 0.140 kN-m 


A = 600 mm 


I = 45000 mm 


N Mc 

a = — H- 

A I 


N 


M-c r 


max 

c max Ã + I 




N 

:= -0.5-a := — 


Mc 


min 


4tN 



a c = -53.33 MPa (C) 


CT max := max (| a t|’| CT c|) 
CT min := min (H>| a c|) 


| a max 

= 53.33 MPa 

| a min| 

= 40.00 MPa 


Ans 

Ans 















Problem 8-22 


The vertical force P acts on the bottom of the plate having a negligible weight. Determine the maximum 
distance d to the edge of the plate at which it can be applied so that it produces no compre ssive 
stresses on the plate at section a-a. The plate has a thickness of 10 mm and P acts along the centerline 
of this thickness. 


Given: t := lOmm b := 150mm 

Solution: 

Internai Force and Moment: 

N = P 

x e = d - 0.5b M = P x e 

Section Property: 

A := t-b A = 1500 min^ 

1 3 4 

I :=-t-b I = 2812500mm 

12 



P 


Normal Stress: Require a min := 0 


N Mc 
a = —±- 

A I 


"mm • 


P ( p ' x e) 

0.5 b 0 = — + --— 

A I 


min 


_P P(d - 0.5b)-(-0.5-b) 
A I 


d := 


21 b 

M 2 


n=P 




T' -G-ofi 


d = 100 mm Ans 
















Problem 8-23 


The vertical force P = 600 N acts on the bottom of the plate having a negligible weight. The plate has a 
thickness of 10 mm and P acts along the centerline of this thickness such that d = 100 mm. Plot the 
distribution of normal stress acting along section a-a. 

Given: t := lOmm b := 150mm 

d := lOOmm P := 0.6kN 

Solution: 

Internai Force and Moment: 

N := P 


x e := d — 0.5b 


Section Property : 
A := t-b 

I ;= -L t . b 3 
12 

Normal Stress: 


M := Px. 


A = 1500 mm 


I = 2812500 mm 


N Mc 

a = — H- 

A I 


M = 0.015 kN-m 


Á 





iF 




I» 




[W 


:= -0.5b 
cg := 0.5-b 


N M ' c A 

c> a := — +- 

A A I 


N M ' c B 

çjo :=-1- 

tí A I 


cr A = OMPa (C) Ans 

c> B = 0.800 MPa (T) Ans 




















Problem 8-24 


The gondola and passengers have a weight of 7.5 kN and center of gravity at G. The suspender arm 
AE has a square cross-sectional area of 38 mm by 38 mm, and is pin connected at its ends A and E. 
Determine the largest tensile stress developed in regions AB and DC of the arm. 


Given: b := 38mm d := 38mm 


L j := 1.2m 

Solution: 

Section Property: 


1.65m 


a^ := 375mm 
W := 7.5kN 


A := b-d 

Segment AB: 

N AB := W 


T 1 K a 3 

I :=-b-d 

12 


m AB := 0 


N M-c 

Maximum Normal Stress: a = -1- 

A I 


N 


CT AB := 


Segment DC: 

N DC := W 


AB 


CT A B = 5 - 19MPa O) Ans 


m DC := W a h 


N M-c 

Maximum Normal Stress: a =-1- 

A I 


"max 


:= 0.5d c> DC : 


n DC M DC' c max 


A I 

cr DC = 312.73 MPa (T) Ans 



0 J m 


16.5 m 







.ms m . k . 
























Problem 8-25 


The stepped support is subjected to the bearing load of 50 kN. Determine the maximum and minimum 
compressive stress in the material. 


x e := 0.5a - 30mm 


Given: a := lOOmm b := lOOmm 
P := 50kN 

Solution: 

Internai Force and Moment 
N := -P 


M := P-x p 


Section Property: 


M = 1.000 kN-m 


For the bottom portion of the stepped support. 


A := a-b 

T 1 K 3 

I :=-b-a 

12 


A = 10000 mm 


I = 8333333.33 mm 


50 kN 



5jJw 


Normal Stress: 


N Mc 

a = — H- 

A I 


c max ’ a t 


"mm • 


N Mc max 


- + - 

A I 

M M- 


1 MPa 


(T) 


a n := + 

c A I 

o c = -l 1.00 MPa (C) 


CT c_max := max(0,|a c |) 

| a c_max 

| = 11 MPa 

Ans 

CT c_min : = min ( 0 ’ | a c|) 

| a c_min| 

= OMPa 

Ans 
























Problem 8-26 


The bar has a diameter of 40 mm. If it is subjected to a force of 800 N as shown, determine the stress 
components that act at point.4 and show the results on a volume element located at this point. 

Given: d Q := 40mm a := 200mm 

P := 0.8kN 0 := 30deg 

Solution: 

Internai Force and Moment: At section AB. 

N:=P-sin(e) N = 0.400 kN 

V := P-cos(o) V = 0.693 kN 

M := V-a M = 0.1386kN-m 


Section Property : r Q := 0.5 d Q 


A:= n-r 0 

71 4 

1 := — r o 
4 0 


A = 1256.64 mm 


I = 125663.71 mm 


4r„ f L 


4 o íÁ\ 3 

Q a :=-— Q a = 5333.33 mm 

A 3ti A 


Normal Stress: 


N 

a = — 

A 


Mc 


I 


C A : = 0 


N 

a A : = - + 


M 


' C A 


A I 
ct a = 0.318 MPa 


(T) 


Ans 


Shear Stress: 

v-Qa 


T = 


v-Q 

Ib 


xa := 


IcL 


xa = 0.735 MPa 


Ans 



( , i 


pMa?* x e/** 


1 1 iSArtl 




7 

4 '«**4 



















Problem 8-27 


Solve Prob. 8-26 forpointi?. 

Given: d 0 := 40mm a := 200mm 
P := 0.8kN 0 := 30deg 

Solution: 

Internai Force and Moment: At section AB. 
N := P-sin(e) N = 0.400 kN 

V := P-cos(e) V = 0.693 kN 

M := V-a M = 0.1386kN-m 

Section Property : r Q := 0.5d Q 
A - 2 

A:_7t ' r o A = 1256.64 mm 2 

71 4 

1 := 7 r ° I = 125663.71 mm 4 



( , ***&»# 

1 ÜM 


P' +CO 






Qg := 0 (sinceA-0 ) 

N Mc 

Normal Stress: <j =- 1 - 

A I 

N M ' c B 
C B : = “ r o CT B : = 7 + —— 

cr B = -21.73 MPa (C) Ans 




Shear Stress: 


v-Q 

Ib 


T A : = 


v-Qb 


Id 


o 


= OMPa 


Ans 




















Problem 8-28 


Since concrete can support little or no tension, this problem can be avoided by using wires or rods to 
prestress the concrete once it is formed. Consider the simply supported beam shown, which has a 

rectangular cross section of 450 mm by 300 mm. If concrete has a specific weight of 24 kN/m 3 , 
determine the required tension in rod AB, which mns through the beam so that no tensile stress is 
developed in the concrete at its center section a-a. Neglect the size of the rod and any deflection of the 


beam. 

Given: b := 300mm d := 450mm 
d' := 400mm 
L := 2.4m 

Solution: a := d - d' 

w := y-b-d 
Support Reactions : 


kN 

y := 24- 

3 

m 


A* 


I 


A 2 m- 


400 mm . 

„JL 1 
—T] i 

50 mm 


1450 mm 


w 


-12 m | 150 mm 150 mm 


+f 2R-w-L = 0 
Internai Force and Moment 
+► IF =0; T - N = 0 


By symmetry, R À = R ; R A = R 
R := 0.5w-L 




H i — zh 

\ 1.2 k. T Uh 






N = T 

Qr YM 0 = 0; M + T-(0.5d-a) -R-(0.5L) + (0.5wL)-(0.25L) = 0 

M = R (0.25-L) - T (0.5 d - a) 

Section Property: 

3 


A := b-d 


Normal Stress: 


I := —.b-d'’ 
12 


N M-c 
cr„ =-1- 




4 I * 


r r 


tm 




Requires o = 0 


c a := 0.5d 


0 = — + 

A 


-T M ' c a 


I 


_ T [R (0.25-L) -T-(0.5-d-a)]-c a 

0 = — +- 

A I 


T := 


R(0.25L) 


(0.5-d - a) + 


I 


Ac a 


T = 9.331 kN 


Ans 


































Problem 8-29 


Solve Prob. 8-28 if the rod has a diameter of 12 mm. Use the transformed area method discussed in 
Sec. 6.6. E st = 200 GPa, E c = 25 GPa. 

Given: b := 300mm d := 450mm 


a 


d' := 400mm d Q := 12mm 
E c+ := 200GPa E c := 25GPa 




"st 

L := 2.4m 


400 mm , 

Pfí ± i 
b t] 1 


kN 

y := 24- 

3 

m 


42 m - f-1*2 m- 


50 mm 


■ g450 mm 


tV 


Solution: a := d - d' 

w := y-b-d 
Support Reactions : 

+f 2R - w-L = 0 
Internai Force and Moment: 

+► ZF X = 0; T - N = 0 N = T 


150 mm 150 mm 


ÍD.SMD.ifFm.irt = Í.ÍÍ4ICJ 


By symmetry, R À = R ; R A = R 
R := 0.5w*L 


t-F "" 1 | 

1 zn, l l' lívÍ 


1.000U 


L 

1,000 Y. 4 
1.003 U 

~ M 


Qr YM 0 = 0; M + T-(d-y c -a)-R-(0.5L) + (0.5wL)-(0.25L) = 0 

M = R-(0.25-L) - T-(d - y c - a) 


I- í -] 


IÍ3.9Í n. 


Section Property: 

E st 

n := —— A cone := ( n _ 

E c 

A := b-d + A', 


£ . 2\ 
V 4 d ° ) 


1.000 KJ 

SDD tm 


cone 

b-d(0.5d) + A' conc -d' 


im 

f D tm 


y c := 


1 := lT b ' d3 + b ‘ d '(°- 5d - yc) 2 + A ' C onc'( d '- y c )" 


.. N M-c 

Normal Stress: a =- 1 - 

a A I 

-T M ' c a 


Requires a = 0 0 =-1- 

a AI 


c a : = d - y c 


_ T [R-(0.25-L)-T-(d-y c -aJ]-c a 

0 = — + -----— 

A I 


T := 


R-(0.25-L) 


(d - y c - a) 


+ 


A-c a 


T = 9.343 kN 


Ans 















































Problem 8-30 


The block is subjected to the two axial loads shown. Determine the normal stress develoned at noints A 
and B. Neglect the weight of the block. 

N 

Given: b := 50mm d := 75mm 


Pj := 250N P 2 := 500N 

Solution: 

Internai Force and Moment: 


-N-Pj -P 2 = 0 


N := -Pj - P 2 


+t s ^=0; 

Ç+I.M= 0; M z + P r (0.5d) -P 2 -(0.5d) = 0 

M z := 0.5-d-(P 2 -P 1 ) 

0; M y + P r (0.5b)-P 2 -(0.5b) = 0 


M y := 0.5-b-(P 2 -P 1 ) 


Section Property: 
A b-d 

Normal Stress: 


T 1 1 «3 

I •= —b-d 
z 12 


t 1 j .3 
I,, := —d b 

y i2 


n M z -y M v’ z 


o = — 

A 





L 


L 



At ,4: := 0.5d := 0.5b 

M, 

CT A : = T “ 


n ivi z-y A 


L 


+ 


M y' z A 


L 


cr A = -0.200 MPa (C) Ans 


At B : yg := 0.5d zg := -0.5b 

M. 

°B ■= T - 


N iVi z-yB 


I„ 


+ 


M y' z B 


L 


c>g =-0.600 MPa (C) Ans 





















Problem 8-31 



I, 


At B\ yg := 0.5d zg := -0.5b 
N M z -yB m v' z b 


:= 


L 


+ 


At C: yç := -0.5d zç 

M 

CT C := T - 


n ivi z-yc 


V 

-0.5b 

M y' Z C 


I„ 


c> B =-0.600 MPa (C) Ans 


c> c =-0.200 MPa (C) Ans 


At D: := -0.5d z B := 0.5b 

N M z'yD M y' z D 

a ta :=-+- 

D \ j T 


a D = 0.200 MPa (T) Ans 


























Problem 8-32 


A bar having a square cross section of 30 mm by 30 mm is 2 m long and is held upward. If it has a 
mass of 5 kg/m, determine the largest angle 6,\ measured from the vertical, at which it can be 
supported before it is subjected to a tensile stress near the grip. 

Given: b := 30mm L := 2m 


t := 30mm 


kg 

m o := 5 ~ 
m 


Solution: W := m 0 -g-L W = 0.0981 kN 
Internai Force and Moment: 
y YF= 0; -N - W- cos(e) = 0 
ç + EM o =0; M - W-sin(e)-(0.5-L) = 0 

Section Property: 

1 3 

A := bt I := —bt 
12 

Normal Stress: Require c> := 0 


N , Mc 

o = — ±- 

A I 


“max 


:= 0.5-b 0 = — + 


N M ' c max 


N = -W-cos(e) 

M = 0.5W-L-sin(e) 




o _ -W-cos(e) + 0.5W-L-sin(e)-(0.5-b) 


b-t 


tan(ô) = — 


0 := atan 


3-L-b 

r f ^ 

V’ 


3-L-b) 
0 = 0.00500 rad 


1 3 

-b-t 

12 


0 = 0.286 deg Ans 









Problem 8-33 


Solve Prob. 8-32 if the bar has a circular cross section of 30-mm diameter. 


Given: d Q := 30mm L := 2m 

, k ê 

m o := 5 ~ 
m 


Solution: W := m 0 -g-L W = 0.0981 kN 
Internai Force and Moment: 
y, YF= 0; -N - W- cos(e) = 0 
ç + EM o =0; M - W-sin(e)-(0.5-L) = 0 


N = -W-cos(e) 

M = 0.5W-L-sin(e) 


Section Property : r Q := 0.5d 0 


A:= ít-r 0 

n 4 
I := —r n 
4 0 


A = 706.86 mm 


I = 39760.78 mm 


Normal Stress: Require c> 


max 


:= 0 


N Mc 
o = — ±- 

A I 


c max • r o 


N 


M-c 


0 = — + 

A 


max 


0 = 


-W-cos(0) O.5W-L-sin(0)-(r o ) 




tan(o) = 

0 := atan 


21 

ALr o 
f 21 ^ 
v ALr oJ 


0 = 0.00375 rad 


0 = 0.215 deg Ans 









Problem 8-34 


The wide-flange beam is subjected to the loading shown. Determine the stress components at points A 
and B and show the results on a volume element at each of these points. Use the shear formula to 
compute the shear stress. 


b := lOOmm 

d := 150mm 

t := 12mm 

dg := 50mm 

Pj := 2.5kN 

P 2 := 12.5kN 

P 3 := 15kN 

L ] := 0.5 m 

L 2 := lm 

:= 1.5m 


2.5 kN 


12.5 kN 


15 kN 


;í 




0.5 m 


0.5 im 


i í 


0.5 m 


-l m- 


- 1.5 ÍTl - 


12 mm 
J 4^ 1 


Solution: L := 3 Lj + L 2 + L 3 

Support Reactions : Given 
+f IF y = 0; Rj + R 2 - Pj - P 2 - P 3 = 0 

Ç+I.M R2 =0; -R r L + P r (L-L j)+ P 2 -(l 2 + L 3 )+ P 3 -L 3 = 0 
Guess Rj := IN R 2 := IN 

, . fM f 

:= Find^Rj, R 2 j 


12 mm— 
B ' 


ff 

100 mm 

l 


50 mm 




R 


■2 J 



100 mní^ 12 mm 


l.ÇM \i,ç.U l=*l 


At Section A-B: 



{ 


' , 


i 


3 

' J_L ' 



Lj.=3í.=kí.=í n 


M:=R r (2L 1 ) V := Rj - Pj 






1 3 1 3 

I := —b-D-(b-t) d 

12 12 


Section Property : D := d + 2t 
A := 2-b-t + dt 
Q b := b-t(0.5D - 0.5t) + d' B -t-(0.5D - t - 0.5d' B ) 
Q a := 0 (since A’ = 0) 

Normal Stress: 
y A := 0-5D 



i.CjetJ 

A 

A>.Sis O.íh.. 
f.ülíJ 


M-y 
c> = - 


I 


-M' 


•yA 


yB 


:= 0.5d - d’ 


B 


Shear Stress : x = 


v-Q 

it 


a A '■= 

cr B := 

T A : = 

T B := 


I 

My B 

I 


a A = -70.98 MPa (C) Ans 
c> B = 20.4 MPa (T) Ans 






\ 


V-Q A 

Ib 

VQb 

It 



x A = 0.00 MPa 
x B = 7.265 MPa 


Ans 


Ans 


■fiJ.Zjtí Hf d 
2-D.li-Hfd 


















































Problem 8-35 


The cantilevered beam is used to support the load of 8 kN. Determine the State of stress at points A 
and B, and sketeh the results on differential elements located at each of these points. 



Normal Stress: 


(0.5d - 

0 5d A ) 

Qa 

0.5d - 

0.5d B ) 

Qb 


M-y 


a = 

I 

M' y A 

d A 

a A 

i 



M-y B 

d B 

cr B 

I 


Q A = 9375 mm 
Qg = 12375 mm^ 









Shear Stress: % = 


v-Q 

it 


T A : = 


T B := 


v-Qa 

It 

v-Qb 

it 


cr A = 358.6 MPa (T) Ans 
CT B = 71.7MPa (T) Ans 







x A = 4.48 MPa 
x B = 5.92 MPa 


Ans 


Ans 

























Problem 8-36 


The cylinder of negligible weight rests on a smooth floor. Determine the eccentric distance e y at which 
the load can be placed so that the normal stress at point A is zero. 

Solution: 

Internai Force and Moment: 

V = -P 

M = P'( e y ) 


Section Property: 

. 2 

A = n-r 

n 4 
I = — r 
4 

Normal Stress: Require c> max := 0 
N . Mc 


a = — ± - 
A 

c A = r 


I 


N M ' c r 

0 = — +- 

A I 


-P 

0 = -+ 

2 

n-r 


4P 


( e y)'' 


n-r 


r 

e y = í 


Ans 



N 


'tWí, 




















Problem 8-37 


t w := 15mm 
b := 2m 


kN 

w := 10 — 
m 


The beam supports the loading shown. Determine the State of stress at points E and F at section a-a , 
and represent the results on a differential volume element located at each of these noints 

Given: bp := 150mm d w := 200mm 

tp := lOmm 

a := lm 

yg := 3.3m 

yp) := 0.3m 

Solution: L:=2-a + b 

Support Reactions: Given 

f L ^ 


D x = 


yB - yD ) 


•D, 


Cy + Dy- w-(2a) = 0 


(i) 


( 2 ) 


+t ^,=°; 

Ç+ I.M C = 0; -w(2a)-a + D y (L) + D x -(y D ) = 0 

Solving Eqs.(l), (2) and (3). Guess C y := IN D x := IN D y := IN 





D x | : = Find(C y ,D x ,D y ) 

v D y; 


D xl = 


D yJ 


Internai Force and Moment: At Section a-a : 
N := -D x 

V := w- a - Dy 

M := -Dy- (a + b) - D x yj) + w-a-(0.5a) 


f 15.4545 ^ 

6.0606 kN 
V 4.5455 J 

N = -6.0606 kN 
V = 5.4545 kN 
M = -10.4545 kN-m 



"TãM 


*\p 1 




Section Property : d Q := d w + 2t f 
A := 2-bp tf + d w -t w 

1 : = ^' b f d o 3 - ^'(bf-twj-dw 3 

Qe := by lj- (0.5d () - 0.5tf) + 0.5d w -1^(0.250^ Qe = 232500 mm" 

Qp ;= 0 (since A' = 0) 


A = 6000 mm 


I = 43100000 mm 



N Mc 

Normal Stress: o = — ±- 

A I 


c E := 0 


N 

CT E : = T + 


M 


‘ C E 


cfp = -1.01 MPa (C) Ans 














































Cp 0.5-d 0 


Qp = -27.69 MPa (C) Ans 


Shear Stress: 



M-Cp 


I 


VQ 

It 


X E := 


v-Qe 


It 


w 


Tp = 1.96 MPa 


xp := 


V-Qp 


Ib f 


xp = OMPa 


TWSí»**,_ 


Ans 


ru 


Ans 








Problem 8-38 


The metal link is subjected to the axial force of P = 7 kN. Its original cross section is to be altered by 
cutting a circular groove into one side. Determine the distance a the groove can penetrate into the cross 
section so that the tensile stress does not exceed cr allow =175 MPa. Offer a better way to remove this 

depth of material from the cross section and calculate the tensile stress for this case. Neglect the 
effects of stress concentration. 



Section Property: 

A = (h - a)*t I =-(h - a)^ 


Normal Stress: Require a max := a allow 
c max = °-5( d - a ) 

_ N M c max 
a max " + j 


Given 


a allow " 


(h - a)-t 
2 


+ 


0.5P-a-[0.5(h - a)] 

— *(h-a) 3 
12 


( c allow‘ t )‘^ h _ a ) -P (h-a) -3P a= 0 


Solving Eq.(l),. Guess a := lmm 
a := Find(a) 
a =61.94 mm Ans 


( 1 ) 


C* -a ***** 


(e.'íí-■*) 



Better way: To remove material equally from both sides such that M=0. 
A := (h-a)-t 


N 

a max Ã + ^ 


a'max = 15.50 MPa 


Ans 











Problem 8-39 


Determine the State of stress at point A when the beam is subjected to the cable force of 4 kN. Indicate 
the result as a differential volume element. 

Given: bf := 150mm d w := 200mm 

tp := 20mm t w := 15mm 

a := 2m b := 0.75m c := lm 

h q := 375mm yq := 250mm P := 4kN 

Solution: L := a + b + c 

Support Reactions: Given 



ZF X = 0; C x - P = 0 


C X :=P 


Ç+ YM d = 0; p. (h g + r G )-a + C y -(L) = 0 C y := 

Internai Force and Moment: At Section A-B: 


h G + r G 




100 j mi [ 

15 jnni—- 

150 mm 


200 nmi 


20 mm 


:=C X 

N = 4kN 


=a, 

:= C, 

V = 0.6667 kN 




lí 

O . 

o 

M = 0.6667 kN-m 











Section Property : d Q := d w + 2t f 
A := 2-b f t f + d w -t w 

I:= 

Qa := bf tf (0.5d o - 0.5tf) + CAd^t^O^d^ = 405000mn7 


A = 9000 mm 


I = 82800000 mm 


r “—r-*- - ■ 1 ^ ~ C-O J m 

O 5V£-f=i 1- l®' 

i— 


N Mc 

Normal Stress: o = — ±- 

A I 


c A := 0 


CT A := 


N M ’ c A 


Shear Stress : x = 


A I 
a A = 0.444 MPa 

VQ 


It 


v-Qa 


T A : = 


It 


w 


(T) 


Ans 




T A 


= 0.217 MPa Ans 










































Problem 8-40 


Determine the State of stress at point B when the beam is subjected to the cable force of 4 kN. Indicate 
the result as a differential volume element. 

Given: bp := 150mm d w := 200mm 

tp := 20mm t w := 15mm 

a := 2m b := 0.75m c := lm 

h q := 375mm yq := 250mm P := 4kN 

Solution: L := a + b + c 

Support Reactions: Given 
+► ZF =0; C x - P = 0 



:= P 

= 0 

h G + r G 

10Ü mm [ 

15 mm — 

r-A 1 

200 mm 

h 

CL. •— 1 

i ín. 

J i 


y L 

20 mm 


Internai Force and Moment : At Section A-B: 
N := C v 


V := C 


M := C y -c 


N = 4kN 
V = 0.6667 kN 
M = 0.6667 kN-m 


4 KM 




F 


EL 




r 


Section Property : d Q := d w + 2t f 
A := 2-bftf + 


1.-3 1 


I: =7^' b f d o 


12 


A = 9000 mm 


I = 82800000 mm 




i&\ 


r 




Qg := 0 (since A’ = 0) 
Normal Stress: 


N Mc 

o = —±- 

A I 


N M ' c B 

C B := -°- 5d o a B := J + ~Y~ 


Shear Stress: % = 


c> B =-0.522 MPa (C) Ans 

VQ 


It 


v-Qb 


T B : = 


It. 



_í 


W 


ig = OMPa Ans 











































Problem 8-41 


The bearing pin supports the load of 3.5 kN. Determine the stress components in the support member 
at point aL The support is 12 mm thick. 


Given: b := 12mm 


'1 


50 mm 


d := 18mm 
Lo := 75mm 


W := 3.5kN 
a := 32mm 


0 := 30deg 

Solution: 

Internai Force and Moment: 

ZF x =0; N-W-cos(e)=0 

2F=0; V-W-sin(e)=0 


N := W-cos(e) 
V := W-sin(e) 


Ç+ T.M= 0; 


M-W-(a-L r sin(e)) = 0 
M := 


Section Property: 

1 3 

A := b-d I :=-b-d 

12 


Q a := 0 (since A’ = 0) 

Normal Stress. 

At^: y A : 


N M-y 

c> = — +- 

A I 


0.5 d 


M 


•yA 


N 

c> a := — +- 

A A I 

cr A = -23.78 MPa 


(C) Ans 



IS mm 


•4 


12 mm 



Shear Stress: 


_ VQ 

x = - 


It 

v-Q a 

Ib 


T a = 0 MPa 


Ans 















Problem 8-42 


The bearing pin supports the load of 3.5 kN. Determine the stress components in the support member 
at point B. The support is 12 mm thick. 


Given: b := 12mm 


'1 


50 mm 


d := 18mm W := 3.5kN 
Lo := 75mm a := 32mm 


0 := 30deg 

Solution: 

Internai Force and Moment: 
ZF=0; N-W-cos(e)=0 

2F=0; V-W-sin(e)=0 


N := W-cos(e) 
V := W-sin(e) 


Ç+ T.M= 0; 


M- W-(a-L r sin(e)) = 0 

M := 


Section Property: 

1 3 

A := b-d I :=- b-d 

12 

Qg := 0 (since A' = 0) 

Normal Stress. 

At B\ yg := 0.5d 


N M-y 

a = — +- 

A I 


N 

cr B : = — + 


M' 


•yb 


A I 
cr B = 51.84 MPa 


(T) Ans 



18 mm 


AJ&i 

■4 


12 mm 



Shear Stress: 


_ VQ 

x = - 


C B 


It 

v-Qb 

Ib 


ig = OMPa 


Ans 














Problem 8-43 


The uniform sign has a weight of 7.5 kN and is supported by the pipe AB , which has an inner radius of 
68 mm and an outer radius of 75 mm. If the face of the sign is subjected to a uniform wind pressure 

of p = 8 kN/m 2 , determine the State of stress at points C and D. Show the results on a diflferential 
volume element located at each of these points. Neglect the thickness of the sign, and assume that it is 
supported along the outside edge of the pipe. 

Given: b := 3.6m h := 1.8m 


r Q := 75mm 


q := 68mm 


W := 7.5kN d := 0.9m 

Solution: p ;= p b h 

Internai Force and Moment: 

^F= 0; 


P := 


kN 

~2 

m 


ZF = 0 ; 
EF=0; 


Y.M= 0; 
S^=0; 
Y,M= 0; 
N v = - 


W + N = 0 

A 

V„ - P = 0 


N x := -W 

V y :=P 

V z :=0 


M - P-(0.5b) = 0 M := 0.5-P-b z 



8 kN/m 2 


M y - W-(0.5b) = 0 M y := 


0.5-W-b 


M z + P-(0.5h + d) = 0 
■7.5 kN 


M := -P (0.5h + d) 


M y = 93.312kN-m 

A 


V y = 51.84kN 
M y = 13.5 kN-m 


V, = OkN 


M z = -93.312 kN-m 


Section Property: 


V:=—ir 0 -r 

4r 0 f 

Qc ~y 77 

QD z := Qc_y 

4 4 


A := K- 


I z := Iy 


r o “ r i 


n 

—-r, 

V2 


2^1 

°J 


4i j f 


n 
—-r 

V2 


0 


K 

J := — 
2 


Normal Stress: 

At C: 


r i 


3n 

QO y : 

Q C z : = 0 


2^ 

X ) 



N 

G = - 

A 

y c := 0 


M z -y 


+ 


M y -Z 



Z C 


r i 


N 


CT C : = 


M z-yC M y‘ z C 


c> c = 113.9 MPa (T) Ans 


At D: y D := r Q 


Z D 


:= 0 


o D := 


N 


M z y D 


+ 


M y' z D 


cr D = 868.5 MPa (T) Ans 

























Shear Stress: 


The transverse shear stress in the z and y directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for x t respectively. 


T v = 


VQ 


It 


At C: t:=2-(r 0 - ri ) 

V y Qc_y 


v _y - 
T C_xy := T 




v_y “ x t 


At D: t:=2-(r 0 - ri ) 

V z Qd z 


"V Z • 


iy-t 


X D xz • T v z + T 1 


T t = 


T-P 


P :=ri 
M xP 


T t := 



& ■ 86â.S i^IPH 



c C_xy 


“•C xz • 


-360.8 MPa Ans 


0 


0 


T C_yz 

P’ := r 0 

M x'P' 
T 'ti - 


Ans 

Ans 


Ü D xz 


ü D_xy 

c D_yz 


434.3 MPa 


Ans 

Ans 

Ans 








Problem 8-44 


Solve Prob. 8-43 for points E and F. 
Given: b := 3.6m h := 1.8m 
r Q := 75mm q := 68mm 

W := 7.5kN d := 0.9m 

Solution: p ;= p b h 

Internai Force and Moment: 

ZF= 0 ; 


W= 0 ; 

EF z =0; 

1^=0; 

S^=0; 

SM Z =0; 

N v = 


W + N x = 0 
V y -P = 0 



8 kN/m 2 


M„ 


P(0.5b) = 0 M := 0.5 P b 


M y - W-(0.5b) = 0 
M + P(0.5h + d) = 0 


M y := 0.5-W-b 


M, 


z • 


-7.5 kN 


M y = 93.312kN-m 

A 


Section Pwperty: 


E, := — r, 


V y = 51.84kN 
M y = 13.5 kN-m 

a ( 2 2 

A := n ■ r„ - r 


í z := Iy 


4r 

^o 

Qe_z := Qf_y 


r n 2^ 4r i f n 2^ 


K 2 ío J-3n\2' r F 

Qe_y := 0 


-P-(0.5h + d) 


V z = OkN 

M z = -93.312 kN-m 




J := — r„ -r 


Qf 


z * 


0 


Normal Stress: 


n M z -y M v' z 


G =- 

A 


L 


L 


At F\ yp ;= 0 


N 


cfp := 


M z - yp M • zp 

-+ —-- 

I z V 


cfp =-125.7 MPa (C) Ans 


At E: y E :=-r 0 z E := 0 

N M z-yE M y' z E 


cr E := 


L 


L 


cr E = -868.5 MPa (C) Ans 

























Shear Stress: 


The transverse shear stress in the z and y directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for x t respectively. 


_ V Q 

v " it 

_ Tp 

T t" j 


:= 2 ‘ ( r o - r i) 

P := r o 


V y Q F y 

í 

£ 

"O 


v - y - I z .t 

t_ j 


F_xy := T v_y + T t 

X F X y = 467.2 MPa 

Ans 



T F_xz := 0 Ans 

x F _y Z := 0 Ans 


At E: t:=2-(r 0 -rj) 

Vz-Qe z 


w v z 


lyt 


E xz • x v z T t 


P' : = r o 


M x -p' 

: 't := J 


E xz = “434.3 MPa 

Ans 

E_xy ® 

Ans 

, w 

N 

lí 

O 

Ans 













Problem 8-45 


The bar has a diameter of 40 mm. If it is subjected to the two force components at its end as shown, 
determine the State of stress at point A and show the results on a differential volume element located at 
this point. 



Section Property , 

A 2 
A:= ít-r 0 

71 4 

l y := 64 ' d ° 

Qa z : = 0 


0.5d, 


o 

n 4 
J := — r n 
2 0 

I z := Iy 

4r„ 


o ÍA) 


Qa_y : = —ít 


3n 


2j 


fl-ÔZ m 




N x M z -y 

Normal Stress: a = - 


A I 
At A: y A := 0 


M y -z 

L 


z y 
Z A : = r o 




CT A : = 


M z'yA M y' z A 


CT A =11.9MPa (T) Ans 


Shear Stress: 

The transverse shear stress in the z andj^ directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for respectively. 


T v = 


Yj Q 

It 


Tf = 


T-p 


At A: 


V := d o 


P := r c 

















V y Q A y 

3 

í 

£ 

"O 


Vy '~ Iz-ty 

t_ J 


x v y = -0.318 MPa 

x t = OMPa 


T A_xy := T v_y _ T t 

T A xy = “0.318 MPa 

Ans 


T A_xz := 0 

T A_yz := 0 

Ans 

Ans 


tjTsj h-frM rtfr- 







Problem 8-46 


Solve Prob. 8-45 forpointi?. 

Given: a := lOOmm b := 150mm 


d Q := 40mm 
-0.5kN 


P y := 0.3kN 


z • 


Solution: 

Internai Force and Moment: 


W x = 0; 


N x :=0 

XF =0; 

v + v = 0 

PU 

1 

II 

> 


V V 

y y 

XF z =0; 

v z + p z =o 

V - -P 
v z * z 

yv=0; 


o 

II 

XA^=0; 

M y — P z (-b) = 0 

M y :=-P z -b 

0; 

M z + Py-(-b) = 0 

M z := Py-b 



T30ÜN 


N x = OkN 
M y = OkN-in 

A 


V, 


-0.3 kN 


M y = 0.075 kN-m 


Section Pwperty : r Q := 0.5d o 


A:= ít-r 0 

n 4 

1 ■= —H 


n 4 
J := — r„ 


64 


I z := Iy 


4r„ 


Qb 


_y 


o 


Qb z 37'It) 


V z = 0.5 kN 
M z = 0.045 kN-m 



ô-iUm 



Normal Stress: 

At B: 




c> = 


yB : = r o 


M z -y M y -z 
+ ■ 


L 


L 


Z B 


N„ 


a B := 


M z-yB M y' z B 


c> B = -7.16 MPa (C) Ans 


Shear Stress: 

The transverse shear stress in the z andy directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for x t respectively. 


v-Q 


Ty " i t 


At B. t z . d Q 


z • 


v z Qb_ 

íytz 


_ T-p 
Tt "~ 

P : = r o 

M x'P 
T t : = —r" 






















x t = OMPa 


x y z = 0.53 IMPa 


x B_xz • T v_z + T t 

X B xz = 0.531 MPa 


T B_xy := 0 



T B_yz := 0 



Ans 

Ans 

Ans 


Problem 8-47 


The strongback AB consists of a pipe that is used to lift the bundle of rods having a total mass of 3Mg 
and center of mass at G. If the pipe has an outer diameter of 70 mm and a wall thickness of 10 
mm,determine the State of stress acting at point C Show the results on a diflferential volume element 
located at this point. Neglect the weight of the pipe. 


Given: d Q := 70mm 
h a := 75mm 


t := lOmm 
L := 3m 


M 0 := 3000kg 0 := 45deg 

Solution: W := M Q g W = 29.42 kN 

Equilibrium: 

+f ^F= 0; P - W = 0 P := W 

Support Reactions : By symmetry, A y = B y = R 
P + 2R = 0 

R := -0.5P R = -14.71 kN 

A y 

Also, A x = -B x and tan(0) = — 


R 

x tan(o) 


A„ = -14.71 kN 

A 


Internai Force and Moment: At Section C-D : 
N:=A y N = -14.71 kN 

V := R + 0.5W V = OkN 

M := V-(0.5 L) + A x -(h A ) M = -1.103kN-m 

Section Property : dj := d Q - 2t 

A = 1884.96 mm 2 


I = 871791.96 mm 


71 

í i 2 


7* 


- d i 

71 

(. 4 


— 


- d i' 

64 

V 0 


Normal Stress: 


N Mc 
o = — ±- 

A I 


N M ' c C 



75 nujj 






C C := 0.5d o CT C := - + ( 


c> c = -52.10 MPa (C) Ans 


Shear Stress , 


T = 


v-Q 

it 


i^■ := 0 (since V = 0) Ans 























Problem 8-48 


The strongback AB consists of a pipe that is used to lift the bundle of rods having a total mass of 3Mg 
and center of mass at G. If the pipe has an outer diameter of 70 mm and a wall thickness of 10 
mm,determine the State of stress acting at point D. Show the results on a diflferential volume element 
located at this point. Neglect the weight of the pipe. 


Given: d Q := 70mm 
h a := 75mm 


t := lOmm 
L := 3m 


M 0 := 3000kg 0 := 45deg 

Solution: W := M Q g W = 29.42 kN 

Equilibrium: 

+f ^F= 0; P - W = 0 P := W 

Support Reactions : By symmetry, A y = B y = R 
P + 2R = 0 

R := -0.5P R = -14.71 kN 

A y 

Also, A x = -B x and tan(0) = — 


R 

x tan(0) 


A„ = -14.71 kN 

A 


Internai Force and Moment: At Section C-D : 
N:=A y N = -14.71 kN 

V := R + 0.5W V = OkN 

M := V-(0.5 L) + A x -(h A ) M = -1.103kN-m 

Section Property : dj := d Q - 2t 

A = 1884.96 mm 2 


I = 871791.96 mm 


71 

f , 2 


7* 


- d i 

71 

(. 4 


— 


- d i' 

64 

V 0 


Normal Stress: 

C D := 0 
Shear Stress : 


N Mc 
o = — ±- 

A I 


N M ' c D 



75 nujj 


T = 


CT D = A + 

v-Q 

it 


c> D = -7.80 MPa (C) Ans 




:= 0 (since V = 0) Ans 

















Problem 8-49 


The sign is subjected to the unifortn wind loading. Determine the stress components at points A and B 
on the 100-mm-diameter supporting post. Show the results on a volume element located at each of 
these points. 


Given: d Q := lOOmm 


b Q := 2m 


a := 3m 
h Q := lm 


p 0 := 1500Pa 


Solution: 


Px • Po' b o' h o 


P x = -3.00 kN 


Internai Force and Moment: 

1^=0; V x + P x = 0 

V •= -P 

X ■ X 

XF y = 0; 

V y := 0 

SF z =0; 

N z :=0 

EA4=0; 

O 

II 

ZAÇ=0; M y + P x - (a + 0.5h Q ) = 0 M y := -P x - (a + 0.5h o ) 

EM z =0; M z -P x -(0.5b o ; 

1 M z-M°- 5b o) 

V x = 3 kN 

V y = 0 kN N z = 0kN 

M y = 0kN-m 

A 

M y = 10.5 kN- m M z = -3 kN- m 

Section Property : r Q := 

0.5-d o 

A: = n 'Go 2 ) 

A = 7853.98 mm^ 




J := — r, 


I = 4908738.52 mm 


J = 9817477.04 mm 


Q a := 0 (since A' = 0) 

4r 0 ( A ) 

At A: x 


Normal Stress: 

N Mc 
o = — ±- 

A I 


Shear Stress: 

Tp V-Q 

x =-1- 

J I-t 


A •= r o 
PA := r o 


N z My- x A 


° A ' A I 
ct a = 107.0 MPa (T) 


Ans 


MzPA 


T A 


(since Q a = 0) 






At B: 


x B := 0 
PB := r o 


N z My- Xg 

a B = 0.0MPa Ans 
M z'PB V xQb 


T B := 


I-cL 


| T A 

= 15.28 MPa Ans 

| T B 

= 14.77 MPa 


Ans 






















Problem 8-50 


The sign is subjected to the unifortn wind loading. Determine the stress components at points C and D 
on the 100-mm-diameter supporting post. Show the results on a volume element located at each of 
these points. 


Given: d Q := lOOmm 
b Q := 2m 


a := 3m 


h Q := lm 


p 0 := 1500Pa 


Solution: 

Px •“ ~ Po *^ 0*^0 

Internai Force and Moment 


P x = -3.00 kN 


^F= 0; V x 

zFy= 0 ; 
SF= 0; 


XM= 0; 


P x =0 


V •= -P 
v x • x 

V y := 0 
N z :=0 


M x :=0 


EM=0; M + P (a + 0.5h n ) = 0 
EM z =0; M z -P x -(0.5b o ) 


M y := - p x'( a+ °' 5h o) 
M z := P x -(0.5b o ) 


V x = 3 kN 
M y = 0kN-m 

A 


Section Property: 
A:= K '( r o 2 ) 


V y = OkN 
M,. = 10.5 kN-m 


r 0 : = °- 5d o 


I := — U, 


A = 7853.98 mm 


I = 4908738.52 mm 


N z = OkN 


IVL 


-3 kN-m 






J := — U, 


j = 9817477.04 mm 


Qç ;= 0 (since A' = 0) 


4r„ 4 ^ 


90 := 77'llJ 


Normal Stress: 

N Mc 

o = —±- 

A I 


Shear Stress : 
_ T-P 

T = - 


v-Q 

i-t 


At C: x c :=-r 0 
PC : = r o 


N z M y - XÇ 

CT c := T + í 


ct c = -107.0 MPa (C) Ans 


M z -p c 


T C : = 


(since Q c = 0) 


At D. 


a D := 


\ 


X D := 0 

pd r o 


N Z Nly* x D 


I 


Ans 


<jY) - OMPa 

M z‘PD V xQd 


T D := 


I-<L 


| T C 

= 15.28 MPa 

Ans 

| T D 

= 15.79 MPa 























Problem 8-51 


The 18-mm-diameter shaft is subjectedto the loading shown. Determine the stress components at 
pointA Sketch the results on a volume element located at this point. The journal bearing at C can exert 
only force components and C z on the shaft, and the thrust bearing at D can exert force components 

D v D r and D z on the shaft. 

Given: d Q := 18mm L := 500mm 

a x := 50mm a^ := 200mm 

P := 600N a := 250mm 


D 


r o : = °- 5d 0 


Solution: 

Support Reactions at C: 


T x := 0 
C x :=0 


M y := 0 
C y := 0 


M z :=0 

C Z :=P 


Internai Force and Moment at A : 


N := 0 


T x := 0 


V y :=0 
M„ := -CL-a 


V z := C z 
M z :=0 


Section Property: 

A := jw 0 2 

Qa : =° 



n 4 
1 := -.r 


n 4 
J := —r 0 


h ■■= h 


Normal Stress: 


2 

n M z -y M v’ z 


a = — 

A 


I 


+ 


L 


At A: 

O 

Jl 

< 


N 


CT A : =Ã 

Shear Stress: 

_ VQ 

x = - 


Ib 

At A: 

b := 0 


z y 
Z A : = r c 


M z-yA 


+ 


M y' z A 


v z~Qa 

iy b 



0 


í lí&m. 


c> A =-262.0 MPa (C) Ans 


0.00 


Ans 











Problem 8-52 


Solve Prob. 8-51 for the stress components at noint B 


Given: d Q := 18mm L := 500mm 
a x := 50mm := 200mm 

P := 600N a := 250mm 


600 N 


50 mm . 


r o : = °- 5d 0 


Solution: 

Support Reactions at C : 


T x 

:= 0 

O 

II 

st 

M z 

:= 0 

C x 

:= 0 

C y := 0 

c z ^ 

:= P 


Internai Force and Moment at B: 
N := 0 


T x := 0 


V y :=0 
M y := -C z a 


V z := C z 
M z :=0 



Section Property: 

2 


A := 7i-r n 


71 4 

L, := — 


Qb: " 


dr o (n 2^ 
— r, 


I z := Iy 


n 4 
J := — 


Normal Stress: 


2 ° ) 2 
N M z-y M y' z 


a = — 

A 


At B: 

yB : = r o Z B :: 


N M z -yB 


° A “ A I z 

Shear Stress: 

_ VQ 

x = - 


Ib 

At B: 

b := 2-r 0 x B := 


-fc-tOOiJ 


3 h y 'Í50 fcj ,h 


«KW 

# 


?^0hK v y 







o A = 0.0 MPa Ans 


v z Qb 

l y -b 


xg = 3.14MPa Ans 














Problem 8-53 


The solid rod is subjected to the loading shown. Determine the State of stress developed in the material 
at point4, and show the results on a differential volume element at this point. 


r Q := 30mm 

a := 150mm 


P x := -10kN 

P y := lkN 


P z := 15kN 

T y := 0.2kN m 

À 

X 


150 mm 


150 nmi 


150 mm 


Solution: 

Internai Force and Moment: At Section4 


ZF x =0; 

N x + P x =0 

N - -P 

ZF y = 0; 


V y := 0 

EF z =0; 


V Z :=0 

EA4=0; 

M x + T x=° 

M x : = - T x 

S7^=0; 


o 

II 

st 

T.M=0; 

M z- p xK)=0 

M z := - p x' r ( 



IO kN 
30 mm 


Section Property: 

2^ 
o 


p : = r o 


15 kN 


N x = 10kN 
V y = OkN 
V z = OkN 
M y = -0.2kN-m 
M y = OkN.m 
M z = 0.3 kN-m 


lü kN 


A := n ■ r, 


I := — U 


J := — U, 


4r o 

Qa z • ^ 

3 71 


2 ) 


Normal Stress: a — 


N. 


A = 2827.43 mm 
I = 636172.51 mm 4 

J = 1272345.02 mm 4 

Qa y := 0 (since A’ = 0) 
M Z y. + MyZ 


I 


I, 


N v 


yA : = - r o Z A 
Shear Stress: 


za := 0 


CT A : = 


M z -y A M y -z A 



The transverse shear stress in the z and v directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for x t respectively. 
VQ 


T v = 


X+ = 


It 

T-p 


t vz 0 ( since V z= 0) 

M xP 


4 


4 


-4.72 MPa 


T XZ • T v z T t 


T xz = 4.716 MPa Ans 






















Problem 8-54 


The solid rod is subjected to the loading shown. Determine the State of stress at point B , and show the 
results on a differential volume element at this point. 


r Q := 30mm 

a := 150mm 


P x := -10kN 

P y := 10kN 


P z := 15kN 

T y := 0.2kN m 

À 

X 


150 mm 


150 nmi 


150 mm 


Solution: 

Internai Force and Moment: At Sectioni? 


^F= 0; N v + P Y = 0 
ZF y = 0 ; 

ZF= 0 ; 

Y.M= 0; 

S^=0; 


^F y = 0; V y + P y =0 


0; M x -P y -r 0 + T x = 0 


N = -P 
• x 

V y : = - p y 
V z :=0 



10 kN 
30 nmi 


15 kN 


10 kN 


M v := R -r 


y o 


M y := 0 


EM z =0; M z - P x (-r 0 ) + P y -(-a) = 0 M z := -P x -r 0 + P y - 
Section Property : p := r Q 


: = n '( r o 2 ) 


I := — r 


J := — r 


A = 2827.43 mm 


I = 636172.51 mm 


J = 1272345.02 mm 


N x = 10kN 
V y = -10kN 
V z = OkN 
M y = O.lkN-m 
M y = 0kN-m 
M z = 1.8kN-m 


4r o ÍA\ 

Qb_z : = —' [jj QB_y : = 0 (since A ' = °) 


Normal Stress: 


a = 


N x M z y , M y z 


L 


+ ■ 


I, 



yB : = r o Z B : = 0 a B '■= -7 

Shear Stress : 


N x M z-yB M y z B 


c> B = -81.3 MPa (C) Ans 


The transverse shear stress in the z andy directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for respectively. 
VO 

X v z := 0 (since V z = 0) 


T v = 


T+ = 


It 

T-p 


M x'P 


x+ := 


x t = 2.36 MPa 



T XZ • T v z + T t 


X xz = 2.358 MPa Ans 






















Problem 8-55 


The solid rod is subjected to the loading shown. Determine the State of stress atpoint C, and show the 
results on a differential volume element at this point. 


Given: r Q := 30mm 

P x := -10kN 
P z := 15kN 


a := 150mm 
P y := 10kN 
T y := 0.2kN-m 

À 


150 mm 


150 mm 


150 mm 


Solution: 

Internai Force and Moment: At Section A 


^F= 0; N x + P x =0 
1^=0; V y + P y =0 
IF z =0; V z +P z =0 


N x := -P x 

V y : = - p y 
V z : =- p z 



10 kN 
30 mm 


15 tN 


10 kN 


IA/.=0; ]VL 


P • r +P-r + T — 0 
y o z o x u 


M • nz P • r — P -r 
1V1 X * r y L 0 r Z L 0 

My := -P z -a 


0; M y -p z (-a) = 0 
0; M z - P x - (—r Q ) + P y - (-3a) = 0 M z := -P x -r Q + 3P y - a 

Section Property: 


N x = 10kN 
V y = -10kN 


V, 


-15 kN 


M y = -0.35 kN-m 

À 


: = n '( r o 2 ) 


p : = r o 

A = 2827.43 mm 2 


M, 


-2.25 kN-m 


M z = 4.8 kN-m 



Shear Stress : 

The transverse shear stress in the z andy directions and the torsional shear stress can be 
obtained using the shear formula for x y and the torsional formula for x t respectively. 
v-Q v y' Q c_y 


T v = 


T+ = 


I-t 

T-p 


“ i-N 

“x'P 


4 


4 


T xy T v_y T t 


x YV = 3.54 MPa 
xy 


v _y 

-8.25 MPa 
Ans 


-4.72 MPa 






























Problem 8-56 


The 25-mm-diameter rod is subjected to the loads shown. Determine the State of stress at point A , and 
show the results on a differential element located at this point. 

Given: a x := -200mm a z := 75mm 


Solution: 


-375N 


0.5d r 


y •" 


-400N 


d Q := 25mm 
P z := 500N 


"o • o 
Internai Force and Moment: 


EF x =0; 
ZF= 0; 
SF z =0; 

1^=0; 

S^=0; 

SM=0; 


N x + P x =0 
V y + P y = 0 

v z + p z =o 

T x _ P y‘ ( a z) = 0 


N x : = - p x 

V y : = - p y 
V. 


Z ' 



T x : P y‘ ( a z) 


400 N 


P z* + P x* ( a z) " 0 My . P z * P x * ( a z ) 


1VL + P. 


Section Property: 


V=T k 

Q A_y := 
jr , 

J := — r, 


•(«x) = 0 


A := 71-r„ 


I z := Iy 

4r o 

Qa z • t 

- 3ti 


• 'V ( a x) 


71 

— r, 
2 


2^ 

°; 


o 

Normal Stress: 

At A: 


N M z-y M y' z 

cr =-+- 

A I Z I y 

0 




yA := 


N„ 


Z A 

■z- 


M z-y A 


M v' z A 


CT A : = 


c> A = 52.9 MPa (T) Ans 


Shear Stress: 

_ VQ 

Ty Ib 

At A: 

b z : = 2 ' r o 


V z' Qa_z 

TV - Z _ I -b 
y z 


T A_xz •“ T v_z + T 


Tp 


P : = r o 






t a xz | = 11.14 MPa 
T A_xy := b 


Ans 

Ans 
















Problem 8-57 


The 25-mm-diameter rod is subjected to the loads shown. Determine the State of stress at noint /?. and 
show the results on a differential element located at this point. v 

Given: 


a x := -200mm a z := 75mm 


-375N 


y - 


X • 

Solution: r 

Internai Force and Moment: 

IF =0 


-400N 


d Q := 25mm 
P z := 500N 


1 o • 0-5d Q 


ZF= 0; 
XF = 0: 


N x + P x =0 
V y + P y = 0 

v z + p z =o 


N x := -P x 

v y : = - p y 
V z : = - p z 



S^=0; 

T x- p y( a z)= 0 

T x : P y' ( a z) 

4ÜQN 


ZAÇ=0; 

M y - P z - ( a x j + P x - (a 

z) = 0 M y : = P Z -(ax)-P X '( a 

4 


ZM= 0; 

M z + P y'( a x)= 0 

M z .= — Py' ( a x j 


i 


Section Property: 


A := n-Y r 


:= — r 


o 


I z := I y 


4r„ 


Qb 


Z • 


Q B_y := ~ 


371 



J := — r, 


Normal Stress: 


N 

a =- 

A 


M z -y 


At B\ yg ;= 0 


Shear Stress: 
At B : 


erg := 


T v = 


y •' 


Nx 

A 

v-Q 

Ib 

2-r„ 


MyZ 
-1- 

z ^y 

Z B := r o 

M z -y B 



L 


+ 


M y' z B 


c> B = -46.1 MPa (C) Ans 


Tp 


Tf = 


P : = r o 


V y' Q B y 


T x'P 


v _y •' 

T B_xy := 1 


ízby 


v_y “ T t 


c B_xy 


C B xz 


= 10.86 MPa 


:= 0 



Ans 

















Problem 8-58 


The crane boom is subjected to the load of 2.5 kN. Determine the State of stress at points A and B. 
Show the results on a differential volume element located at each of these noints. 

Given: b := 75mm d := 76mm t := 12 mm 

a^ := 1.5m a y := 2.4m P := 2.5kN 


v := 4 h := 3 

Solution: 

Internai Force and Moment: 

(A 

VrJ 

f 


r := 5 


SF x =0; 


-V + P- 


-: = « V := P-\ — j 


-t EF = 0; -N - P- 


-1 = 0 N := -P-l —j 


A 
A 


C+ IM o =0; M-P.^|a v -p|í|a h =0 

fA 

-j'\ 



M := P- 




V r 


J ' a h 


V r 


Section Property : D := d + 2t 


A:= b D-t-d I := -b-D 3 - — (b - t) d 3 
12 12 


Q a := 0 Qg := 0 (since A’ = 0) 


Normal Stress: 


:= 0.5D 


N Mc 

a = — H- 

A I 



N M ' c A 


ct A := T + 
A A 


N M ' c B 

c B := -0.5D og := — H--— 


VO 

Shear Stress : x = - 


Ta := 


U B 


v-Qa 

Ib 

VQb 

Ib 


Ib 


x A = OMPa 


ig = OMPa 


c> A = 83.34 MPa (T) Ans 
erg = -83.95 MPa (C) Ans 

Ans 

Ans 














































Problem 8-59 


The masonry pier is subjected to the 800-kN load. Determine the equation of the line y =/(x) along 
which the load can be placed without causing a tensile stress in the pier. Neglect the weight of the pier. 

Given: a := 1.5m b := 2.25m P := -800kN 


x a ~ a yA := 

Solution: 

Section Property: 

A:= (2a)-(2-b) 

I x : = ^-(2a)(2-b) 3 

Iy := ~"(2b) (2-a) 3 
Force and Moment: 

M x = p z y 

My = -P z ‘ X 


-b 


A = 13.5 m 


I„ = 22.78125m 

À 


I = 10.125 m 


Normal Stress: Require c> A := 0 

V 


P z M x'yA My' x A 


c> a = — + 

A A L 


I. 




0 = — + 

A 


I x 

- .y 


+ 


^A\ 

vV/ 


•X 


0 = 


1 


4a-b 
b b 


^ 3 A 3 ^ 

y 


4a-b~J 4b-a 3 J 


y = - - —x 

3 a 




y = 0.75 - 1.5-x 


Ans 





























Problem 8-60 


The masonry pier is subjected to the 800-kN load. If jc = 0.25 m and y = 0.5 m, determine the normal 
stress at each comerá, B , C, D (not shown) and plot the stress distribution over the cross section. 
Neglect the weight of the pier. 


800 kN 


Unit Used: kPa := 

10 Pa 


Given: a := 1.5m 

b := 2.25m 

P z ;= -800kN 

X A := _a 

X B := a 

X C := a X D : = 

yA := - b 

y B := -b 

y c := b y D := b 

x := 0.25 m 

y := 0.5m 



1.5 ni 


Solution: 

Section Property: 


A : 

:= ( 2 a)-( 2 -b) 

A 

I x 

:= T. ( 2 a)( 2 -b ) 3 

h 


1 , 3 


V 

:= — -( 2 b) ( 2 -a ) 3 

V 


A = 13.5 m 


10.125 m 



Force and Momcnt 

M x := p z -y 


M„ = -400kN-m 

A 


My := -P z -x 


Normal Stress: 

P, 


M y = 200kN*m 


P z M x -y 

o =- 1 - 

A U 


M y -x 


z M x-yA 

c> a := — +- 

A A L 


°B := 


°C : = 


A 

P z 

"Ã 


M x-yB 

Ix 

M x-yç 

L 


M y' x A 


M y' x B 


M y x C 


— 

| B j-L> JT y A+ 




T (t !T 












°D : = 


M x-yD 


M y' X D 


c>Q = -69.1kPa (C) Ans 






































Problem 8-61 


The symmetrically loaded spreader bar is used to lift the 10-kN (~l-tonne) tank. Determine the State of 
stress at points A and B , and indicate the results on a differential volume elements. 

-4 


Given: b := 25mm d := 50mm a := 0.45m 

L := 1.2m W := 10kN 0 := 30deg 

Solution: 

Support Reactions : 

+f SF = 0; -W + 2F-cos(e) = 0 


F := 


W 


2 -cos( 0 ) 


Internai Force and Moment: 

+► ZF X = 0; F-sin(e) - N = 0 N := F-sin(e) 

+f ^F= 0; V - F-cos(e) =0 V := F-cos(e) 

Ç+ SA/ g =0; M- F-cos(e)-a = 0 M := F-cos(e)-a 

Section Property: 

A := b d i ;= J-.b-d 3 
12 

Q b := (0.5-d b)-(0.25d) 

Q a := 0 (since A’ = 0) 

Normal Stress: 


N Mc 

a = — H- 

A I 


:= 0.5d 
c B := 0 


N 


M' 


’ C A 


- *’l l * - 25nun 

K 1S mm 



EOpCíJ 


i 


D.tni C.6R, 




M P.i 

-LTh r)Q t 




a A := 


N 


M 


' C B 


cr B := 


a A = 218.31 MPa (T) Ans 


c> B = 2.31 MPa (T) Ans 


Shear Stress : x 


v-Q 

Ib 


T A : = 


v-Qa 


Ib 


T B : = 


VQb 


Ib 


= OMPa 




xg = 6.00 MPa 


Ans 


Ans 



















Problem 8-62 


A post having the dimensions shown is subjected to the bearing load P. Specify the region to which 
this load can be applied without causing tensile stress to be developed at points^, B , C, and D. 


Equlvolwnt Fqtc* Syiitm: As shawji o&FBD. 
FrãjtrtUi: 


d = 2a<Ln) + 


2^CU)a]W 




= íd* 


■ ■iíía) (2a) 3 + 2^Í24« tjiaís^)' 




A'tf rmal Stmg; 


~Ã t + t~ 

= íí 

1 Stf 1 + 1(3* 


Aippiíit A w/hètty = -a âpd i = ft wé rtquire a A CO. 

0> + 

0 > -5a+- 6 í t + 

&í r + Lflí 4 < Sa Ans 

WTien = 0, e r < ja 

WíiEfi f r = £>. r, c 

RípÉüi liie s mvjt pfúCãl-uTÉ^ fisr pftirti B, C uid D. The rígicn 
TvhiriT P Onn b- applied wÍEhpuitrtaxirig lÉHSik i ITCJJ âí pohCE 

^..S, C Md jQ is jhowq ihadçd jfi iht dia^eam. 


jf 








tf*' 



























Problem 8-63 


The man has a mass of 100 kg and center of mass at G. If he holds himself in the position shown, 
determine the maximum tensile and compressive stress developed in the curved bar at section a-a. He 
is supported uniformly by two bars, each having a diameter of 25 mm. Assume the floor is smooth. 


Given: Rj : = 150mm 

d Q := 25mm m Q := 

e := 0.3m 

a := 0.35m b := 1 

Solution: 

Equilibrium: For the man. 

r\ 

F 

M 

to 

II 

O 

o 

•gj*b - 2P-(a + b) = 0 

P := 

Ks)- 2(a+b) 

P = 

0.3632 kN 

Section Property: 

r o := °- 5d 0 r c := 1 

a 2 

A:= ít-r 0 

A = 490.87 mm 2 


ÍA_r : = 2 n-(r c -J 


Ia r - 3.0252mm 


3ÜÜ rmi 



Q35 LiT- 


-1 m - 




R := 


a A r 


R = 162.259 mm 



Internai Force and Moment: 

As shown on BFBD. The internai moment must be 
computed about the neutral axis. M is negative since it 
tends to decrease the bar’s radius of curvature. 

N:=-P N = -0.3632 kN 

M := -P (R + e) M = -0.16790kN-m 

Maximum Normal Stress: 




For tensile stress, 


ro := r„ + i~ 


N 


M 


a t = — + 

1 A Ar 


N 


cj t :=-K 

1 A A-r 0 - 


- ( R ~ r 2> 

( r <=- R ) 

( r -, 2 ) 



N 

For compressive stress, c> =-r 


2 -( r c- R ) 

M-^R-rj) 


A-r r 


CT t = 102.7 MPa (T) Ans 


r c- r o 


N 

— + 


( r c - R ) 

M-(R-rj) 


c ' A A-r,- 


( r c - R ) 


ct c = -116.9 MPa (C) Ans 





























Problem 8-64 


The block is subjected to the three axial loads shown. Determine the normal stress developed at points 
A and B. Neglect the weight of the block. 

Given: b := lOOmm b' := 50mm 

d := 75mm d' := 125mm 


P 1 := 500N 


P 2 := 1250N P 3 := 250N 


,-lOÜ mm 
50 mm 


Solution: B := b + 2b’ D := d + 2d f 

Internai Force and Moment: 


+T SF z=°; 

-N - Pj - P 2 - P 3 = 0 


N:= _( p l + p 2 + p 3) 

C + zm=o; 

M x - P r (0.5d) - P 2 -(0.5d) + P 3 -(0.5D) = 0 


M x := [Pr(0.5-d) + P 2 -(0.5-d)] - P 3 -(0.5-D) 

C + y-H=o; 

M y + P r (0.5B) - P 2 (0.5B) - P 3 -(0.5 b) = 0 


M y := -P r (0.5-B) + P 2 (0.5 B) + P 3 (0.5 b) 



Section Property: 

1 323 

A := B D - 4b'-d f I Y := —b-D + —b'-d 

x 12 12 

I := — d . B 3 + 2_. d -. b 3 

y 12 12 



Normal Stress: 


N 

a = — 

A 


M -y M -x 


L 


L 


At A: x A := 0.5B y A :=-0.5d 
M 


N iVi x-yA 


a A := 


L 


M y' x A 

L r 


a A =-0.1703 MPa (C) Ans 


At B: xg := 0.5b yg :=-0.5D 

V X B 


N M x-yg M„-Xt: 


erg := 


I, 


cjg = -0.0977 MPa (C) Ans 

















Problem 8-65 


If P = 15 kN, plot the distribution of stress acting over the cross section a-a of the offset link. 
Given: h Q := 50mm P := 15kN 

t Q := 10mm a := 30mm 

Solution: 

Section Property: 

A .= h 0 -t 0 

1 3 

I :=- th 


A = 500 mm 


12 


"o AA o 


I = 104166.67 mm 


Moment: 

M := P-(a + 0.5h o ) M = 0.825 kN-m 


Normal Stress: 

N Mc 
a = —± 


M 


AI aA A + I 


(0.5h o ) 



M 


a B := 


■(0.51, o ) 


c> A = 228 MPa (T) Ans 
c> B = -168MPa (C) Ans 


y _ h o~y 
a A| \ 0 b \ 


1 

I°a| 


| a A 

l + 

a B 


y = 28.79 mm 
































Problem 8-66 


Determine the magnitude of the load P that will cause a maximum normal stress <r max = 200 MPa of in 
the link at section a-a. 

Given: h Q := 50mm a := 30mm 

t Q := lOmm a allow := 200MPa 

Solution: 

Section Property: 


A . h 0 -t Q 

1 3 

I ;=-t n V 

12 0 0 


A = 500 mm 


I = 104166.67 mm 



Moment: 

M = P-(a + 0.5h o ) 

Normal Stress: The maximum normal stress occurs at A. 


N Mc 
o = — ±- 

A I 


M' 


CT A = 


(0.5h o ) 


A I 

_ P P-(a + 0.5h o )-(0.5h o ) 


a allow " a + 





I 


P • ( a allow'^)“ 


I 


1 + A-(a+0.5hJ- 
P = 13.16kN Ans 


o)-(0.5h o j 



















Problem 8-67 


Air pressure in the cylinder is increased by exerting forces P = 2 kN on the two pistons, each having a 
radius of 45 mm. If the cylinder has a wall thickness of 2 mm, determine the State of stress in the wall 
of the cylinder. 

Given: t := 2mm P := 2kN n 



Since a > 10. then thin-wall analysis canbe used. 


P ' r i 

çji :=- ai = 7.07MPa Ans 

1 t 1 


Longitudinal Stress: 


o 2 := 0 Ans 

The pressure p is supported by the surface of the 
pistons in the longitudinal direction. 




Problem 8-68 


Determine the maximum force P that can be exerted on each of the two pistons so that the 
circumferential stress component in the cylinder does not exceed 3 MPa. Each piston has a radius of 
45 mm and the cylinder has a wall thickness of 2 mm. 

Given: t := 2inin a allow := 3MPa 



Since a > 10. then thin-wall analysis canbe used. 


_ P* r i ^ r i 

= — CT allow " 


CT allow 

P :=-A-t 


P = 0.848 kN 


Ans 





Problem 8-69 


The screw of the clamp exerts a compressive force of 2.5 kN on the wood blocks. Determine the 
maximum normal stress developed along section a-a. The cross section there is rectangular, 18 mm by 
12 mm. 


Given: b := 12mm 
a := lOOmm 


d := 18mm 
P := 2.5kN 


Solution: 

Internai Force and Moment: 
N := P 
M := P a 


Section Property: 
A := b-d 

Normal Stress: 


c max * ^-5d 


i 1 u 

I :=-b-d 

12 


N M-c 

a = — H- 

A I 


N 


Ma 


max 




'max • 


a max “ 397.4 MPa (T) Ans 






























Problem 8-70 


The wall hanger has a thickness of 6 mm and is used to support the vertical reactions of the beam that 
is loaded as shown. If the load is transferred uniformly to each strap of the hanger, determine the State 
of stress at points C and D of the strap at B. Assume the vertical reaction F at this end acts in the 
center and on the edge of the bracket as shown. 


50 kN 


Given: t := 6 mm 


Lj := 1.2m 


d := 50mm 


L 2 := 1.8m 


P := 50kN 
kN 

w := 30 — 
m 


L := L| + L 2 


Solution: 

Support Reactions : Given 

' a - P ' w ' l 2 


30 kN/m 


f IF= 0; F A - P - w-L 2 + F B = 0 


0.6 m 


0.6 m 




Guess F A := lkN 




f b j 

f a^ 


Fg := lkN 
= Find(F A ,Fg) 


( 56.20 ^ 
47.80 J 


kN 


Section Propertv: 

2 3 

A := 2t-d I :=—t-d 
12 



At Section CD: P := Fg M := P-(0.5d) V := 0 


Stresses: 


P 

G = — 

A 


VQ 


At C: yç := 0 


M-y 

- i — - 

I Tb 

p M* yç 


CT C ' = Ã + 


I 


cr c = 79.67 MPa (T) Ans 


x c := 0 


Ans 


í r~- 

. ... 

_ 

rr .i 

I 7 

Jp.ti F íj.è* ”1 




B 


At D: 


YD : = 


= -0.5 d 


M 


•y D 


p 

CT D := Ã + — 

cr D =-159.33 MPa (C) Ans 
x D := 0 Ans 











































Problem 8-71 


The support is subjected to the compre ssive load P. Determine the absolute maximum and minimum 
normal stress acting in the material. 


w = J+X 

A a 

1 = ” (a? 

Tni-emol F&fcÉt oitd Momêrri? Aã çhciwn ün. FBD. 
armai Srrass; 



l* Afc 

trm Ã ± T 

-P ± 0.3ftrri(g» J )] 

d(a+j} írta+a) 1 

.íf^L ± _*_ 1 

aL^+Js 

1 3* 1 

fl+jf (fl+jeJ 3 j 

" 4t +j ] 

(«+*)*! 





- 3 * 1 
] 


a+ 
Ix^a 

(*+*)' 


In arder lo- h ave nanas] ms P 


<ií 


fO. 


* 




+ $ (1) (fl+J) 

■Jr)‘ J 




£P(3+X>- 


I í2a-4í> = 0 


Sirtce 




T 0, ihEU 


2 # - 4* = 0 


* =0,300*1 


(i) 


f*l 




SilKJC 


■P 

afa+JO 1 


* 0. 


ihtrt 


Sütiscipjdnjg ibc i lsuLl mm Fq [L) ykEds 


4*-Íi =0 j = íd 


+J 1 

c|_ ífl+O.íflO 1 J 

l.W l.í&P _ 

—5- = —— {C> 
a 2 a 1 


Am 


^uhsüluliíig nhi sejirlc [fim Eq.[2] ywklí 




h priíi^-ai 



Am 


Ln arder Lu hiv-c m.ir.üüLj:i iLúmiãi srjtss. 


do f 

^r 


= 0r 


Jgjj 

[fr 


P n á +^ £ (3)-(^-fl>í2>Cfl^Kl> 


p 


Í4íj-Ze) =0 


O 
























Problem 8-72 


The support has a circular cross section with a radius that increases linearly with depth. If it is 
subjected to the compressive load P, determine the maximum and minimum normal stress acting in the 
material. 


Swaion Fropirties; 

d " = 2,r+ x 
=hj(í+ O.Sr) 1 

Itaitrtta! and \fotne nt; As «m FB1> 


Normal Sirsts: 


N 

<T= — ± —- 

A 1 

~P Q.5Px{s+Q.Sx} 
~ jríp+ÕTsip ± ~f(rí OJjO^ 

.3- 


ír+0,íjp 

r i 

í 0 lS*1 1 J 

Zf 

<r+0.JU) s 
r+í.í* 1 

V+O.Sí)’ 

I 

---r + 

1 

Zx ‘ 


.ÍjM-O.AO* (rtO.S*P 


-ff JiíIlJ 


(11 


[ 2 ] 


iJtí, 

ln Orfflf 1ü hive riúáJíirúusrt rtürtrtat SLfiSfi, = 0. 


Jcf, _ -(ri-2.. 

Jf[ í p+ ü 


(0.5)1 






sO+Q.5*)' 

P 


T (r-lSr)=0 


fl{r+0.5í)* 


*0„ thwi 


P 







r— 2 a íjr = 0 .1 - n.4õftr 


Subsdftnin£ Uic jicsüIi íiud Eq [IJ yicldi 


Pf r+2,J{{M0Dr) 1 

"jt|_ [r+ O_J{O.40OfJP J 

ti.3£HF 03ÍSP 

—^ p i < c ! 


Àn.f 


In ordcr m tiav* rninimiuri JiOfmaJ stress, 



0. 


Srnce 


F 

ff(r+ai¥> - 




Ci«i 


3r-L&-0 jKS.Üflf 


SilJbsrjtutinf lhe riiilh iliCü Eq [2] yi?kl-3 


_ ÍTjJTO^l W 
r “' 1 ír[ [ Í + 0.5 J r 1 ' 


Àns 


dr jf|_^ " U+QScp ~ 


ffír+OJff}* 


(3r- IJW 


-0 








































Problem 8-73 


The cap on the cylindrical tank is bolted to the tank along the flanges. The tank has an inner diameter 
of 1.5 m and a wall thickness of 18 mm. If the largest normal stress is not to exceed 150 MPa, 
determine the maximum pressure the tank can sustain. Also, compute the number of bolts required to 
attach the cap to the tank if each bolt has a diameter of 20 mm. The allowable stress for the bolts is 

(<W)6 = 180 MPa- 


Given: t := 18mm dj := 1.5m CT allow := l^OMPa 
d b := 20mm a b allow := 180MPa 

Solution: r- := 0.5 d, 

r i 

Hoop Stress : a := — a = 41.67 

t 

Since a > 10. then thin-wall analysis canbe used. 

_ P‘ r i _ P* r i 

a l ~ a allow ~ 

a allow‘ t 

P :=- 

r i 

p = 3.6 MPa Ans 

2 

Force Equilibrium for the Cap : A := xc r* 

+f ZF y = 0; p-A-F b =0 



F b := p-A 


F b = 6361.73 kN 


71 9 

Allowable Normal Stress for Bolts : A^ := — d^ 


a b. allow " 


n-Ai 


n := 


( a b.allow)'^b 


n = 112.5 


Use 


n := 113 


Ans 















Problem 8-74 


The cap on the cylindrical tank is bolted to the tank along the flanges. The tank has an inner diameter 
of 1.5 m and a wall thickness of 18 mm. If the pressure in the tank is p = 1.20 MPa, determine the 
force in the 16 bolts that are used to attach the cap to the tank. Also, specify the State of stress in the 
wall of the tank. 

Given: t := 18mm dj := 1.5m p := 1.20MPa 

n := 16 


Solution: q := 0.5dj 


r i 


a := — a = 41.67 
t 


Hoop Stress : 

Since a > 10. then thin-wall analysis canbe used. 

P* r i 


>1 



t 


aj = 50 MPa Ans 


Longitudinal Stress: 


g 2 := 


P-H 

2-t 


a 2 = 25 MPa 


Ans 


Force Equilibrium for the Cap : 
+f ZF y = 0; p-A-16-F b = 



A 2 

A := Ttrj 

0 


F b = 132.5 kN Ans 















Problem 8-75 


The crowbar is used to pull out the nail at A. If a force of 40 N is required, determine the stress 
components in the bar at points D and E. Show the results on a diflferential volume element located at 
each of these points. The bar has a circular cross section with a diameter of 12 mm. No slipping 
occurs at B. 

Given: d Q := 12mm d^ := 60mm 
a := 125mm dp := 300mm 
F := 40N hp := 300mm 

Solution: r p := J dp 2 + hp 2 

Support Reactions: 

Ç+ YM B = 0; F-h A -P-(r p )= 0 

F-h A 



Internai Force and Moment: 



:= 75mm 


300 mm 




n mm 


300 mm 


60 mní 


y ^F= 0; N := 0 

V 2F= 0; v-p=0 V := P 

Ç+ Y.M 0 = 0; M - P-a = 0 M:=P-a 

Section Property : r Q := 0.5d o 

. 2 T n 4 

A : = n ' r o 1 := 7' r o 

4r 0 f 2\ 

Q E : = ) 

Qj^ := 0 (since A’ = 0) 

N Mc 

Normal Stress: a =- \ - 

A I 



T^Q.Qâ34|--4Fii 

O 

«5-S.ÍKPk 


C D := r o 
c E := 0 


N M ' c D 

cr D := — +- cr D = 5.21 MPa (T) Ans 

A. I 

N M ' c E 

c>p :=-1- (Tp = 0.00 MPa Ans 

c A I c 


Shear Stress: % 


v-Q 

Ib 


b E := 2-r 0 


T E := 


v-Qe 

Ib E 


x E = 0.0834 MPa 


Ans 





















Problem 8-76 


The screw of the clamp exerts a compressive force of 2.5 kN on the wood blocks. Sketch the stress 
distribution along section a-a of the clamp. The cross section there is rectangular, 18 mm by 12 mm. 

Given: b := 12mm d := 18mm 

a := lOOmm P := 2.5kN 

Solution: 

Internai Force and Moment: 

N := P 
M := P a 


Section Property: 
A := b d 

Normal Stress: 


c max • ^-5d 


i 1 u 

I :=-b-d 

12 


N Mc 

a =-1- 

A I 



N 


Mo 


max 


"max • 


"max 


A I 

397.4 MPa (T) Ans 


S9TJI-H Y* 


f 

jL- 






c min °- 5d 


N 


Mc 


mm 


"mm • 


"mm 


A I 

-374.2 MPa (C) Ans 


"min 


d-y |a 


max 


y := 


d 

a min| 

| a min 

| + | a max| 


y = 8.73 mm 




































Problem 8-77 


The clamp is made from members AB and AC, which are pin connected at A. If the compres si ve force 
at C and B is 180 N, determine the State of stress at point F, and indicate the results on a differential 
volume element. The screw DE is subjected only to a tensile force along its axis. 


Given: h := 15mm 
a := 30mm 


t := 15mm 
b := 40imn 


P := 180N 


Solution: 

Support Reactions: 

Ç+ ZM 0 = 0; p. (b + a) - F DE (a) = 0 
b + a 

f de - — f 

F de = 0.420 kN 

Internai Force and Moment: 

+f IF y = 0; N’ := 0 

+► Y.F= 0; V + F de - P = 0 V := P - F 



7^5 mm-. ,7.5 nmi 


f7.5 mm 
F7.5 mm 


DE 


Ç+Y.M 0 = 0; M + P-(b + 0.5a) -F DE -(0.5a) = 0 


M := F DE -(0.5a) - P-(b + 0.5a) 
M = -3.60 N-m 


Section Property: 

A := h-t 

1 3 

I ;= —t-h 
12 

Qp ;= 0 (since A f = 0) 


A = 225 mm 


I = 4218.75 mm 


Normal Stress: 


Cp := 0.5-h 


N’ 

a = — 

A 


Mc 

I 


Shear Stress: 

v-Qp 


\' M- c E 

ct f := 7 + “T 


cfp = -6.40 MPa (C) Ans 

VQ 





T = 


Tb 


í 3 


Tu := 


It 


Tu = OMPa 


Ans 


















































Problem 8-78 


The eye is subjected to the force of 250 N. Determine the maximum tensile and compressive stresses 
at section a-a. The cross section is circular and has a diameter of 6 mm. Use the curved-beam formula 
to compute the bending stress. 


Given: R^ := 30mm d Q := 6mm P := 0.250kN 

r c := R i + r o 


Solution: r Q := 0.5d o 

Section Property: 

2 
A o 

dA 

Ja r 


A := 7T-r^ 




R := 


a A r 


A = 28.27 mm 


I 


A r 


:= 271 


( r c-/ 


r c “ r o 


Ia r ~ 0.8586 mm 
R = 32.932 mm 


250 N 



Internai Force and Moment: 

As shown on BFBD. The internai moment must be 
computed about the neutral axis. M is positive since it 
tends to increase the beanfs radius of curvature. 


N := P 
M := P R 

Maximum Normal Stress: 


For tensile stress, 


r l r c - r o 


N | M-(Rti) 
A + A.r,(r c -R) 

N | M-(R-r,) 

A + Ar,.(r c -R) 


2-SpiJ 



a t = 425.3 MPa (T) Ans 


For compressive stress, 


: = r c + r o 


_ N M ‘ (R - r 2 ) 

CTC= Ã + A.r r (r c -R) 
N M * (R - r 2 ) 
CTC:= Ã + A-r 2 .(r c -R) 


a c = -354.4 MPa 


(C) Ans 















Problem 8-79 


Solve Prob. 8-78 if the cross section is square, having dimensions of 6 mmby 6 mm. 
Given: R^ := 30mm d Q := 6mm P := 0.250kN 250 N 

r c := R i + r o 


Solution: r Q := 0.5d o 

Section Property: 

2 


A := d 


o 


- r Ja r 


R := 


A A r 


A = 36.00 mm 


l A r 


L A r 


- («o) 


•ln 


r c + r o^ 


V c 
= 1.0939 mm 


r,-r 0 j 


R = 32.91 mm 





Internai Force and Moment: 

As shown on BFBD. The internai moment must be 
computed about the neutral axis. M is positive since it 
tends to increase the beanTs radius of curvature. 


N := P 
M := P R 

Maximum Normal Stress: 


For tensile stress. 


r l r c - r o 


N | M-(Rti) 
A + A r, (r c - R) 

N | 

A + Ar,.(r c -R) 





CT t = 250.2 MPa (T) Ans 


For compressive stress, 


r c + r o 


_ N M ‘ (R - r 2 ) 
CTC= Ã + A.r r (r c -R) 

N M '( R_r 2 ) 
CTC:= Ã + A-r 2 .(r c -R) 


c> c =-208.4 MPa (C) Ans 
















Problem 9-1 


Prove that the sum of the normal stresses <j x + <J y = <j x , + Gy is constant. See Figs. 9-2 a and 9-2 b. 

Solution: 

Stress Transformation Equations: Applying Eqs. 9-1 and 9-3 of the text. 


G X "I" Gy G^ — Gy 

G x » = --- H---COS (20) + x xy -sin(20) (1) 

G X + Gy G-^ — Gy 

g i =-- cos( 20 ) - T -sin(20) (2) 

y 2 2 x y 

( 1 ) + ( 2 ): 


LHS = g v < + G w » 
x y 


a x + a v a x + a v 

RHS = -- +-- 


RHS = g v + g w 
x y 



Hence, 

a x’ + a y’ = a x + a y ( Q-E.D .) 












Problem 9-2 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the inclined plane AB. Solve the problem using the method of equilibrium described in Sec. 


9.1. 

Given: a x := 3MPa := 5MPa x X y := -8MPa 
Solution: Set A A := m^ 0 := 180deg + § 
Force Equilibrium: For the sectioned element, 

A Ax := A A' cos (<l ) ) A Ay := A A' sin (<l>) 

F xx := a x' A Ax F xy := T xy' A Ax 

F yy := a y' A Ay F yx := T xy' A Ay 


4> := 40deg 



V ZF x ,=0; 
¥ S F y =0 ; 


Given 

a Fx' + F xy' sin ( 0 ) + F xx’ cos ( 0 ) + F 

A Fy' + F xy' cos ( 0 ) - F xx' sin ( 0 ) _ F 
Guess Àp x f := lkN A p » := 


^ A Fx'^I 

, A Fy'j 


:= Find(A Fx ,,A Fy i) 


yx -cos(e) + F yy -sin(e) = 0 
yx‘SÍn( e ) + Fyy-cosíe) = 0 
lkN 

^ a Fx'^1 ( -4052.1 A 

= kN 

v A Fy' ) v -404.38 ) 


Normal and Shear Stress: 


a = 


lim 
A-> 0 



A Fx' 

a Y < :=- a Y i = -4.052 MPa 

A A A 

a a 

A Fy' 

t y i v » :=- t y u = -0.404 MPa 

y a a y 


Ans 


Ans 



The negative signs indicate that the sense of cj x , and x x , y , are opposite to that shown in FBD. 




















Problem 9-3 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the inclined plane AB. Solve the problem using the method of equilibrium described in Sec. 


9.1. 

Given: <j ;= -0.200MPa a v := 0.350MPa 

x y 

§ := 50deg x X y := OMPa 

Solution: Set := m^ 0 := 180deg + § 

Force Equilibrium: For the sectioned element, 

A Ax := A A' 008 4) A Ay := A A' sin W 

F xx := a x' A A x F xy := T xy’ A A x F xy = °- 00 

F yy := a y 'A A y F yx :=T xy A Ay F yx = °- 00 



350 k Pa 


V 

V 


Given 





^V=0; , 

A Fx' + F xy 

•sin(0) + F xx -cos(0) 

+ F yx -cos(e) + 

Fyy-sin(e) = 0 

ZF y = 0; , 

A Fy' + F xy 

•cos(0) - F xx -sin(0) 

- Fyx-siní^) + 

Fyy-COS(e) = 0 

Guess A 

F x ' A Fy’ 

/ \ 

:= lkN 



^ A Fx'^I 


^ A fA 

( 122.75^ 


v A Fy9 

Find ( A Fx'’ A Fy'j 


v A Fy9 

kN 

270.82 J 


Normal and Shear Stress: 

A Fx' 

a f := 

A A 

a = lim 
A^ 0 

[aJ 


a x . = 0.123 MPa 

Ans 

A Fy' 

Tx 'y' := At 




x yV = 0.271 MPa 

x y 

Ans 























Problem 9-4 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the inclined plane AB. Solve the problem using the method of equilibrium described in Sec. 


9.1. 


Given: c> ;= -0.650MPa a v := 0.400MPa 

x y 

§ := 60deg x X y := OMPa 

Solution: Set := m^ 0 := -(90deg + (|>) 


Force Equilibrium: 

For the sectioned element, 


a Ax := A A' sin ( < t ) ) 

A Ay := A a -cos4) 



F xx := ct x A Ax 

F X y *“ T xy' A Ax 

ll 

X 

P^H 

0.00 

F yy := a y' A Ay 

Fyx •- T X y‘ A Ay 

II 

X 

pp 

0.00 



650 kP; 


+ / s/ v=°; 

V 0; 


Given 






A Fx' + F xy 

•sin(e) + F xx 

•cos(o) 

+ F yx -cos(e) + 

Fyy-sin(e) = 0 

A Fy' + F xy 

•cos(0) - F xx *sin(o) 

- F yx - sin ( e ) + 

Fyy-COS(e) = 0 

Guess A 

Fx . := lkN 

A Fy' 

\ 

:= lkN 


^ A Fx'^I 

/ 


f A Fx’3 

(■ -387.50 a ; 

v A Fy7 

Findí Ap x i, A 

Fy') 


> 

Tl 

"<L 

II 

kN 

454.66 ) 


Normal and Shear Stress: 


k Fx f 




x x y 


^Fy f 


( F^ 

a = lim — | 
A -> 0 v A 7 


-0.387 MPa Ans 


x , , zz 0.455 MPa Ans 

x y 



The negative signs indicate that the sense of cj x , is opposite to that shown in FBD. 

















Problem 9-5 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the inclined plane AB. Solve the problem using the method of equilibrium described in Sec. 
9.1. 


Given: <j := -60MPa a v := -50MPa 

x y 

§ := 30deg x X y := 28MPa 


Solution: Set A A := rn 0 := 180deg + § 

Force Equilibrium: For the sectioned element, 


*Ax 


:= A a- cos4) A a := A A -sin(<|>) 


F xx := <^' A 


x' a Ax 


F yy a y' A Ay 


Ay •- A A' 
xy *“ T xy ,ZA Ax 
yx w xy‘^Ay 


xy 

H yx 



50'MPa 


2S MPa 


60 MPa 


Given 


- s F x'= °; Ap x ' + F xy -sin(e) + F xx -cos(e) + F yx -cos(e) + F yy -sin(e) = 0 
1 ZF y ,= 0; Apy + F xy -cos(e) - F xx -sin(e) - F yx sin(e) + Fyy-cos(o) = 0 


Guess Áp x f := lkN Apy := lkN 


^ A Fx'^I 


'Fy’J 


Normal and Shear Stress: a = lim — 


:= Find(Ap x ,,Ap y ij 


F ^ 


^ A fA f -33251.29^1 




18330.13 ) 


A 0 


A) 




kN 

liô* 


CT x' : = 


T x'y' : “ 


/a ¥x’ 

ÃT 

A 


a x . = -33.251 MPa 


Fy f 


L xy 


18.330 MPa 


Ans 


Ans 





5 


The negative signs indicate that the sense of cj x , is opposite to that shown in FBD. 












Problem 9-6 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the inclined plane AB. Solve the problem using the method of equilibrium described in Sec. 
9.1. 

Given: <j := 90MPa a v := 50MPa 

x y 

x X y := -35MPa § := 60deg 

Solution: Set A A := m^ 0 := -(90deg + (|>) 

Force Equilibrium: For the sectioned element, 

A Ax := A A' sin (<l>) A Ay := A A' 008 (4») 

F xx := a x' A Ax F xy := T xy' A Ax 

F yy := a y' A Ay F yx := T xy' A Ay 



V ZF X ,= 0; 

V ZFy=0; 


Given 

a Fx' + F xy' sin ( 0 ) + F xx’ cos ( 0 ) + F 

A Fy' + F xy' cos ( 0 ) - F xx' sin ( 0 ) _ F 
Guess Àp x f := lkN A p » := 


^ A Fx '^1 

v A Fy9 


:= Find(A Fx ,,A Fy i) 


yx -cos( 0 ) + F yy - sin(e) = 0 
yx‘SÍn( e ) + Fyy-cosíe) = 0 
lkN 

^ A Fx'^1 ( 49689.11 

kN 

y A Fy ' J 1-34820.51 ) 


Normal and Shear Stress: 


a = 


lim 
A-» 0 



A Fx' 

a Y < :=- = 49.69 MPa 

a a A 

a a 

A Fy' 

x Y v :=- t y i v » = -34.82 MPa 

y a a y 


Ans 


Ans 





The negative signs indicate that the sense of x x y isopposite to that shown in FBD. 









Problem 9-7 


Solve Prob. 9-2 using the stress-transformatíon equatíons developed in Sec. 9.2. 
Given: a x := 5MPa := 3MPa x X y := 8MPa § := 40deg 


Solution: 0 ;= 90deg + § 

Normal Stress: 

a x + CTy Ç^ X — Oy 

cr x . :=---+---cos(20) + x xy -sin(20) 

a x < = -4.05 MPa Ans 


A 



MPa 


3 MPa 


The negative signs indicate that the sense of a x , is a compres si ve stress. 


Shear Stress: 

a x — dy 

T x'y' := -^"Sin(2e) + x xy -cos(20) 

x sV = -0.404 MPa Ans 

x y 

The negative signs indicate that the sense of x x y is in the -y’ direction. 

















Problem 9-8 


Solve Prob. 9-4 using the stress-transformatíon equatíons developed in Sec. 9.2. 
a x := -0.6: 

4> := 60deg 


Given: <j ;= -0.650MPa a v := 0.400MPa 

x y 


x YV := OMPa 

x y 


Solution: 0 := 90deg - $ 
Normal Stress: 


a x + a y a x“ a y 


'x * 


cj x » = -0.387 MPa 


-cos(20) + x X y-sin(20) 


Ans 



The negative signs indicate that the sense of cj x , is a compres si ve stress. 


Shear Stress: 

a x — 

T x'y' := -^"Sin(20) + x xy -cos(20) 

x„v = 0-455 MPa Ans 

x y 


650 kP: 













Problem 9-9 


Solve Prob. 9-6 using the stress-transformatíon equatíons developed in Sec. 9.2. Show the result on a 
sketch. 

Given: <j := 90MPa g v := 50MPa 

x y 

x xy := -35MPa § := 60deg 
Solution: 0 ;= -(90deg + §) 

Normal Stress: 


g x + a y a x - G y 

a x' : = -õ- + 


-cos(20) + x xy -sin(20) 



g x » = 49.69 MPa 


Ans 


Shear Stress: 

G x — Gy 

T x'y' := - ^"Sin(20) + x xy -cos(20) 

T„ v = -34.82 MPa Ans 

x y 

The negative signs indicate that the sense of x x y is in the -y’ direction. 







Problem 9-10 


Determine the equivalent State of stress on an element if the element is oriented 30° counterclockwise 
from the element shown. Use the stress-transforma tion equations. 


UnitUsed: kPa := lOOOPa 


Given: <r 


OkPa 


y 


-300kPa 


0 := 30deg 


x YV := 950kPa 


Solution: 


Normal Stress: 


a x + a y 


a x“ a y 


'x • 


-cos(20) + x X y-sin(20) 


300 fcPa 



950 kPa 



Shear Stress: 

















Problem 9-11 


Determine the equivalent State of stress on an element if the element is oriented 60° clockwise from the 
element shown. 


Given: <j ;= 0.300MPa a v := OMPa 

x y 


0 := -60deg 

Solution: 

Normal Stress: 


x YV := 0.120MPa 


a x’ : = 


a x + a y a x “ a y 


2 2 
0.0289 MPa 


-•cos(20) + x x y sin(20) 


Ans 


a x + a x - a y 


v - 


ay = 0.329 MPa 


-cos(20) - x x y sin(20) 


Ans 


120 kPa 


300 kPa 



Shear Stress: 

a x — a y 

T x'y' := -^"Sin(2e) + x xy -cos(20) 

t y u = 0.0699 MPa Ans 

x y 


















Problem 9-12 


Solve Prob. 9-6 using the stress-transformatíon equations. 
Given: <j ;= 90MPa g v := 50MPa 

x y 

:= 60deg x X y := -35MPa 

Solution: 0 := -(90deg + (|>) 

Normal Stress: 

G X "I" Gy G x — Gy 

cr x . :=---+---cos(20) + x xy -sin(20) 

a x' = 49.69 MPa Ans 



Shear Stress: 

G X — Gy 

T x'y' := -^"Sin(20) + x xy -cos(20) 

x„ v = -34.82 MPa Ans 

x y 







Problem 9-13 


The State of stress at a point is shown on the element. Determine (a) the principal stresses and (b) the 
maximum in-plane shear stress and average normal stress at the point. Specify the orientation of the 
element in each case. 


60 MPa 


Given: a x := 45MPa := -60MPa x xy := 30MPa 

Solution: 

(a) Principal Stress: 


a x + a y 

CT i : = —;— + 


\2 

°x °yl 2 

) +Txy 


°2 := 


g x + 


y 

a x - a v I 


30 MPa 


V 


"x w y i 2 

~ J +T ^ 



45 MPa 


Ans 


Orientation of Principal Stress: 

2x^ 


tan 


( 2e p) - 


xy 


CT x _ CT y 


0» := — atan 

P 2 


2x xy ^ 


V c x _ CT 


y) 


0 p = 14.87 deg 


Use Eq. 9-1 to determine the principal plane of <j { and a 2 . 


0'p := 0 p “ 90de ê 


0'p = -75.13 deg 

éêíMft 


'x w y x w y 
a v f :=-+-cos 


ct x . = 52.97 MPa 


( 20 p) + x xy sin ( 20 p) 


Therefore, 0pj := 0p 
e p2 - fp 


0pl = 14.87 deg 


j p2 


-75.13 deg 


Ans 

Ans 


(b) 


"max • 


y 

a x"°vl 



2 j + T *y 


V 


°x + G y 


avg' 2 

Orientation of Maximum In-plane Shear Stress: 

1 


T max = 60-47 MPa Ans 


cr„ vo = -7.50 MPa Ans 
avg 







tan 


K) - 


CT x“ a y 


2t 


xy 


9 ■= — atan 
s 2 


' g x ~ g y ^ 

2T xy ) 


9 S = -30.13 deg 


0’s := 9 S + 90deg 
0' s = 59.87 deg 


By observation, in order to preserve equilibrium along AB , x max has to act in the 
direction shown in the figure. 






































Problem 9-14 


The State of stress at a point is shown on the element. Determine (a) the principal stresses and (b) the 
maximum in-plane shear stress and average normal stress at the point. Specify the orientation of the 
element in each case. 


Given: a x := 180MPa := OMPa x X y := -150MPa 

Solution: 

(a) Principal Stress: 


a x + a y 

CT i : = —;— + 


v 

°x °yl 2 

) +Txy 


180 MPa 


150 MPb 


g x = 264.93 MPa Ans 


CT x + G y 

f G x a y^ 2 


" 2 := 2 ^ 

2 J + V 

a 2 = -84.93 MPa 


Orientation of Principal Stress: 

2t\ 


tan 


( 2e p) - 


xy 


CT x _ CT y 


0» := — atan 

P 2 


2x xy ^ 


V c x _ CT 


y) 


0 p = -29.52 deg 


Use Eq. 9-1 to determine the principal plane of <3 { and a 2 








0'p := 0 p + 90deg 


0'p = 60.48 deg 


G x + cr y c> x _ a y 
c> Y . :=-+- 

Xo o 


•COS 


( 2e p) + x xy sin ( 20 p) 


cr x . = 264.93 MPa 


Therefore, Opj := 0p 
e p2 - fp 


J P 


-29.52 deg 


0p2 = 60.48 deg 


Ans 

Ans 


(b) 


I 

( G x CT y^ 2 


T max • / 

2 ) + V 

T max = 124.93 MPa 


°x + G y 


a „ vo = 90.00 MPa 
avg 


avg' 2 

Orientation of Maximum In-plane Shear Stress: 

1 


tan 


K) - 


CT x“ a y 


2t 


xy 


0 ■= — atan 
s 2 


' g x ~ g y ^ 

2T xy ) 


0 S = 15.48 deg 


Ans 



0’s := 0 S - 90deg 
0 f s = -74.52 deg 


By observation, in order to preserve equilibrium along AB , x max has to act in the 
direction shown in the figure. 




































Problem 9-15 


The State of stress at a point is shown on the element. Determine (a) the principal stresses and (b) the 
maximum in-plane shear stress and average normal stress at the point. Specify the orientation of the 
element in each case. 


Given: a x := -30MPa := OMPa x X y := -12MPa 

Solution: 

(a) Principal Stress: 


CT x + G y 

f G x a y} 2 

°> := 2 + J 

-i + x YX/ cr i = 4.21 MPa 

1 2 ) x y 1 

CT x + G y 

( G x~ G y ^ 2 

" 2 := 2 ^ 

-i + x YV a 9 = -34.21 MPa 

l 2 ) x y 2 


jÜ MPa 


12 MPa 


Ans 


Orientation of Principal Stress: 

2t\ 


tan 


K) - 


xy 


a x “ a y 


0 » := — atan 

P 2 


2x xy ^ 


V c x _ CT 


y ) 


0 p = 19.33 deg 


Use Eq. 9-1 to determine the principal plane of <j { and a 2 . 


9'p := 6p - 90deg 


0'p = -70.67 deg 


1 w y x w y 

a v ! :=-+-cos 

x 2 2 

cr v . = -34.21 MPa 


( 20 p) + x xy sin ( 20 p) 


Therefore, 0pj := 0'p 
e p2 - fp 


0pj = -70.67 deg Ans 
0 p2 = 19.33 deg Ans 


(b) 


j 

(°x CT y^ 2 


T max • / 

2 ) + V 

T max 19.21 MPa 


°x + °y 


avg' 2 

Orientation of Maximum In-plane Shear Stress: 

1 


tan 


K) - 


CT x a y 


2t 


xy 


0 ■= — atan 
s 2 


' g x ~ g y ^ 

2, xy ) 


0 S = -25.67 deg 



a„ vo = -15.00 MPa Ans 
avg 


0’s := 0 S + 90deg 
0' s = 64.33 deg 


By observation, in order to preserve equilibrium along AB , x max has to act in the 
direction shown in the figure. 




































Problem 9-16 


The State of stress at a point is shown on the element. Determine (a) the principal stresses and (b) the 
maximum in-plane shear stress and average normal stress at the point. Specify the orientation of the 
element in each case. 


250 MPa 


Solution: 

(a) Principal Stress: 


a x + a y 

CT i : = —;— + 


\2 

°x °yl 2 

) +Txy 


°2 := 


g x + 


y 

a x - a v I 


V 


"x w y I 2 

~ J + ^ 



Ans 


Orientation of Principal Stress: 

2 x, 


tan 


w - 


xy 


CT x _ CT y 


0 » := — atan 

P 2 


2x xy ^ 


V c x _ CT 


y) 


0 p = -18.94 deg 


0'p := 0 p + 90deg 


0'p = 71.06 deg 


Use Eq. 9-1 to determine the principal plane of g x and g 2 . 


'x w y x w y 

a v f :=-+-cos 

x 2 2 

cr Y . = -260.04 MPa 


( 20 p) + x xy sin ( 20 p) 



He 




Therefore, Opj := 0'p 
e p2 - fp 


0 pl = 71.06 deg 


j p2 


-18.94 deg 


Ans 

Ans 


(b) 


"max • 


\f \ 2 


x y i 2 

1 2 J + V 

T max = 285.04 MPa 


g x + Gy 


g j, vo . = 25.00 MPa 
avg 


av g ’ 2 

Orientation of Maximum In-plane Shear Stress: 

1 



tan 


w - 


CT x a y 


2 x 


xy 


0 ■= — atan 
s 2 


f g x ~ g y ^ 
2T xy ) 


0 S = 26.06 deg 


0’s := 0 S - 90deg 
0 f s = -63.94 deg 


By observation, in order to preserve equilibrium along AB , x max has to act in the 
direction shown in the figure. 







































Problem 9-17 


A point on a thin plate is subjected to the two successive States of stress shown. Determine the 
resultant State of stress represented on the element oriented as shown on the right. 

Given: 



Solution: 

Stress Transformation Equations: Applying Eqs. 9-1, 9-2, and 9-3 of the text. 


For element (a) 

f 


'x a • 


y_ a 


a x’_a + a y’_a a x'_a a y'_a 
- h -cos 


a x’_a + a y’_a a x'_a a y’_a 

V 2 

f 


-•cos 


a x’a a y'a 


V 


L xy_a 
For element (b): 
a x b 


•sm(20 a j + t v \ 7 » o-cos 


(20 a ) + T x'y'_a si n (20a) j 
(^®a) _ T x'y'_a' s ' n (^®a )J 


xy a 


Nj 


a x a = -237.50 MPa 


g v „ = -312.50 MPa 

y_ a 


xxy a = 64.95 MPa 


^a x ’ b G y b b — a y’ b / \^ 


J y_b ;z 


V z z 

^ a x’ b + a y’ b a x’ b ~~ a y’ b / \ / ^ 

V 2 2 


•cos^20^ + x x y jy sin^O^ o x b = 44.43 MPa 

•cos^20bj - x x y lysin^kjj Gy |, = -44.43 MPa 
























ü xy_b 


f CT x'_b “ CT y’_b , x / 0 

---sm(20 b | + x x yj 3 -cos( 20 b | , 


Combining the stress componenets of two elements yields 


a x c x_a + a x_b 
a y := CT y_a + a y_b 


a Y =-193.1 MPa Ans 

À 


a y =-356.9 MPa Ans 


T xy := x xy_a + x xy_b T xy = 1022 MPa Ans 



OJ 

li 

r 




= 37.28 MPa 











Problem 9-18 


The Steel bar has a thickness of 12 mm and is subjected to the edge loading shown. Determine the 
principal stresses developed in the bar. 


Given: d := 50mm 
kN 

q := 4 — 
m 


t := 12mm 
L := 500mm 


■ 500 mm - 


Solution: 

Normal and Shear Stress: 

In accordance with the established sign convention. 


“t 


4 kN /m 


4 kN/m 


í i 

] 50 mm 

Ü|—L 

4 kN/ta 


a x := OMPa 


xy t 


<jy := OMPa 
x YV = 0.333 MPa 




In-plane Principal Stress: Apply Eq. 9-5. 


ai := 


a x + a y 


/ \2 
G x °yl 2 

+ t. 


V 


2 ) 


°2 := 


a x + Oy 


í \ 2 

°x °y I 2 

+ x^ 


V 


2 ) ^y 


crj = 0.333 MPa Ans 


c >2 = -0.333 MPa Ans 























Problem 9-19 


The Steel plate has a thickness of 10 mm and is subjected to the edge loading shown. Determine the 
maximum in-plane shear stress and the average normal stress developed in the Steel. 

Given: a x := 300mm a y := lOOmm t := lOmm 

kN kN 

q := 30 — q y :=40 — 

m J m 

Solution: 

Normal and Shear Stress: 

In accordance with the established sign convention. 


g x := 


t 


V = 7 


T xy := 0 


a x = 3.00 MPa 


Gy = 4.00 MPa 


Maximum In-plane Shear Stress: Apply Eq. 9-7. 


I 

í CT x 2 


T max • / 

2 ) +T *y 

T max = 0.500 MPa 



Average Normal Stress: Apply Eq. 9-8 


avg 


a„ vo = 3.50 MPa Ans 
avg 








Problem 9-20 


The stress acting on two planes at a point is indicated. Determine the shear stress on plane a-a and 
principal stresses at the point. 

h 

Given: a a := 80MPa g^ := 60MPa 


0 := 45deg p := 60deg 


Solution: 


g x := sin 


m(P> 

(p) 


T xy a b' cos 
Given 


G X + Gy G x — Gy 

CT a = ---+---COS (20) + x xy -sin(2e) 


x a = — X 2 y -sin(20) + x xy - cos (20) 

Guess g w := IMPa x Q := IMPa 
Y a 



:= Find(c> y ,x a ) 
Principal Stress: 


V X a ) 



Ans 


°x + °y 

f G x a y^ 2 

°*=- 2 + J 

- 1 + x vv g 1 = 80.06 MPa 

1 2 j *y 1 

°x + °y 

f G x ~ a y^ 2 

" 2 := 2 -J 

2 1 +V a 2 = 19.94 MPa 























Problem 9-21 


The stress acting on two planes at a point is indicated. Determine the normal stress cr h and the principal 
stresses at the point. 

Given: a a := 4MPa x x y := -2MPa 

<|>bb := 45de § P := 60de ê 

Solution: 

Stress Transformation Equations: 

Applying Eqs. 9-3 and 9-1 with 0 := - 90deg 

'a““u-v T xy := a a' cos (p) 


c>„ := cr 0 -sin(p) 



a x’ " a b 


y 

Given 

a x + çjy a x — Oy 

c>x' = ---+-- —-cos( 20 ) + X xy -sin( 20 ) 


T x’y’ 


a x“ a y 


*sin( 20 ) + x x ycos( 20 ) 


K 




Guess c> x := IMPa c> x i := IMPa 


V CT x'j 


:= Find(a x ,a x .) 


V C x'j 


7 . 464 ^ 
7.464 ) 


MPa 



íMr^raç* 

* 


a b := cr x . 

= 7.464 MPa Ans 

In-plane Principal Stress: Applying Eq. 9-5, 


a x + a 

ü x °y I 2 

«> : = 2 + j 

- 1 + x YV 01 = 8.29 MPa 

1 2 j *y 1 

°x + °y 

f G x - 2 

" 2 := 2 -J 

- 1 + x YX/ g 9 = 2.64 MPa 

l 2 j x y 2 


Ans 


Ans 
























Problem 9-22 


The clamp bears down on the smooth surface at E by tightening the bolt. If the tensile force in the bolt 
is 40 kN, determine the principal stresses at points A and B and show the results on elements located at 
each of these points. The cross-sectional area at A and B is shown in the adjacent figure. 

Given: h := 50mm t := 30mm P := 40kN 

a := lOOmm b := 200mm 

Solution: L := 3a + b 

Support Reactions: 

£+ T.M 0 = 0; F-L - P(a + b) = 0 

P(a + b) 


Internai Force and Moment 

+► ZF x =0; E + V = 0 

Ç+ Y.M 0 = 0; M - E-(a) = 0 

Section Property: 

A \= h-t 

1 3 

I ;= —t-h 
12 

Q b := (0.5-h-t)(0.25-h) 

Q a := 0 (since A' = 0) 

Mc 


E ? := - E’ = 24 kN 

At Section A-B: 
V := -E' 

M := E’-a 


0 




3 


A = 1500 mm 


I = 312500 mm 


Q b = 9375 mm 


Normal Stress: 
c^ := -0.5h 

C B : = 0 
Shear Stress: 


a = 

a A := 

a B 


T 

M 


’ C A 


I 

M-c b 


I 


X = 




v-Q 

It 

v-Qa 

It 

v-Qb 

It 


T A = 0.00 MPa 


x B = -24.00 MPa 


In-plane Principal Stress: 

At A: cr xA := c> A c> yA := 


0 


T xy T A 


Since no shear stress acts unon the element, 
a Al : = a yA 


a A2 a xA 


a Al = OMPa 
a^2 - -192 MPa 


Ans 

Ans 


T\ 


Z* 


a A = -192.00 MPa 
a B = OMPa 


200 mm 



100 mm 


__ f 

100 mm 


30 mm | 

40 mm 10 mm 
50 mm 

Ih-H 

30 mm |~U 

T -í|> 

25 mm 


_ _ 100 mm 
-—50 mm I 










m 


w 















I ííí rtfc 




IfZMpk 

.1 


6 




V 


Fato* À 













































At B: 


AtB: G xB :=G B G yB := 0 T xy : 

= T B 

fj _ G x+^ y+ I 

lí cr x -a y ' 

2 

+ T xy 

12 2 ] 

2 J 

G B 1 := _T xy 

G B2 := T xy 

qbi = 24 MPa 
ag 2 - -24 MPa 

Ans 

Ans 


Orientation of Principal Plane: Applying Eq. 9-4 for point B , 

2 xg j 

tan(20 ) =- 0 := -(90deg) 0' := 0„ - 90deg 

V P/ G xB _ G yB P 2 P P 

0 p = 45 deg 0'p = -45 deg 

Use Eq. 9-1 to determine the principal plane of Cj and c 2 . 

a xB + c yB G xB“ G yB , s , s 

G x'_B : = -j- + -2- cos ( 20 p) + T B- Sin l 20 p) 

c> x i g = -24.00 MPa 

Therefore, 0pj := 0'p 

V e p 


0pl = -45.00 deg Ans 

0p2 “ 45.00 deg Ans 










Problem 9-23 


Solve Prob. 9-22 for points C and D. 

Given: h := 50mm t := 30mm P := 40kN 
a := lOOmm b := 200mm := 10mm 

Solution: L := 3a + b 
Support Reactions: 

Ç+ I.M e = 0; P-(2a) - R L = 0 

9P. o 

R:=- R = 16kN 

L 

Internai Force and Moment: At Section C-D : 

+► ZF x =0; R - V = 0 V := R 

£+ SM o =0; M — R(b) = 0 M:=R(b) 



30 mm | fj^ D 

itíL- 

40 mm 10 nmi 
50 mm 

II—I 

30 mm m , 

T ü.l- 

25 mm 


fé-<3 


Section Property: 


A := h-t 

1 3 

I ;=-t-h 

12 

Qd (^D‘t)(0-5-h - 0.5-h D j 


A = 1500 mm^ 

I = 312500 mm^ 
Qj) = 6000 mm^ 




h* 




W 


Q c := 0 (since A’ = 0) 
Mc 

Normal Stress: a = - 

1 


cç := 0.5h 

CT C := 

M-c c 

a C = 

256.00 MPa 

I 

cj) := -0.5-h + hj) 

cr D := 

Mc d 

a D = 

-153.6 MPa 

I 

Shear Stress : x = 

VQ 





I-t 


v-Qc 

Tc '■= - T r = 0.00 MPa 

c It c 

v-Qd 

xj) := ^ ^ xj) = 10.24 MPa 

In-plane Principal Stress: 

AtC: CT xC :=0 CT yC := a C T xy := T C 

Since no shear stress acts unon the element, 
a Cl a yC a Cl = 256 MPa Ans 

a C2 a xC a C2 = OMPa Ans 


At D: a xD := 0 CT yD := a D T xy := T D 





IP) 


5'o-oíir"i 






Ç-âlT™ 




JJÍ M>V 


fyrnt' o 


ô 



















































CT xD + CT yD 
CT D1 := -õ- + 


CT D2 := 


CT xD + CT yD 


f \2 

a xD _ CT yD I 2 

■r^) +,D 


f \2 

a xD _ CT yD I 2 

+,D 


CT D1 


a D2 


Orientation of Principal Plane: Applying Eq. 9-4 for point D, 


tan 


( 2e p) - 


2x 


D 


a xD “ a yD 


:= — atan 

P 2 


f 


2x 


D 




ct xD _ c yD ) 


0 p = 3.797 deg 


Use Eq. 9-1 to determine the principal plane of <j { and a 2 - 
CT xD + a yD a xD - CT yD 


V D •= 


a x' D = 0-680 MPa 
Therefore, Opj := 0p 

»p2 : = 6'p 


-•cos^20pj + i£j-sin^20pj 

0pj = 3.80 deg Ans 

0 p2 = -86.20 deg Ans 


0 ' 

0 ' 


0.680 MPa Ans 

-154.28 MPa Ans 

:= 0 p - 90deg 
= -86.203 deg 

















Problem 9-24 


The grains of wood in the board make an angle of 20° with the horizontal as shown. Determine the 
normal and shear stress that act perpendicular to the grains if the board is subjected to an axial load of 


250 N. 


UnitUsed: kPa := lOOOPa 

Given: p : = 250N $ := 20deg 

h := 60mm t := 25mm 

Solution: 



P 

a Y := — a Y = 0.1667 MPa 

x h-t x 







0 := 90deg + <)> 


<v := 2 + 2 - cos ( 2e ) + T xy‘ sm ( 20 ) 

a x » = 19.50 kPa 

Ans 




a x — CJ Y 

x x y:= -sm(20) + x xy -cos(20) 

t v = 53.57 kPa 
x y 

Ans 













Problem 9-25 


The wooden block will fail if the shear stress acting along the grain is 3.85 MPa. If the normal stress 
<j x = 2.8 MPa, determine the necessary compressive stress <j y that will cause failure. 


Given: c> := 2.8MPa 

A 


x YV := OMPa 


Bgrain : = 58deg x x y := 3.85MPa 


Solution: 0 ;= 0 
Shear Stress: 


gram 


90deg 


T x’y’ " 


G X _ Gy 

-——-sin(2e) + x xy -cos( 




<Ty 


m 




e) 

i 

L 


ir T = 2.8 MPa 


T 


xy 



• sin(20) 


2x x'y' 


y •" 


sin 


(26) 


cr y = -5.767 MPa 


Ans 














Problem 9-26 


The T-beam is subjected to the distributed loading that is applied along its centerline. Determine the 
principal stresses at points A and B and show the results on elements located at each of these points. 

Given: bp:= 150mm tf := 20mm 

d w := 150mm t w := 20mm 

a := 2m 

hg := 50mm 

Solution: 


b := lm 

kN 

w := 12 — 
m 



Internai Force and Moment: At Section A-B : 
+f 2/^=0; V - w-a = 0 

ZM Ã = 0; M - w-a-(0.5a + b) = 0 

Section Property : D := d w + tf 


V := w-a 

M := w-a-(0.5a + b) 


a&uohr 

r---ri™---—, 




Í ^ 1 


0.5t 


y c • 


f(bf tf) + (0-5d w + t f )(d w -t w ) 

bftf+W 
l \ : = + ( b f t f)-( 0 - 5 t f-y c ) 2 

l 2 : = ^'Vdw + ( d w- t w)-(°- 5d w + tf - yc) 
I:=Il + I 2 

Q a := 0 (since A’ = 0) 

Qb := (bB Vjf 0 _ yc _ °-5' h B) 


y c = 52.50 mm 


y — | -|Z~J 


í'í'ÍJiSn 


p -1 

-lid 

H Ha-an* 




I = 16562500.00 mm 


Qg = 92500 mm 


Normal Stress: 

c a : = y c 


M-c 


a = 


I 


M 


’ C A 


c b : = -( D - y c - h B) 

VQ 


Shear Stress : x = 


It 


a A := 

cr B := 

T A : = 

T B : = 


I 

M-c b 

I 

v-Qa 

Ib f 

v-Qb 


152.15 MPa 

&MWU -- 




" í 


— —R_J 

-195.62 MPa 

—*■ 


fhirif A 




I-t 


T A = 0.00 MPa 


xg = 6.702 MPa 


-1 




w 


In-plane Principal Stress: 

At A: a xA := a A a yA := 0 


ftW A 


T xy T A 



Since no shear stress acts unon the element, 
a Al := a xA a Al = 152.15 MPa 


Ans 
















































CT A2 : = CT yA CT A2 = 0MPa 
At B: CT xB := a B CT yB := 0 T xy := T B 
a xB + CT yB 


Ans 


a Bl : = 


+ 


V 


CT xB “ CT yB^ 2 
T B 


) 


a xB + CT yB 


CT B2 := 


\2 

CT xB “ CT yB 1 2 

V 2 ) +TB 


cr B1 = 0.229 MPa 

c>b2 = -195.852 MPa 


Orientation of Principal Plane: Applying Eq. 9-4 forpointS, 
2t B 1 ( _2t B ^ 


tan 


( 29 p) - - 


a xB _ CT yB 


0 » := — atan 

P 2 


a xB “ a yB ) 


0p = 1.96 deg 


0'p := 0 p - 90deg 


0'p = -88.04 deg 


Ans 


Ans 


Use Eq. 9-1 to determine the principal plane of cq and a 2 . 

a xB + c yB CT xB“ CT yB , x , x 

CT x'_B : =-j- + -2- cos ( 20 p) + T B- Sin l 20 p) 

c>x' B = -194.94 MPa 

Therefore, 0pl := 0'p 0 pl = -88.04 deg Ans 


0p 2 = 1-96 deg 


0 p2 - 0 p 


Ans 

















Problem 9-27 


The bent rod has a diameter of 15 mm and is subjected to the force of 600 N. Determine the principal 
stresses and the maximum in-plane shear stress that are developed at point A and point B. Show the 
results on properly oriented elements located at the se points. 


Given: d Q := 15mm a := 50mm P := 0.6kN 

Solution: 

Internai Force and Moment: At Section A-B : 
+► ZF x =0; N - P = 0 N := P 

Qr YM 0 = 0 ; M- P-(a) = 0 M := P-a 



Section Property: 


A 2 

7T-d 0 

A := 

4 

A = 176.71 mm“ 

. 4 
7T-d 0 

I :=- 

64 

I = 2485.05 mm^ 

Normal Stress: 

N Mc 
cr. o = — ±- 

12 A 1 

C A : = °- 5d o 

N M ' c A 
° A A I 

c B := 0.5d o 

N M ' c B 
tí A I 


— 




0 - 05*1 


a A = -87.15 MPa 


-í 




Q34MP 


“Ls* 


= 93.94MPa ft*, „ 


In-plane Principal Stress: 

At A: o xA :=a A a yA := 0 x xy := 0 

Since no shear stress acts unon the element, 
a Al a yA a Al = OMPa Ans 

a A2 := a xA a A2 = -87.15 MPa Ans 

AtB: CT xB :=a B CT yB : =° T xy := ° 

Since no shear stress acts unon the element, 
a Bl ;zz: a xB a Bl = 93.94 MPa Ans 

cig 2 •— ^yB a B2 = OMPa Ans 

Maximum In-plane Shear Stress: Applying Eq. 9-7 


4&/4/K 





T A.max 


x B.max 


\ z 

a xA “ a yA 1 2 


-) + T xy 


\2 

CT xB “ CT yB I 2 

+ x^ 


J l xy 


T A. max = 4 3-6 MPa Ans 

T B. max = 47 - 0MPa Ans 












































Orientation of Plane for Maximum In-plane Shear Stress: Applying Eq. 9-6 
a xA “ a yA 
2x 


tan 


( 20 s_a) - 


xy 


tan(26 SA ) = oo e s A := 45deg 

e 's A := 0 s A - 90de g 0 's A = ~ 45 de § 


/ x ct xB “ a yB 

tan( 20 s b) = —- 


2x 


xy 


tan(20 s B ) = oo 0 S g := -45deg 

0, s B : = °s B + 90de § 9 's B = 45 de § 


By observatíon, in order to preserve equilibrium along AB, x max has to act in the 
direction shown in the figure. 

Average Normal Stress: Applying Eq. 9-8 

a xA + a yA 

a avg A - a — A = -43.57 MPa 


T avg_B • 


CT xB + CT yB 


J avg_A 


T avg_B 


= 46.97 MPa 


Ans 

Ans 

Ans 

Ans 










Problem 9-28 


The simply supported beam is subjected to the traction stress r 0 on its top surface. Determine the 
principal stresses at points A and B. 



PhjíiU A\ 


Mc P _ _yL 

/ * Ã m ' * m " j 




'PhuS, 






ffi b í + I Ans 

2dr i lí 


Poinl ff: 




W ^ i 


r,i«í 


A* 



?*=! 


Hc r (tjtoLdHKtfrZt ^WJ2 2^1 
/ + í = + M “ d 


T^Ü = Ü 


*1 


2t d L 

d 


Am 


ff| =0 Abs 



“ 3 “ 


































Problem 9-29 


The beam has a rectangular cross section and is subjected to the loadings shown. Determine the 
principal stresses and the maximum in-plane shear stress that are developed at point A and point B. 
These points are just to the left of the 10-kN load. Show the results on properly oriented elements 
located at these points. . K 


Given: b := 150mm d := 375mm 

F := 10kN P := 5kN L := 1.2m 

Solution: 

Support Reactions : By symmetry, Rj=R ; R 2 = R 
+f IF= 0; 2R - F = 0 R := 0.5F 

+► TF X =* 0; Hj - P = 0 Hj := P 

Internai Force and Moment: At Section A-B: 

+► 5^=0; Hj + N = 0 N := -Hj 

+f 2F= 0; R + V = 0 V := -R 

Ç+ Y.M 0 = 0; M - R(0.5L) = 0 M:=0.5RL 


A 187.5 m 


150 mm 


N— 5kN 

B 


T 

375 mm 


6Ü0mm étiümm 


I CN 


■ i SM 

| J G .6 VV Í C * | 

SM SM 


Section Property: 

1 3 

A := b-d I :=-b-d 

12 

Q a := 0 Q B := 0 (since A’ = 0) 


Normal Stress: 


c A := -0.5d 
cg := 0.5d 


N M-c 

a =-h- 

A T 



M ' c A 


I 



Mc b 


I 


a A = -0.942 MPa 


a B = 0.764 MPa 


vVSM 


SM r- 

SM 




r M. a 3 M.H. 



Ai rrfft 


Pâifit3 


Shear Stress : Since Qa = Qb = 0 , 
In-plane Principal Stress: 


0 T 


B 


MrHMPíi xf 




D.W 

-- n J i 


djbj-mf* 


At A: cr xA :=a A a yA := 0 x xy := 0 

Since no shear stress acts unon the element, 

CT A1 := CT yA CT A1 = 0MPa Ans 

a A2 := a xA a A2 = “0-942 MPa Ans 

AtB: CT xB :=CT B CT yB :=0 T xy := ° 

Since no shear stress acts unon the element, 
a Bl a xB a Bl “ 0.764 MPa Ans 

a B 2 := o"yB cjb 2 = OMPa Ans 










Q.WMP* 







o.mMPíi 
























Maximum In-plane Shear Stress: Applying Eq. 9-7, 


c max A 


c max B • 


í V 

a xA ~~ a yA 1 2 

- 2 - j +T xy T max_A = °- 471MPa Ans 


CT xB “ a vB^ 


yB I 2 

T max B = 0-382 MPa Ans 


V 2 ) ^ 

Orientation of Plane for Maximum In-plane Shear Stress: Applying Eq. 9-6 

tan(28 s A ).- < ’ xA ~ g y A tan(26 s A ) = OD Va : = 45 “'S a " s 

2 x xy 

0's A := A _ 90deg 0' s A = -45deg Ans 


q x b — ^yB 

tan(20 s gj =--- tan(20 s B ) = QO 0 S g := -45deg Ans 


2 x 


xy 


0’s B B + 90deg 0' s g = 45deg Ans 


By observation, in order to preserve equilibrium along AB , x max has to act in the 
direction shown in the figure. 

Average Normal Stress: Applying Eq. 9-8, 
a xA + a yA 


y avg_A • 


T avg_B • 


a xB + a yB 


a avg_A = -°* 471 MPa Ans 
a avg B = 0.382 MPa Ans 




















Problem 9-30 


The wide-flange beam is subjected to the loading shown. Determine the principal stress in the beam at 
point.4 and at point B. These points are located at the top and bottom of the web, respectively. 
Although it is not very accurate, use the shear formula to compute the shear stress. 

Given: bf := 200mm tf := lOmm 8kN/m 

t w := lOmm d w := 200mm 

P := 25kN 0 := 30deg 


a := 3m 


w := 


kN 


m 




- 1 m- 


-3 m - 


110 mm I 




Solution: 

Internai Force and Moment: At Section A-B : 


10 mm—- 
B 


ZF= 0 ; 


P-cos(e) - N = 0 N := P-cos(e) 

+f ZF y =0; V - P-sin(o) - w-a = 0 
V := P-sin(o) + w-a 

(^+HM 0 = 0 ; M - P-sin(0)-(a) - (w-a)-(0.5a) = 0 
M := P-a-sin(0) + 0.5w-a 2 
Section Property : D := d w + 2tf 
A:= b f D-(b f -t w )-d w 


25 kN 


110 nmi 
200 mm 
: 10 nmi 


200 mm 




5-5 J L 


?n)--z4b) 

—I— j 


*' g ** J h f' 




^50 
15 krí 


A = 6000 mm 


I: = A[ b f D3 -( b f-'wK 3 

( \ f D tf ^ 

Qa : = ( b r - —j 


I = 50.80 x 10 6 m 4 


= 210000 mm Qg := 


Normal Stress: 


N M-c 

a =- 1 - 

A T 




N 


M 


C A : = °- 5d w CT A : = A + j 


‘ C A 


íf‘P i<S« 


N 


M' 


c B :=-0.5d w a B :=-+ ( 


‘ C B 


cr A = 148.293 MPa 
a B = -141.077 MPa 




O-i^f 
rõfl r^n 


Shear Stress: 


T = 


v-Q 

it 

v-Qa 


xa := 


Id w 

v-Qb 


T B : = 


It. 


w 


x A = 15.09 MPa 


x B = 15.09 MPa 


tfQfMÍL 

iieiMjí 


tS-tftí&ar 




Jr 



























































In-plane Principal Stress: 


At A: 


At B: 


G xA := G A G yA := 0 T xy := T A 
G xA + CT yA 


G A1 := 


a xA _ G yA^ 2 
+,A 


G A2 := 


a xA + a yA 


í \ A 

a xA a yA I 2 

+,A 


a Al = 149.8 MPa Ans 


a^2- _ l'^2MPa Ans 


G xB := a B G yB := 0 T xy := T B 


G xB + CT yB 

G B1 := i 

G xB + CT yB 
G B2 := -õ- 


í \ 2 

g xB “ G yB l 2 

5 ') +TB 

f 

g xB “ G yB l 2 

2 ') +TB 


a Bl = l-60MPa Ans 


a^2 - -142.7 MPa Ans 






















Problem 9-31 


The shaft has a diameter d and is subjected to the loadings shown. Determine the principal stresses and 
the maximum in-plane shear stress that is developed anywhere on the surface of the shaft. 



N _ -F __4T 
a ~ I " f / 2 " Rd* 

Shtar Siress: AppLyul^ Lhe UQfSLOU íürmuEi, 

_ Tc _ T„ ( í) _ lér, 
r " j ~ jjii* a W 


ín - Flatie Principal Stresse s: , a =■ 0. ind 

nd- 7 



\ínxl tjt l: iTí fti - Plane Shgar $fresr: AppEymg Eq.^J-7. 



7, 


A 

D* 

T* % 


_i£ 

m* 

íkR 

Hd* 



Ans 























Problem 9-32 


A paper tube is formed by rolling a paper strip in a spiral and then gluing the edges together as shown. 
Determine the shear stress acting along the seam, which is at 30° from the vertical, when the tube is 
subjected to an axial force of 10 N. The paper is 1 mm thick and the tube has an outer diameter of 30 
mm. 


Unitused: kPa := lOOOPa 

Given: d Q := 30mm t := lmm 
0 := 30deg P := 10N 

Solution: 



Section Property : dj := d Q - 2t 

7i f 2 2^ 2 

A := ~(d Q - dj J A = 91.11 mm 
Normal Stress: 



a x = 109.76 kPa 


Shear stress along the seam: 




a x“ a y 


L xy •" 


•sm 


( 20 ) 


x xy -c° s (2e) 


x Y v = -47.53 kPa 
x y 



Ans 













Problem 9-33 


Solve Prob. 9-32 for the normal stress acting perpendicular to the seam. 
Unitused: kPa := lOOOPa 

Given: d Q := 30mm t := lmm 

10 b 

0 := 30deg P := 10N 

Solution: 

Section Property : dj := d Q - 2t 

n f 2 2^ 2 

A := -\d 0 - dj J A = 91.11 mm 


3CP, 

V 



30 mm 


Normal Stress: 


g y := — 
x A 


a x = 109.76 kPa 


c>y := 0 

T xy := 0 


Normal stress perpendicular to the seam: 


G X "I" Gy G x — Gy 

C> x . :=---+-- —-cos(20) + X xy -sin(20) 


G x »= 82.32kPa Ans 






10 N 














Problem 9-34 


The shaft has a diameter d and is subjected to the loadings shown. Determine the principal stresses and 
the maximum in-plane shear stress that is developed at point A. The bearings only support vertical 
reactions. 


Suppan Rraetíans: As shown oa FBO(aJ. 

Jtttamui. Fvrctr and Matutaf: M shown díi FBD(fo). 


P 



Section Frepertiei: 


d - 



4 





L_ 

2 


k 

2 


.Vttrmaí Strtssr 


N Ví 

iT~ — ± - 

A / 








4 f 2FL 

** * *í- ( d F ) 
Shêüf Sírttr: Sirtüfi Q = 0. r t = 0 


4 flFL 

In - Flane Principal S Ireis: cr — -1 —— 

‘ rfW 

= 0 líid = (0 for poin( A Srnce no shíir £trt£3 acu on üií 
ekmcíiu 


-4 


4 {2PL \ 

*' 9 °' m 7&[ ~d~ F \ An * 

<r> = C f = 0 A ns 

Maximum ín - Plane Shear Slresi: Eq.9 - 7 for 

poult A, 



F 


t 

jfl 


■plüd 



4 f 2TL 
mi 


T F ) 


ndA d ) 


-°í 


+ 0 

Ans 



























Problem 9-35 


The drill pipe has an outer diameter of 75 mm, a wall thickness of 6 mm, and a weight of 0.8 kN/m. If 
it is subjected to a torque and axial load as shown, determine (a) the principal stresses and (b) the 
maximum in-plane shear stress at a point on its surface at section a. 


15 kN 


Given: d Q := 75mm t := óinin 


L := 6m 


M v := 1.2kN*m w := 0.8 — 
x m 


P := 7.5kN 

Solution: 

Internai Force and Moment: At section a: 

N := -P-wL 

2M X =0; T - M = 0 


kN 


1.2 kN m 


ZF X = 0; N + P + wL=0 


Section Property : dj := d Q - 2t 


A := — d 


Normal Stress: 


Shear Stress . 


N 

a := — 
A 


c := 0.5d, 


Tc 


o 


T := 


T:=M X 

J := “ di 
a = -9.457 MPa 

x = 28.850 MPa 



a) In-plane Principal Stresses: 


a x := 0 


y •" 


l xy • 


for any point on the shaffs surface. Applying Eq. 9-5, 


CT x + G y 

í G x a y} 2 


°> := 2 + 

2 J + V 

aj = 24.51 MPa 


°2 : = 


°x + a y 


°x °y} 2 

~2~, ) +Tx y 




Ans 


= -33.96 MPa Ans 


b) Maximum In-plane Shear Stress: Applying Eq. 9-7, 


I 

(°x CT y^ 2 


T max • / 

2 ) + V 

T max = 29.24 MPa 


T 

[ *M2..5K4 

cjpTH.Í Ha 




I t 

l 



































Problem 9-36 


The internai loadings at a section of the beam are shown. Determine the principal stresses at point^. 
Also compute the maximum in-plane shear stress at this point. 


Given: bp := 200mm 


t w := 50mm 
P x := -500kN 
P y := -800kN 


tp := 50mm 
d w := 200mm 
M y := -30kN-m 
M z := 40kN*m 


50 mm 


Solution: 

Section Property : D := d w + 2tp 
A:= b f D-(b f -t w )-d w 


A = 30000 mm' 


I 7 := — 
z 12 


bf - |bf - t w j-d w ^ I z = 350.00 x 10 ^m 



V := 7^{ 2 t f b f 3 + d w' t w 3 
Q a := 0 (since A’ = 0) 


Iy = 68.75 x 10 6 m 4 


500 tN 


Normal Stress: y A ;= 0.5D 

P x 

CT A : = V - 


za := 0.5bf 


M z -y A ^ M y -z A 


CT A = 


= -77.446 MPa 


Shear Stress : Since Q A = 0, 

In-plane Principal Stress: 

o v :=o A := 0 


t a := 0 


T xy := 0 


x •- CT A ~y • 

Since no shear stress acts unon the element, 
aj := a y a l = OMPa 

77.45 MPa 


a 2 := 


a 2 


Ans 

Ans 


-j 




Maximum In-plane Shear Stress: Applying Eq. 9-7, 


I 

í CT x CT y^ 2 


T max • / 

2 ) + V 

T max = 38.72 MPa 


















Problem 9-37 


Solve Prob. 9-36 forpointi?. 

Given: bf := 200mm tf := 50mm 

t w := 50mm d w := 200mm 

P Y := -500kN M v := -30kN-m 

x y 

P y := -800kN M z := 40kN-m 

Solution: 

Section Property : D := d w + 2tf 
A:= b f D-(b f -t w )-d w 

.3 /, \ , 3 


50 min 



A = 30000 mm 


'y : = 7^{ 2t f b f 3 +d w' t w 3 
Qg := 0 (since A’ = 0) 


„-6 4 


í z := ^{bf:D 3 - (b f - t w )-d w 3 ] I z = 350.00 x 10 6 m' 


Iy = 68.75 x 10 6 m 4 


TI 

4CltN-m 



500 tN 


Normal Stress: y B ;= -0.5D z B := -0.5bf 
a B : = 


p x M z 


•YB M y' z B 


L 


+ 


L 


a B = 44.113 MPa 


Shear Stress : Since Q B = 0, xg := 0 


In-plane Principal Stress: 


CT X := °b 


c>y := 0 


T xy := 0 


Since no shear stress acts unon the element, 
çj i := a x aj = 44.113 MPa 

a 2 := a y a 2 = 0.00 MPa 


Ans 

Ans 


Maximum In-plane Shear Stress: Applying Eq. 9-7, 


l max • 


44 // 


\f x2 

çt — <r \ n 


/ x y i 2 

1 2 J + V 

T max = 22.06 MPa 


Ans 















Problem 9-38 


Solve Prob. 9-36 for point C, located in the center on the bottom of the web. 

Given: bf := 200mm tf := 50mm 

t w := 50mm d w := 200imn 

P Y := -500kN M v := -30kN-m 

x y 

P w := -800kN ]VL := 40kN-m 


50 mm 


Solution: 

Section Property : D := d w + 2tf 
A:= b f D-(b f -t w )-d w 



50 nmi 


A = 30000 mm 


.40 kNm 


500 


30 kN-m, 


l z := —Ti 
z 12 L 


bf - |bf-t w j-d w ' í I z = 350.00 x 10 d m 4 
3 


800 kN 


'y := ~j~2 v 2t f b f +d wV 
/ vfü 

Qc : = (bft f )|y--^ 


I y = 68.75 X 10 6 m 4 


Qq = 1250000mm 
Normal Stress: := -0.5d w zq := 0 


M, 


CT C : = 


z -y c M y -z c 


L 


+ 


L 


a c = -5.238 MPa 


Shear Stress, 


T = 


v-Q 

it 

P yQc 


^z'^w 

In-plane Principal Stress: 

°x : = a C CT y := 0 T xy := T C 


-57.14 MPa 


57/4 


°x + °y 

(°x a y^ 2 


°1=- 2 + J 

2 ) + V 

ctj = 54.58 MPa 


Ans 


°x + °y 

f G x a y^ 2 


02 := 2 -J 

2 J + V 

c >2 = -59.82 MPa 


Maximum In-plane Shear Stress: Applying Eq. 9-7, 


I 

r-x CT y^ 2 


T max • / 

2 J + V 

T max = 57.20 MPa 






























Problem 9-39 


The wide-flange beam is subjected to the 50-kN force. Determine the principal stresses in the beam at 
point^ located on the web at the bottom of the upper flange. Although it is not very accurate, use the 
shear formula to calculate the shear stress. 


Given: bf := 200mm tp := 12mm 

t w := lOmm d w := 250mm 
P := 50kN a := 3m 

Solution: 

Internai Force and Moment: At Section A-B : 
+f 2 ^= 0 ; v-p =0 V := P 

Qr YM 0 = 0; M - P- (a) = 0 M := P- a 


-1 m- 


- 3 ni - 



E , 


250 mm 


Section Pwperty : D := d w + 2tf 
A:= b f D-(b f -t w )-d w 




12 L 


bf D 


( b f- twj-V 


í \ í D tf ^ 

QA : = ( b f j 


Normal Stress: 


Mc 


a = 


2ÜÜ nmi 


A = 7300 mm 


I = 95.45 x 10 6 m 4 


Q a = 314400 mm 






C 


•if 






50 kN 




C A := °- 5d w CT A := 


m -c a 


a A = 196.435 MPa 


Shear Stress , 


T = 


v-Q 

it 

v-Qa 

t*:=- 

A bt w 

In-plane Principal Stress: 


t a = 16.47 MPa 


—1| A |^****** 


a x ’ a A a y : ® T xy : T A 


°x + °y 

f a x CT y^ 2 


° 1 =- 2 + J 

2 J + V 

ctj = 197.81 MPa 


CT x + G y 

f G x CT y^ 2 


"2 : = 2 ~ 

2 J + V 

c >2 = -1.37 MPa 


Ans 


Ans 

































Problem 9-40 


Solve Prob. 9-39 for point B located on the web at the top of the bottom flange. 
Given: bp := 200mm tf := 12mm 

t w := lOmm d w := 250mm 
P := 50kN a := 3m 

Solution: 

Internai Force and Moment: At Section A-B : 


■*—1 m- 


-3 ni - 


i-t ^F= 0; v-p=0 V := P 

Qr YM 0 = 0; M - P (a) = 0 M := P- a 

Section Pwperty : D := d w + 2tf 
A:= b f D-(b f -t w )-d w 





250 mm 


200 mm 


A = 7300 mm 


1 ' 12 


b f D 3 - (b f - t w )-d w 3 


/ 7d 

QB : = ( b ft f )|y--^ 


Normal Stress: a = 


M-c 


M-c b 

c B := -0.5d w a B := —— 


erg = -196.435 MPa 


Shear Stress, 


T = 


VQ 


50 kN 

1 





T B := 


It 

v-Qb 


■=— 

-[| [j- f$i 


It 


w 


x B = 16.47 MPa 


In-plane Principal Stress: 


G x := a B CT y := 0 T xy := T B 


o x +a 

f G x a y^ 2 


2 + 

2 J + V 

ctj = 1.37 MPa 


CT x + G y 

f G x a y^ 2 


"2 : = 2 ^ 

2 J + V 

a 2 = -197.81 MPa 


Ans 


Ans 



































Problem 9-41 


The bolt is fixed to its support at C. If a force of 90 N is applied to the wrench to tighten it, determine 
the principal stresses developed in the bolt shank at point aE Represent the results on an element located 
at this point The shank has a diameter of 6 mm. 

Given: d Q := 6mm a := 150mm L := 50mm 

P := 90N C 

Solution: 

Internai Force and Moment : At section AB: 


M y := PT 

A 

T y := P-a 

Section Pwperty: 

n a K A 

I := — d n J :=-d n 

64 ° 32 ° 



Normal Stress: 


Shear Stress, 


g a := 


M x' c A 


T y‘ c A 


C A := °- 5d o 
a A = 212.21 MPa 

x A = 318.31 MPa 




In-plane Principal Stresses: Applying Eq. 9-5, 

Ty := 0 T xy := 


°x : °A °y : 0 T xy : T A 


é 


CT x + CT y 

f a x CT y^ 2 


°*=- 2 + J 

2 j +T *y 

ctj = 441.63 MPa 


CT x + CT y 

f G x CT y^ 2 


02 := 2 -J 

2 J + V 

a 2 = -229.42 MPa 


Orientation of Principal Stress: 

2 t\ 


tan 


(“d - 


xy 


a x “ a y 


0 » := — atan 
P 2 


r 2x ^ 

L xy I 


J y J 


0 p = 35.783 deg 
Use Eq. 9-1 to determine the principal plane of <j { and a 2 . 


9'p := 6p - 90deg 
0'p = -54.217 deg 


»( 20 p) + T xy sin ( 20 p) 


CT X + C7 CT X - CT 

ct x i := ---1---cos|2y„| + T v ,,-sm| 


cr x , = 441.63 MPa 


90 N 







Therefore, 0pj := 0 D 0 nl = 35.78 deg 


Pl 


Ans 


























Problem 9-42 


Solve Prob. 9-41 forpointi?. 

Given: d Q := 6mm a := 150mm L := 50mm 

P := 90N 

Solution: 

Internai Force and Moment: At section AB: 
M y := P L 
T y := Pa 

V Z :=P 

Section Property : r Q := 0.5d Q 


I 71 A 4 

I :=-d n 

64 ° 


4r 

Qb := 17 


T n A 4 

J := — cL 


32 


:-i' • 


2 J 


Normal Stress. 


: c Ba := 0 a B := 


M x' c Ba 


Shear Stress , 


b B := d o c Bx : = r o 

V zQb T y' c Bx 
TB ^ — 

In-plane Principal Stresses: Applying Eq. 9-5, 
°x : = °B °y := 0 T xy := T B 




x B = -314.07 MPa 



°x + °y 

f°x CT y^ 2 


2 + J 

J ^ 

2 J + V 

ctj = 314.07 MPa 


°2 : = 


°x + °y 


ff x °yl 2 


1 2 J + V 

a 2 = -314.07 MPa 


Orientation of Principal Stress: 

tanÍ20 D ] = -— tan(20 p ) 

' (T — (T 

0 p2 := °pl 


= 00 

- 90deg 


0pl := 45deg Ans 
0 p2 = -45 deg Ans 
























Problem 9-43 


The beam has a rectangular cross section and is subjected to the loadings shown. Determine the 
principal stresses that are developed at point A and point B , which are located just to the left of the 
20-kN load. Show the results on elements located at these points. 

20 kN 

I 100 mm 

o Tb jjg^l£Í N Bn = Fl 00[imi 


Given: b := lOOmm 
F := 20kN 
L := 4m 

Solution: 


d := 200mm 
P := 10kN 


■V 


■ 2 m - 


_100 mm 

K.. 

50 mm 50 mm 


Support Reactions : By symmetry, R,=R ; R 2 = R 


tZCM 3 


+T 

II 

O 

2R - F = 0 

R := 

= 0.5F 

+ 

II 

o 

X 

1 

hd 

II 

o 

H 1 

:= P 

Internai Force and Moment: At Section A-B : 

+ 

II 

o 

Hj + N= 0 


N := -Hj 

4 

II 

o 

R + V = 0 


< 

lí 

1 

X 

C* 

^M 0 —0 ; 

M - R-(0.5L) 

= 0 

M := 0.5R L 


tÕ-0 kt) 


F 


/Otd 




?-■ m 




1 






QM 


Section Property: 

1 3 

A := b-d I :=-b-d 

12 


y=f0'O kA 


i4f Aj ' y 

_J 1 


!Q 0 


(tj 


Q a := 0 (since A' = 0) 
Normal Stress: 


Q b := b (0.5d)-(0.25d) 


N M-c 

G =-1- 

A I 


í =c-s 


7 


:= -0.5d 

C B := 0 

Shear Stress: 
Since Q A = 0, 

v-Qb 


N 

a A : = - + 


M 


C A 


0 \rr. 


o-lnn 


4 m 


N 

cr B : = — + 


A I 

M-c b 
A I 


= -30.5 MPa 


ag = -0.5 MPa 


_ 


:= 0 


JííWík. 


o Jse&ft 


C B 


Ib 


Xg = -0.75 MPa 


fbtnf A 


Ps/fíjB 


In-plane Principal Stress: Applying Eq. 9-5 

AtA: CT xA :=CT A CT yA :=0 T xy := 0 

Since no shear stress acts unon the element, 
a Al := a yA a Al = OMPa Ans 

a A2 := a xA a A2 = “30.50 MPa Ans 


JO-íTMfeL 



At B: CT xB := a B CT yB := 0 T xy := T B 










































CT B1 := 


Ans 


CT B2 := 


CT xB + CT yB 


CT xB + CT yB 


f x2 


ct xB “ CT yB^ 2 

v 2 ■; +TB 


/ 


ct xB “ CT yB^ 2 

v 2 ■; +TB 


a B1 = 0.541 MPa 


a^2 - -1-041 MPa 


Orientation of Principal Plane: Applying Eq. 9-4 for point B , 


tan 


(Mj - 


2 x 


B 


J xB “ a yB 


0 ~ := — atan 

P 2 


f 


2t 


B 




a xB _ CT yB ) 


0'p := 0p - 90deg 

Use Eq. 9-1 to determine the principal plane of <j { and a 2 - 
CT xB + CT yB CT xB “ CT yB 


0 p = 35.783 deg 


0'p = -54.217 deg 


V B •= 


c> x i g = -1.04 MPa 
Therefore, 0pj := 0'p 
V : = 8p 


-•cos^20pj + xg-sin^20pj 

0pj = -54.22 deg Ans 

0 p2 = 35.78 deg Ans 


Ans 

















Problem 9-44 


The solid propeller shaft on a ship extends outward from the hull. During operation it turns at co = 15 
rad/s when the engine develops 900 kW of power. This causes athrust of F = 1.23 MN on the shaft. 
If the shaft has an outer diameter of 250 mm, determine the principal stresses at any point located on 
the surface of the shaft. 


Given: d Q 

:= 250mm 

L 

:= 0.75m 

rad 

F : 

= 1230kN 

P 

:= 900kW 

co := 15- 


s 

Solution: 

Internai Force and Moment: As shown on FBD 


P 

T 0 := — T q = 60.00 kN-m 

co 


N := -F 

Section Property: 

A 2 

7T-d 0 

A :=- 

4 

. 4 
7T-d 0 

J :=- 

32 


A = 49087.39 mm 2 
J= 383495196.97 mm 4 




Normal Stress: 
N 



Shear Stress: 

Tq' c max 


cr a = -25.06 MPa 

c max -= 0-5 d 0 
x 0 = 19.56 MPa 


ZZOé* i&J 


In-plane Principal Stresses: Applying Eq. 9-5, 



T xy ’ T o 


ai := 


a 2 : = 


°x + °y 


+ 


°x + °y 


2 



2 ) 


2 ) 



2 


+ x 


xy 


CTj = 10.70 MPa Ans 


c >2 = -35.75 MPa Ans 



















Problem 9-45 


The solid propeller shaft on a ship extends outward from the hull. During operation it turns at co = 15 
rad/s when the engine develops 900 kW of power. This causes athrust of F = 1.23 MN on the shaft. 
If the shaft has a diameter of 250 mm, determine the maximum in-plane shear stress at any point 
located on the surface of the shaft. 


Given: d Q 

:= 250mm 

L 

:= 0.75m 

rad 

F : 

= 1230kN 

P 

:= 900kW 

co := 15- 


s 

Solution: 

Internai Force and Moment: As shown on FBD 


P 

T 0 := — T q = 60.00 kN-m 

co 




Normal Stress: 
N 



Shear Stress: 

V c max 


a a = -25.06 MPa 

c max *“ 0.5-d 0 
x 0 = 19.56 MPa 




Maximum In-plane Shear Stress: Applying Eq. 9-7 
a x := a a a y ® T xy := T o 


j 

f2 


T max • / 

2 j +T *y 

T max 23.2 MPa 










Problem 9-46 


The Steel pipe has an inner diameter of 68mm and an outer diameter of 75 mm. If it is fixed at C and 
subjected to the horizontal 100-N force acting on the handle of the pipe wrench at its end, determine 
the principal stresses in the pipe at point A which is located on the surface of the pipe. 



In-plane Principal Stresses: Applying Eq. 9-5, 
a x := a A a z 0 T xz T A 


a x + a z 


cji := 


+ 


CT x - a zV 


j + T xz 


ctj = 0.863 MPa 



CT X + CT Z 


°2 : = 


CT x - a zV 


►O.WSMFd 


j + T xz 




= -0.863 MPa Ans 
































Problem 9-47 


Solve Prob. 9-46 for point B , which is located on the surface of the pipe. 


100 N 



x B = -1.117MPa 


In-plane Principal Stresses: Applying Eq. 9-5, 

T xz “ t B 




a x := a B 


a z := 0 





-tPHf- 


[JUiMífc 


a x + a z I 

\ G x - CT z^l 2 2 


01 := 2 + 

1 2 I -XZ 

CTj = 2.385 MPa 


°2 := 


a x + G z 


CT x °z 1 2 


2 ) 

c >2 = -0.523 MPa 



























Problem 9-48 


The cantilevered beam is subjected to the load at its end. Determine the principal stresses in the beam at 
points A and B. 

Given: b := 120mm h := 150mm P := 15kN 
yA := 45mm zj^ := 60mm _ -4 

^0 c 

YB := 75mm z B := - 20 mm J 

Solution: 

Internai Force and Moment: At Section A-B : 


0 ; 

-f SF = 0; 


v z + p- z e = o 

Y y + P-y 0 = 0 


V 


Section Property: 

T 1 1 .3 

I 7 := —b h 

z 12 

T 1 t .3 

I,, := —h b 

y i2 


V z :=-Pz e 
Py e 
M z := P-y e -L 
M y := -P-Z 0 -L 


I z = 33.75 x 10 6 m 4 


I = 21.60 x 10 6 m 4 



Q A .y := b-(0.5h - y A )-[y A + 0.5(0.5h - y A )] 

Qb z := h-|0.5b - | z b|)'[| z b| + 0-5^0.5b - | z b|)] Qb z = 240000mm^ 


Q a z := 0 (since A' = 0) 
Qb y := 0 (since A' = 0) 

Normal Stress: 

M z 7 a M y' z A 

a a :=-+- 

l z l y 

z *Yb M y - z b 


V —r C3 3^1 Tü Piíift 

j ipT _jpotfi" 

[__\ Wír* 


■U T 1 


a B : = 


l z 1 


a A = -10.8 MPa 
a B = 42.0 MPa 


t / 


y 


Í ú.Qjfjn- 






Shear Stress : x = 


Ta := 


X B 


VyQ A . } 

V b 

V z- Qb.z 
I yh 


y 

v-Q 

it 


x A = 0.640 MPa 


x B = -0.667 MPa 


L -* 4 : 






±-, O bWt+fa. 




In-plane Principal Stress: Applying Eq. 9-5 
AtA: CT xA :=CT A CT yA :=0 T xy := 0 




































CT A1 := 


Ans 


CT A2 

At B: 

CT B1 

CT B2 


CT xA + a yA 


í \ 2 

a xA CT yA I 2 

' T A 


2 J 


+ 


a xA + a yA 


f \2 

a xA CT yA I 2 
' T A 


2 J 


+ 


c>ai = 0.0378 MPa 


c>^2 = -10.84 MPa Ans 


CT xB := a B a zB := 0 T xz := T B 
CT xB + a zB 


ct xB “ ct zB^ 
. 2 ) 


C B 


CT xB + CT zB 


ct xB “ ct zB^ 
. 2 ) 


C B 


a Bl = 42.01 MPa Ans 


a^2 - -0.0106 MPa Ans 






















Problem 9-49 


The box beam is subjected to the loading shown. Determine the principal stresses in the beam at points 
A and B. 


4kN 


6 ItN 


Given: b Q := 200mm bj := 150mm 
d Q := 200 mm dj := 150mm 
L j := 0.9m L 2 := 1.5m 


1 


4kN 


6 kN 


Solution: L := Lj + 2 L 2 
Support Reactions: Given 

+t ^ y =0; r 1 + r 2 - Pi -P 2 = 0 

Ç+Y.M r2 =0; P r L-R r (L-L 1 ) + P 2 -L 2 = 0,b.9_|9 

Guess Rj := lkN R 2 := lkN 

, , f R T 

, : = Find ( R R R 2 ) 


J 

1 

. J? ^ 

—1 

—ü.9m^0.75m^ 

^0.75 m-j 

--1.5 m-- 


150 mm 
A H 


150 


B 


200 mm 


200 mm 


l 2j 



Internai Force and Moment: At section A-B: 
N := 0 


V := Pj - 

- R i 


M:= P r i 

(L 1+ 0.5L 2 )-R r 

( 0 . 51 . 2 ) 

Section Property: 


' - ir( 

b o' d o 3 - b i' d i 3 ) 


Qa : =° 

Qg := 0 (SinceJ-0) 

For point^4: 

X A := 0 


C A := °-5 d o 

M-c a 

CT A ’ = I 

a A = 0.494 MPa 

°\ := CT A 

CTj = 0.494 MPa 

Ans 

a 2 := 0 

a 2 = 0.000 MPa 

Ans 

For pointi?: 

X B := 0 


cg := -0.5-dj 

M-c b 

CT B = i 

cjg = -0.37 MPa 

:= 0 

aj = 0.000 MPa 

Ans 

a 2 := a B 

<j 2 = -0.370 MPa Ans 






é 


£*IM 


T j I 


[.Efc 




l,ÍN 


ti 


. 2 - 

ui ^ rt 'GA* H.ft 


D.ÍSh 


-*■— | A | —■* ® 

HJH 




,I?MFp l 





































Problem 9-50 


A bar has a circular cross section with a diameter of 25 mm. It is subjected to a torque and a bending 
moment. At the point of maximum bending stress the principal stresses are 140 MPa and -70 MPa. 
Determine the torque and the bending moment. 

Given: d Q := 6mm 

çj ] := 140MPa a 2 := -70MPa 

Solution: 

In-plane Principal Stresses : Applying Eq. 9-5, 

Given <jy := 0 


a x + a y 

ai = -+ 

1 o 


í V 

a x a y l 2 

j 


(i) 


°2 = 


°x + °y 


í V 

a x °y I 2 

J +V 


( 2 ) 



Solving Eqs. (1) and (2): 

Guess c> x := 2MPa x X y := IMPa 


'O 

v T xy J 


/ \ 

''O ' 

{ a x ?T xyj 



( 70.00^| 
v 98.99 J 


MPa 


Section Property : r Q := 0.5d Q 


l:=--d 0 4 

64 ° 


t n a 4 

J := — d„ 
32 ° 


Normal Stress: <j = 


Mc 


c := v n 


M := 


Gx-Í 


M = 1.484 N-m 


Ans 


Shear Stress: 


Tc 


T = 


c := r n 


T := 


T xy‘^ 


T = 4.199 N-m Ans 


























Problem 9-51 


The internai loadings at a section of the beam consist of an axial force of 500 N, a shear force of 800 
N, and two moment components of 30 N*m and 40 N*m. Determine the principal stresses at point A. 
Also calculate the maximum in-plane shear stress at this point. 


UnitUsed: kPa := 1000Pa 

Given: b := lOOmm h := 200mm P 
:= lOOmm := Omm 


x • 


0.5kN 


P y := 0.8kN 


M y := -0.04kN-m 

Solution: 

Section Property: 


M, 


z * 


0.03 kN-m 


A : 

:= bh 

A = 

20000 mm 2 


1 3 


-6 

4 

:= —bh 

4 = 

66.67 x 10 

z 

12 

Z 



1 , , 3 


-6 

4 

:= —hb 

4 = 

16.67 x 10 

y 

12 

y 



m 


m 


Qa.y • 

Normal Stress. 
P x 

ct a := T _ 


0 (since A’ = 0) 


M z‘YA M y' z A 



40 N-in 


i. 9-51/52/53 


80 ÜN 




L 


L 


a A 


-20.0 kPa 


Shear Stress : Since Q A = 0, x A := 0 

In-plane Principal Stress: 

a x := a A a y ® T xy ® 
Since no shear stress acts unon the element, 
aj := a y G l = OkPa Ans 

G 2 := a x G 2 = _ 20kPa Ans 


Maximum In-plane Shear Stress: Applying Eq. 9-7, 


I 

(°x 2 

T max • / 

2 1 +T xy T max =10kPa 


Ans 













Problem 9-52 


The internai loadings at a section of the beam consist of an axial force of 500 N, a shear force of 800 
N, and two moment components of 30 N*m and 40 N*m. Determine the principal stresses at point B. 
Also calculate the maximum in-plane shear stress at this point. 

UnitUsed: kPa := 1000Pa 


Given: b := lOOmm 

h := 200mm P := 0.5kN 

A 

yg := Omm 

z B := -5Omm P := 0.8kN 

M := -0.04kN-m M z := 0.03kN-m 

Solution: 


Section Property: 


A := b-h 

A = 20000 mm 2 

1 3 

I ;=-b-r 

z 12 

I z = 66.67 x 10 -6 m 4 

T 1 t .3 

I v := —h-b 

y i2 

Iy = 16.67 x 10“ 6 m 4 


Q B y := b-(0.5h)-(0.25h) 

Normal Stress: 

P x M z-yB M y' z B 

°b := -r - 



L 


+ ' 


L 


a B = 145.0 kPa 






50ÜN 


Shear Stress: 

P y'QB.y 


C B 


I z ‘ b 


x B = 60.00 kPa 


In-plane Principal Stress: 


a xB := a B 


a Bl 


a B2 



l max • 



a Bl = 166.6 kPa 


a B2 


-21.61 kPa 


Ans 


Ans 


Maximum In-plane Shear Stress: Applying Eq. 9-7, 

= 94.11 kPa Ans 


"max 


























Problem 9-53 


The internai loadings at a section of the beam consist of an axial force of 500 N, a shear force of 800 
N, and two moment components of 30 N*m and 40 N*m. Determine the principal stresses at point C. 
Also calculate the maximum in-plane shear stress at this point. 

UnitUsed: kPa := 1000Pa 


Given: b := lOOmm 

h := 200mm P Y := 0.5kN 

A 

y^ := -50mm 

zç := Omm P := 0.8kN 

M := -0.04kN-m M z := 0.03 kN-m 

Solution: 


Section Property: 


A := b-h 

A = 20000 mm 2 

1 3 

I ;= -b-r 

z 12 

I z = 66.67 x 10 _6 m 4 

T 1 t .3 

I v := —hb 

y i2 

Iy = 16.67 x 10“ 6 m 4 



40 Nm 


i. 9-51/52/53 


800 N 


Qc.y := b-(0.5h - |yc|)f|yc| + 0.5(0.5h - |y c |)] Q Cy = 375000mm 3 


Normal Stress: 

P x M z-yc M y' z C 
CT c : =-r 


L 


L 


a c = 47.5 kPa 


Shear Stress: 

P y'Qc.y 

tc:= ^ 


Tç = 45.00 kPa 


In-plane Principal Stress: 


a xC := a C 


T yC 


o 


T xy ’ X C 


CT C1 := 


CT C2 := 


CT xC + CT yC 


CT xC + CT yC 


CT xC “ CT yC^ 2 

-i + tr 

2 ) c 


CT xC “ CT yC^ 2 


) 


+ T 


c 


g C i = 74.63 kPa 

<jç2 - -27.13 kPa 


Ans 


Ans 


Maximum In-plane Shear Stress: Applying Eq. 9-7, 

= 50.88 kPa Ans 


l max • 


CT xC “ a yC^ 2 

2 ) +Tx y 


l max 


500 N 






















Problem 9-54 


The beam has a rectangular cross section and is subjected to the loads shown. Write a Computer 
program that can be used to determine the principal stresses at points A, B, C, and D. Show an 
application of the program using the values h = 300 mm, b = 200 mm, N x = 2 kN, V y = 1.5 kN, V z = 0, 

M y = 0, and M z = -225 kNm 






Problem 9-55 


The member has a rectangular cross section and is subjected to the loading shown. Write a Computer 
program that can be used to determine the principal stresses at points A, B , and C. Show an application 
of the program using the values b = 150 mm, h = 200 mm, P = 1.5 kN, x = 15 mm, z = -50 mm, V x = 

300 N, and V z = 600 N. 


V 






Problem 9-56 


Solve Prob. 9-4 using Mohr’s circle. 

Given: <j ;= -0.650MPa a v := 0.400MPa 

x y 

:= 60deg x X y := OMPa 

Solution: 0 : = 90deg 0 = 30.00 deg 

Center: 


g c := 


a x + a y 


a c = -0.125 MPa 


Radius: 



650kP; 


R := |g x - a c | R = 0.525 MPa 

Coordinates: 

A (cr x ,°) B(cr y ,0) C(c> c ,0) 
Stresses: 

a x’ := a C ” R* COS ( 20 ) 
x x y := R- sin(20) 



Ans 

Ans 


a x . = -0.387 MPa 
t v = 0.455 MPa 

X y 















Problem 9-57 



Stresses: 


a x’ := a c ” R cos(a) 

a x » = -4.052 MPa 

Ans 

if.05MFíi 

\ _ 

x x y := -R-sin(a) 

x Y f v » = -0.404 MPa 
x y 

Ans 


























Problem 9-58 


Solve Prob. 9-3 using Mohr’s circle. 

Given: <j ;= 0.350MPa a v := -0.200MPa 

x y 

:= 50deg x X y := OMPa 

Solution: 0 : = 90deg + §' 0 = 140 deg 

Center: 

a x + a y 

G r := - G r = 0.075 MPa 

e ^ o 



350 kPa 


Radius: 

R := J(® x ~ <^ c ) 2 + ^ X y 2 R = 0.275 MPa 
Coordinates: 

a (ct x ,o) c(ct c ,o) 

Angles: 

a := 360deg - 20 a = 80 deg 

Stresses: (represented by coordinates of point P) 
g x ' := g c + Rcos(a) a x » = 0.123 MPa 

x x y := R-sin(a) x x y = 0.271 MPa 



Ans 

Ans 
























Problem 9-59 


300 tPa 


Solve Prob. 9-10 using Mohr’s circle. 

Given: <j := OMPa g v := -0.300MPa 

x y 

0 := 30deg x xy := 0.950MPa 

Solution: 

Center: 

a x + a y 

o r :=- a P = -0.15 MPa 

e ^ o 


950 kPa 


1 


Radius: 



Angles: 


(|> := atan 


T xy ^ 


V a x a c y 


a := 20 — 4> 



Stresses: 

a x’ := a c + R' cos ( a ) 
ay := a c - Rcos(a) 

x x y := -R-sin(a) 






a x' = 

0.748 MPa 

Ans ^ 


G y' = 

-1.048 MPa 

Ans 

msm 

T x y : 

= 0.345 MPa 

Ans 




















Problem 9-60 


Solve Prob. 9-6 using Mohr’s circle. 

Given: a x := 90MPa := 50MPa T xy := -35MPa 
:= 60deg 

Solution: 

Center: 


a c := 


a x + a y 


a c = 70MPa 



Radius: 

R:= 


a x a c 


,2 2 
I + T xy 


Angles: 0 : = 90deg - f 


()) := atan 


T xy ^ 


V c x- CT cj 


a : 


:= 180deg - (20 - c|>) 


R = 40.311 MPa 


4 = -60.255 deg 
a = 59.745 deg 


Stresses: 

a x' := a c ” R-cos(a) a x » = 49.689 MPa Ans 


x x y := -R-sin(a) 


T , , zz -34.821 MPa Ans 
x y 


\ 


/sr, 












Problem 9-61 


Solve Prob. 9-11 using Mohr’s circle. 


Given: <j -= 0.300MPa 

A 

0 := -60deg 

Solution: 

Center: 


a x + a y 


'c * 


Gy := OMPa 

x YV := 0.120MPa 
xy 


a c = 0.15 MPa 


Radius: 

R:= 


a x a c 


r 


xy 


R = 0.1921 MPa 


Coordinates: 

A ( CT x ,T xy) C(a c ,0) 


Angles: 


:= atan 


xy 




CT x- a c ) 


()) = 38.660 deg 


a := 180deg + 20 - 4> 


a = 21.340 deg 


Stresses: (represented by coordinates of points P and Q) 


a x' a c ” R*cos(a) 
Gy := g c + R-cos(a) 
x x y := R-sin(a) 


a x » = -0.0289 MPa Ans 


ay = 0.329 MPa 


T x y 


Ans 

0.0699 MPa Ans 



300 k Pa 





















Problem 9-62 


Solve Prob. 9-13 using Mohr’s circle. 

Given: a x := 45MPa := -60MPa x X y := 30MPa 

Solution: 

Center: 

a x + a 

a P :=- a P = -7.5 MPa 

e 2 c 


Radius: 



R = 60.467 MPa 


Coordinates: 

A K’ T xy) C K’°) 

Stresses: 

ai a c + R a l“ 52.97 MPa 


a 2 := a c “ R 
T max R 
a avg *“ a c 



Angles: 


0 p l := - atan 


xy 


a x“ a c 


= 14.872 deg (Counter-clockwise) 


Ans 

Ans 

Ans 

Ans 


Ans 


20 s i = 90deg - 20pj 
0 sl : = 45deg-0 pl 

9 S 1 zz 30.128 deg (Clockwise) Ans 


6Ü MPa 


30 MPa 



irf.umê*. 



























Problem 9-63 


Solve Prob. 9-14 using Mohr’s circle. 

Given: a x := 180MPa := OMPa x X y := -150MPa 

Solution: 

Center: 

a x + a 

G r := - G r = 90MPa 

e 2 c 


180 MPa 


150 MPa 


Radius: 



R = 174.929 MPa 


Coordinates: 

A K’ T xy) B K’- T xy) C K’°) 


Stresses: 


g 2 := a c 


R 


R 


T max ’ ^ 


a avg * a c 


ct 1 = 264.93 MPa Ans 
g 2 = -84.93 MPa Ans 


T m ax = 174.93 MPa Ans 


a avg = 90MPa 


Ans 


Angles: 


0~ := — atan 

P 2 


xy 


a x“ a c 


0 = 29.518 deg (Clockwise) Ans 


20 s = 90deg - 20p 
0 S := 45deg - 0p 
0 S = 15.482 deg 




(Counte r- clockw is e) 


Ans 





















Problem 9-64 


Solve Prob. 9-16 using Mohr’s circle. 

Given: <j := -200MPa a v := 250MPa 

x y 

Solution: 

Center: 


x YV := 175MPa 


250 MPa 


a x + a y 


a c := 


Radius: 

R: =/K^c) 


a c = 25 MPa 


2 2 
+ T xy 


R = 285.044 MPa 


Coordinates: 

A ( CT x ,T xy) B K’- T xy) C K’°) 
Stresses: 


+ R 


a 2 : = a c ~ R 


"max 


c 

:= R 


aj = 310.04 MPa Ans 
o 2 = -260.04 MPa Ans 


T max = 285.04 MPa Ans 


a avg * a c 


a avg = 25MPa 


Ans 



7<*A> 


Angles: 


0~ := — atan 

P 2 


xy 


a x“ a c 


0 = 18.937 deg (Clockwise) Ans 



20 s = 90deg - 20p 
0 S := 45deg - 0p 

0 S = 26.063 deg (Counter-clockwise) Ans 



























Problem 9-65 


Solve Prob. 9-15 using Mohr’s circle. 

Given: a x := -30MPa := OMPa x X y := -12MPa 

Solution: 

Center: 

a x + a y 

a P :=- a P = -15 MPa 

e ^ o 



30 M Pa 


^ 12 MPa 


Radius: 

R: =/K^ c) 


2 2 
+ T xy 


R = 19.209 MPa 


Coordinates: 

A ( a x’ x xy) C K’°) 

Stresses: 


r l 


G 2 := a c 


R a l ~ 4.21 MPa Ans 

R a 2 - -34.21 MPa Ans 


T max • ^ 


a avg * a c 


T max = 1^-21 MPa Ans 


avg 


-15 MPa Ans 


Angles: 


0 p2 : = j atan 


xy 


a x“ a c 


0p2 = 19.330 deg (Countr-clockwise) Ans 




20 s2 = 20 p2 + 90de § 

0 s2 := 0 p2 + 45de § 

0 S 2 = 64.330 deg (Countr-clockwise) Ans 

























Problem 9-66 


Determine the equivalent State of stress if an element is oriented 20° clockwise from the element 
shown. Show the result on the element. 


Given: c> := 3MPa 

A 

0 := -20deg 

Solution: 

Center: 


cjy := -2MPa 


xy * 


-4MPa 


a x + a y 


w c • 

Radius : 
R:= 


a c = 0.5 MPa 


a x a c 


r 


xy 


R = 4.717 MPa 


Coordinates: 

A K’ T xy) C K’°) 


Angles: 


:= atan 


xy 


a x“ a c 


a := (|> + 20 


<|> = 57.995 deg 


a = 17.995 deg 


Stresses: (represented by coordinates of points P and Q) 


a x . := a c + R-cos(a) 
: - R cos( 
-R* sin(a) 


a x . = 4.986 MPa 


Gy := a c - R-cos(a) 


-3.986 MPa 


Ans 

Ans 


xy * 


T x y 


-1.457 MPa Ans 
























Problem 9-67 


Determine the equivalent State of stress if an element is oriented 60° counterclockwise from the 

element shown. f 

800 kPa 

450 kPa 


Given: a x := 0.750MPa 
0 := 60deg 

Solution: 

Center: 


cjy := -0.800MPa 
x YV := 0.450MPa 


a x + a y 


'c • 


Radius : 


-0.025 MPa 


750 kPa 


R:= 



R = 0.8962 MPa 


Coordinates: 

A K> T xy) B K’- T xy) 
Angles: 


:= atan 


T xy ^ 
v c x- a c ) 



()) = 30.141 deg 


a := 20 — 4> 


a = 89.859 deg 


Stresses: 

a X ’ := a c + R' cos ( a ) 
Gy := g c - Rcos(a) 

x x y := -R-sin(a) 



Ans 

Ans 

Ans 



















Problem 9-68 


Determine the equivalent State of stress if an element is oriented 30° clockwise from the element 
shown. 

Given: a ;= 350MPa a v := 230MPa 

x y 


0 := 30deg 

Solution: 

Center: 


a c := 


Radius: 


a x + a y 


x YV := -480MPa 

x y 


a c = 290 MPa 


R := J|a x - a c 


r 


x y 


R = 483.7355 MPa 


Coordinates: 

A K’ T xy) B K’- T xy) C K’°) 

Angles: 



:= atan 


T xy ^ 

v a x- CT cj 


a := -20 - § 


Stresses: 

a x » := a c + R' cos ( a ) 
ay := a c - R cos(a) 
x x y := -R-sin(a) 


<|> = -82.875 deg 
a = 22.875 deg 

a x . = 735.6922 MPa Ans 

ay = -155.6922 MPa Ans 

x Y » v » = -188.038 MPa Ans 

x y 























Problem 9-69 


Determine the equivalent State of stress if an element is oriented 30° clockwise from the element 
shown. Show the result on the element. 


Given: c> := 7MPa 

A 

0 := -30deg 

Solution: 

Center: 


a x + a y 


w c • 

Radius : 
R:= 


Gy := 8MPa 
x YX/ := 15MPa 


a c = 7.5 MPa 


a x a c 


2 2 
+ T xy 


R = 15.0083 MPa 


Coordinates: 

A K’ T xy) C K’°) 


Angles: 


:= atan 


xy 


a x“ a c 


a 


:= 1 SOdeg - (2 101 + <|») 


()) = 88.091 deg 


a = 31.909 deg 


Stresses: (represented by coordinates of points P and Q) 


a x' a c “ R*cos(a) 
ay := a c + R-cos(a) 
x x y := R-sin(a) 


T x y 


-5.240 MPa 
20.240 MPa 
= 7.933 MPa 


Ans 

Ans 

Ans 


SMPâ 


15 MPa 


■ 7 MPa 



cnTMFíO 



























Problem 9-70 


Determine (a) the principal stress and (b) the maximum in-plane shear stress and average normal 
stress. Specify the orientation of the element in each case. 


Given: a x := 350MPa 

Solution: 

Center: 


a x + a y 


a c := 


Radius: 

R: =/K^c) 


cj v := -200MPa x YV := 500MPa 

y x y 


a c = 75 MPa 


2 2 
T xy 


R = 570.636 MPa 


Coordinates: 

A K’ T xy) C K’°) 


a) Principal Stresses: 
çj i := g c + R 

°2 :=a c~ R 
Angles: 


a l = 645.64 MPa 


Ans 

- -495.64 MPa Ans 


e P i : = \ atan 


xy 


a x“ a c 


0pj = 30.595 deg ( Counter-clockwise ) Ans 





b) Maximum In-plane Shear Stress: (represented by coordinates of point E ) 


T max : ^ 

T max = 570.64 MPa 

Ans 

a avg *“ a c 

CT avg = 75 MPa 

Ans 


20 s = 90deg - 2-0pi 

0 S := 45deg- 0 pl 

0 S = 14.405 deg ( Clockwise ) 


Ans 
























Problem 9-71 


Determine (a) the principal stress and (b) the maximum in-plane shear stress and average normal 
stress. Specify the orientation of the element in each case. 


Given: c> := lOMPa 

À 

Solution: 

Center: 


C>x + Cfy 


a c '■= 


Radius: 

R: =/K^c) 


Oy := 80MPa 


a c = 45 MPa 


x YV := -60MPa 


2 2 
T xy 


R = 69.462 MPa 



Coordinates: 

A K’ T xy) C K’°) 

a) Principal Stresses: 

Ans 
Ans 


çj i := a c + R 


ct 1 = 114.46 MPa 


a 2 a c “ ^ a 2 = “24.46 MPa 





Angles: 

9 p2 : “ 

0pl =- 

9 P1- 


f 

1 

— atan 

2 

V 

90deg - 0p 2 
60.128 deg 




( Clockwise ) 


Ans 


b) Maximum In-plane Shear Stress: (represented by coordinates of point E ) 


T max ’ ^ 

T max = “69.46 MPa 

Ans 

a avg *“ a c 

CT avg = 45 MPa 

Ans 



20 s2 = 90deg - 2-0 p2 

0 s2 := 45deg-0p 2 

0 S 2 = 15.128 deg ( Clockwise ) 


Ans 

























Problem 9-72 


Determine (a) the principal stress and (b) the maximum in-plane shear stress and average normal 
stress. Specify the orientation of the element in each case. 


Given: c> := OMPa 

À 

Solution: 

Center: 


g c := 


a x + a y 


cjy := 50MPa 


a c = 25 MPa 


x YV := -30MPa 
xy 


Radius , 
R := 


-VK-cr 


xy 


R = 39.051 MPa 


Coordinates: 

A K’ T xy) B K’- T xy) 


:(a c ,°) 


a) Principal Stresses: 
(j i := g c + R 

: = ^c “ R 
Angles: 


a l = 64.05 MPa 


a 2 = -14.05 MPa 


Ans 

Ans 


0~ := — atan 

P 2 


xy 


a x“ a c 


0p = 25.097 deg ( Clockwise ) 


50 MPa 


30 MPa 





b) Maximum In-plane Shear Stress: (represented by coordinates of point E) 
T max 
a avg 


:= R 

T max = 39.05 MPa 

Ans 

:= a c 

CT avg = 25 MPa 

Ans 


xf 




20 s 2 = 90deg - 2-0p 


0 s2 := 45deg - 0 p 

0 S 2 = 19.903 deg ( Counter-clockwise ) 


















Problem 9-73 


Determine (a) the principal stress and (b) the maximum in-plane shear slress and average normal 
stress. Specify the orientation of the element in each case. 


Given: <r : = 

A 

Solution: 
Center: 


-12MPa 


y 


-8MPa 


x YV := 4MPa 


a x + a y 


w c * 

Radius : 

R:= 


a x a c 


r 


t xy 


-lOMPa 


R = 4.472 MPa 


Coordinates: 

A K’ T xy) B K’- T xy) 


C(a c ,0) 


a) Principal Stresses: 
ai a c + R 
R 


a 2 := a c 
Angles: 

:= — atan 

P 2 


c>j = -5.53 MPa Ans 

c >2 = -14.47 MPa Ans 


x y 


a x _ a c 


0p = 31.717deg ( Clockwise ) 




b) Maximum In-plane Shear Stress: (represented by coordinates of point E) 
T max : = R T max = 4 - 47 MPa Ans 

CT avg := a c CT avg = -lOMPa Ans 

20 s 2 = 90deg - 2-0p 
0 s2 := 45deg - 0 p 

0 S 2 = 13.283 deg ( Counter-clockwise ) 





















Problem 9-74 


Determine (a) the principal stress and (b) the maximum in-plane shear stress and average normal 
stress. Specify the orientation of the element in each case. 


Given: <j := 45MPa 

À 

Solution: 

Center: 


C>x + Cfy 


a c '■= 


Radius: 

R: =/K^c) 


a v := 30MPa x YV := -50MPa 
y x y 


a c = 37.5 MPa 


2 2 
T xy 


R = 50.559 MPa 


Coordinates: 

A K’ T xy) B K’- T xy) C K’°) 


a) Principal Stresses: 
çj i := g c + R 

°2 :=a c~ R 
Angles: 

0~ := — atan 

P 2 


aj = 88.06 MPa 


Ans 

- -13.06 MPa Ans 


xy 


a x _ a c 


30 MPa 


45 MPa 


50 MPa 







0p = 40.735 deg ( Clockwise ) 


b) Maximum In-plane Shear Stress: (represented by coordinates of point E ) 


l max 


:= R 

T max = 50.56 MPa 

Ans 

:= a c 

a j, VCT = 37.5 MPa 
avg 

Ans 


avg 

20 s 2 = 90deg - 2-0p 


! JÍ 

LT =j t = r 


0 s2 := 45deg - 0 p 

0 S 2 = 4.265 deg ( Counter-clockwise ) 
























Problem 9-75 


The square Steel plate has a thickness of 12 mm and is subjected to the edge loading shown. Determine 
the principal stresses developed in the Steel. 

kN 

Given: a := OMPa a v := OMPa q w := 3.2— - 

x v ^ X Y m 


-3*2 kN/m 


x ‘ y 

L := lOOmm t := 12mm 


Solutior- 


*xy 


xy t 


Center: 


°x + a y 


a c := 


Radius: 

R: =^/K^ c) 

Coordinates: 


t yv = 0.267 MPa 

x y 


a c = OMPa 


10ü mm 



2 2 
T xy 


R = 0.267 MPa 


ozwm I 


TOO mm- 


A K> T xy) C(a c ,°) 


12kN/m 



In-plane Principal Stresses : 

The coordinates of points B and D represent and a 2 , respectively. 
aj ; = a c + R a l~ 0.267 MPa Ans 

a 2 := a c - R = “0-267 MPa Ans 


ITÍHPiO 

























Problem 9-76 


Determine (a) the principal stress and (b) the maximum in-plane shear stress and average normal 
stress. Specify the orientation of the element in each case. 



G 2 := G c 
Angles: 

0~ := — atan 

P 2 


R c>2 = -10.60 MPa Ans 


xy| 


V c x- c c 



0p = 16.845 deg ( Clockwise ) 


b) Maximum In-plane Shear Stresses: 

Represented by the coordinates of point E on the circle. 

T max := - R T max = ~ 63 - 10 MPa Ans 

20 s = 90deg - 2-0p 

0 S := 45deg - 0p 

0 S = 28.155 deg 



(< Counter-clockwise ) Ans 
























Problem 9-77 


Draw Mohr's circle that describes each of the following States of stress. 

30 MPa 


Given: <j := -30MPa a v := 30MPa 

x y 


x YV := OMPa 

Solution: 

Cases (a) and (b) are the same. 
Center: 

a x + a y 

:=- = OMPa 


Radius: 

R: =^/K^ c) 



(a) 


2 X 2 R = 30 MPa 

x y 


Coordinates: 

A K’ T xy) C K’°) 


30 MPa 




<a f b> 


30 MPa 














Problem 9-78 


Draw Mohr's circle that describes each of the followin^ States of stress. 


R = 0.7 MPa 

Coordinates: A^a x ,x xy j c(a c ,o) 


b) Given: a x := OMPa x xy := OMPa 
a 

Solution: 


a y := -2MPa 


a x + a y 

Center: çr •=-- 

c 2 

a c = -1 MPa 


ítadius: R := J (o^-+ x xy 
R = 1 MPa 

Coordinates: A^a x ,x xy j c(a c ,o) 

c) Given: a x := OMPa x xy := 20MPa 
a 

Solution: 


a y := OMPa 


Center: a c := 


a x + a y 


a c = OMPa 


R adim: R := J{7 X - a c f + x xy 2 
R = 20 MPa 

Coordinates: A(c> x ,T xy j C’(c> c ,0j 



2 MPa 



■ 20 MPa 


(c) 



ÍÍL) 






- cr^üj 





































Problem 9-79 


A point on a thin plate is subjected to two successive States of stress as shown. Determine the resulting 
State of stress with reference to an element oriented as shown on the bottom. 



x_a * a c_a + ^a' cos (^®a) 
y_a a c_a ” ^a' cos (^®a) 


T x Y_ a ' s * n (^ a ) 

For element b: 0 b : = -^90deg - p b ) 

_ °x b + °y b 

Center: a c b :=--- a c b 


= -9 kPa 


Radius: R b := J (<*x_b ~ a c_bf + T xy_b 2 R b = 45.891 kPa 
Coordinates: A(a x _ b , x xy _ b ) B(a x _ a ,-T xy _ b ) c(a c _ b ,o) 

T xy b 


Angles: f 

:= atan 

V 


T x b “ a c b 




= 78.69 deg 


a b := 20 b + (f> 
a b = -1.310deg 

CT ’x_b := Vb + R b' cos ( a b) 
G 'y_b := CT c_b “ R b* cos ( a b) 
T 'xy_b := % sin (| a b|) 

Resultants: 


x := X a + a X b 


CT y := CT y_a + a y_b 
T xy ,= 1 xy_a + 1 xy_b 


cr’ x = 74.38 kPa 


Ans 


cr’ y = -42.38 kPa Ans 
t'= 22.70 kPa Ans 

xy 




























Problem 9-80 


Mohr’s circle for the State of stress in Fig. 9-15 a is shown in Fig. 9-15 b. Show that finding the 
coordinates of point P(<J X > , t x y) on the circle gives the same value as the stress-transforma tion Eqs. 
9-1 and 9-2. 

á <—m 

ft = ykr, - 1 , + T> “ V fíSL T 2L)l ^ 

e: = + If, 0' <!> 

tr = - 20 


Ofii \2&J — Zê) ■ CD5- 26 *■ bíui 2$píin 20 

Ffüfli lhe orelp : 


cúí 2B.. 


2Ü 




O) 


TO 


* in 2tf r 


^SL^]Z 4 c t 


c*> 


S-uliNiieuü! Eq £2) F (3j and (4) ânua Eq. fl J 

cr,. * *** a r + - ~ cob 29 + Ti> SErt 2$ QED 


W = + "rsin ^ 


(S) 


»if! fr" * sin (26^ - 20J 

■ íin S^oos 20 - $pi Z9 F (6) 

SiAstiftileEq. £3), {4) k <6) buo Bq. 


V, * - 




i SBI 2fl + % ÇÜS 26 


2 


qed 





















Problem 9-81 


40mni 


The cantilevered rectangular bar is subjected to the force of 25 kN. Determine the principal stresses at 
point^. 

Given: b := 80mm d := 160mm c A := 40mm 

P := 25kN L := 0.4m b A := -40mm 


3 4 

. s r h 7 

Solution: J J 

Internai Force and Moment: At Section A-B: 


r v " 


ZF X = 0; -P r h + N=0 
+t -P-r v + V=0 

Ç+ SM 0 =0; M-(Pt v )-L=0 

Section Property : d A := 0.5 d - c A 


N := P-r h 
V := Pt„ 


M := 


(Pt v )- 


T 1 t <3 
I := —bd 

12 


A := b d 
Q a := b-d A -(0.5d A + c A ) 


Normal Stress: 

N M ' c A 

a A : = 


— + 

A 


I 


a A = 10.352 MPa 


Shear Stress: 

v-Qa 

Ta '~ Ib 


x A = 1.318 MPa 






f? Ü h h 


jUokk^l 


> 0 h h 
kÜKK 
B 0 h h 


40.3E2.MlPj» 
-3IAM P* 


Construction ofMoliFs Circle: 

CT x := CT A CT y := 0MPa T xy := -T A 
<?x 

Center: a r :=-- cr r = 5.176 MPa 

c 2 o 

üudius: R := J(a x - a c ) 2 + x xy 2 

R = 5.341 MPa 



'í(MPm) 


Coordinates: A(cr x ,x xy j Cjc> c ,0) 

In-plane Principal Stresses: 

The coordinates of points B and D represent a x and a 2 , respectively. 
aj - a c + R a l~ 10.52 MPa Ans 


:= ct c “ R 


CT 2 


-0.165 MPa 


Ans 





























Problem 9-82 


Solve Prob. 9-81 for the principal stresses at point B. 


Given: b := 80mm d := 160mm 

Cg := -25mm 

P := 25kN 

L := 0.4m 


bg := 25mm 

Solution: 

3 

r v = "5 


4 

% : =5 

Internai Force and Moment: At Section A-B : 

II 

o 

-P-r h + N= 0 


N := P-r h 

-f 

—► 

II 

o 

1 

-P-r v +V= 0 


V := P-r v 

C+ ™ 0 = 0; 

M-(P-r v )-L = 

0 

2 

lí 

^cT 

Section Property: 

dg := 0.5d - 

M 


A := bd 

T 1 « «3 

I := —b d 

12 



Q b := b d B ( 

°.5d B + |c B |) 




Normal Stress: 

N M ' c B 

cig := — 4 --— ag = -3.931 MPa 



25 bN 










* ri 


KM 


S OhK 



ir Ü k k 
ir 0 k k 

& 0 k k 


Shear Stress: 

v-Qb 

Tg := ^ ^ Tg = 1.586 MPa 


-fO - 


J.9SI MFpi 




Construction ofMohFs Circle: 

°x := a B a y := 0MPa T xy := _T B 
<?x 

Cewtór: a r :=-- cr r = -1.965 MPa 

e ^ o 

R := J(cr x - ct c ) 2 + x xy 2 
R = 2.526 MPa 



Coordinates: A(c> x ,T xy j C|a c , Oj 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j { and a 2 , respectively. 
aj - a c + R a l~ 0.560 MPa Ans 

a 2 := a c - R a 2 “ “4.491 MPa Ans 



























Problem 9-83 


The stair tread of the escalator is supported on two of its sides by the moving pin at A and the roller at 
B. If a man having a weight of 1500 N (-150 kg) stands in the center of the tread, determine the 
principal stresses developed in the supporting truck on the cross section at point C. The stairs move at 
constant velocity. 


Given: b := 12mm d := 50mm 

W := 1.5kN h c :=150mm 
V A := 450mm h^ := 375mm 

Solution: 

Support Reactions: 

Ç+ ZM a =0; W-h A -B y -h B =0 

B x := -By tan(o) 


Cç := Omm 
0 := 30deg 
hg := 15Omm 




Internai Force and Moment: At Section C: 


W x =0 ; 


B x + V = 0 


+f ZF= 0; B y + N = 0 
Ç+ Y.M 0 = 0; B x -h c -M=0 


Section Property : d^ := 0.5d 
A := b-d 
Normal Stress: 


T 1 t «3 

I := —b-d 
12 


V := -B x 
N := —B y 
M := B x -h c 


Q c := b-d c -(0.5d c ) 


N 

a C := — + 


M- 


c C 


A I 
Shear Stress: 

v-Qc 

Xc:= TT 

Constmction of Mohr's Circle : 


cr c = -6.250 MPa 


Tr- = 5.413 MPa 


c> x := OMPa 


Center: a c := 


Radius: R ;= 


y •' 




°x + °y 


T xy • T C 


cr c = -3.125 MPa 


CT x a cl 


+ X 


xy 


R = 6.25 MPa 


Coordinates: A(c> x ,T xy j C|c> c ,0j 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j x and a 2 , respectively. 
aj :=a c + R = 3.125 MPa Ans 

a 2 :== a c - R a 2 = “9.375 MPa Ans 


l.sioj 



t-ífi0 M Pd 


i[ ,t 

¥ 




S-liE 































Problem 9-84 


The pedal crank for a bicycle has the cross section shown. If it is fixed to the gear at B and does not 
rotate while subjected to a force of 400 N, determine the principal stresses in the material on the cross 


section at point C. 

Given: b := 7.5mm d := 20mm cç := 5mm 

P := 0.4kN L := lOOmm 

Solution: 

Internai Force and Moment: At Section C: 

+f ZF= 0; V-P=0 V := P 

Ç+ Y.M 0 = 0; M + P-L = 0 M := -P L 



7.5 mm 


Section Property : := 0.5d - Cq 

1 3 

A := b-d I :=-b-d 

12 

Q c := b-d c -(c c + 0.5d c ) 


Normal Stress: 

Mc C 

°c := 

Shear Stress: 


<jç = 40.000 MPa 



v-Qc 

T:=- T= 3.000 MPa 

C Tb C 

Construction of Mo hr f s Circle : 

a x := a c a y := OMPa x xy := x c 


L 


































Problem 9-85 


The frame supports the distributed loading of 200 N/m. Determine the normal and shear stresses at 
point D that act perpendicular and parallel, respectively, to the grains. The grains at this point make an 
angle of 30° with the horizontal as shown. 

UnitUsed: kPa := lOOOPa 

Given: b := lOOmm a := 1 m 


200 N/m 


kN 

w := 0.2 — 
h := 200mm L := 2.5m m 

hj} := 75mm 0 := 60deg 

Solution: 

Support Reactions: Due to symmetry, B=C=R 
+f EF y =0; 2R - wL = 0 R := 0.5w-L 

Internai Force and Moment: At Section D: 

+f ^F y = 0; -V + R - w-a = 0 
V := R - w-a 

ZA7 o =0; M - R-a + wa-(0.5a) = 0 
M := R a - w-a-(0.5a) 



„ 20Ü mm 


4 m 


Section Property : cp := 0.5h - 
A := b-h 




T 1 u U 3 

I := —b-h 
12 


Q d := b-hp-|c D + 0.5h D ) 
M- 

cr D :=- 


? 




Normal Stress: 


(- c d) 


™ V 


O Irr, 


I 


Shear Stress . 


Z D 


VQd 

Ib 


Construction ofMohr f s Circle : 


a x a D 


Center: g ;= 
c 


Radius: R ;= 


Oy := OMPa 

CT X + CT y 


c>q = 56.25 kPa 
Tj) = 3.516kPa 

c xy := t D 


cr c = 28.125 kPa 


a x _ a c 


2 2 
+ T xy 


R = 28.344 kPa 


Coordinates: A(a x ,-T xy ) C’(ct c , O) 


Angles: 


:= atan 


xy 


a x a c 


a : 


:= 180deg — (2 101 + <(») 


4> = 7.125 deg 
a = 52.875 deg 


y 

100 mm 


50 mm 






Í l jÜí* 1 


rh 


fcM 




O 3 *í 


C6J 


!l>- 




^ 3- S-fy 


X 





Stresses on the Rotated Element: (represented by coordinates of point P ) 


a x’ := a c ” R*cos(a) 

a x i = 11.02kPa 

Ans 

x x y := -R-sin(a) 

t y i v i = -22.60 kPa 

Ans 
























































Problem 9-86 


The frame supports the distributed loading of 200 N/m. Determine the normal and shear stresses at 
point E that act perpendicular andparallel, respectively, to the grains. The grains at this point make an 


angle of 60° with the horizontal as shown. 
UnitUsed: kPa := lOOOPa 
Given: b := 50mm A „ kN 

h := lOOmm m 

L := 2.5m 0 := 60deg 

Solution: 

Support Reactions: Due to symmetry, B=C=R 
+f ZF y = 0; 2R - wL = 0 R := 0.5w-L 

Internai Force: At Section E: 

+f ZF y = 0; -N - R = 0 N := -R 


Section Property: 


A := b-h 

A = 5000 mm 

Normal Stress: 

N 

ag := — a E = _ 50kPa 

A. 

Shear Stress: 

x D := 0 

Construction ofMohEs Circle : 

°x := a E 

c> y := OMPa x xy := x D 


x 1 

Center : <j ■= - <j = -25 kPa 

c 2 c 

Radius: R := J{c x - a c f + x xy 2 R = 


200 N/m 



25kPa 


Coordinates: 

Angles: 

<*> := 

a := 


A ( c x’ x xy) 


atan 


CT X _ CT C 


180deg — (2 101 +<(») 


°) 


(|) = 0.000 deg 
a = 60.000 deg 



Stresses on the Rotated Element: (represente d by coordinates of point P) 


a x’ := a C + R* cos ( a ) 

g x < = -12.50 kPa 

Ans 

x x y := R-sin(a) 

t y v - 21.65 kPa 

Ans 













































Problem 9-87 


The bent rod has a diameter of 15 mm and is subjected to the force of 600 N. Determine the principal 
stresses and the maximum in-plane shear stress that are developed at point A and point B. Show the 
results on elements located at these points. 


Given: d Q := 15mm 
a := 50mm 


P := 0.6kN 
L := O.lm 


Solution: 

Internai Force: At Section A B: 
N := P N = 0.600 kN 

M := P a M = 0.030 kN-m 

Section Pronerty : 





71 2 

A := — d/ 


I := — d 0 4 
64 ° 




3^—tajjJ 


A = 176.71 mm 


I = 0 m 2 mm 2 


Q a := 0 (since A' = 0) 

Qg := 0 (since A' = 0) 

Normal Stress: 

N 

C A := 0.5d o ct a := - - ( 


M' 


' C A 


N 


M 


c B := 0.5d o a B := - + ( 

Shear Stress: 

x A := 0 (since Q A = 0) 
ig := 0 (since Qg = 0) 


‘ C B 


a A = -87.15 MPa 
a B = 93.94 MPa 


For A: 


Construction of Mohr's Circle : 


cr x := ° A 


Center: a c := 


Radius: R ;= 


c>y := OMPa 
a x + a y 


T xy T A 


cr c = -43.573 MPa 


a x CT c 


2 2 
+ T xy 


Coordinates: A(c> x ,x xy j C|c> c , ()j 

In-plane Principal Stresses: 


Pú}T?f~ ^ 




QfyMfk * _j 














R = 43.573 MPa 



The coordinates of points B and A represent <j x and o 2 , respectively. 
a l 


ct c + R 


a 2 := °c 


R 


o ] = OMPa 
a 2 = -87.15 MPa 


Ans 

Ans 






























Maximum In-plane Shear Stresses: 

Represented by the coordinates of point E on the circle. 


T max ’ ^ 


T max = 43.57 MPa Ans 


20 s = 90deg 0 S := 45deg ( Counter-clockwise ) Ans 


For B\ 


Construction ofMohr r s Circle: 


'x * 


a B 


:= OMPa x VA7 := xg 


Center: çj ;= 


y • 

J x +a y 


xy * 


a c = 46.968 MPa 


Radius: R ; = J(c x - a c ) 2 + x xy 2 R = 46.968 MPa 
Coordinates: A(c> x ,T xy j C|a c , ()) 

In-plane Principal Stresses: 

The coordinates of points A and B represent <j x and a 2? respectively. 


R 


93.94 MPa 


a 2 := a c - R a 2 = OMPa 


Ans 

Ans 


Maximum In-plane Shear Stresses: 

Represented by the coordinates of point E on the circle. 


T max ’ ^ 


T max 46.97 MPa 


Ans 


20 s = 90deg 


0 S := 45deg ( Clockwise ) Ans 




Problem 9-88 


Draw the three Mohr’s circles that describe each of the following States of stress. 

6 MPa 


a > a max := 6MPa 
CT min := 0 


CT int : = 0 



w 


b > CT max : = 50MPa CT int := 0 


CT min : = -40MPa 



c) Unit used: kPa := lOOOPa 

c>max := 600kPa c> j nt := 200kPa 


CT min := lOOkPa 



(<■> 


(*) 





t o 


^ a max : 9 

a min := “ 9MPa 


a int := _ 7MPa 


e ) a max := -30MPa aj nt := -30MPa 


a min := _ 30MPa 







(a 
































Problem 9-89 


Draw the three Mohr’s circles that describe each of the following States of stress. 


a) aj := 15MPa 
<73 := -15MPa 
T max 15MPa 


b) a 1 :=65MPa 
<73 := -65MPa 
T max 65MPa 



(a) (b) 



02 := -65MPa 















Problem 9-90 


The stress at apoint is shown on the element. Determine the principal stresses and the absolute 
maximum shear stress. 


80 M Pa 


a x := -lOOMPa 

a y := 90MPa 

:= - 

t yx/ := OMPa 
xy 

Tyz := 40MPa 

T xz ,= 


Solution: 

Construction ofMohr f s Circle in y-z Plane : 


Center: a c := 


Radius: R ;= 


Gy + CTz 


a c = 5 MPa 


a y a c 


2 2 
+ T yz 


R = 93.941 MPa 


Coordinates: A^a y , x yz j C(c> c , oj 



100 MPa 


90 MPa 


In-plane Principal Stresses: 

The coordinates of points A and B represent <j x and a 2 , respectively. 
aj - g c + R a l~ 98.941 MPa 

G 2 := G c ~ ^ g 2~ “88-941 MPa 

Construction of Three Circles : 

From the results obtained abo ve. 




» I’ 

HUP 




max ’ a l a int : G 2 


a min • a x 


98.94 MPa Ans 


max 

a int = -88.94 MPa Ans 


a min “ “199-99 MPa Ans 


Absolute Maximum Shear Stress : 
From the three Mohr’s circles, 





a max a min 


T abs.max * 



T abs. 


max 


99.47 MPa Ans 




























Problem 9-91 


The stress at apoint is shown on the element. Determine the principal stresses and the absolute 
maximum shear stress. 


Given: <j -= OMPa 

A 

x YX/ := OMPa 
xy 


Gy := 7MPa 
Ty Z := 50MPa 


a z := OMPa 
x xz := 5MPa 


Solution: 

Construction ofMohr f s Circle in x-z Plane : 


Center: a c := 


Radius: R ;= 


a x + a z 


a c = OMPa 


a x a c 


2 2 
I + T xz 


R = 5MPa 



7 M Pa 


Coordinates: A(c> y , t xz j C(c> c , O) 

In-plane Principal Stresses: 

The coordinates of points A and B represent o x and a 2 , respectively. 
aj :=o c + R Q] = 5MPa 


fcr 


J 


a 2 a c “ ^ a 2 “ -5 MPa 
Construction of Three Circles : 

From the results obtained abo ve. 


a max • a y a; 


a max ^ ^Pa 


ciint = 5 MPa 


a min ^ ^Pa 


mt 


= a l 
Ans 

Ans 

Ans 


"mm • 


:= G 2 


Absolute Maximum Shear Stress : 
From the three Mohr’s circles, 


a max a min 


l max • 


T max 6 MPa 


Ans 




























Problem 9-92 


The stress at apoint is shown on the element. Determine the principal stresses and the absolute 
maximum shear stress. 

Given: <j ;= 150MPa a v := OMPa 
x y 

r yz • 

Solution: 

Construction ofMohr f s Circle in y-z Plane : 


x i^vivii d uy V7-LVJ.X d a z := 90MPa 
xxy OMPa Ty Z := -80MPa x xz := OMPa 


Center: a c := 


a y +a z 


a c = 45 MPa 


Radius : R ;= J (a z - a c j 2 + 


R = 91.788 MPa 

Coordinates: A(a y ,T yz ) B(a z ,-x yz ) c(ct c ,o) 

In-plane Principal Stresses: 

The coordinates of points A and B represent <j x and o 2 , respectively. 
çj i := g c + R a l = 136.788MPa 

G 2 G c ~ R °2 = “46.788 MPa 

Construction of Three Circles : 

From the results obtained abo ve, 





o 




a max • a x a int * a l 

CT min a 2 

m-y 

<x-)Y 



a max = 150.00 MPa Ans 

a int = 136.79 MPa Ans 


Vi 

\ 


Tf 1 

k — n 



a min = -46.79 MPa Ans 


Absolute Maximum Shear Stress : 
From the three Mohr’s circles, 


a max a min 



l max • 


T max = 98.39 MPa 


Ans 























Problem 9-93 


The principal stresses acting at a point in a body are shown. Draw the three Mohr’s circles that 
describe this State of stress, and find the maximum in-plane shear stresses and associated average 
normal stresses for the x-y, y-z, and x-z planes. For each case, show the results on the element oriented 
in the appropriate direction. í 

Given: a x := 40MPa ciy := -40MPa o z := -40MPa 

xxy OMPa Ty Z := OMPa x xz := OMPa 

Solution: 

Construction of Three Circles : 

a max *“ a x a int * = a y a min *“ a z 



a max = 40.00 MPa 
g = -40.00 MPa 
a = -40.00 MPa 


_ - 'Xítffr} 

CT avg = 0MPa Ans 
Ans 


T max 40 MPa 


For x-y Plane : 


C7 X + C7 y 


avg 


°x ~ °y 


' max • 





For y-z Plane : 


Gy+CT Z 


avg- 2 


°y ~ °z 


max • 


For x-y Plane : 


CT x + cr z 


avg • 2 


CT x a z 


max • 


a' „ = -40 MPa Ans 
avg 

T 'max = °MPa Ans 

o 1 ' „ = OMPa Ans 
avg 

x"max = 40MPa Ans 


£ 





























Problem 9-94 

Consider the general case of plane stress as shown. Write a Computer program that will show a plot of 
the three Mohr’s circles for the element, and will also calculate the maximum in-plane shear stress and 
the absolute maximum shear stress. 

rj > 













Problem 9-95 


The solid shaft is subjected to a torque, bending moment, and shear force as shown. Determine the 
principal stresses acting at points A and B and the absolute maximum shear stress. 



a B : = 



<Tg = OMPa 


Shear Stress : bo *= 2-r. 

D O 

_ T x P 

T A :_ j x A = 1.833 MPa 

^y' Qb T x' P 

ig :=-xg = -1.290 MPa 

l z b B J 


CF 






t 




ií9aH(ÍL 


For Point^: 

Construction ofMohr f s Circle: 
a x := a A 


a z := 0MPa T xz : 


Center: a c := 


CT x + CT z 


CT C = 


Radius: R ;= 


CT z- CT c 


+ X 


xz 


= - T A 

2.445 MPa 

R = 3.056 MPa 


Coordinates: a(c> z , x xz j C(c> c , ()j 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j { and a 2 , respectively. 
ai g c + R a l~ 5.500 MPa 



a 2 : = a c _ R a 2 = “0.611 MPa 






























Three Mohr f s Circle, çjy := 0 
From the results obtained abo ve, 

a max a l a int a y a min a 2 
a max = 5.50 MPa Ans 

a int = MPa Ans 
c m : n = -0.61 IMPa Ans 


Absoluíe Maximum Shear Stress : 

From the three Mohr’s circles, 

Ans 


max 


'mm 


"max 


T max = 3.06 MPa 


For Point B: 

Construction ofMohr r s Circle: 

CT x : = a B a z : = 0MPa T xz := T B 

a x + cr z 

Center: <j ;= - <j = OMPa 

e 2 c 

Radius : R : = ^(a z - a c ) 2 + x xz 2 R = 1.290 MPa 



Coordinates: a(c> z , t xz j CÍa c , ()j 

In-plane Principal Stresses : 

The coordinates of points B and D represent <j x and a 2 , respectively. 
ai := g c + R a l~ 1.290 MPa 

a 2 := a c “ R G 2 = “1-290 MPa 


Three Mohr f s Circle\ ;= 0 

From the results obtained abo ve, 

a max := Q 1 a int a y a min a 2 

CT max= L29MPa Ans 
a int = MPa Ans 
c m : n = -1.29 MPa Ans 


Absoluíe Maximum Shear Stress : 

From the three Mohr’s circles, 

Ans 


'max 


'mm 


"max 


T max 1-29 MPa 












Problem 9-96 


The bolt is fixed to its support at C. If a force of 90 kN is applied to the wrench to tighten it, determine 
the principal stresses and the absolute maximum shear stress developed in the bolt shank at point A. 
Represent the results on an element located at this point The shank has a diameter of 6 mm. 

Given: d Q := 6 mm a := 50mm 

P := 90N L := 150mm 

Solution: p := 0.5d o 

Internai Force and Moment: At Section AB: 


V - P 

V y . 


M z := -P a 


Section Property: 


A K A 2 T 71 A 4 

A := —d n I :=-d n 

4 0 z 64 0 


T x := P L 


T K A 4 

J := —d„ 
32 ° 



Q a := 0 (Since A'=0) 

Normal Stress: c A := 0.5d o 
M z - c A 

c> A :=-c> A = 212.21 MPa 

Shear Stress : 

T xP 
t a : =—r" 



A 310.5 


f I 


UlAMIfr 



t A = 318.31 MPa 


Construction of Mo hr f s Circle in x-z Plane 
a x g A := OMPa T — := -t 


Center: a c := 


a x + a z 


a c = 106.1 MPa 


Radius : R ;= 


: =vK-^c) 


2 2 
+ T xz 


R = 335.53 MPa 





Coordinates: a(ct z , x xz j c(a c , 0 j 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j x and a 2 , respectively. 
çj i := a c + R ai = 441.631 MPa ^ 

a 2 a c “ ^ °2 = “229.425 MPa 

Angles: 


I Qi.mFí 


0 p 2 := 2 atan 


L xz 


G z- G c 


0 p2 = 35.78 deg 



20p^ = 180deg-2-0p2 0 p j := 90deg - 0 p 2 0 p j = 54.22deg (Clockwise) 


Construction of Three Circles : çj ;= 0 


From the results obtained abo ve, 




























a max • C 1 a int • a y a min • 
^mnv = 441.63 MPa Ans 

IlldX 

a int = 0.00 MPa Ans 
a • = -229.42 MPa Ans 


Absolute Maximum Shear Stress : 
From the three Mohr's circles, 


a max a min 


max 


x m ., v = 335.53 MPa 

max 


Ans 


And the orientation is, 


0 C := — atan 
s 2 


CT z- CT c 


v xz 


= 


9.22 deg 







Problem 9-97 


Solve Prob. 9-96 forpointS. 

Given: d Q := 6mm a := 50mm 
P := 90N L := 150mm 
Solution: p := 0.5d o 

Internai Force and Moment: At Section AB: 


V y :=P M z :=-P a T x := P-L 


Section Property: 

. 71 4 2 T K A 4 T K 4 4 

A := —d„ I •= —d„ J :=-d„ 


4 ° z • 64 o 


32 


_ 4p 




Normal Stress: c B := 0 

A z 


M z * c b 


a B : = 


L 


a B = OMPa 


Shear Stress : bo *= d,. 

o O 

Vy‘ Qb T x - P 

t b := —-x B = -314.07 MPa 

^B J 




Construction ofMohr r s Circle in x-z Plane : 
a x := a B 


a z := OMPa 


T xz * t B 


Center: <r ;= 


Radius: R ;= 


a x + a z 


a c = OMPa 


G z~°c 


+ T 


xz 


R = 314.07 MPa 



ITCMT*} 


Coordinates: a(c> z , x xz j C(c> c , 0j 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j { and a 2 , respectively. 
aj := ct c + R a l“ 314.07 MPa 

a 2 : = a c _ R a 2 “ -314.07 MPa 

Angles: 



0 pl := ^( 90de §) 0 pl = 45.00 deg 


(Clockwise) 

























Construction of Three Circles : çjy := 0 
From the results obtained abo ve, 

a max := a l a int a y a min := a 2 
a max = 314.07MPa Ans 

a int = 0-00 MPa Ans 
a min “ -314.07MPa Ans 

Absolute Maximum Shear Stress : 

From the three Mohr’s circles, 

a max ” a min 
T max 2 

T max = 314.07 MPa Ans 




Problem 9-98 


The stress at apoint is shown on the element. Determine the principal stresses and the absolute 
maximum shear stress. 


Given: a x := -90MPa := 70MPa a z := -120MPa 

x X y := 30MPa Xy Z := OMPa x xz := OMPa 

Solution: 

Construction ofMohr f s Circle in x-y Plane : 


Center: <r ;= 


a x + a y 


a c = -lOMPa 


Radius : R := ^ (a x - a c j + x X y R = 85.44 MPa 
Coordinates: A(a y ,-x xy ) B(a x ,x xy ) C(a c ,0) 



In-plane Principal Stresses: 

The coordinates of points representing and a 2? respectively, are 

aj - a c + R G \ = 75.440 MPa 

a 2 : = a c “ R °2 = “95.440 MPa 

Construction of Three Circles : 

From the results obtained above, 

a max a l a int := a 2 a min a z 



c>max = 75.44 MPa 

Ans 

c>int = -95.44 MPa 

Ans 

a min “ “120.00 MPa Ans 



Absolute Maximum Shear Stress : 
From the three Mohr’s circles, 

a max ” a min 
T max 7 


T max “ 97.72 MPa Ans 

















Problem 9-99 


The cylindrical pressure vessel has an inner radius of 1.25 m and a wall thickness of 15 mm. It is made 
from Steel plates that are welded along a 45° seam with the horizontal. Determine the normal and shear 
stress components along this seam if the vessel is subjected to an internai pressure of 3 MPa. 

Given: t := 15mm r- := 1250mm p := 3MPa 

0 := 45deg 

Solution: 

r i 

Hoop Stress : a := — a = 83.33 

t 



1.25 m 


Since a > 10. then thin-wall analysis canbe used. 

P* r i 

çj i :=- cj i = 250 MPa 

1 t 1 

Longitudinal Stress: 

P* r i 


G 2 : = 


2 -t 


a 2 = 125 MPa 


Construction ofMohr's Circle: 

°x := a 2 °y := a l T xy := 0 

a x + 

Center: <j ■= -- cr„ = 187.5 MPa 

c 2 c 

Radius : R ;= JJõy - + x x ^ R = 62.5 MPa 

Coordinates: A(c> x ,T xz j C|c> c , ()j 








Stresses: (represented by coordinates of point P on the circle) 
a x . := a c a x » = 187.5 MPa Ans 

x x y := R x x y = 62.5 MPa Ans 


















Problem 9-100 


Determine the equivalent State of stress if an element is oriented 40° clockwise from the element 
shown. Use Mohr's circle. 


Given: a := 6MPa 

A 

0 := 40deg 

Solution: 

Center: 


Radius: 


<jy := -lOMPa 
x YV := OMPa 


a c = -2 MPa 


R | a x - a c| R = 8 MPa 

Coordinates: 

A (cf x ,°) B(cr y ,o) c(cr c ,o) 



Stresses: 

Ans 
Ans 
Ans 


a x' a c + R' cos ( 20 ) a x ' = “0.611 MPa 
x x y := R-sin(20) x x y = 7.878 MPa 

a v » := a c - R-cos(20) a v » = -3.389 MPa 















Problem 9-101 


The internai loadings at a cross section through the 150-mm-diameter drive shaft of a turbine consist 
of an axial force of 12.5 kN, a bending moment of 1.2 kN*m, and a torsional moment of 2.25 kN-m. 
Determine the principal stresses at point A. Also compute the maximum in-plane shear stress at this 
point. 


Given: d Q := 150mm N := -12.5kN 

M z := 1.2kN-m T x := 2.25kN-m 
Solution: p ;= 0.5d o 

Section Property: 



Normal Stress: c A := p 
N M z' c A 

a A :=-a A = -4.33 MPa 



Shear Stress: 

T x*P 

x A := —-— x A = 3.4MPa 

Construction ofMohr r s Circle in x-y Plane : 

a x := a A a y := OMPa x xy := x A 
CJx + 

Center: <j ;=- çr = -2.16 MPa 

e 2 o 



Radius: R ;= 



R = 4.03 MPa 


Coordinates: a(c> x , x xy ) C(c> c , O) 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j x and a 2 , respectively. 
aj :=a c + R G \ = 1-862 MPa 

a 2 := a c “ R G 2 = “6.191 MPa 


Maximum In-plane Shear Stress : 

Represented by the coordinates of point £ on the circle. 


T max ’ ^ 


T max ^-03 ^Pa 


Ans 


















Problem 9-102 


The internai loadings at a cross section through the 150-mm-diameter drive shaft of a turbine consist 
of an axial force of 12.5 kN, a bending moment of 1.2 kN*m, and a torsional moment of 2.25 kN-m. 
Determine the principal stresses at point B. Also compute the maximum in-plane shear stress at this 
point. 


Given: d Q := 150mm 
M z := 1.2kN-m 
Solution: p ;= 0.5d o 

Section Property: 

A 71 A 2 T 71 

A := —d n I := — 
4 ° z 64 


Normal Stress: 


C B := 0 


N M z' c B 


CTb:= ã + -t 


N := -12.5kN 
T y := 2.25kN-m 

A 



a B = -0.707 MPa 


Shear Stress: 

T x*P 

x B := —-— t b = 3.395 MPa 

Construction ofMohr f s Circle in x-y Plane : 

CT x := °B °y := 0MPa T xy := T B 

<?x 

Center: a r :=-- cr r = -0.354 MPa 

c 2 o 



Radius: 



R = 3.414 MPa 


Coordinates: a(ct x , x xy ) C(a c , 0j 

In-plane Principal Stresses: 

The coordinates of points B and D represent <j { and a 2 , respectively. 
aj := ct c + R a l“ 3.060 MPa 

a 2 := a c _ ^ G 2 = “3.767 MPa 


Maximum In-plane Shear Stress : 

Represented by the coordinates of point £ on the circle. 


T max ’ ^ 


"max 


3.41 MPa 


Ans 


















Problem 9-103 


Determine the equivalent State of stress on an element if it is oriented 30° clockwise from the element 
shown. Use the stress-transformation equations. 

Given: <j := OMPa g v := -0.300MPa 

x y 

0 := -30deg x xy := 0.950MPa 

Solution: 

Normal Stress: 

a x + Gy G x _ Gy 

cr x . :=---+---cos(20) + x xy -sin(20) 

c> x . =-0.898 MPa Ans 

G X + Gy G x — Gy 

G v f :=-cos(20) - T YV -sin(20) 

y 2 2 v 7 xy v ' 

Gy = 0.598 MPa Ans 

Shear Stress: 



300 JtPa 

"ii—* 950 k Pa 


W X W y 

T x'y' := - 2 sin(20) + x xy -cos(20) 

t y u = 0.605 MPa Ans 

x y 

















Problem 9-104 


The State of stress at a point in a member is shown on the element Determine the stress components 
acting on the incline d plane AB. A 

Given: a := -50MPa a v := -lOOMPa 

x y 

(j)' := 30deg 

Solution: 

Construction ofMohr f s Circle: 0 := 90deg + 


:= 28MPa 


Center: çj ;= 


Radius: R ;= 


C>x + CTy 


a c = -75 MPa 


a y a c 


2 2 
+ T xy 


R = 37.54 MPa 


Coordinates: a(c> x , x xz j C’|c> c , ()j 


Angles: 


:= atan 


xy 






(j) = 48.240 deg 


a := 360deg- 20 — 4> a = 71.760 deg 




r 


Stresses: (representedby coordinates of point P on the circle) 


a x ' G c + R* cos ( a ) a x ' = -63.25 MPa 


x x y := R-sin(a) 


i Y u = 35.65 MPa 

x y 


Ans 

Ans 



■rw*; 
















Problem 10-1 


Prove that the sum of the normal strains in perpendicular directions is constant. 

Solution: 

Stress Transformation Equations: Applying Eqs. 10-5 and 10-7 of the text. 


£ X + £ v £ x“ £ v 

-- +--• 

2 2 


£ x £ y £ x £ y 

8 V » =- 

y 2 2 


(20) H—^-sin(20) 

(i) 

( 20 )-^-sin( 20 ) 

(2) 


(l)+(2): 


LHS = e Y » + 

x y 


£ x + £ v £ X + £ v 

RHS = -- +-- 


RHS = 8 V + s,, 
x y 


Hence, 


£ x’ + £ y' = £ x + £ y 


(Q.E.D.) 



Problem 10-2 


The State of strain at the point on the leaf of the caster assembly has components of s = -400(10' 6 ), 


€ = 860(10"°), and y = 375(10'°). Use the strain-transformation equations to determine the equivalent 

in-plane strains on an element oriented at an angle of 0= 30° counterclockwise from the original 
position. Sketch the deformed element due to these strains within th Qx-y plane. 

•(io“ 6 ) 


Given: g : = -400 

A 


Sy := 860 


(10 6 ) 

■ (io“ 6 ) 


Y X y := 375 ’ 
0 := 30deg 


Solution: 

Stress Transformation Equations: 


s x s y £ x 8 y 

£ y * í— -+ 

x o 


y 


cos (20) + —^--sin(20) 



8 x’ = 77-3$ x 10 


Ans 


8 x + 8 y 


8 x 8 y 


y 




-cos ( 20 )-^--sin(20) 


y x y 2 


8 x 8 y 


Sy = 382.62 X 10 
sin(20) 4 —cos(20 )j 


-6 


Ans 



f xy 


1.279 x 10" 


Ans 

















Problem 10-3 


The State of strain at the point on the pin leaf has components of s x = 200(10' 6 ), s = 180(10" 6 ), and y 

= -300(10" 6 ). Use the strain-transformation equations to determine the equivalent in-plane strains on an 
element oriented at an angle of 9= 60° counterclockwise from the original position. Sketch the 


deformed element due to these strains within the x-y plane. 



Given: s x : = 200-1 

(io 6 ) 

1 Y xy := -300-(10 6 ) 

L 


£.. := 180-1 

(io“ 6 ) 

1 0 := 60deg 



y 

Solution: 


J 

□ -x 

\ rrn 


Stress Transformation Equations: 


e Y » := 
x 2 


8 Y + 8, 7 8 v - 8. 7 y YA7 

H---COS (20) + —-SÍn(20) 


s x » = 55.10 x 10 


8 v + E xr 8 v - 8. 7 y YX7 

s v » :=-cos( 20 )-sin(20) 

y 2 2 2 


y x y 2 


8 y . = 324.90 x 10 

^ 8 Y - s, 7 y Y , 7 ^ 

-sin(20) H-cos( 20 ) | 

v 2 2 ’) 


-6 


Ans 


Ans 



y x y = 132.679 x 10 6 Ans 




















Problem 10-4 


Solve Prob. 10-3 for an element oriented 6= 30° clockwise. 


Given: s Y ■= 200 

À 


Sy := 180 


■(io 6 ) 
■ (io“ 6 ) 


Yxy := -300 
0 := -30deg 


■(io 6 ) 


Solution: 


Stress Transformation Equations: 


S Y + 8, 7 8 v - 8. 7 V YW 

8 v f :=-+-cos(20) H-sin(20) 

2 2 2 


J x • 


e x . = 324.90 x 10 


-6 


Ans 


8 v + 8, 7 S v - 8. 7 y YA7 

s y f :=-cos( 20 )-sin(20) 

y 2 2 2 


Y x y 2 


Syf = 55.10 x 10 

^ s Y - s . 7 y Y , 7 ^ 

-sin(20) H-cos( 20 ) | 

v 2 2 ’) 


Ans 


.-6 


y x »y» = -132.679 x 10 Ans 





















Problem 10-5 


Due to the load P, the State of strain at the point on the bracket has components of s x = 500(10" 6 ), 

€ = 350(10" 6 ), and y = -430(10" 6 ). Use the strain-transforma tio n equations to determine the equivalent 

in-plane strains on an element oriented at an angle of 6= 30° clockwise from the original position. 
Sketch the deformed element due to these strains within th ex-y plane. 


Given: e x := 500-(l0 6 ) y xy := -430-(l0 6 ) 

s y := 350-(l0“ 6 ) 0 := —30deg 

Solution: 

Stress Transformation Equations: 

s Y + 8,. 8 v - e. 7 y YX7 

8 x f :=-H-cos(20) H-sin(20) 

x 2 2 2 

e x < = 648.70 x 10“ 


8 v + 8, 7 8 v - 8. 7 y YX7 

s y f :=-cos( 20 )-sin(20) 

y 2 2 2 


Y x y 2 


8y. = 201.30 X 10 
—-sin(20) 4— ^--cos(20)j 


8 x s y 


Ans 


Ans 



y x y = -85.096 x 10 6 Ans 













Problem 10-6 


The State of strain at the point on a wrench has components e x = 120(10" 6 ), s y = -180(10" 6 ), y = 

150(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains and (b) 
the maximum in-plane shear strain and average normal strain. In each case specify the orientation of 
the element and show how the strains deform the element within the x-y plane. 

Given: s x : = 120-(l0“ 6 ) e y := -180-(l0 _6 ) y xy := 150-(l0 _6 ) 

Solution: 

a) In-plane Principal Strains: Applying Eq. 10-9, 


£ 1 : = 

s 2 := 



8j = 137.71 x 10 6 Ans 
e 2 = -197.71 x 10“ 6 Ans 


Orientation of Principal Strain: 


tan 


(Mj - 


Y 


xy 


£ x £ y 


0» := — atan 

P 2 


Yxy ^ 


£ x - 8 


0 p = 13.283 deg 


yj 


Use Eq. 10-5 to determine the direction of Sj and s 2 . 


£ x + s y 8 x s y 
c v » :=- h- 


• cos ( 20 p) + -^- sin ( 2e p) 


s x i = 137.71 x 10 


-6 


Therefore, 


«pl : = ®p 


e p2 : = ®'p 


/„ . í. 


>max • 


r max 


"avg •" 


- 8 yV 


YxyV 

v 2 ruj 

6 


335.41 x 10 


s x + 8 y 


Ans 


J avg 


-30x 10" 


Orientation of Principal Strain: 

8 x “ 8 y 


Op := 0 p - 90deg 
0'p = -76.717 deg 


0pj = 13.28 deg 
0p2 = -76.72 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11, 


Ans 


tan 


H - - 


1 


f 


0 C — atan 


»xy 




v y xy 


0' s := 0 S + 90deg 





































0 g = —31.717 deg 


0' s = 58.283 deg 


Use Eq. 10-6 to determine the sign of y n 


Y x y := 2 


J y . 


sin ( 20 s) + 4p' cos ( 20 s) 




y x y = 335.41 x 10 


-6 


Therefore, 0 sl := 0 S 0 sl = -31.72 deg 
0 s2 :=0 's 0 s2 = 58.28 deg 


Ans 

Ans 




Problem 10-7 


The State of strain at the point on the gear tooth has components e x = 850(10" 6 ), s = 480(10' 6 ), y = 

650(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains and (b) 
the maximum in-plane shear strain and average normal strain. In each case specify the orientation of 
the element and show how the strains deform the element within the x-y plane. 



tan 





— atan 
2 


v £ x 


30.175 deg 


xy 
- 8 


y) 


0'p := 0 p + 90deg 
0'p = 120.175 deg 


Use Eq. 10-5 to determine the direction of and c 2 . 


£ x + £ y £ x £ y 
c v i :=-+- 


c° s ( 20 p) + -^-sin^Op) 


8 X » = 1.039 x 10 


-3 


Therefore, 


e pi - 8 p 

8p2 - 8 'p 


Opl = 30.18 deg 
0 p 2 = 120.18 deg 



b) Maximum In-plane Shear Strain: Applying Eq. 10-11, 



































Orientation of Principal Strain: 
tan^20 s j = 


£ x £ y 


' xy 


0„ := — atan 
s 2 


8 x 8 y^l 


0„ = -14.825 deg 


y xy J 


Use Eq. 10-6 to determine the sign of y max . 


Y x y : = 2 


8 x 8 y 


Yxy , ^ 


sin ( 20 s) + ^' cos ( 20 s) 


Therefore, 0 s j := 0 g 


0 s2 := 6 's 


y x y = 747.93 x 10 
0 sl = -14.82 deg 
0 s2 = 75.18 deg 


-6 


0 ' 


0 ' 


Ans 

Ans 


:= 0 S + 90deg 
= 75.175 deg 







Problem 10-8 


The State of strain at the point on the gear tooth has the components s = 520(10" 6 ), s = -760(10'°) 


y ^ = -750(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains 


and (b) the maximum in-plane shear strain and average normal strain. In each case specify the 
orientation of the element and show how the strains deform the element within th ex-y plane. 

Given: e x := 520-(l0 _6 ) e y := -760-(l0 _6 ) y xy := -750-(l0 _6 ) 

Solution: 


a) In-plane Principal Strains: Applying Eq. 10-9, 


s v + 


£i := 


s v + 


S x -S y T 

A 2 J + 

Ííxyf 

2 J 

jf e x - e yl 2 

A 2 J 

ír xy f 
2 ) 


6 


sj = 621.772 x 10 

Ans 

S 2 = -861.77 X 10“ 6 
Ans 



Orientation of Principal Strain: 


tan 





— atan 
2 


-15.184 deg 


• xy 


y) 


0'p := 0 p + 90deg 
0'p = 74.816 deg 


f 



0 S = 29.816 deg 0’ s = -60.184 deg 


Use Eq. 10-6 to determine the sign of y max . 

































f 


£ x 

Txy : = 2 {— 

Therefore, 0 
0 


^•sin(20 s ) + ^-cos(20 s )j 



Y x y = -1.48 X 10 


0 S 

0 s j = 29.82 deg 

Ans 

= 0 S 

0 S 2 = -60.18 deg 

Ans 




Problem 10-9 


The State of strain at the point on the spanner wrench has components £ x = 260(10" 6 ), s = 320(10' 6 ), 

y. ^ = 180(10' 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains 

and (b) the maximum in-plane shear strain and average normal strain. In each case specify the 
orientation of the element and show how the strains deform the element within th ex-y plane. 

Given: s x : = 260-(l0 _ 6 ) s y := 320-(l0 _ 6 ) 

y xy := 180 -(l 0 “ 6 ) 

Soiution: 

a) In-plane Principal Strains: Applying Eq. 10-9, 




Sj = 384.87 X 10 6 Ans 
e 2 = 195.13 x 10“ 6 Ans 


Orientation of Principal Strain: 


tan 


< 2e p) - 


Y 


xy 


£ x 8 y 


0» := — atan 

P 2 


0 p = -35.783 deg 


Yxy ^ 


3 y ) 


0'p := 0p + 90deg 
0'p = 54.217 deg 


Use Eq. 10-5 to determine the direction of Sj and s 2 . 


£ x + s y s x £ y 

8 y i != - H - 

x 2 2 


c° s ( 20 p) + — •sin(20 p ) 
,-6 


8 X . = 195.132 X 10 


Therefore, 0pj := 0'p 


0pl = 54.22 deg 
0p2 = -35.78 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11 


e p2 - 8 p 


Ans 

Ans 


„ \ 2 í, 


' max 


:= 2 


e x s y^l 


2 )-\ 2 ) 


YxyV 


' max 


189.74 x 10 


£ x + £ y 


J avg •- 


£ avg = 290 x 10 




Ans 


Orientation of Principal Strain: 



1 

— atan 
2 




0 S = 9.217 deg 


£ x £ y^l 
Yxy ) 


0's := 0 S - 90deg 
0' s = -80.783 deg 


H lt V, 



































Use Eq. 10-6 to determine the sign of y n 


y x y : = 2 


£ x £ y 


Yxy , ^ 


sin ( 20 s) + ^- cos ( 20 s) 


í xy 


189.74 x 10“ 


Therefore, 0 sl := 0 S 
®s2 ® s 


0 s j = 9.22 deg 


0 S 2 = -80.78 deg 


Ans 

Ans 




Problem 10-10 


The State of strain at the point on the arm has components e x = 250(10' 6 ), e = -450(10" 6 ), y 

= -825(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains and 
(b) the maximum in-plane shear strain and average normal strain. In each case specify the orientation 
of the element and show how the strains deform the element within the x-y plane. 



Orientation of Principal Strain: 


tan 


< 2e p) - 


Y 


xy 


£ x 8 y 


0» := — atan 

P 2 


0 p = -24.843 deg 


Yxy ^ 


3 y ) 


0'p := 0 p + 90deg 
0'p = 65.157 deg 


Use Eq. 10-5 to determine the direction of and s 2 . 


s x + s y 8 x s y 
c v » :=- h- 


c° s ( 20 p) + ^•sin(20p) 


e x . = 440.977 x 10 


-6 


Therefore, 0 pl := 0 p 


ôp] = -24.84 deg 
0p2 = 65.16 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11 


e p2 : = 8 ’p 


Ans 

Ans 



' max 


:= 2 


f \2 f \2 

e x- £ yl 


Ymax= L082x 10 


Yxy V 

n T l2; 

-3 


J avg 


Ans 


s x + 8 y 


8 avg = -100 x 10 


-6 


































Orientation of Principal Strain: 
tan|20 s j = 


s x s y 


• xy 


0 c := — atan 
s 2 


s x s y^ 


y 


0 S = 20.157 deg 


xy 


Use Eq. 10-6 to determine the sign of y max . 


Y x y : = 2 


8 x 8 y 


Y 


V 


• sin ( 20 s) + ^' cos ( 20 s) 


y x y = -1.082 x 10 


-3 


0's := 0 S - 90deg 


0' s = -69.843 deg 


Therefore, 0 s j := 0 g 0 s j = 20.16 deg Ans 

0 s2 :=0 's 0 s2 =-69.84 deg Ans 







Problem 10-11 


The State of strain at the point on the fan blade has components £ x = 250(10" 6 ), s = -450(10' 6 ), y 

= -825(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains and 
(b) the maximum in-plane shear strain and average normal strain. In each case specify the orientation 
of the element and show how the strains deform the element within the x-y plane. 

Given: e x := 250-(l0 _6 ) e := -450-(l0 _6 ) 


Y X y : = ~ 825 - 


(io 6 ) 

Soiution: 

a) In-plane Principal Strains: Applying Eq. 10-9, 


e x + e y 

8 i !=-h 

1 2 

£ v + £ X7 



x f 

— , £,= 440.98x 10 

2 ) 1 


-6 



ÍYxyV 

— , e 2 = -640.98 x 10 


Ans 
6 


Orientation of Principal Strain: 


tan 


( 2e p) - 


I xy 


£ x 8 y 


0» := — atan 

P 2 


0 p = -24.843 deg 


Txy 1 


E y J 


Ans 


0'p := 0 p + 90deg 
0'p = 65.157 deg 



Use Eq. 10-5 to determine the direction of and c 2 
8 


£ x + s y °x 

£ v ' != - H- 

x o 


Therefore, 0 , := 0 


e y , , Y 


c° s ( 20 p ) + ^•sin(20 p ) 
£ x , = 440.977 x 10“ 6 


ôp] = -24.84 deg 
0p2 = 65.16 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11. 


pi 

e p2 - fp 


Ans 

Ans 



& 



‘ max *“ 

c avg * = 

Orientation of Principal Strain: 
tan^20 s j = - 


* max 


= 1.082 x 10 


s avg = - 100x 10 


-6 


Ans 

Ans 


s x £ y 


‘ xy 


0 O := — atan 
s 2 


-Ai 


Y 


0„ = 20.157 deg 


xy 




0's := 0 S - 90deg 
0' s = -69.843 deg 





































Use Eq. 10-6 to determine the sign of y n 


y x y : = 2 


£ x £ y 


Yxy , ^ 


sin ( 20 s) + ^- cos ( 20 s) 


í xy 


-1.082 x 10 


Therefore, 0 sl := 0 S 
®s2 ® s 


0 s j = 20.16 deg 


0 S 2 = -69.84 deg 


Ans 

Ans 




Problem 10-12 


A strain gauge is mounted on the 25-mm-diameter A-36 Steel shaft in the manner shown. When the 
shaft isrotating with an angular velocity of co= 1760 rev/min, using a slip ring the reading on the strain 

gauge is s= 800(10" 6 ). Determine the power output of the motor. Assume the shaft is only subjected to 
atorque. 


Unit used: ^ ' 60sec 



-i 

Given: e x > := 800-(l0 _ 6 ) 

© : 

:= 1760rpm 


8y ;= 0 8 X := 0 

0 : 

= 60deg 

i 

G := 75GPa 

d o 

:= 2 5 mm — 

J: 


Solution: 

Section Property: 
p := 0.5d o 


t n a 4 

J := — d„ 
32 ° 


Stress Transformation Equations: 


8 X + 8 y 


' xy 


sin(20) 


£ x’ 


-•cos 


£ x + £ y 


( 20 ) 


^•sin(20) 


-•cos 


( 20 ) 




m. 


□ 




f-nC 


n 


y X y = 1.848 x 10 


-3 


Shear Stress: 


T = 


Tp 

j 


T := G -y X y 


G 'J'7xy 

T := y 

T = 0.4251 kN-m 

P 

P := T oo 

P = 78.35 kW Ans 



















































Problem 10-13 


The State of strain at the point on the support has components s x = 350(10" 6 ), s = 400(10" 6 ), y 

= -675(10" 6 ). Use the strain-transformation equations to determine (a) the in-plane principal strains and 
(b) the maximum in-plane shear strain and average normal strain. In each case specify the orientation 
of the element and show how the strains deform the element within the x-y plane. 


Given: s x := 350 


Y X y : = ~ 675 


'■(io 6 ) 
(io“ 6 ) 


:= 400 


(io 6 ) 


Soiution: 

a) In-plane Principal Strains: Applying Eq. 10-9, 


£ i := 


8 X + S y 

2 + M 


s x + e y 




ÍTxyf 


2 ) + UJ 




— , 8j = 713.42x10 


-6 


í \ 2 

£ x- £ y 1 


2 J + {2j 


V 


Vi 2 

— , e 2 = 36.58 x 10 


Orientation of Principal Strain: 


Ans 

-6 

Ans 



tan 


( 2e p) - 


I xy 


£ x 8 y 


0» := — atan 

P 2 


Yxy ^ 


£ x" 8 


0 p = 42.882 deg 


■yj 


9'p := 0 p - 90deg 
0'p = -47.118 deg 


Use Eq. 10-5 to determine the direction of Sj and e 2 . 


£ x + s y £ x £ y 

£ v ' != - H- 

Xo o 


c° s (20 p ) + ^•sin(20 p ) 
8 X . = 36.575 x 10“ 6 


Therefore, 0pl :=0 'n 0 O 1=-47.12 deg 



Pl 


Ans 

Ans 


0 p2 :=e p 0p 2 = 42.88 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11, 

= 676.849 x 10“ 


í p 

•x- £ yl 


‘ max •" 


2 ) \2) 


YxyV 



V 

£ x + £ y 
£ avg 2 

Orientation of Principal Strain: 

£ x “ £ y 


‘ max 


£ avg = 375 x 10 


Ans 


Ans 


tan |^2Ô s j = — 


‘ xy 


0 O := — atan 
s 2 


-O 


0„ = -2.118 deg 


Y X y ) 


0's := 0 S + 90deg 
0' s = 87.882 deg 






























Use Eq. 10-6 to determine the sign of y n 


y x y : = 2 


£ x £ y 


Yxy , ^ 


sin ( 20 s) + ^- cos ( 20 s) 


í xy 


-676.849 x 10 


Therefore, 0 sl := 0 S 
®s2 ® s 



Ans 

Ans 




Problem 10-14 


Consider the general case of plane strain where s x , s , y xy and are known. Write a Computer program 
that can be used to determine the normal and shear strain, s x , and y x y , on the plane of an element 

oriented 6 from the horizontal. Also, compute the principal strains and the elemenfs orientation, and the 
maximum in-plane shear strain, the average normal strain, and the elemenfs orientation. 



Problem 10-15 


Solve Prob. 10-2 using Mohr’s circle. 

Given: e x := -400-(l0 _ 6 ) y xy := 375-(l0 _ 6 ) 

s y := 860-(10 -6 ) 0 := 30deg 

Solution: 

Construction ofMohr's Circle: 

Center: 


8 C := 


s x ~l~ s y 


s c = 230 x 10 


-6 


Radius: 


R := 


: j (s y 8 C ) 


+ 


Vi 2 

, 2 ) 


R = 657.31 x 10" 



Coordinates: 

A (e x ,°.5-y X y) C(e c ,0) 


Angles: 


(|> := atan 


r —0.5y x y) 


a := 20 — 4> 


<|> = -16.574 deg 
a = 76.574 deg 



Strain on the inclinedElement: (represented by coordinates of points P and Q) 
8 x’ := 8 c ” R-cos(a) 8 X » = 77.38 x 10 ^ Ans 

sy := s c + Rcos(a) 8y = 382.62 x 10 ^ Ans 

Y x »y := 2R-sin(a) y x y = 1.279 x 10 ^ Ans 



















Problem 10-16 


Solve Prob. 10-4 using Mohr’s circle. 

Given: s x : = 200-(l0 _ 6 ) y xy := -300-(l0 _ 6 ) 

8 y i= 180• (10 6 ) 0 := —30deg 

Solution: 

Construction ofMohr f s Circle: 

Center: 


8 C := 


s x + s y 


8 C = 190 x 10 


Radius , 


R: (e y e c ) + 


^Y_xyY 

2 J 


R = 150.33 x 10 


-6 


Coordinates: 

A (8 x ,°.5-Y X y) C(s c ,0) 


Angles: 


4> := atan 


' -0.5y xy i 

, E y - E cJ 


a := 20 — 4> 


<|> = -86.186 deg 
a = 26.186 deg 



Strain on the inclinedElement: (represented by coordinates of points P and Q) 
8 x’ := 8 c + R* cos ( a ) £ x' = 324.9 xio 6 Ans 

sy := 8 C - Rcos(a) 8y = 55.1 x 10 ^ Ans 

y x y := -2R-sin(a) y x y = -132.7 x 10 ^ Ans 

























Problem 10-17 


Solve Prob. 10-3 using Mohr’s circle. 

Given: s x : = 200-(l0 _ 6 ) y xy := -300 

8 y := 180• (10 6 ) 0 := 60deg 

Solution: 

Construction ofMohr f s Circle: 

Center: 


(io 6 ) 


8 C := 


Radius: 


S x + s y 


S c = 190 X 10 


-6 


R := 


: j (s y 8 C ) 


+ 


V * 2 
, 2 ) 


R = 150.33 x 10 



Coordinates: 

A (s x , 0.5-Yxy) C(s c ,0) 

Angles: 


4> := atan 


^-0.5y xy ^ 

v 8 y ~ S cJ 


()) = -86.186 deg 


a := 20 — 4> 


a = 206.186 deg 



Strain on the inclinedElement: (represented by coordinates of points P and Q) 
8 x’ := 8 c + R' cos ( a ) £ x' = 55.1 x 10 ^ Ans 

sy := s c - Rcos(a) sy = 324.9 x 10 ^ Ans 

y x y := -2R-sin(a) y x y = 132.7 x 10 ^ Ans 


























Problem 10-18 


Solve Prob. 10-5 using Mohr’s circle. 

Given: s x : = 500-(l0 _ 6 ) y xy := -430-(l0 _ 6 ) 

s y := 350-(l0“ 6 ) 0 := —30deg 

Solution: 

Construction ofMohr f s Circle: 

Center: 


8 x + s y 


c • 

Radius: 


s c = 425 x 10 




Coordinates: 

A(e x ,0.5-y xy ) c(e 

Angles: 


4> := atan 


/ -0.5r xy 'l 
, E y - E cJ 


a := 20 — 4> 



Strain on the inclinedElement: (represented by coordinates of points P and Q) 
8 x’ := 8 c + R' cos ( a ) £ x' = 648.7 xio 6 Ans 

8yi := 8 C - R-cos(a) sy = 201.3 x 10 ^ Ans 

y x y := -2R-sin(a) y x y = -85.1 x 10 ^ Ans 





















Problem 10-19 


Solve Prob. 10-6 using Mohr’s circle. 


Given: s x := 120-(l0 6 ) 

Solution: 


e y := -180- (10 6 ) 


y xy := 150- (10 6 ) 


Construction ofMohr f s Circle: 
Center: 


8 C := 


Radius: 


8 X + Sy 


8 C = -30 x 10 


-6 


R 


: J ( 8 y 8 c) 


+ 




2 ) 


R = 167.71 x 10" 


Coordinates: 

A (8 x ,°.5-Y X y) c(s c ,o) 



In-plane Principal Strains: (represented by coordinates of points B and D) 

4-kr — is / / iv iii ^ 


Sj := 8 C + R 8j = 137.71 x 10 Ans 


8 2 £ c “ R s 2 “ -197.71 x 10 Ans 


Orientation of Principal Strain: 


tan 


( 2e pi) - 


0.5y 


xy 


1 


£ x 8 c 


0 p l := - atan 


°-5Y X y^l 


°X “c ) 


S x 8 
0 p2 : = e pl - 90de g 


0pj = 13.28 deg 
0p 2 = -76.72 deg 


Maximum In-plane Shear Strain: (represented by coordinates of point E) 

-6 


i max • 


-2R 


' max 


-335.41 x 10 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 2e s) - - 


s x s c 


0.5y 


0 C — atan 


xy 




V 


s x s c^ 


9-5y X y J 


0 S = -31.717 deg ( Clockwise ) Ans 

















Problem 10-20 


Solve Prob. 10-8 using Mohr’s circle. 

Given: e x := 520-(l0 _ 6 ) e y := -760-(l0 _ 6 ) 

Solution: 

Construction ofMohr f s Circle: 

Center: 


8 C := 


Radius: 


8 X + Sy 


8 C = -120 x 10 


-6 



R 


: J ( 8 y £ c) 


+ 


v 2 
, 2 ) 


R = 741.77 X 10" 


Coordinates: 


L(8 x ,°.5-Y xy ) c(e c ,o) 


a) In-plane Principal Strains: 

(represented by coordinates of points B and D) 

81 := e c + R sj = 621.77 x 10 ^ Ans 

6 


s-> := e„ - R 


-861.77 x 10 


Ans 



Orientation of Principal Strain: 


tan 


Ki) - 


0.5y 


xy 


1 


£ x £ c 


0-5y X y^l 


0 1 := - atan 

2 £ x - £ 

0 p2 : = e pl - 90de g 


°X ~ç) 


0pj = -15.18 deg Ans 
0 p2 = -105.18 deg Ans 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E) 

-3 


i max • 


-2R 


' max 


-1.484 x 10 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 29 s) - - 


s x s c 


0.5y 


0 *= — atan 


xy 


f 


V 


s x £ c 


^•^Yxy J 


0 S = 29.816 deg ( Clockwise ) 


























Problem 10-21 


Solve Prob. 10-7 using Mohr's circle. 


Given: s x := 850-(l0 6 ) 

Solution: 


8y := 480-(10 6 ) 


Y xy : = 650 


Construction ofMohr f s Circle : 
Center: 


8 C := 


Radius: 


8 x + £y 


8 C = 665 x 10 


-6 


R 


: J ( e y £ c) 


+ 




2 ) 


R = 373.97 x 10 


Coordinates: 

A (s x ,0.5-Y X y) C(e c ,0) 

a) In-plane Principal Strains: 

(represented by coordinates of points B and D) 

-3 


8 1 8 C + K e i - 1-039 x 10 


8^ + R 

s 2 8 c “ ^ £ 2 = 291.03 x 10 

Orientation of Principal Strain: 


tan 


Ki) - 


0.5y 


xy 


8 x 8 c 


0pi : = \ atan 

2 e x - £ 

0 p2 := e pl - 90de § 


Ans 

Ans 

o.5y xy ^ 



W 


°x u c ) 


Opl = 30.18 deg 
0p2 = -59.82 deg 




Ans 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E) 

6 


Ymax * 2R 


‘ max 


-747.93 x 10 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan (20.) =- 

v s ' 0. 


8 x 8 c 


5y 


0 C := — atan 


xy 


f 


V 


8 x O 


^•^Yxy J 


0 = -14.825 deg ( Clockwise ) Ans 























Problem 10-22 


Solve Prob. 10-9 using Mohr’s circle. 

Given: s x : = 260-(l0 _ 6 ) s y := 320-(l0 _ 6 ) 

y xy := 180- (10 _ 6 ) 



Solution: 

Construction ofMohr's Circle: 
Center: 


8 C := 


s x + s y 


8 C = 290 x 10 


-6 


Radius: 


R := 


: j (e y e c ) 


+ 


, 2 ) 


R zz 94.87 X 10" 




b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 


»max 


:= -2R 


'max 


= -189.74 x 10 


-6 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 20 b) ■ 


e x e c 


0.5y 


xy 


0„ := — atan 
s 2 


- £ c^l 


^•^Yxy J 


0 S = 9.217 deg ( Counter-clockwise ) 


Ans 






























Problem 10-23 


The strain at point.4 on the bracket has components s x = 300(10" 6 ), s = 550(10" 6 ), y = -650(10' 6 ), s z 

= 0. Determine (a) the principal strains at.4, (b) the maximum shear strain in the x-y plane, and (c) the 
absolute maximum shear strain. 


Given: e x := 300-(l0 6 ) e y := 550-(l0 6 ) 
8 Z := 0 

Solution: 

Construction ofMohr f s Circle for x-y plane: 
Center: 

s x "l~ £ y — 6 

8 p :=-- 8 p = 425 x 10 

c 2 c 



Radius: 



Coordinates: 

A (8 x ,°.5-Y xy ) C(s c ,0) 


R= 348.21 x 10 



a) In-plane Principal Strains: 


8 1 s c + R 

8j = 773.21 x 10 6 Ans 

s 2 : = s c _ R 

e 2 = 76.79 x 10 -6 Ans 

b) Maximum In-plane Shear Strain: 

Ymax • 

Ymax = 696.42 x 10 6 Ans 



c) Absolute Maximum Shear Strain: 

Construction of Three Circles : 

From the results obtained above, 

c max S 1 s int s 2 £ min ® 


Absolute Maximum Shear Strain : 
From the three Mohr’s circles, 

Y abs.max -= s max ” s min 



Ans 



























Problem 10-24 


The strain at a point has components of s x = -480(10" 6 ), s y = 650(10" 6 ), y xy = 780(10" 6 ), s z = 0. 

Determine (a) the principal strains, (b) the maximum shear strain in the x-y plane, and (c) the absolute 
maximum shear strain. 


Given: e x := -480-(l0 6 ) s y := 650-(l0 6 ) 

Solution: 

Construction ofMohr r s Circle for x-y plane: 
Center: 


y xy := 780-(l0 6 ) 


8 Z := 0 


8 C := 


Radius: 


£X + £y 


8 C = 85 x 10 


-6 


R:= 


: j (s y S c ) 


+ 


Ayf 


2 J 


R = 686.53 x 10 


Coordinates: 

A (s x ,°.5-Y X y) c(s c ,o) 





a) In-plane Principal Strains: (represented by coordinates of points B and D) 
8 1 :=e c + R 8 j = 771.53 x 10“ 6 Ans 

6 


s 2 := £ c _ R 


-601.53 x 10 


Ans 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 


' max 


:= 2R 


f max 


= 1.373 x 10 


-3 


Ans 


c) Absolute Maximum Shear Strain: 

Construction of Three Circles : 
From the results obtained abo ve. 


8 max • S 1 




mt 


0 


£ m i n • S ^ 


J mm • 


Absolute Maximum Shear Strain : 
From the three Mohr’s circles. 



7abs.max * £ max s min 


7abs.max 1-^73 x 10 


-3 


Ans 



















Problem 10-25 


The strain at a point on apressure-vessel wall has components of £ x = 350(10" 6 ), s = -460(10" 6 ), ^ 

= -560(10" 6 ), £ = 0. Determine (a) the principal strains at the point, (b) the maximum shear strain in 
the x-y plane, and (c) the absolute maximum shear strain. 


Given: s v 

A 



:= 0 


Solution: 


Construction ofMohr r s Circle for x-y plane: 
Center: 


8 C := 


s x ~l~ s y 


8 C = -55 x 10 


-6 


Radius: 



R = 492.37 x 10 



Coordinates: 

A (8 x ,°.5-Y xy ) C(e c , o) 


a) In-plane Principal Strains: (represented by coordinates of points B and D) 
s 1 :=8 c + R gj = 437.37 x 10“ 6 Ans 

e 2 := s c - R s 2 = -547.37 x 10“ 6 Ans 


c) Absolute Maximum Shear Strain: 

Construction of Three Circles : 

From the results obtained abo ve, 

£ max £ 1 £ int ® £ min s 2 

Absolute Maximum Shear Strain : 

From the three Mohr’s circles, 

Y abs.max £ max “ £ min 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 


7max • 2R Ymax 984.7 x 10 Ans 



Yabs.max 


= 984.7 x 10 


Ans 

















Problem 10-26 


The strain at point.4 on the leg of the angle has components of s x = -140(10 _ò ), s = 180(10 _ò ), y 
= -125(10" 6 ), s = 0. Determine (a) the principal strains at A, (b) the maximum shear strain in the x-y 


Given: £ := -140 

A 


»xy *“ 


1 -6l 

1 -6l 

■lio j 

s y := 1 80- V 10 J 

( -6\ 


5-110 j 

CO 

N 

'lí 

O 


Solution: 


Construction ofMohr's Circle for x-y plane: 
Center: 


s x + s y 


c • 

Radius , 


s c = 20 x 10 


Y 




R zz 171.77 X 10 


-6 


Coordinates: 


L(8 x ,°.5-Y xy ) C(e c ,0) 


a) In-plane Principal Strains: 


8i 8 C + R 


s 2 := s c~ R 


ej = 191.77 x 10 


e 2 = -151.77 x 10 


-6 

-6 


Ans 

Ans 




b) Maximum In-plane Shear Strain: 


>max • 


-2R 


r max 


-343.5 x 10" 


Ans 


c) Absolute Maximum Shear Strain: 

Construction of Three Circles : 

From the results obtained abo ve, 

8 max £ 1 s int ® £ min := s 2 


Absolute Maximum Shear Strain : 
From the three Mohr’s circles, 

Y abs.max -= £ max “ £ min 



Ans 



















Problem 10-27 


2.5 kN 


The Steel bar is subjected to the tensile load of 2.5 kN. If it is 12 mm thick determine the absolute 
maximum shear strain. E = 200 GPa, v= 0.3. 

50 mm 

Given: d := 50mm t := 12mm i 

L := 375mm N := 2.5kN 
E := 200GPa v := 0.3 

Solution: 

Stress: <j 


N 


375 mm ■ 


c>y := 0 


a z := 0 


Strain: 


J x * 




J Z • 


E 

-v 


M 

W 


c x = 2.0833 x 10 


Sy = -6.25 x 10 


-6.25 x 10 


Yxy : = 0 


Construction ofMohEs Circle in x-y Plane : 
Center: s 


8 X + Sy 




£ c = 7.2917 x 10 


Radius : R : = J(s x -e c ) 2 + (0.5y xy ) 2 R = 1.3542 


x 10 


-5 


2.5 kN 



Coordinates: A^ x , 0j c(s c , 0j 

In-plane Principal Strains: 

£ 1 £ c + R si = 2.0833 x 10 5 

8 2 s c “ ^ c 2 “ “6.25 xlO 6 

Similarly, from Mohr T s Circle in x-z Plane : 

s 3 s c “ R 83 = -6.25 xlO 6 


Absolute Maximum In-plane Shear Strain : 

Yabs.max S 1 “ c 2 



Ans 
















Problem 10-28 


The 45° strain rosette is mounted on the surface of an aluminum plate. The following readings are 
obtained for each gauge: e a = 475(10" 6 ), s h = 250(10" 6 ), and s c = -360(10" 6 ). Determine the in-plane 
principal strains. 


Given: g ;= 475 
a 


■(io 6 ) 


■(lo 6 ) 


0 a := Odeg 


8^ := 250 
0 b := -45deg 


s c := -360 
0 C := -90deg 


(io 6 ) 


Solution: 


Strain Rosettes (45 o ): Applying Eq. 10-16, 
Given 


£ a = £ x‘ cos 


(»a ) 2 

2 

e b = e x -cos(0 b ) 


+ Sy-sm^ 


+ 8y-sini 


w 


Solving Eqs.(l), (2) and (3), 


+ y X y sin (0a) cos (e a ) 

(i) 

) +Y X y sin ( e b)- cos ( e b) 

(2) 

2 

+ Yxy sin ( 0 c)' cos ( e c) 

(3) 

Guess 8 v := 10 ^ 8., := 
x y 

O 

1 

05 

'C 



:= 10 ” 


^ £ x ^ 

^ £ x ^ 

( -6\ 

475 x 10 l 

£ y | :=Find(e x ,s y ,y xy ) 

£ y 1 = 

-360x 10“ 6 

v Y X yj 

v Y X yj 

y—385 x 10“ 6 ) 


Construction ofMohr's Circle , 
Center: 


s x + s y 


c • 

Radius : 


s c = 57.5 x 10 



R: J(e y 6 C ) + 


^YxyV 

2 ) 


R = 459.74 x 10 


-6 


Coordinates: 


L(8 x ,°.5-Y X y) C(s c ,0) 


In-plane Principal Strains: (represented by coordinates of points B and D) 
8 1 :=8 c + R 8j = 517.24 X 10“ 6 Ans 

s 2 := 8 c — R s 2 = “402.24 x 10 ^ Ans 































Problem 10-29 


The 60° strain rosette is mounted on the surface of the bracket. The following readings are obtained 
for each gauge: e a = -780(10" 6 ), s b = 400(10' 6 ), and s c - 500(10" 6 ).Determine (a) the principal strains 

and (b) the maximum in-plane shear strain and associated average normal strain. In each case show the 
deformed element due to these strains. 


Given: s 


780 


a * 

:= 400 


s c := 500 


•(io“ 6 ) 
■ (io“ 6 ) 
•(io“ 6 ) 


e a := Odeg 
0^ := 60deg 


0 


c • 


120deg 


Soiution: 


Strain Rosettes (60°): Applying Eq. 10-16, 

Given 

2 2 
8 a = s x‘ cos ( e a) +£ y' sin ( e a) + Y X y‘ sin ( 0 a)' cos ( 0 a) 



£ b = £ x‘ cos 


m 2 


+ 8y-sm( 


3m(e b ) + 7 xy -sin(e b )-cos(e b ) (2) 
2 2 

£ C = s x‘ cos ( e c) + £ y-sin(e c ) +y xy -sin(e c )-cos(e c ) (3) 
Solving Eqs.(l), (2) and (3), 


7âo 


Guess := 10 ^ s v := 10 
x y 


Yxy := 10 


^ £ x ^ 

^ £ x ^ 

( -6 \ 
-780x 10 1 

£ y | :=Find(s x ,s y ,y xy ) 

£ y 1 = 

860x 10“ 6 

v y xy ) 

v y xy ) 

V -115.47 x 10“ 6 J 



Construction ofMohr f s Circle , 
Center: 


s x + s y 


c • 

Radius : 


s c = 40 x 10 


R: (e y 6 C ) + 


2 J 


R = 822.03 x 10 


-6 





Coordinates: 

A (8 x ,°.5-Y xy ) C(e c ,0) 

a) In-plane Principal Strains: 

(represented by coordinates of points B and D) 


1 s c + R 

Sj = 862.03 x 10 6 

Ans 

2 := s c~ R 

s 2 = -782.03 x 10“ 6 

Ans 


"t 



































Orientation of Principal Strain: 


tan 


( 20 P2)* 


0.5y 


xy 


£ x 8 c 


j ?2 := 


1 

— atan 


^0.5Y xy ^ 


V S X £ C J 


0pl := 90deg - 0 


p2 


0 p 2 = 2.01 deg 
0 pl = 87.99 deg 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 


»max 


:= -2R 


'max 


= -1.644 x 10 


-3 


Ans 


Ans 

Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 20 b) ■ 


£ x £ c 


0.5y 


xy 


0„ := — atan 
s 2 


-O 


y 0-5y x y J 


0 S = 42.986 deg ( Clockwise ) 


Ans 










Problem 10-30 


The 45° strain rosette is mounted near the tooth of the wrench. The following readings are obtained for 
each gauge: s a = 800(10" 6 ), s b = 520(10" 6 ), and s c = -450(10" 6 ). Determine (a) the in-plane principal 

strains and (b) the maximum in-plane shear strain and associated average normal strain. In each case 
show the deformed element due to these strains. 

•(io“ 6 ) 


Given: s a : = 800 


0 


a • 


e b := 520 


"C • 


-450 


(io 6 ) 

•(io“ 6 ) 


% 

0 


C • 


-135deg 

-90deg 

-45deg 


Soiution: 


Strain Rosettes (45 o ): Applying Eq. 10-16, 

Given 

2 2 

>( e a) +£y' sin ( e a) +Y xy -sin(e a )-cos(e a ) 
+ s y - sin(0 b ) + Y xy - sin(0 b )- cos(0 b ) 


8 a £ x* cos ‘ 


£ b = £ x‘ cos 


£ c " c x‘ cos 


N 

Kl 


+ 8y-sin( 


in ( e c) + Yxy sin ( e c)' cos ( e c) 
Solving Eqs.(l), (2) and (3), 

-6 


(1) 

( 2 ) 
(3) 


Guess := 10 ^ e v := 10 ^ 
x y 


Yxy 10 


e x ^ 

' £ x ^ 

( -6^ 

-170x 10 I 

s y | := Find(s x ,e y ,Y X y) 

s y 1 = 

520x 10“ 6 

y xy J 

v y xy J 

X 1.25 x 10“ 3 J 



Construction ofMohr f s Circle: 
Center: 



e c = 175 x 10 


-6 


R = 713.9 x 10" 



Coordinates: 

A (8 x ,°.5-Y xy ) C(s c ,0) 

a) In-plane Principal Strains: 

(represented by coordinates of points B and D) 


1 s c + R 

8j = 888.90 x 10 6 

Ans 

2 := s c~ R 

s 2 = -538.90 x 10“ 6 

Ans 


































Orientation of Principal Strain: 


tan 


( 20 P2)* 


-0.5y 


xy 


8 x 8 c 


0 


1 

— atan 


A -0-5y xy ^ 


P 2 • 2 

e pl := 90de § - e P 2 


8 x 8 c 


0p2 = 30.55 deg 
0 pl = 59.45 deg 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 

3 


»max 


:= 2R 


'max 


= 1.428 x 10 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 20 b) ■ 


8 X 8 C 


0.5y 


xy 


0 — atan 

s 2 


-O 


0-5 Yxy J 


0 S = 14.449 deg (Counter-clockwise) Ans 


Ans 

Ans 











Problem 10-31 


The 60° strain rosette is mounted on a beam. The following readings are obtained from each gauge: s a 

= 150(10" 6 ), 8 b = -330(10" 6 ), and s c = 400(10' 6 ). Determine (a) the in-plane principal strains and (b) the 

maximum in-plane shear strain and average normal strain. In each case show the deforme d element due 
to the se strains. 

Given: e := 150*(l0 _ 6 ) 


8^ := -330 


s c := 400- 


(io 6 ) 

(io“ 6 ) 


0 a := -30deg 
0^ := 30deg 
0 C := 90deg 


Soiution: 


Strain Rosettes (60°): Applying Eq. 10-16, 
Given 

\2 . /„ \2 


£ a = £ x‘ cos 


(e a ) +8 y -sin(e a )" 


+ Y X y- Slni 


(e a )cos(e a ) (i) 




































Orientation of Principal Strain: 


tan 


( 20 P2)* 


0.5y 


xy 


£ x 8 c 


j ?2 := 


1 

— atan 


^0.5Y xy ^ 


V S X £ C J 


0pl := 90deg - 0 


p2 


0 p 2 = 20.15 deg 
0pl = 69.85 deg 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 

.-6 


»max 


:= -2R 


'max 


= -856.764 x 10 


Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 20 b) ■ 


£ x £ c 


0.5y 


xy 


0„ := — atan 
s 2 


-O 


°- 5 Yxy J 


0 S = 24.845 deg ( Clockwise ) Ans 


Ans 

Ans 











Problem 10-32 


The 45° strain rosette is mounted on a Steel shaft. The following readings are obtained from each 
gauge: e a = 800(10" 6 ), s b = 520(10" 6 ), and s c = -450(10" 6 ). Determine the in-plane principal strains and 
their orientation. 

Given: s a : = 800-(l0 _ 6 ) e b := 520-(l0 _ 6 ) s c := -450-(l0 _ 6 ) 

0 a := -45deg 0^ := Odeg 0 C := 45deg 

Solution: 

Strain Rosettes (45 o ): Applying Eq. 10-16, 

Given 

2 2 

8 a = £ x‘ cos ( e a) +£ y' sin ( e a) + Yxy‘ sin ( 0 a)' cos ( e a) (1) 

2 2 

£ b = £ x‘ cos ( e b) +£ y- sin ( e b) +y X y’ sin ( e b)’ cos ( e b) (2) 



Construction ofMohr's Circle: 
Center: 



8 C := 


s x + s y 


s c = 175 x 10 


-6 


Radius: 


R 


: J ( 8 y £ c) 


^Yxyf 
. 2 ) 


R = 713.9 x 10" 


Coordinates: 


A ( £ x ,°.5-Yxy) 

cbc») 

a) In-plane Principal Strains: 

8i 8 C + R 

ej = 888.90 x 10 6 

£ 2 := £ c _ R 

s 2 = -538.90 x 10“ 6 


Orientation of Principal Strain: 


/ \ u * D 7xy 1 

tanÍ20 D = - 0 := — atan 

v p/ £ x _£ c P 2 


Ans 

Ans 


0-57 xy ^l 

£ x- £ cj 



0 p = -30.55 deg 


Ans 
























Problem 10-33 


Consider the general orientation of three strain gauges at a point as shown. Write a Computer program 
that can be used to determine the principal in-plane strains and the maximum in-plane shear strain at the 

point. Show an application of the program using the values 0 a = 40°, s a = 160(10" 6 ), 6 b = 125°, s h = 
100(10" 6 ), 6 c = 220°, = 80(10" 6 ). 



X 



Problem 10-34 


For the case of plane stress, show that Hooke’s law can be written as 


<r = 


(í-v 2 ) 


( £ x +V£ v) 


a y = n ..2- 


(1-v 2 ) 


Ov +V£ x) 


Gtwrrafizftf fl&vk* r f tflw; For pluut intii, c» ± = O- 
Apf 3jmie Eq. 1Ü-L 8. 

*<=|{*j 

>'&‘x * ( - V a t ) v 

yfíe. = v ™ í\ |ir 

fp (G, -va,} 

Ee, +cj h [2] 

AJiIliç Fjj [IJ jffid Eq j 2| yidis. 

T |:e, = - vV, 

ie.Eu.1 


SubsüLutuig ff p m»Eq. (2f 

E£ -> =- V «' t lT^t vf . +£ y) 
a _ g(vf,+c._J et, 

" V 

, Evt , * £f -, ~Ce t +Et t V= 

v«-^y 

- T^í (f ' +Vf í ) (a £ °) 







Problem 10-35 


Use Hooke’s law, Eq. 10-18, to develop the stram-transformation equations, Eqs. 105 and 106, from 
the stress-transformation equations, Eqs. 9-1 and 9-2. 


Siras srajisfcjírnitaori aquanons. 
C* * + gg - 

2 2 

_ 

1*7 


Vi a 


2 

V* + ff» 


cos 30 + srâ 
^ sbi 20 + í x r ccre Zét 




«l f xl «w 20 


(i> 

a> 

as 


Hgotp^s kw; 

£ " " £ £ 
-Vffj 

í\ =, * *. . 

E 

*** = 


<4J 

tf] 

(6) 


G = 


a<i + vi 


m 


íí + e r 


Fiara Eflí. (4) and (5} 

<1 - Wjtr M + <r T ) 
E 

, _ <1 + vJíff. - tr,] 

Cl " e> ~—T ^ 


( 8 ) 

m 


Fipftj Eqsr (6J and í7> 

= ííITV" 


í»0> 


From Eq. (4) 

*■? 


v dV 


ao 


S ubStotuLe Eqs. (I} má (J) illtó Eq. <1 
„ (I - v:K(í t + a,) , íl + vjíffr 

*.j -r —™ ■ ■ ~ 

2 £ 2E 

+ ^ jsinZfl 




ca? 20 


m) 


Py *mg Eqs. (fix (9) má (1QJ mi Subíleftdc úito Êq. (12), 

f, = -- Ç ^ ~ ^ CíU 20 + -il çjp 2@ Q£(> 

Frima Eq. (6), 


f-v * G r,> 


2(1 +V> 


7*y Ü3> 


Sgbíbftite Eqs. (3,3), (6) mó 0) 'wmEq.Q) t 

r*Y =* ' 20 + ——-—- Y CCS 2& 

2 EI + r) 2(1 + v} 


2 (1 + v) 


7*y 

2 


. Jl zl S in 20 + -E^ tüi 20 


QFÂ) 




















Problem 10-36 


Abar of copper alloy is loaded in a tension machine and it is determined that s x = 940(10" 6 ) and cr 
100 MPa, G y = 0, cr = 0. Determine the modulus of elasticity, E cu , and the dilatation, e cu , of the 
copper. v cu = 0.35. 

Given: a x := lOOMPa Oy := 0 a z := 0 

£ x ;= 940-(10 -6 ) V cu :=0.35 

Solution: 


8 


X 


E 


CU • 


1 

E 


[ox-vK + Oz)] 

a x ~~ v cu‘( a y + a z) 


E cu = 106.38 GPa Ans 


1 - 2v 


cu 


"CU • 


"cu 


8 CU = 2.820 x 10 


■ ( CT X + CT y + CT z) 


Ans 






Problem 10-37 


The principal plane stresses and associated strains in a plane at a point are <j x = 250 MPa, <j 2 =112 
MPa, s x = 1.02(10" 3 ), s 2 = 0.180(10" 3 ). Determine the modulus of elasticity and Poisson’s ratio. 

Given: aj := 250MPa a 2 := 112MPa 

sj := 1 . 02 - 10“ 3 s 2 := 0.180-10“ 3 

Solution: a 3 := OMPa 

Given 

£ 1 = ^[ CT l-v( CT 2 + CT 3)] W 

e 2= ^[ CT 2- v '( CT l + a 3)] 

Solving (1) and (2): Guess E := lGPa v := 10 ^ 

í 

:= Find(E,v) 

W 

E = 212.77 GPa Ans 

v = 0.295 Ans 



Problem 10-38 


Determine the bulk modulus for hard rubber iíE =5 GPa, v= 0.43. 


Given: E r := 5GPa 


v r := 0.43 


Solution: 

Bulk Modulus: Applying Eq. 10-25 

E„ 


k := 


3p - 2v r ) 

k = 11.90 GPa 


Ans 




Problem 10-39 


The principal strains at apoint on the aluminum fuselage of ajet aircraft are 6) = 780(10' 6 ) and 

s 2 = 400(10' 6 ). Determine the associated principal stresses at the point in the same plane. E al = 70 
GPa, v a j= 0.33. Hint: See Prob. 10-34. 

Given: 8j := 780-(l0 _6 ) E := 70GPa 
e 2 ;= 400-(l0 -6 ) v := 0.33 

Solution: 

Plane stress: a 3 := OMPa 

Use the formula developed in Prob. 10-34, 

aj :=-cij = 71.64MPa Ans 

1 -V 2 

: =- ( s 2 + v ‘ c l) CJ 2 = 51.64MPa Ans 

1 - V 2 






Problem 10-40 


The rod is made of aluminum 2014-T6. If it is subjected to the tensile load of 700 N and has a diameter 
of 20 mm, determine the absolute maximum shear strain in the rod at apoint on its surface. 


Given: P Y : = 700N 

À 

c>y := 0 


d Q := 20mm 

°Z '■= 0 


70QN 


E := 73.1GPa v := 0.35 


Solution: 


'x * 


4P. 


7i • d~ 


a x = 2.228 MPa 


Normal Strains: Apply the general Hooke’s Law, 
6 x - ^[°x - v '( a y + °z)J 


s x = 30.481 x 10 


-6 


8 y^[°y “ v *(°x + °z)] 


£y = -10.668 x 10 


-6 


S z = -10.668 X 10 


-6 


Principal Strains: From the results obtained above, 

-6 


max • £ x 

£ max 

min -= s z 

£ min 


30.481 x 10 


-10.668 x 10" 


Absolute Maximum Shear Strain 
From the three Mohr’s circles, 

Y abs.max 8 max ” s min 


700 N 


Yabs. 


max 


41.149 x 10 


Ans 






Problem 10-41 


The rod is made of aluminum 2014-T6. If it is subjected to the tensile load of 700 N and has a diameter 
of 20 mm, determine the principal strains at a point on the surface of the rod. 


Given: P Y : = 700N 

À 

c>y := 0 


d Q := 20mm 

°Z '■= 0 


700 N 


E := 73.1GPa v := 0.35 


Solution: 


'x * 


4P. 


7i • d~ 


a x = 2.228 MPa 


Normal Strains: Apply the general Hooke’s Law, 
6 x ^[°x “ v '( a y + °z)J 


s x = 30.481 x 10 


-6 


V ^[°y “ v *(°x + °z)] 
8 x : -?['’x- v K + <J y)] 


£y = -10.668 x 10 


-6 


s z = -10.668 x 10 


-6 


Principal Strains: From the results obtained above, 

-6 


c max • £ x 


Tnt 


c min • s z 


8 max = 30.481 x 10 




mt 


J mm 


-10.668 x 10" 


-10.668 x 10" 


Ans 

Ans 

Ans 


700 N 





Problem 10-42 


A rod has a radius of 10 mm. If it is subjected to an axial load of 15 N such that the axial strain in the 
rod is 8 x = 2.75(10" 6 ), determine the modulus of elasticity E and the change in its diameter. v= 0.23. 


Given: P Y : = 15N 

c>y := 0 

r Q := lOmm 

a z : = 0 

v := 0.23 

S x := 2.75- (lo -6 ) 

Solution: 


Normal Stresses : 


p x 

a x * 2 

7T.r 0 

cr x = 0.0477 MPa 

Normal Strains: 

Appling the generalized Hooke’s Law, 

s x = ^;[ a x - v ' 
E : = ~[ a x - v 

8 X 

K + 

• (cr y + CT Z J] E = 17.36 GPa Ans 

8 y :=-v- 8 x 

8 y =-632.50 x 10“ 9 

8 Z :=-v- 8 x 

8 Z =-632.50 x 10“ 9 

Thus, 


A d := 8 y -(2.r 0 ) 

A d =-12.65 x 10 ^mm Ans 





Problem 10-43 


The principal strains at apoint on the aluminum surface of atankare e x = 630(10" 6 ) and s 2 = 350(10" 6 ). 
If this is a case of plane stress, determine the associated principal stresses at the point in the same 
plane. E al = 70 GPa, v al = 0.33. Hint: See Prob. 10-34. 

Given: 8j := 630-(l0“ 6 ) E al := 70GPa 

e 2 := 350-(l0 -6 ) v al := 0.33 


Solution: 


Plane stress: a 3 := OMPa 

Use the formula developed in Prob. 10-34, 


-al 


aj :=-1+ v a pS 2 j aj = 58.56MPa 


1 " v al 


i al 


CT 2 : =- 9 ( S 2 + v al' e l) CT 2 = 


43.83 MPa 


1 " v al 


Ans 


Ans 






Problem 10-44 


A uniform edge load of 100 kN/m and 70 kN/m is applied to the polystyrene specimen. If the specimen 
is originally square and has dimensions of a = 50 mm, b = 50 mm, and a thickness of t = 6 mm, 
determine its new dimensions a\b\ and t’ after the load is applied. E p = 4 GPa, v p = 0.25. 

Given: a := 50mm b := 50mm t := 6 mm 


kN kN 

q := 100 — qb==70 

m m 

E := 4GPa v := 0.25 


Solution: 

Plane stress: a z := OMPa 


0 a 


c> := — 
x t 

Cf x = 16.67 MPa 

% 


c>,, := — 

ct v = 11.67 MPa 

y t 

y 


70 kN/m 


a = 50 mm 


m 


100 kN/m 


-—b =50 mm—4 


Normal Strains: Apply the general Hooke’s Law, 


'x-iK-v-K+cz)] 

e y := ^[°y“ v '(°x + 0 z)] 
í[ 0 z-'"("x + ''y)] 


c x = 3.438 x 10 


-3 


Sy = 1.875 x 10 


-3 


e z = -1.771 x 10 


-3 


The new dimensions for the new specimen are, 
d! := a-|l + 8 yj a’ = 50.09 mm Ans 

b' = 50.17 mm Ans 
t':=t/l + 8 z j t' = 5.99 mm Ans 


b ' := b-(l + 8 






































Problem 10-45 


The principal stresses at a point are shown. If the material is graphite for which E g = 5.6 GPa, v g = 
0.23, determine the principal strains. 


Given: G := 70MPa 

À 

105MPa 


y • 

T Z • 

E := 5.6GPa 


cr z := -182MPa 


v := 0.23 


Solution: 


6 x : = |[”x - v ' K + °z)] 
V = ^[°y “ V 'K + °z)] 

e z~4[ n z-y( 


°x + °y 


)] 


-14.150 x 10" 


-31.063 x 10" 


Principal Strains: From the results obtained above, 

s max = °- 0243 Ans 

8 int zz -0.0142 Ans 


c max • s x 


s int : s \ 


c min • s z 


£ min ^ 3 ^ ^ 


Ans 


182 MPa 



105 M Pa 






Problem 10-46 


The shaft has a radius of 15 mm and is made of L2 tool Steel. Determine the strains in the x' and y’ 
directions if a torque T = 2 kN*m is applied to the shaft. 

Given: r Q := 15mm T := 2kN-m G := 75GPa 

0 := 45deg 

Solution: 

4 

7r-r 0 

Section Property : J :=- 



Shear Stress: 


T := 


Tr 


o 


J 


Shear Stress-strain Relationship: 

T 

Applying Hooke’s Law, y := — 

^ G 

y X y = 5.03 xio 3 
Strain Rosettes: For pure shear, s x := 0 s y := 0 


Applying Eq. 10-15, 0 x i := 0 0y := 0 + 90deg 

2 2 3 

8 x’ s x‘ cos (®x’) + 8 y* sin^0 x ?j + yxy‘ s ^ n (®x’)‘ cos (®x’) s x’ = 2.52 x 10 Ans 

2 2 

sy := 8 x *cos^0yj + e y -sin(0 .) + y X y-sin(0yj-cos^0yj 8y = -2.52 x 10 


Ans 









Problem 10-47 


The cross section of the rectangular beam is subjected to the bending moment M. Determine an 
expression for the increase in length of lines AB and CD. The material has a modulus of elasticity E 
and Poisson's ratio is v. 


Fur IíhísAU 1 , 

My _ My ^ 12 M y 
f ft 3 b h l 

v Cf- _ D v r Aí y 


- j 1 £> dy 

5 vAJ 
” 2Ebh 


\2vM 
£ b A 1 



Aru 


For linc CD, 

Mc _ 

l iL-bft 3 _ bh l 

^ ^ _ 6 V M 

~~r ~ Fu 2 


= Éjç Etj 
GviW 

~~ ~Tí? 


6 v M 
Ebb 2 


(« 


A iis 












Problem 10-48 


The spherical pressure vessel has an inner diameter of 2 m and a thickness of 10 mm. A strain gauge 
having a length of 20mm is attached to it, and it is observed to increase in length by 0.012 mm when 
the vessel is pressurized. Determine the pressure causing this deformation, and find the maximum 
in-plane shear stress, and the absolute maximum shear stress at a point on the outer surface of the 
vessel. The material is Steel, for which E st = 200 GPa and v st = 0.3. 


dj := 2m 


Given: t := lOmm 

E := 200GPa v := 0.3 

Solution: 

Normal Strains: 

AL 
L 


L := 20mm 
AL := 0.012mm 


Appling the generalized Hooke’s Law with 
-6 


J max • 


Tnt 


:= c 


s max = 600 x 10 
-6 


max 


J max 




8 int = 600 x 10 
max ” v * ( a int + a min)] 


a max " ^‘ s max + v 


( Q 


int + °mm 


) 


50 p= E-s max +v-(50 p + 0) 

Ee 
P : 


J max 


50(l - v) 
Normal Stresses 


p = 3.43 MPa Ans 


q := 0.5dj 


r i 


a := — a = 100 
t 

Since a > 10. then thin-wall analysis canbe used. 


CT min 0 


This is a plane stress problem where 
since there is no load acting on the outer surface of the wall. 






p* r i 


a max *” 2-t 

°max 

a int a max 

CT int = 


= 171.43 MPa 
171.43 MPa 


Maximum In-plane Shear Stress (SpericalSurface): 

Mohfs circle is simply a dot. As the result, the State of stress is the same consisting of two 
normal stresses with zero shear stress regardless of the orientation of the element. 


T '=0 

L max • u 


Ans 


Absolute Maximum Shear Stress , 


T abs. 


a max a min 


max • 


T abs.max 85.71 MPa 


Ans 















Problem 10-49 


A rod has a radius of 10 mm. If it is subjected to an axial load of 15 N such that the axial strain in the 
rod is 8 x = 2.75(10" 6 ), determine the modulus of elasticity E and the change in its diameter. v= 0.23. 


Given: P Y : = 15N 

c>y := 0 

r Q := lOmm 

a z : = 0 

v := 0.23 

S x := 2.75- (lo -6 ) 

Solution: 


Normal Stresses : 


p x 

a x * 2 

7T.r 0 

cr x = 0.0477 MPa 

Normal Strains: 

Appling the generalized Hooke’s Law, 

s x = ^;[ a x - v ' 
E : = ~[ a x - v 

8 X 

K + 

• (cr y + CT Z J] E = 17.36 GPa Ans 

8y :=-v- 8 x 

8 y =-632.50 x 10“ 9 

8 Z :=-v- 8 x 

8 Z =-632.50 x 10“ 9 

Thus, 


A d := 8 y -(2.r 0 ) 

A d =-12.65 x 10 ^mm Ans 





Problem 10-50 


A single strain gauge, placed in the vertical plane on the outer surface and at an angle of 60° to the axis 
of the pipe, gives a reading at point A of s A = -250( 10" 6 ). Determine the vertical force P if the pipe has 
an outer diameter of 25 mm and an inner diameter of 15 mm.The pipe is made of C86100 bronze. 

dj := 15mm G := 38GPa 

a := 200mm L := 150mm 


Given: d Q := 25mm 


0 := 60deg := -250 


(io 6 ) 


Solution: 


Po := °- 5d O Pi := °- 5d i 

tes: Fo 
Applying Eq. 10-15, 


Strain Rosettes: For pure shear, s x := 0 


8y := 0 


S A 

Y 


s x + £ y + Y X y' sin ( e )' cos ( 0 ) 
£ A £ x £ y 


sin( 0 )-cos(o) 

Shear Stress-strain Relationship: 

Applying Hooke's Law, x A := Gy xy 

Internai Force and Moment: At Section A: 


V = P 

y 


M z = -Pa 


T X =PL 


Section Property : A := — ( d 


I, :=-- d, 


64 


J := — d~ - d 


Qa^= 


4 P 0 


371 

Normal Stress: 

í z 


K-P. 


A 


4pi 

3tt 


32 v 0 

( 2\ 

n-p i 1 


M,- c A 


CT A“ 


L 


2 J in V 
c A := 0 

:= OMPa 


2 J 


Shear Stress in x-y plane: 
, n . T . 

y 


d o- d i 


^y‘ Qa T x- P o 


T A- 


I Z 0 A 


G '^ = tb A 

Gy 


p-Q a (PL)p 0 


P := 


xy 


Q A L-Pc 


P = 0.438 kN 


! Z b A 


Ans 





























Problem 10-51 


A single strain gauge, placed in the vertical plane on the outer surface and at an angle of 60° to the axis 
of the pipe, gives a reading at point A of s A = -250(10' 6 ). Determine the principal strains in the pipe at 

pointA The pipe has an outer diameter of 25 mm and an inner diameter of 15 mm and is made of 
C86100 bronze. 


Given: d Q := 25mm 
a := 200mm 
0 := 60deg 

Solution: 


dj := 15mm 


G := 38GPa 

L := 150mm 
8 a := —250- (10 _ 6 ) 


Po := °- 5d o Pi := °- 5d i 

ttes: Fc 
Applying Eq. 10-15, 


Strain Rosettes: For pure shear, e x := 0 


Sy := 0 


£ A ' 


e x + e y + Y X y- sin ( 0 )' cos ( e ) 


e A 8 x 8 y 


' xy •" 


sin 


(o)-cos(o) 


»xy 


-577.35 x 10 



Construction ofMohr f s Circle in x-y Plane : 
Center: s c 
Radius : R:= 


s x ~l~ s y 


J c • 


8 C = 0 


Coordinates: 


8 x- 8 c) + (°-57xy) 
L( 8 x,°.5Y X y) C(e c ,0) 


R= 288.675 x 10 


In-plane Principal Strains: 

The coordinates of points B and D represent 8j 
and s 2 , respectively. 

rx- 6 


81 8 C + R 

8 2 : = 8 c“ R 


81 = 288.675 x 10 
s 9 = -288.675 x 10" 


Principal Stresses: 

Since G x =G y =a z =0, then from the generalized Hooke’s Law, 


8 z : = 0 


From the results obtained abo ve, we have 

-6 


8 max * £ 1 


£ max = x 10 


Tnt 


:= 


Hnt 


= 0 


£ min ’ s 2 


£ min = “288.7 x 10 


-6 


Ans 

Ans 

Ans 

















Problem 10-52 


A material is subjected to principal stresses cs^and cr y . Determine the orientation 0of a strain gauge 
placed at the point so that its reading of normal strain responds only to cr y and not cr x .The material 


constants are E and v. 


a M ■ - + ^—— cus 28 + r, Y Sm 28 


- 0 , 


V* = 


2 2 


Cês 28 - 2 CO-S 0 - I 


y 



Pi P* , . 2 â u x o T 

*- = “ + “T 0 -— + -^ 

2 7 7. 2 


= ÍFj, ( I - cas 2 Ô) + dT, COS 1 0 


= 0 X tm 2 &+ 0um 2 B 


cr T tüj cjjç — 0 y „ ,, 

^■+* 0 * = ^ -~—’ ™ 

2 2 


2 2 2 


-IGcos'^ I) 


= —■ H-(íTj — (T y jCChS +- 

2 2 2 2 


* <M L -COS*fl) + ÍFj,CÜS l É> 

= Oi (Tj, 


f™ =-(íT,-^P„, íp -) 
E 


—(ff, ws ! 6'+(T J sin J 0~ V 1 <3 X sin^fi- V cT,ct>s 1 6 ) 
E 


lf £ n is la be indepejideiit ai er à ,, Ehen 

= i*ri“ T t —!=> Ans 

l/v 











Problem 10-53 


The principal stresses at a point are shown in the figure. If the material is aluminum for which E al = 
70 GPa and v al = 0.33, determine the principal strains. , 


Given: c> := 70MPa 

À 

cjy := -105MPa 
a z := -182MPa 
E := 70GPa v := 0.33 

Solution: 

Apply the general Hooke’s Law, 



Ans 


Ans 


Ans 


‘•X = - V 'K + °z)] 8 x = 2 -353 » " 

E y := ^y-v-(o x + o z )] 

Sz-i^z-^K + Oy)] 


s y = -9.720 x 10 
s z = -2.435 x 10' 


105 MPa 


Ans 









Problem 10-54 


A thin-walled cylindrical pressure ves sei has an inner radius r, thickness t , and length L. If it is 
subjected to an internai pressure p , show that the increase in its inner radius is dr = rs x 

=pr 1 {\ - V 2 v) IEt and the increase in its length is AL =pLr ( V 2 - v) IEt. Using these results, show that 
the change in internai volume becomes dV= 7ir 2 { 1 + s x ) 2 (1 + s 2 )L - Since ^and s 2 are small 

quantities, show further that the change in volume per unit volume, called volumetric strain , can be 
written as dV/V =pr ( 2.5 - 2 v) IEt. 

NKittií iU-í-.ü-ü : 


NL'.tu.llI j Intiií: ApfiLy mg I UjdWi h.w 


f, - - | ff| ~ V {Vi 

+ ÉTsíl- 

tFi ■ Ú 

Ê í 3 f 

•g" 

"1* 

a r* 

h’ 

QEH 

= 11 - V (tf, 

+ ff j]h 

= d 

í jír _ V£_r 


- y> 

£ S í J 

ÊI 2 

41 ■ f 1 i * ^2 

£ i 1 

- V> 

QED 


^ * *(r+f,r) (jL+ fcU ; V= ür 3 £ 

JV ■= V* — Vm Jtd e + - IF^ L QED 

( 1+ ) = 1 + 2 £\ ncjjlKl lETm 

a 

í 1+ ff| ) ÍI Ej) * (1+3 *1 3(4 ■+ íií ■ L + íj * I £| fi c± itna 


Problem 10-55 


The cylindrical pressure vessel is fabricated using hemispherical end caps in order to reduce the 
bending stress that would occur if flat ends were used. The bending stresses at the seam where the 
caps are attached can be eliminated by proper choice of the thickness t h and t c of the caps and cylinder, 

respectively. This requires the radial expansion to be the same for both the hemispheres and cylinder. 
Show that this ratio is t c /t h = (2 - v) / (1 - v). Assume that the vessel is made of the same material and 
both the cylinder and hemispheres have the same inner radius. If the cylinder is to have a thickness of 
12 mm, what is the required thickness of the hemispheres? Take v= 0.3. 


Given: t c := 12mm v := 0.3 

Solution: 

For cylindrical vessel: 


°1 = 


££ 


O O = 


££ 

2 t„ 


e i = A[oi - v-(o 2 + o 3 )] 
( P' r ^i 


8 i = — 


pr 


2t, 


Ji 


dr = s j•r 


For hemispherical end cap: 


oi = 


P-r 

2 tu 


oi = 


P-r 

2tu 


£ i = - v-(o 2 + o 3 )] 


E 
1 

8i = — 


EI- V .ÍEIÍ 
2 % ! 


dr = s j•r 


Equate Eqs. (1) and (2): 


P-r 


.2 f 


E-t 






2) 2E-tu 


1 -| = -(l - v) 

2 J V 


: cV 


Hence, tjj := 


'izA. 

2-v) 



l c _ 2 - v 
t h 1 - v 


QED 


tjj = 4.94 mm Ans 



























Problem 10-56 


TheA-36 Steel pipe is subjected to the axial loading of 60 kN. Determine the change in volume of the 
material after the load is applied. 


30 mm 40 mm 


Given: d Q := 40mm 
L := 0.5 m 
E := 200GPa 

Solution: 


Section Property : A := — • ( d 


dj := 30mm 
P := 60kN 
v := 0.32 


60 kN 

*-C 


H 


■ 0.5 m - 




Normal Stress: The pipe is subjected to uniaxial load. Therefore, 


P 

a Y := — g y = 109.13 MPa 

x A x 

Gy := 0 a z := 0 


Dilation: Apply Eq. 10-23, 

5V 1 -2v 
V E 

8 V := E (a x + a y + a z j-(A-L) 

8 V = 54.00 mm^ 


^a x + Gy + g z j 


Ans 















Problem 10-57 


The smooth rigid-body cavity is filled with liquid 6061-T6 aluminum. When cooled it is 0.3 mm from 
the top of the cavity. If the top of the cavity is covered and the temperature is increased by 110°C, 
determine the stress components <j x , a y , and <j z in the aluminum. Hint: Use Eqs. 10-18 with an 

additional strain term of aÁT (Eq. 4-4). 


Unit used: °C := deg 
Given: H := 150mm 

E := 68.9GPa 


110°C 


Ah := 0.3 mm 
v := 0.35 

-6 1 

a := 24 x 10 — 

°C 


Solution: 


Normal Strains: Since the aluminum is confined at the 
sides by a rigid Container and allowed to expand in the 
z-direction, 


8 X := 0 


8 y := 0 


J z * 


zE 

H 



Applying the generalized Hooke's Law with the additional themal strain, s j := a- A j 
Given E’ := E*(l0 (Scale down to avoid floating-point error during calculation) 

e x= í ;K-''-K + ^)] + ít 

(1) 

8 y = ií n y “ Vl ( n x + CT z)] + 8 t 

(2) 

8z e[ 0z “ v 1 ("y + "Jl + e t 

(3) 


Solving (1), (2) and (3): 


Guess a x := IMPa := 2MPa a z := 3MPa 


'O 



CT y l ; = 

Find^c> x , c>y, o z j 

<7y | := 10 3 - 




^x^ 

^-487.2^ 


a y 1 = 

-487.2 MPa 

Ans 


v -385.2 J 




°z) 


(Scale back up) 











Problem 10-58 


The smooth rigid-body cavity is filled with liquid 6061-T6 aluminum. When cooled it is 0.3 mm from 
the top of the cavity. If the top of the cavity is not covered and the temperature is increased by 110°C, 
determine the strain components £ x , s y , and £ z in the aluminum. Hint: Use Eqs. 10-18 with an 

additional strain term of aÁT (Eq. 4-4). 


Unit used: °C := deg 
Given: H := 150mm 

E := 68.9GPa 


110°C 


Ah := 0.3 mm 
v := 0.35 

-6 1 

a := 24 x 10 — 

°C 


Solution: 


Normal Strains: Since the aluminum is confined at the 
sides by a rigid Container, then 

Ans 


e x := 0 


Sy := 0 



and since it is not restrained in z-direction, g z := 0 
Applying the generalized Hooke’s Law with the additional themal strain, s j := a - A j 
Given 


*x=^x- v K + ^)] + »T 
8 y = ?[°y “ v '( <J x + CT z)] + e t 


(1) 

( 2 ) 


Solving (1) and (2): 
Guess a x := IMPa 


cjy := 2MPa 


CT x^ 

CT y J 


:= Find(cr x ,cr y ) 


J y) 


-279.8^1 
-279.8 J 


MPa 


J z * 


2[a z -v(a y + o x )] 


s z = 5.48 x 10 


Ans 












Problem 10-59 


The thin-walled cylindrical pressure ves sei of inner radius r and thickness t is subjected to an internai 
pressure p. If the material constants ar qE and v ; determine the strains in the circumferential and 
longitudinal directions. Using these results, compute the increase in both the diameter and the length of 
a Steel pressure vessel filled with air and having an internai gauge pressure of 15 MPa. The vessel is 
3 m long, and has an inner radius of 0.5 m and a wall thick of 10 mm. E sl = 200 GPa, v st = 0.3. 



Normal Strains: Appling the generalized Hooke’s Law, 
8 cir = - v-(o 2 + o 3 )] 


s cir “ c 


EI-v.[EI + o' 1 " 


2., “JJ 


J cir ■ 


P r 

2E-t 


(2-v) 


s cir = 3.1875 x 10 


Ans 


8 long = Aa 2 - v -(ai + a 3 )] 


5 long 


5 long 


J>£ 

2 t 


- v- 


p-r V 
— + 0 1 




P-r 

2E-t 


(l-2v) 


8 long 


750x 10“ 


Ans 


Deformations : 

Ad := e c j r *(2r) Ad = 3.19 mm Ans 
AL := si ong -L 


AL = 2.25 mm Ans 











Problem 10-60 


Estimate the increase in volume of the tank in Prob. 10-59. Suggestion: Use the results of Prob. 10-54 
as a check. 

Given: t := 10mm r := 0.5m L := 3m 



Normal Strains: Appling the generalized Hooke’s Law, 


s cir : = A[cri - v (cr 2 + <r 3 )] 

s cir = 3.1875 x 10 3 

s long : = ^[ CT 2 - v-(cri + cr 3 )] 

8 lon g = 750x 10“ 6 


Deformations : 

Ar := 8 c j r *(r) Ar = 1.59 mm 

AL := £i on g'L AL = 2.25 mm 

o 

AV := jr(r +Ar) -(l + AL) - 7 ir L 
AV = 0.0168 m 3 Ans 


Or, appling the result of Prob. 10-54, 

^ = £ I ( 2 . 5 _ 2v ) 


V 


E-t 


AV := —(2.5 - 2v)-(tw 2 -l) 
E-t 


AV = 0.0168 m 


Ans 




Problem 10-61 


A soft material is placed within the confines of a rigid cylinder which rests on a rigid support. 
Assuming that s x = 0 and s y = 0, determine the factor by which the modulus of elasticity will be 

increased when a load is applied if v= 0.3 for the material. 

z 

Given: v := 0.3 
Solution: 

Normal Strains: Since the material is confined in a rigid cylinder, 


8 X := 0 


8 y := 0 


Appling the generalized Hooke's Law, 

6 * - + - v-(o y + <J Z ) (1) 

8 y = ?[ a y “ V 'K + n z)] °y = "K + °z) <2) 


Solving Eqs. (1) and (2): 


CT x = 


v j 


, l' CT Z 

l-vj 


°y = 


' v j 


Thus, 

8 z= (“x + ”yH 


, ]' CT Z 

l-vj 


E 
1 

z E 


<7 Z -V 


f v v ; 

—/K +0 J 


1 - 


Vi - vj 

2 v 2 ^ 


l-vj 

(l + v)-(l - 2v) 


1 - v 



Hence, when the material is not being confined and undergoes the same normal 
strain of e z , then the required modulus of elasticity is 

1 -v 


a z 

F = — 


E’ = 


(l+v)-(l-2v) 


The increased factor is k = — 

E 


1 -v 


k := 


(l+v)-(l-2v) 


k = 1.35 


Ans 





















Problem 10-62 


A thin-walled spherical pressure vessel having an inner radius r and thickness t is subjected to an 
internai pressure p. Show that the increase in the volume within the vessel is AV = (2p/r^/Et)(l-v). 


Use a small-strain analysis. 


pr 

2i 



a 3 =0 


ti =ei - vaj) 

E 

Etj, 


3 r 


&V ..Ar 
*Ya] = — * 

7 r 

—ÍT 

2* r f 

3 

*v«i = 3C| = ^{1 - 
2tE 

V+AVm íí{r+ Ari 1 = + —) 3 

í í r 

iV=fty 4l Qltfj 

c J 

wb«E ÁY« 1^, 4.r« r 







Problem 10-63 


A material is subjected to plane stress. Express the distortion-energy theory of failure in terms of a x , 

°y . and T xy • 


Mui in um di/.Eurtirm tú tfiwTj: 

+ cif) = fli 


(D 


tf, * tf. - cr' a n 

(, Ji2 = ~~~í + y< * a *r > + 

L*uj - - • ■ 2 1 —?~+~ 

P| *= Ü + &; ÍT Z - 43 - á 

tfí =e a 1 + á a + 2ab v tfí « n 3 + t 2 - 2aá 
= ff 3 - á 3 
Fr cm Eq. (I) 

Ut* ■+= 2 a -b- - j 3 + á 3 + a a + fr 2 -- 2 a á) n 
Ça J + Já 1 ) = aí 


+■ f 3 tfg* - ) j 3 a = i 
4 4 ^ f 


cí + <rj - íTj-o^ + 3 ííp = ffr 


Am 










Problem 10-64 


A material is subjected to plane stress. Express the maximum-shear-stress theory of failure in terms of 
<j x , <j y , and t■ . Assume that the principal stresses are of different algebraic signs. 


Maxim um s focar slucís thffwy ; 

lí, - Çfij= ir, tn 




ffx + ff. 


/Ã 


—^ j 1 + 


4 


|ff| " <h - ^ 


) 2 + r£ 


FcüfU Imj. {[> 

- V, ) + ■* tlf = aí Ans 









Problem 10-65 


The components of plane stress at a criticai point on an A-36 stmctural Steel shell are shown. 
Determine if failure (yielding) has occurred on the basis of the maximum-shear-stress theory. 

Given: <j := -75MPa a v := 125MPa x YV := -80MPa 

x y x y 125 MPa 


Solution: 

In-plane Principal Stress: Applying Eq. 9-5, 


gi := 


a x + a y 


a 2 := 


a x + a y 


í V 

a x a y I 2 

j + T xy 


f \2 

a x a y I 2 

~2~, ) + v 


a 1 = 153.06 MPa 


-75 MPa 


80 MPa 


a 2 = -103.06 MPa 


Maximum Shear Stress Theory: 
a x anda 2 have opposite signs. Therefore, 

Ans 


f CT := a i - a 2 f a = 256.12MPa >a Y (=250MPa) 


Based on the result obtained above, the material yields according 
to the maximum shear stress theory . 


Ans 






















Problem 10-66 


The components of plane stress at a criticai point on an A-36 stmctural Steel shell are shown. 
Determine if failure (yielding) has occurred on the basis of the maximum-distortion-energy theory. 

Given: <j := -75MPa a v := 125MPa x YV := -80MPa 

X y x y 125 MPa 

Solution: 

In-plane Principal Stress: Applying Eq. 9-5, — 



80 MPa 


-75 MPa 


çj! = 153.06 MPa 



a 2 = -103.06 MPa 


Maximum Distortion Energy Theory: 


2 2 2 


a l ” a r a 2 + G 2 = g y 



Based on the result obtained above, the material does not yield according to 
the maximum distortion energy theory . 


Ans 






















Problem 10-67 


The yield stress for a zirconium-magnesium alloy is ay = 107 MPa. If a machine part is made of this 
material and a criticai point in the material is subjected to in-plane principal stresses <j x and <j 2 = -0.5 o\ 
determine the magnitude of oj that will cause yielding according to the maximum-shear-stress theory. 

Given: ay := 107MPa 
a 2 = -0.5a ] 

Solution: 

G 1 - G 2 = CJy 



1.5aj = ay 


ay 


aj = 71.33 MPa Ans 



Problem 10-68 


Solve Prob. 10-67 using the maximum-distortion-energy theory. 
Given: ay := 107MPa 
Q 2 = -0.5a ] 


Solution: 

2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 

- aj*^-0.5a^j + 0.5 cj = a Y^ 

2 2 
1.75aj = ay 



aj = 80.88 MPa Ans 





Problem 10-69 


If a shaft is made of a material of which <j y = 350 MPa, determine the maximum torsional shear stress 
required to cause yielding using the maximum-distortion-energy theory. 

Given: ay := 350MPa 

Solution: 

CT] = T Q2 = -T 

2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 

T 2 - T-(-x) + (-t ) 2 = ay 2 



T = 202.1 MPa Ans 





Problem 10-70 


Solve Prob. 10-69 using the maximum-shear-stress theory. Both principal stresses have opposite signs. 
Given: <jy := 350MPa 

Solution: 

Cl = X c>2 = _T 

C>1 - C>2 = Oy 
x - (-x) = ay 
2x = ay 

- 

T 2 

x = 175.0 MPa Ans 



Problem 10-71 


The yield stress for a plastic material is cr 7 =110 MPa. If this material is subjected to plane stress and 

elastic failure occurs when one principal stress is 120 MPa, what is the smallest magnitude of the other 
principal stress? Use the maximum-distortion-energy theory. 

Given: ay := llOMPa 

a 1 := 120MPa 

Solution: 

Given 

~ a r a 2 + ~ a y 2 (i) 


SolvingEq. (1), Guess a 2 := IMPa 


a 2 : = Find ( C7 2) 


o 2 = 23.94 MPa Ans 



Problem 10-72 


Solve Prob. 10-71 using the maximum-shear-stress theory. Both principal stresses have the same sign. 
Given: ay := llOMPa 
a 1 := 120MPa 

Solution: 

Since <j { > a Y (= 110 MPa), 

the material will fail for any a 2 Ans 



Problem 10-73 


Theplate is made ofTobin bronze, which yields at a Y = 175 MPa. Using the maximum-shear-stress 
theory, determine the maximum tensile stress <J X that can be applied to the plate if a tensile stress <J y = 
0.75 <j x is also applied. 

Given: ay := 175MPa ^ = 0 . 75 ^ 

= 0.75a Y 

y x 

Solution: cjj = a x a 2 = 0-75a x 

and have the same signs, so 

|cf 2 | = cry 

|0.75c> x | = <7y 

CTy 

0.75 a v = G\r c> Y :=- c> Y = 233.3 MPa 

x Y x 075 x 

Or, 

| CT l| = °Y 

| a x| = °Y °x : = a Y 


c> x = 175.0 MPa {Controls!) Ans 








Problem 10-74 


Theplate is made ofTobin bronze, which yields at a Y = 175 MPa. Using the maximum-distortion- 
energy theory, determine the maximum tensile stress cr that can be applied to the plate if a tensile 
stress <J y = 0.15 (J x is also applied. 

Given: çjy := 175MPa 

= 0.75a v 

y x 

Solution: aj = a x 0-75a x 

2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 

a x ^ - a x *(0.75a x j + (0.75a x j 2 = Gy^ 



0.8125a x 2 = ay 2 


a l : = 


2 

ay 


0.8175 


a 1 = 193.55 MPa Ans 








Problem 10-75 


An aluminum alloy 6061-T6 is to be used for a solid drive shaft such that it transmits 33 kW at 2400 
rev/min. Using a factor of safety of 2 withrespect to yielding, determine the smallest-diameter shaft 
that can be selectedbased on the maximum-shear-stress theory. 

TT *4- TT ^ 2n md 

Unit Used: rpm :=- 

60 s 

Given: P ;= 33kW co := 2400rpm 
Gy .= 255MPa F§afety *“ 2 

Solution: 


Torsion : 

P 

T := — T = 0.1313 kN-m 
co 

71 4 

Section Property : J = — • p 

2 

Shear Stress: 

T-p 2T 

T = - T = - 

J 3 

71 * p 

Principal Stresses : 

G] = T ( 32 ~ -T 

Maximum shear stress theory: Both principal stresses have opposite sign, hence 
_ a Y 

^safety 
_ a Y 

^safety 
a Y 

^ ^safety 


\°l-°2\ 
|t — (—t)| 
4T 


Í4T 

^ safety 

J n 

°Y ) 

■ 2p 



d Q = 21.89 mm 


Ans 












Problem 10-76 


Solve Prob. 10-75 using the maximum-distortion-energy theory. 

TT *4- TT ^ 2n md 

Umt Used: rpm :=- 

60 s 

Given: P := 33kW co := 2400rpm 
ay .= 255MPa Fgafety * = 2 

Solution: 

Torsion : 


T := — T = 0.1313 kN-m 
co 

71 4 

Section Property : J = — • p 

2 


Shear Stress: 

_ T-P 

T = - 


2T 


T = 


J 3 

71 * p 

Principal Stresses : 

Q] = T Q2 = -T 

Maximum distortion energy theory: 


2 2 

a i _a r a 2 + a 2 = 


x -t-(-t) + (-t) = 


í \ 2 

a Y i 


^safety J 

Y 

Gy ) 

^safety J 


y/l-z = 


H safety 


Vã- 


2T ^ _ °Y 

K n-p 3 ) Fsafet y 


P := 


h-y/3 T 

^safety^l 

Í U 

) 


d„ := 2p 


d Q = 20.87 mm Ans 

















Problem 10-77 


An aluminum alloy is to be used for a drive shaft such that it transmits 20 kW at 1500 rev/min. Using a 
factor of safety of 2.5 with respect to yielding, determine the smallest-diameter shaft that can be 
selected based on the maximum-distortion-energy theory. ay = 25 MPa. 

TT *4- TT ^ 2n md 

Umt Used: rpm :=- 

60 s 


Given: P := 30kW co := 1500rpm 
ay .= 25MPa F sa f e ^y .= 2.5 

Solution: 

Torsion : 


P 

T — 

co 

Section Property , 


T = 0.1910kN-m 


71 4 

J = —p 

2 


Shear Stress , 


T = 


T-P 


2T 


T = 


71 * p 


Principal Stresses : 

Q] = T Cl2 = -T 

Maximum distortion energy theory: 


2 2 _ 
a i -a r a 2 + a 2 = 


f 


a Y Y 


2 

T - T 


-\/3'X = 


•KM-xr 

CT Y 


^safety J 

f \ 2 

a Y i 


Ysafety ) 


H safety 


A 


2T ^ 


VJi-p 3 j 


g Y 

H safety 


P := 


1 2-Y3T 

^safety^l 

J U 

°Y ) 


d Q := 2p 


d Q = 55.23 mm 


Ans 

















Problem 10-78 


A bar with a square cross-sectional area is made of a material having a yield stress of <j y = 840 MPa. If 

the bar is subjected to a bending moment of 10 kN*m., determine the required size of the bar according 
to the maximum-distortion-energy theory. Use a factor of safety of 1.5 with respect to yielding. 

Given: M := 10kN-m 

Solution: 

Section Property: I 
Normal Stresses : çjy := 0 


ay := 840MPa F sa f et y := 1.5 


a 

12 


a Mc 6M 



In-plane Principal Stresses : 

Since no shaer stress acts on the element, 

a l =a x a 2 =a y 



to 

"õ* 


Maximum distortion energy theory: 


2 2 _ 

a i -a r a 2 + a 2 = 


cr Y Y 


- <v(°) + ° 2 = 


^ safety J 

Y 


g y 

V^ safety ) 


c> v = 


a Y 

H safety 


6M _ a Y 
^ safety 


H safety 

a y J 


6M- 


a = 47.50 mm 


Ans 













Problem 10-79 


Solve Prob. 10-78 using the maximum-shear-stress theory. 
Given: M := lOkN-m ay := 840MPa F S afety 1-5 

Solution: 4 

Section Property : I = — 

12 

Normal Stresses : çjy := 0 


a Mc 6M 



In-plane Principal Stresses : 

Since no shaer stress acts on the element, 


a l = a x a 2 =a y 


Maxim um shear stress theory: 


H = ° 



a Y 

<- 

^safety 


(O.K .!) 



1 1 CT Y 

6M _ 

ct y 

3 

r~r 

l CT ll - F 

safety 

3 

a 

^safety 


16 M- 


^safety^l 

a Y J 


a = 47.50 mm 










Problem 10-80 


The principal plane stresses acting on a differential element are shown. If the material is machine Steel 
having a yield stress of <j y = 700 MPa, determine the factor of safety with respect to yielding using the 
maximum-distortion-energy theory. 


Given: a : = -480MPa a v := -475MPa 

x y 

0 := 30deg a y := 700MPa 

Solution: 

Principal Stresses : 

a l : = a y a 2 := a x 

Maximum Distortion Eenergy Theory: 


T xy : = 0 


475 MPa 



2 2 2 
a l _a r a 2 + a 2 " a allow 


2 2 
a allow •“ \l G 1 _ a 1' G 2 + G 2 


a allow = 477 - 5MPa 
a Y 


"safety * 


a allow 


p safety P47 ^ ns 





Problem 10-81 


The principal plane stresses acting on a differential element are shown. If the material is machine Steel 
having a yield stress of (J Y = 700 MPa, determine the factor of safety with respect to yielding if the 
maximum-shear-stress theory is considere d. 


Given: a x := 80MPa := -50MPa x X y := 0 

0 := Odeg ay := 700MPa 

Solution: 

Principal Stresses : 
a max *“ G x a min *“ a y 


50 MPa 


80 MPa 


Maximum Shear Stress Theory: 

a max ” a min 

T abs.max7 T abs.max = 65 MPa 


T max *“ 2 


T max = 350 MPa 


T max 

^safety * = 

T abs.max 


^safety ^-3% 


Ans 











Problem 10-82 


The State of stress acting at a criticai point on a machine element is shown in the figure. Determine the 
smallest yield stress for a Steel that might be selected for the part, based on the maximum-shear-stress 
theory. 


Given: <r := 56MPa 

À 

x YV := 28MPa 
xy 

Solution: 

Principal Stresses : 


°x + a y 

°i : = —;— + 


c>y := -70MPa 


í \ L 

°x °y I 2 

+ 


V 


2 ) 


a 2 := 


°x + °y 


í \ L 

a x °y I 2 

+ x^ 


V 


2 ) ^y 



28 MPa 


• in ■* 


MPa 


a 1 = 61.94 MPa a 2 = -75.94 MPa 

Maximum shear stress theory : Both principal stresses have opposite sign, hence 

H “ °2\ = °Y 


°Y := | a l “ a 2| 

ay = 137.9 MPa Ans 





















Problem 10-83 


The yield stress for a uranium alloy is <j y = 160 MPa. If a machine part is made of this material 
and a criticai point in the material is subjected to plane stress, such that the principal stresses are <j x 
and cr 2 = 0.25Gj, determine the magnitude of cr, that will cause yielding according to the maximum- 
distortion-energy theory. 

Given: çj 2 = 0.25gj ay := lóOMPa 

Solution: 

Maximum Distortion Eenergy Theory: 


2 


2 


2 


a l ” a r a 2 + G 2 = g y 




Principal Stress: 

ay 


a l I 

\l 0.8125 

aj = 177.5 MPa Ans 





Problem 10-84 


Solve Prob. 10-83 using the maximum-shear-stress theory. 
Given: a 2 = 0.25a^ ay := 160MPa 

Solution: 

Principal Stresses : This is a plane stress case. 
a max a l a int " 0-25 a l a min " ® 

Maximum Shear Stress Theory: 

ay 

T allow •“ 2 T allow “ 80MPa 


a max a min 


T abs.max " 

T abs.max " T allow 
a l 


= 80 MPa 


2 


aj := 160MPa Ans 


T abs.max 


^1 

2 







Problem 10-85 


An aluminum alloy is to be used for a solid drive shaft such that it transmits 25 kW at 1200 rev/min. 
Using a factor of safety of 2.5 with respect to yielding, determine the smallest-diameter shaft that can 
be selected based on the maximum-shear-stress theory. a Y = 70 MPa. 

ÍT VTT J 271 rad 

Unit Used: rpm :=- 

60 s 

Given: p ;= 25kW © := 1200rpm 

ct Y := 70MPa F safety := 2 - 5 

Solution: 

Torsion : 


P 

T := — 
co 


T = 0.1989 kN-m 


71 4 

Section Property : J = — • p 


Shear Stress: 

_ T-P 

T = - 


Principal Stresses , 

aj = T 


2T 


T = 


71 * p 


a 2 = 


-T 


Maximum shear stress theory: Both principal stresses have opposite sign, hence 

I I - CTy 

| CT 1 - CT 2 |- 


|t - (-x)l = 


safety 
H safety 


4T 


a Y 


^.p 3 F safety 


1 4T 

^ safety 

J U 

°Y J 


d„ := 2p 


d 0 = 41.67 mm 


Ans 












Problem 10-86 


The State of stress acting at a criticai point on the seat frame of an automobile during a crash is shown 
in the figure. Determine the smallest yield stress for a steel that can be selected for the member. based 
on the maximum-shear-stress theory. 


Given: a x := 560MPa 

x YV := 175MPa 
*y 

Solution: 

Principal Stresses: 


a x + 


<jy := OMPa 


a 2 := 


a x + <^y 



175 MPa 

560 MPa 


a 1 = 610.19 MPa a 2 = -50.19 MPa 

Maximum shear stress theory: Both principal stresses have opposite sign, hence 

| a l _ °2\ = a Y 


°Y := | CT 1 _ a 2| 

ay = 660.4 MPa Ans 










Problem 10-87 


Solve Prob. 10-86 using the maximum-distortion-energy theory. 

Given: a := 560MPa a v := OMPa 
x y 

x YX/ := 175MPa 
xy 

Solution: 

Principal Stresses: 


ai := 


a 2 := 


a x + a y 



175 MPa 


-|—►560 MPa 


crj = 610.19 MPa a 2 = -50.19 MPa 

Maximum distortion energy theory: 


2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 


/ 2 2 
a Y y a l _a r a 2 + a 2 


ay = 636.8 MPa Ans 












Problem 10-88 


If a machine part is made of titanium (TÍ-6A1-4V) and a criticai point in the material is subjected 
to plane stress, such that the principal stresses are o\ and cr 2 = 0.5 a l , determine the magnitude of aj 

in MPa that will cause yielding according to (a) the maximum-shear-stress theory, and (b) the 
maximum-distortion-energy theory. 

Given: a 2 = 0.5a j ay := 924MPa 

Solution: 

a) Maximum shearstress theory: 

Both principal stresses have the same signs, so 
a l = a Y (Controls !) 




Hence aj := ay 
aj = 924.0 MPa Ans 


b) Maximum Distortion Eenergy Theory: 


2 2 2 


a l ” a r a 2 + G 2 = g y 



0.75-aj = ay 


Principal Stress: 
ay 



aj = 1066.9 MPa Ans 






Problem 10-89 


Derive an expression for an equivalent torque T e that, if applied alone to a solid bar with a circular 

cross section, would cause the same energy of distortion as the combination of an applied bending 
momentM and torque T. 



PmtipiJ ittcss: 

C\ -t a • =-* 


Jfrf = “ tr L ffi + ei) 

j E 


(>*)i - i— 

3 E J* 


flcry±m.£ tn limou ind IfifMüll: 



Principal ivtãí\ 




+ r: 


p" 

* = Hl 


4 ^ 


L«iJ = — & : 

2 


íf 


■* a 1 + I? 1 -+ 2-i b 

ff I ffj = d 3 - 

ffj ma* 4 fc 1 - £ a b 

- tfj íj + “ 3 ^ + p " 2 


1 + V á 1 b 


jJuw + at «, = £Si± ?v g + »£) 

3E 3E J 1 J* 


Ud->3 * tíy) 1 


i + vy 3 7, 1 ^ f 3 jcj ♦ ^ 3 r 1 

3 E f 1 3 E ^/t + J* 


:t/££ 


+ 7* 


+ ** 


Aü5 


füt t u LUÜlZ h \ltll 














Problem 10-90 


An aluminum alloy 6061-T6 is to be used for a drive shaft such that it transmits 40 kW at 1800 
rev/min. Using a factor of safety of F.S. = 2, with respect to yielding, determine the smallest-diameter 
shaft that can be selected based on the maximum-distortion-energy theory. 


TT *4- TT ^ 2n md 

Umt Used: rpm :=- 

60 s 


Given: p : = 40kW 

ay := 255MPa 

Solution: 


co := 1800rpm 
H safety 


Torsion : 


P 

T := — 
co 


T = 0.2122 kN-m 


71 4 

Section Property : J = — • p 


Shear Stress, 


T = 


T-P 


2T 


T = 


71 * p 


Principal Stresses : 

Q] = T Q2 = -T 

Maximum distortion energy theory: 


2 2 _ 

a i -a r a 2 + a 2 = 


X - x-(-x) + (-t)^ 
<7 Y 


í 


a Y Y 


^safety J 

f \ 2 

a Y i 


Ysafety ) 


V3 x = 


H safety 


2-yJh T _ ct Y 


71 * p 


H safety 


P := 

d 0 := 
d^ = 


12-^3 T 

^safety^l 

J ” 

2p 

1 °Y ) 

24.49 mm 

Ans 
















Problem 10-91 


Derive an expression for an equivalent bending moment M e that, if applied alone to a solid bar with a 

circular cross section, would cause the same energy of distortion as the combination of an applied 
bending moment M and torque T. 

PriDíipJ imiw: 




CJHW) I 


O? « CF, ff* * P 

l + v f êú 




U3 


Pnfiajiii alrçJi- 


o 1 * O i 1 . j ^ Q , a ~ 

* 1.1 ■ — t 


<r í^" 
'■ 3 j + lÍT 


+ f J ; O 3 



D^iúoto* ííBffiir- 

£. * 

1 


LjtI a * 



■tf! = a 4 + É 1 + 1 a t 
O, 5^ - ja : - 


4 f] —■ - 2 fl! 16 

çj - ÇTjtíl + flj # + ff* 




/ 




Tr* +J * 


jí * * 

1 * ruV , 

i* 


iECfuiytiA| Eq. (II mkI < 3J yifelds: 

(L + V) ,M. t\ _ 1 + 

' TFT /* ' 

ü! 

i> “ f* + /* 


M? = «* + ar*ijf 



Hhim, = *' f JT*£Íj* 

H, - ^ u 1 * |r> A. 


ta 









Problem 10-92 


The internai loadings at a criticai section along the Steel drive shaft of a ship are calculated to be a 
torque of 3.45 kN-m, a bending moment of 2.25 kN*m, and an axial thrust of 12.5 kN. If the yield 
points for tension and shear are o Y = 700 MPa and r Y = 350 MPa, respectively, determine the required 
diameter of the shaft using the maximum-shear-stress theory. 

Given: N : = -12.5kN M := -2.25kN-m T := 3.45kN-m 

À 



3 

71 • p 


Principal Stresses : 


CTi = 



a 2 = 


a x + a y 



Maximum shear stress theory: Assume <j\ and a 2 have opposite sign, hence 

iF' ' - 


V 

°x ~ °y I 


) + T xy = °Y 


^ a x 2 

) + V 


ay 


2N. 


x 4M ^ ( 2T A 2 CT Y 

+- 1 - 1 = - 


+ 


v^-p 


n-p ) V7t-p ) 


Given ^2p-N x + 4M^ + (4T) = (jt-p -ay 
Solving Eq. (1): Guess p := lOmm 
p := Find(p) p = 19.68 mm 


( 1 ) 


( 2N, 


Check signs: a x := 


x 4M 

+- 




2T 


T xy 


Vti-P 


7T-P ) 


K * p 



a 2 := 



°2 1 = ct Y 


ctj = 151.65 MPa 


a 2 = -548.35 MPa 


Q| and C 2 are of opposite sign. (O.K.!) 

Therefore, d Q := 2p d 0 = 39.35 mm Ans 





































Problem 10-93 


The element is subjected to the stresses shown. If a Y = 350 ksi, determine the factor of safety for this 
loading based on (a) the maximum-shear-stress theory and (b) the maximum-distortion-energy theory. 


Given: c> := 84MPa 

À 


Gy := -56MPa 


xxy 49MPa ay := 350MPa 

Solution: 

Principal Stresses: 


56 MPa 




■ H4 MPa 


a 1 = 99.45 MPa a 2 = -71.45 MPa 

a) Maximum shear stress theory: Both principal stresses have opposite sign, hence 

a allow •“ | a l _ a allow = 170.9 MPa 

a Y 


Factor of safety is, F safety := 


a allow 


^safety ^.05 


Ans 


b) Maximum distortion energy theory: 

2 2 2 
a 1 _a r a 2 + a 2 ~ a allow 

a'aiiow := Ja* ~ <*y<*2 + CT 'allow = 148 - 7MPa 


ay 

Factor of safety is, F sa f et :=- 

a allow 


F safety = 2 - 35 Ans 
























Problem 10-94 


The State of stress acting at a criticai point on a wrench is shown in the figure. Determine the smallest 
yield stress for Steel that might be selected for the part, based on the maximum-distortion-energy 
theory. 

Given: <j := 175MPa g v := OMPa 
x y 

:= 70MPa 
xy 

Solution: 

Principal Stresses: 




a x + a y 

CT i : = —;— + 


í \ L 

°x °y I 2 

+ 


V 


2 ) 


a 2 := 


Cr x + CTy 


a l = 199.55 MPa 


í \ L 

a x °y i 2 

') +Txy 
a 2 = -24.55 MPa 


70 MPa 
♦ 175 MPa 


Maximum distortion energy theory: 

2 2 2 
a l ” a r a 2 + a 2 = a Y 


/ 2 2 
a Y := y a l -a r a 2 + a 2 


Gy = 212.9 MPa Ans 






















Problem 10-95 


The State of stress acting at a criticai point on a wrench is shown in the figure. Determine the smallest 
yield stress for Steel that might be selected for the part, based on the maximum-shear-stress theory. 

Given: <j := 175MPa a v := OMPa 
x y 

:= 70MPa 
xy 

Solution: 

Principal Stresses: 




a x + a y 

CT i—;— + 


/ v 

G x G yl 2 

+ 


V 


2 ) 


a 2 := 


a x + o y 


199.55 MPa 


í V 

°x °y I 2 

r ^“') +Txy 

a 2 = -24.55 MPa 


70 MPa 

175 MPa 


Maximum shear stress theory: Both principal stresses have opposite sign, hence 
°Y : = | CT 1 “ a 2| 


ay = 224.1 MPa Ans 




















Problem 10-96 


2kN 


The short concrete cylinder having a diameter of 50 mm is subjected to a torque of 500 N*m and an 
axial compressive force of 2 kN. Determine if it fails according to the maximum-normal-stress theory. 
The ultimate stress of the concrete is <r ult = 28 MPa. 

Given: d Q := 50mm a u p := 28MPa 

P := 2kN T := 0.5kN-m 

Solution: 

Section Property: 


n 7 
A:= — d n Z 

A O 


Normal Stress: 
Shear Stress: 


J := —-d„ 4 


32 


P 

a := — 
A 


p := 0.5d o T := 


Tp 


(j = 1.019 MPa 


x = 20.37 MPa 



In-plane Principal Stresses: 

°x := 0 CT y := -a 

for any point on the shaffs surface. Applying Eq. 9-5, 


T xy := 1 


I 


i f vtêrts* 



a x + a 

f a x a y^ 2 


crj := 

2 + i 

2 J + V 

(Tj = 


a x + a 

f G x ~ a y^ 2 


°2 '■= 

2 -J 

2 j + V 

°2 = 

Failure Criteria: 



H 

A 

Q 

8 


H 

A 

Q 



a 2 = -20.89 MPa < a ult (=28 MPa) 


Based on the result obtained above, the material does not fail according to the 
maximum normal-stress theory . 


Ans 
















Problem 10-97 


If a solid shaft having a diameter d is subjected to a torque T and moment M, show that by the 
maximum-normal-stress theory the maximum allowable principal stress is 


cr n . 


= (16 / 7rd 3 )(M +s[Ãd T +T Y ). 



Scclkin prypcrües; 

; - j x 

= ~~<Ã r “ 3ÍT 


Slrc-ü-5 cümp^nmts; 

= Mc = Mjf) 

/ irf 1 


32 JK 
fftf 1 ' 


rc 


è* 1 


16 T 


The prirreipal stresse; 


Plj. 


2 

Í6W 




+ 1* 
jtíí 3 - xa J 


MnKimum siorrr.ui slrras diswry. Assume dh > >?j 
1ÉAÍ 3* rrx- 




















Problem 10-98 


The principal stresses acting at a point on athin-walled cylindrical pressure vessel are aj =pr/t , cr 2 
pr/2t, and <r 3 = 0. If the yield stress is cr y , determine the maximum value of p based on (a) the 
maximum-shear-stress theory and (b) the maximum-distortion-energy theory. 
p-r p-r 

Given: gj = — a 2 = a3 := 0 

Solution: 


a) Maximum Shear Stress Theory: 

<72 = 0.5aj 

Both principal stresses have the same signs, so 
| cj 1 1 = ay (Controls !) 

| CJ 2 I = a Y | 0.5 cj | = ay | cj j | = 2<7 a, 

p-r 

Hence — = ay 


P = — <Jy 
r 


Ans 


b) Maximum Distortion Eenergy Theory: 

2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 


<7^ - aj*^0.5ajj + |0.5<7ij^ = <7y^ 

2 2 
0.75-aj = ay 


Principal Stress: 


ay 

a l = “1= 

y/ÕJ5 


Hence 


a Y 


t y/Õ?T5 
2t 

P = 7^° Y 


Ans 








Problem 10-99 


A thin-walled spherical pressure vessel has an inner radius r, thickness t , and is subjected to an internai 
pressure p. If the material constants arei? and v, determine the strain inthe circumferential direction in 
terms of the stated parameters. 

Solution: 

Normal Stresses : 

This is a plane stress problem where o m [ n := 0 

since there is no load acting on the outer surface of the wall. 



p-r 


G 2 = a l 


Normal Strains: Appling the generalized Hooke’s Law, 




£ cir = — v ) Ans 

cir 2E-t 


Hence, 




Problem 10-100 


The strain at point.4 on the shell has componente s x = 250(10" 6 ), s = 400(10" 6 ), ^ = 275(10" 6 ), s z = 

0. Determine (a) the principal strains at^4, (b) the maximum shear strain in the x-y plane, and (c) the 
absolute maximum shear strain. 



Radius: 



Coordinates: 

A (8 x ,°.5-Y xy ) C(e c ,0) 



a) In-plane Principal Strains: 

81 8 C + R 

s 2 := £ c _ R 

b) Maximum In-plane Shear Strain: 

Ymax := ^R Ymax = 313.25 x 10 



e í = 481.62 x 10 
s 2 = 168.38 x 10 


c) 


Absolute Maximum Shear Strain : 
From the results obtained above, 

s max *“ S 1 

s min *“ £ z 


s max = 481.625 x 10 

8 * = 0 
b mm u 


-6 


Y abs.max * s max s min 



Ans 

















Problem 10-101 


A differential element is subjected to plane strain that has the following components: e x = 950(10" 6 ), s 

= 420(10' 6 ), y = -325(10" 6 ). Use the strain-transformation equations and determine (a) the principal 

strains and (b) the maximum in-plane shear strain and the associated average strain. In each case 
specify the orientation of the element and show how the strains deform the element. 


Given: s x := 950 


Y X y := ~ 325 


'■(10 6 ) 

(io“ 6 ) 


8 y := 420 


(l0 6 ) 


Soiution: 

a) In-plane Principal Strains: Applying Eq. 10-9, 


8i := 



Sj = 995.86 X 10 6 Ans 


rbj 


s 2 = 374.14 X 10' 


Ans 


Orientation of Principal Strain: 


tan 


( 2e p) - 


I xy 


£ x 8 y 


0» := — atan 

P 2 


0 p = -15.758 deg 


Txy 1 


E y J 


0'p := 0 p + 90deg 
0'p = 74.242 deg 


Use Eq. 10-5 to determine the direction of s t and s 2 . 


£ x + £ y £ x £ y 

S Y » 1= - H- 

Xo o 


Therefore, 0 i := 0 


cos ( 20 p) + ^"' sin ( 20 p) 

e x . = 995.856 x 10“ 6 


0 pl = -15.76 deg 
0p 2 = 74.24 deg 

b) Maximum In-plane Shear Strain: Applying Eq. 10-11. 


pi 

e p2 - fp 


Ans 

Ans 



í max *" 


avg * 2 

Orientation of Principal Strain: 

s x “ s y 


* max 


= 621.711 x 10“ 


£ avg = 685 x 10 


Ans 


Ans 


tan|20 s j = — 


‘ xy 


0 O := — atan 
s 2 


-O 


0„ = 29.242 deg 


Yxy ) 


0's := 0 S + 90deg 
0' s = 119.242 deg 






























Use Eq. 10-6 to determine the sign of y n 


y x y : = 2 


£ x £ y 


Yxy , ^ 


sin ( 20 s) + ^- cos ( 20 s) 


í xy 


-621.711 x 10 


Therefore, 0 sl := 0 S 
®s2 ® s 


0 s j = 29.24 deg 


0 s2 = 119.24 deg 


Ans 

Ans 




Problem 10-102 


340 MPa 


The components of plane stress at a criticai point on a thin Steel shell are shown. Determine if failure 
(yielding) has occurred on the basis of the maximum-distortion-energy theory. The yield stress for the 
Steel is (J Y = 650 MPa. 

Given: <j := -55MPa a v := 340MPa 
x y 

x xy := 65MPa c> Y := 650MPa _^ 65 MPa 

Solution: 

Principal Stresses: -M M -55 MPa 


a x + a y 


+ 


/ V 

a x a y I 2 

j + T xy 


a 2 := 


°x + °y 


í \ L 

a x °y i 2 

J + T xy 


a l = 350.42 MPa 


a 2 = -65.42 MPa 


Maxim um Distortion Energy Theory: 

2 2 _ 2 
a l ” a r a 2 + a 2 = a Y 

f Q := g^ - <3y<52 + f a = 150000 MPa^ < a y 2 (= 422500 MPa 2 ) Ans 

Based on the result obtained above, the material does not yield according to 
the maximum distortion energy theory . 


Ans 






















Problem 10-103 


Solve Prob. 10-102 using the maximum-shear-stress theory. 

Given: a := -55MPa a v := 340MPa 

x y 

xxy 65MPa ay := 650MPa 

Solution: 

Principal Stresses: 


ai := 


a 2 := 


a x + a y 


a x + a y 


/ V 

a x a y I 2 

+ 


V 


2 ) 


a l = 350.42 MPa 


f \£ 

°x °y i 2 

'J +Txy 

a 2 = -65.42 MPa 


340 MPa 


65 MPa 


Maximum Shear Stress Theory : Both principal stresses have opposite sign, hence 
| CT 1 “ a 2| = °Y 

f Q := |aj - a 2 | f Q = 415.84MPa <a Y (= 650MPa) Ans 

Based on the result obtained above, the material does not yield according to 
the maximum shear stress theory . 


55 MPa 


Ans 






















Problem 10-104 


The 60° strain rosette is mounted on a beam. The following readings are obtained for each gauge: s a = 

600(10" 6 ), £ b = -700(10' 6 ), and £ c = 350(10" 6 ). Determine (a) the in-plane principal strains and (b) the 

maximum in-plane shear strain and average normal strain. In each case show the deforme d element due 
to the se strains. 

Given: £ := 600-(l(T 6 ) 


8^ := -700 


8 C := 350- 


(io 6 ) 

(io“ 6 ) 


0 a := 150deg 
0^ := -150deg 
0 C := -90deg 


Soiution: 


Strain Rosettes (60°): Applying Eq. 10-16, 
Given 

\2 


S a = 8 x COS 


M' 


+ Sy-smj 


( e a) +Yxy sin ( 0 a)' cos ( e a) (1) 


e b = £ x ’ cos ( e b) + e y sin (0 b ) + 7 xy -sin(e b )-cos( 0 b ) (2) 


£ C = £ x‘ C0S * 


+ Sy- sin 


! ( e c) 

Solving Eqs.(l), (2) and (3) 


( 0 c) 2 + 7 X y‘ sin ( 0 c)‘ cos ( 0 c) (3) 


Guess c Y := 10 ^ c v := 10 ^ 1 " 6 

x y 


Yxy := 10 


^ £ x ^ 

^ £ x ^ 

( -6\ 
-183.333 x 10 1 

£ y | :=Find(s x ,s y ,y xy ) 

£ y 1 = 

350x 10“ 6 

JxyJ 

Jxyj 

X -1.501 x 10“ 3 ) 


Construction ofMohr f s Circle , 
Center: 


s x + s y 


c * 

Radius: 


s c = 83.33 x 10 


R: Ms y e c ) + 


^_xyY 

2 ) 


R = 796.52 x 10 


-6 



7St'U 






Coordinates: 


L(8 x ,°.5-Yxy) C( 8c ,0) 


a) In-plane Principal Strains: 

(represented by coordinates of points B and D) 

.-6 


s i := 8p + R 


s i = 879.85 x 10 


Ans 






























Orientation of Principal Strain: 


tan 


( 20 P2)* 


0.5y 


xy 


£ x 8 c 


j ?2 := 


1 

— atan 


^0.5Y xy ^ 


V S X £ C J 


0pl := 90deg - 0 


p2 


0p2 = 35.22 deg 
0 pl = 54.78 deg 


b) Maximum In-plane Shear Strain: (represented by coordinates of point E ) 


»max 


:= -2R 


'max 


=-1.593 x 10 


-3 


Ans 


Ans 

Ans 


Orientation of Maximum In-plane Shear Strain: 


tan 


( 20 b) ■ 


£ x £ c 


0.5y 


xy 


0„ := — atan 
s 2 


-O 


y 0-5y x y J 


0 S = 9.78 deg ( Clockwise ) 


Ans 












Problem 10-105 


The aluminum beam has the rectangular cross section shown. If it is subjected to a bending moment of 
M = 7.5 kN*m, determine the increase in the 50-mm dimension at the top of the beam and the 
decrease in this dimension at the bottom. E al = 70 GPa, v al = 0.3. 

Given: M := 7.5kN*m b := 50mm h := 75mm 


E := 70GPa v := 0.3 



At the top: 

Áb := 8 x *b = 0.03429 mm 

At the bottom: 

:= -s x *b = -0.03429mm 

The negative sign indicates shortening. 










Problem 11-01 


The simply supported beam is made of timber that has an allowable bending stress of <r allow = 6.5 MPa 
and an allowable shear stress of r allow = 500 kPa. Determine its dimensions if it is to be rectangular 
and have a height-to-width ratio of 1.25. 

Given: cr allow := 6.5MPa L a := 2m L b := 4m [ 

kN 

T allow : = °- 5MPa w o :=8 ~ 


8 kN/m 


h = 1.25-b 

Solution: L := 2L a + L b 


imniiiiiiTim 

TT 


- 2 n.i 


- 4 jjj ■ 


- 2 m ■ 


Support Reactiom : By symmetry, R l =R r =R 

+f IF v =0; 2R- w 0 ’L = 0 R:=0.5w o -L R = 32kN 

Maximum Moment and Shear: 


V ■= w L 
v max * w o a 

^max := w o‘^a'(^-^'^a) 


Vmax = 16kN 


tf##/** 

fimuumrnr 




Lax 


16kN-m 


1 sim v 

34 Jí w 


T 


Section Property : I = 

S x = 

Bending Stress: 

c ^max 

8 req'd 

a allow 


bh 

~vi 

i 

0.5h 


b-h" 


_ b(1.25b)" 

6 


25-b^ ^m: 


iax 


96 


a allow 


b := 


'96^ 


>ax 


25a allow 
h := 1.25 b 


25-b 

S x = - 

x 96 

b = 211.4 mm Ans 

h = 264.3 mm Ans 


Shear Check: I 


bh 


12 


V 


1 max • 


max' ^max 

Ib 


Qmax : = (0.5bh)-0.25h 
= 0.429 MPa 


1 max 


< 


T allow =0 - 5 UPã (O.K .!) 


























X! := 0,0.01*L q .. L a 


Vl 



- w o' x l 

kN 


x 2 := L a , 1.01-L a .. (L a + 
V 2 (x 2 ) : .(-w 0 .X2 + R)^ 


x 3 • (^a + ^b) ? 1 ‘ (^a + •• ^ 

V 3( x 3) : =(-»o'*3 + 2R )'^ 


Mj 



-0.5-w 


o' 


2 

X 1 


kN-m 



M 2 (x 2 ) := 

_-0.5-w o -x 2 2 + R-(x 2 - L a )_ 

w o' x 3 2 + R '( x 

3- L a) + R -( x 3- L a- L b)_ 


1 


kN-m 

1 


kN-m 



Distance (m) 



Distance (m) 
















Problem 11-02 


The joists of a floor in a warehouse are to be selected using square timber beams made of oak. If each 
beam is to be designed to carry 1.5 kN/m over a simply supported span of 7.5 m, determine the 
dimension a of its square cross section to the nearest multiples of 5mm. The allowable bending stress 
is <r allow = 32 MPa and the allowable shear stress is r allow = 0.875 MPa. 

Given: ^ a p ow := 32MPa L := 7.5m 


kN 

w := 1.5 — 
m 


T allow := 0-875MPa 

Solution: 

Support Reactions : By symmetry, R l =R r =R 
+f SFy=0; 2R-wL=0 R:=0.5w-L 


1.5 kN/m 


Maxim um Moment and Shear: 

V = R V 

v max • v max 

M max : = R-(0.5L) - w-(0.5L)-(0.25L) M max = 10.55kN-m 


V max = 5.63kN 



Section Property: 

Bending Stress: 

Mc 


4 

a 

12 


"max 


Qmax = (0.5a-a)-0.25a 
= 0.5a 


max 


12M max'(°- 5a ) 




ax 


[J5 tíí) 
r _1 


[ 1 



. „ J- f 

] S.ÍEh i 

S.ÍSh 1 


'max 


I 


a allow " 


a := 




S.É2EN 


a allow 

a = 125.52mm (Use 130mm) Ans 


Shear Stress: 


I a 
12 


<max 


:= (0.5a-a)-0.25a 


V, 


"max • 


max ^max 


Ta 


T max = 0.536 MPa 


T allow =0-875 MPa (O.KA) 



Distance (m) 


Distance m) 



















Problem 11-03 


150 mm, 


Wk 1 30 mm 
120 mm 


The timber beam is to be loaded as shown. If the ends support only vertical forces, determine the 
greatest magnitude of P that can be applied. <r allow = 25 MPa, r allow = 700 kPa. 

Given: a a p ow := 25MPa a := 4m 

T allow : = °- 7MPa 
bp := 150mm df := 30mm 

t w := 40mm d w := 120mm 

Solution: L := 2a 

Section Property : h := df + d w 

_ I-(yj-Aj) 

Yc “ Z.(Ai) 

(b f d f )-(0.5d f ) + (t w -d w )-(0.5d w + d f ) 




40 mm 



y c := 


y c 


= 53.71 mm 


( b f d f) + (Vdw) 

1 : = ^' b f d/ + ( b f d f)'(0.5d f - y c ) 2 + ^■t w -à w 3 + (t w d w ).(0.5d w + d f - y c )" 

I = 19162016.13 mm 4 

Qmax ,= ( b _ yc)'V[°- 5 '( h _ y C )] Qmax = 185436.52 mm 

Support Reactions : By symmetry, A=B=R 
+f ZF y =0; 2R - P = 0 R = 0.5P 

Maximum Load: Assume failure due to bending moment. 

^max " ^‘ a ^max " ^-5P*a c max * = ^ _ 


a allow " 


^max* c max 


a allow " 


0.5P-a*(h-y c ) 


P : 


^( a allow) 


( h_y c) 

P = 2.49 kN Ans 


CheckShear: R : = 0.5P V max := R M max := R a 


Vnax’ Qmax 


1 max • 


I-t 


T max = 0-301 MPa 


w 


< T allow =0 - 7 MPa (O.K.I) 





























Problem 11-04 


Select the lightest-weight Steel wide-flange beam from Appendix B that will safely support the machine 
loading shown. The allowable bending stress is <r allow =168 MPa and the allowable shear stress is r allow 
= 98 MPa. 

Given: ^ a p ow := 168MPa a := 0.6m 

T allow : = 98MPa P : = 25kN 

Solution: L := 5a 


Support Reactions : By symmetry, R l =R r =R Jb 
+f 2F = 0; 2R - 4P = 0 R := 2P 


25 kN 25 kN 25 kN 25 kN 

."t — 


[*-0*6 m-J-0.6 m—|— 0*6 m-— 0*6 m-|*-ü.6m-*| 


Maximum Moment and Shear: 


V ■= R 
v max • 


v max = 50kN 


^max := R '(2a) - P a M max = 45kN-m 


Bending Stress: 

^max 


^req'd * 


a allow 


S re q’d - 267.86 x 1CT* mm 


£SN£5^£|N31S|i.] 

Pi Li *1 _ _T 


50 M 


Select W 310x24: S x := 28l (l0 3 )mm 3 d := 305mm t w := 5.59mm 


Shear Stress : Provide a shear stress check. 


V 

v max 

T max t ^ T max = 29.33 MPa 


w 


< T allow =98 MPa (O.K.\) 


Hence, Use W 310x24 Ans 

















xj := 0,0.01- a., a X2 := a, 1.01-a.. 2a 

x^ := 3a, 1.01-(3a).. 4a 

V lN : = R "S V 2 (x 2 ):=(R-P)"^; 

V 4 (x 4 ):=(R-3P)-i 


X3 := 2a, 1.01*(2a).. 3a 
X5 := 4a, 1.01-(4a).. 5a 

V 3 (x 3 ) :=<R-2P>~ 

V 5 ( x 5) : = ( R -4P)-^ 


M 


( x i) : = 


R ■ x | 
kN-m 


kN-m 


M 2 (x 2 ) : =[ R -(x 2 )-P (x 2 -a)]' 

3 (x 3 ) [R (x 3 ) - P (x 3 - a) - P (x 3 - 2 a )}-4 


kN-m 


M, 


4 (^ 4 ) ■= [ r '( x 4) _ P '( x 4 _ a ) _ P '( x 4 “ 2a ) “ p '( x 4 “ 3a )]’ 


1 


kN-m 


M 5( x s) : = f R -( x s) - P '( x 5 - a ) - P '( x 5 - 2a ) - P '( x 5 - 3a ) - P '( x 5 - 4a )]' 


1 


kN-m 




Distance (m) 



















Problem 11-05 


The simply supported beam is made of timber that has an allowable bending stress of <r allow = 7 MPa 
and an allowable shear stress of r allow = 0.5 MPa. Determine its dimensions if it is to be rectangular and 
have a height-to-width ratio of 1.25. ^ 

Given: cr allow := 7MPa L := 2m 

kN 

T allow : = °- 5MPa w o := 75 — 

h = 1.25-b 

Solution: 

Support Reactions : By symmetry, R l =R r =R 
+f IF= 0; 2R- 0.5w o -(2L) = 0 R := 0.5(w o )-L 

Maxim um Moment and Shear: 



V ■= R 
v max • ±v 


v max = 75kN 


I ?EN 

,-H* 

— 1 Hj)* 


Mmax := RL " ( 0 - 5w O - L )'f Hnax = 100kN ' m i— 

TSiííl 5* 5* 


ICÜK^.h, 


Section Pwperty : I = 

S 


bh 


12 
I 

x " 0.5h 


b-h" 


b-(1.25-b)" 


Bending Stress: 

^max 


25-b 3 M m 


Lax 


Veq'd 


a allow 


96 a allow 


b := 


'96NV 


Lax 


25a allow 


25-b~ 

96 


b = 380.0 mm 


M b 

i—i 


Shear Stress : Provide a shear stress check. 


1.5V. 


h := 1.25-b 

Shear Controls: 

1.5V, 


max 


"max • 


T allow " 


max 


b-h 


b-h 


T max 0.62 MPa 


> 


x allow =0.5MPa (NG.!) 


1.5V. 


T allow " 


max 


b-( 1.25b) 


1.5V. 


b := 


max 


1.25 T a iiow 

b = 424.3 mm 


Ans 







































X 2 := L, l.Ol-(L) .. (2L) 


xj := 0,0.01L..L 



w o 

1 

v l( x l) : = 

R- 

2 

U/ Xl J 


1 

kN 




( x 2 - L T 

V 2 (x 2 ) := 

R-0.5-w o -L-w o -(x 2 -L)- 

_^1 

H-l 

o 

1 


M 


N := 


Rxi- 


w o ( x l) 


Xi \ Xj 

* Xi- 

1 a 


L ) 


1 


kN-m 


M' 


:N : = 


R-x 2 


W o L 


• x 2 


2-L^ ”0 / T y 

—y—h- L ) 


U 2 - 


L ) 3_y kN- 


•m 



Distance (m) 



Distane (m) 




























Problem 11-06 


The wooden beam has a rectangular cross section and is used to support a load of 6 kN. If the 
allowable bending stress is cr allow = 14 MPa and the allowable shear stress is r allow = 5 MPa, determine 

the height h of the cross section to the nearest multiples of 5mm if it is to be rectangular and have a 
width of b = 75 mm. Assume the supports at A and B only exert vertical reactions on the beam. 


Given: a allow : = l4MPa 

T allow := 5MPa 
P := 6kN 

Solution: L := Lj + L 2 

Support Reactions : 

+f 2F = 0; A + B - P = 0 


L | := 1.2m 
L 2 := 1.8m 
b := 75mm 



6 kN 


(i) 


T.M b = 0; A- L - P- L 2 = 0 (2) 

Solving Eqs. (1) and (2): A := 


pl 2 


B := 


P-Li 




.2-h 


N 


2> Ul 


Maxim um Moment and Shear: 


V, 


max 


:= max(A,B) 


^max • 


Section Property : I = 


v max - 3.60kN 
Mmax = 4.32 kN-m 


b-li 

12 


<max 


= (0.5h-b)-0.25h 


Bending Stress: 

Mo 


c max " ^-5h 


"max 


Shear Stress , 


I 


max 12M max - (0-5h) 

a allow 7 


h:= 


^^max 


b-r 


b' a allow 
h = 157.12 mm (Use 160mm) 


Ans 


I := 


b-li 

12 


<max 


:= (0.5h-b)-0.25h 


Vniov-Qr 


"max • 


r max v max 
Tb 


T max = 0.458 MPa 


< T allow ^ 


(O.KA) 


























Shear (kN) 


xj := 0,0.01L 1 ..L 1 x 2 := Lj, 1.01-Lj.. L 


Vifxi) := A- — 
U kN 

A-xj 

Mi (xi) :=- 

^ l > kN-m 


V 2 (x 2 ) : =(A-P).-L 

M 2 (x 2 ) [A-(x 2 ) - P-(x 2 - L l)] 


V 2(' : 2) 


.5I- 1 -1- 1 

0 12 3 

x l’ x 2 



Distance (m) 


Distane (m) 












Problem 11-07 


Solve Prob. 11-6 if the cross section has an unknown width but is to be square, i.e., h=b. 
Given: CT allow := 14MPa L 1 := L2m 


x allow :=5MPa L 2 :=1.8m 

P := 6kN b = h 


Solution: Li^L^ + L^ 

Support Reactions : 


-f 

II 

o 

A + B-P = 0 

(1) 

™ B = 0; 

al-pl 2 = 0 

(2) 


pL 2 

Solving Eqs. (1) and (2): A :=- 



L 


Maxim um Moment and Shear: 

V max := max ( A > B ) v max = 3 - 60 kN 

^max ,= ^max = 4.32 kN-m 

bh 3 

Section Pmperty : I = —— Q max = (0.5h b) 0.25h 


Bending Stress: 

Mc, 


c max = 05h b = h 


'max 


I 


max 12M max *(0.5h) ^ • 

a allow 


1 6M m; 


ax 




a allow 

h = 122.79 mm (Use 125mm) Ans 


Shear Stress : b := h I := 


b-h J 

12 


<max 


:= (0.5h-b)-0.25h 


"max • 


^max* Qmax 
Ib 


T max = 0.358 MPa 


< T allow ^ 


(O.KA) 

























Shear (kN) 


xj := 0,0.01L 1 ..L 1 x 2 := Lj, 1.01-Lj.. L 


Vifxi) := A- — 
U kN 

A-xj 

Mi (xi) :=- 

^ l > kN-m 


V 2 (x 2 ) : =(A-P).-L 

M 2 (x 2 ) [A-(x 2 ) - P-(x 2 - L l)] 


V 2(' : 2) 


.5I- 1 -1- 1 

0 12 3 

x l’ x 2 



Distance (m) 


Distane (m) 












Problem 11-08 


The simply supported beam is composed of two W310 X 33 sections built up as shown. Determine the 
maximum uniform loading w the beam will support if the allowable bending stress is cr n =160 MPa 


and the allowable shear stress is r allow =100 MPa. 
Given: a a p ow := 160MPa L := 8m 

Taiiow : = lOOMPa Use W 310x33 

Solution: 

Support Reactions : By symmetry, R l =R r =R 
+f IF y = 0; 2R- w-L = 0 R = 0.5w-L 

Maximum Moment and Shear: 

V = R 
v max AV 

M max = r *(0.5L) - w-( 0.5L)-(0.25L) 
M max = (0.5w-L)-(0.5L) - w-(0.5L)-(0.25L) 



M max = 0.125-w-L 2 


Section Property : One W 310x33 

t w := 6.60mm I := 65.0-(10^) mird A := 4180mm 2 


d := 313mm 


Two W 310x33 : l c := 2 


I x + A(0.5d)" 


I c 

S c := — 
c d 


Maximum Loading: Assume moment Controls. 

^max' c max 0.125-w-L 2 -(d) 

CT allow “ 

I x + A(0.5d)‘ 


c max • ^ 


'max 


L 


^ a allow 

, 2 

kN 

w :=- 

I x +A(0.5d) 

w = 21.39 — 

T 2 -d 


m 


Ans 


Check Shear: (Neglect area of flanges.) A w := 2d-t w R:=0.5w-L V max := R 


V, 


max 


k max • 


T max = 20 - 71 MPa < x allow =10 ° MP» (O.K\) 


w 


1 

x := 0,0.01-L.. L V(x) := (R - w-x)- 

kN 


M(x) := [Rx - w-x-(0.5x)] 


1 


kN-m 




Distance (m) 


Distance m) 






















Problem 11-09 


The simply supported beam is composed of two W310 X 33 sections built up as shown. Determine if 
the beam will safely support a loading of w = 30 kN/m. The allowable bending stress is <r allow =160 

MPa and the allowable shear stress is r allow = 100 MPa. 

Given: a allow := 160MPa L := 8m Use W 310x33 

T allow := 100MPa w:=30-^ 

Solution: 

Support Reactiom : By symmetry, R l =R r =R 
+f IF y = 0; 2R - w L = 0 R := 0.5w L 

Maxim um Moment and Shear : 

V •= R 
v max • 

M mãx = R(0.5L) - w(0.5L)-(0.25L) 

M max = (0.5wL)-(0.5L) - w(0.5L)-(0.25L) 



8 (30Í « Z.WÍH 
. [ .1 




12-0 Kri 






\ZM 


M max 0.125-w-L 


Section Property : One W 310x33 


w 


:= 6.60mm I := 65.0-(l0^)mm^ 


Two W 310x33 : l c := 2 


Bending Stress: 


I x + A(0.5d)" 


c max ’ ^ 


Mmax’ c ] 


max 


"max * 


L 


A := 4180mm 

I C 

S c := — 
c d 


d := 313mm 


"max 


224.4 MPa > cr allow =160 MPa ( Not O.K. 0 


The beam fails due to bending stress criteria.. Ans 


CheckShear : (Neglect area of flanges.) A w := 2d- t w 


V, 


max 


"max • 


T max = 29 - 04 MPa < T allow = 100 MP a ( aK - ! ) 


w 


1 

x := 0,0.01-L..L V(x) := (R- w-x)- 

kN 


M(x) := [Rx - w-x-(0.5x)] 


1 


kN-m 



Distance (m) 


Distance m) 














Problem 11-10 


J 1 + L 2 


kN 

w := 100 — 
m 


£ 


ITT 


r 

J 


Select the lightest-weight Steel wide-flange beam from Appendix B that will safely support the loading 
shown, where w = 100 kN/m and P = 25 kN. The allowable bending stress is cr allow = 160 MPa, and 

the allowable shear stress is r allow = 100 MPa. 

Given: ^ a p ow := 160MPa Lj := 2.4m 
T allow lOOMPa L 2 := 1.8m 
P := 25kN 
Solution: L := L 

Support Reactions : Given 
+1^=0; A + B-P-wLpO (1) 

2 


-Z4hl 


-1.8 m- 


Ç?ZM B =0; A-L 1 +P*L 2 -0.5w-L^ = 0 (2) 

SolvingEqs. (1) and (2): Guess A := lkN B := lkN 


bJ 


:= Find(A, B) 


A) f 101.25 ^ 

I^bJ _ k 163.75 ) 


kN 


Maxim um Momentand Shear. 


li 


'[i^hllAhl I, 


(01.25 W 




V •= p - B 
v max • 1 ^ 


When V=0, — = 


Lj A + B 


M max := A-x o -0.5wx o 


V max = -138.75 kN 


AL 


1 


0 ' A + B 
M max - 50.8 kN-m 


x Q = 0.917 m 


Bending Stress: Assume bending Controls the design. 




ax 


^req’d * 

a allow 

Select W 310x33: S 


S re q'd - 317510.1 mm 


x • 


415 


•M 


mm d := 313mm := 6.60mm 
w 


Shear Stress : Provide a shear stress check. 




max 


l max • 


v d 


T max 67.17 MPa 


< 


T allow =100MPa (° Kl ) 


Hence, Use W 310x33 Ans 

































Shear (kN) 


xj := 0,0.01-Lj.. Lj x 2 := Lj, l.Ol-Lj.. L 

v l( x l) := ( A “ W ' X l)"S V Á X 2) : = (A-w-L.1 + b ) ^ 

m i( x i) := ( A ' x i“°' 5w ' x i 2 )'5í^ 

M 2 ( x 2 ) := [ A ' x 2 - ( w L i ) ( x 2 - °- 5 ' L l) + b '( x 2 - L l )]‘ i ^ 












Problem 11-11 


Select the lightest-weight Steel wide-flange beam having the shortest height from Appendix B that will 
safely support the loading shown, where w = 0 and P = 50 kN. The allowable bending stress is cr allow = 

168 MPa, and the allowable shear stress is r allow =100 MPa. 


Given: a a p ow := 168MPa Lj := 2.4m 

T allow lOOMPa L 2 := 1.8m 
P := 50kN A kN 

Solution: L := Lj + L 2 m 

Support Reactions : Given 
+f ZF y = 0; A + B - P = 0 (1) 

ZM b =0; ALj + PL 2 = 0 (2) 


SolvingEqs. (1) and (2): Guess A := lkN B := 


f A\ 

U j ■ 


Find(A, B) 


Í A ^ 

U j 


^—37.50^ 
v 87.50 J 


kN 


rTrrim 

i i 

Ir 

1--2.4 oi 

4 ,-1.5 m 


lkN 


SQK<J 


d 


r— :-—i 

: 1 

t I 


1.3*. 




Maximum Moment and Shear: 


^max • ^ 

^max ^‘^2 


V 

v max 

^max 


= 50 kN 
= 90kN*m 


Bending Stress: As sume b ending c ontrols the design. 



^max 

a allow 


S re q'd - 535714.3 mm 


Three choices of wide flange section having the weight of 39 kg/m can be 
made. W 310x39 , W 360x39 , and W 410x39. However, the shortest is 
the W 310x39. 


Select W 310x39 : S x := 547-(l0^)mm^ d := 3 1 Omm t w := 5.84mm 


Shear Stress : Provide a shear stress check. 


V 

v max 

T max *“ T T 
L w‘ u 


T max “ 27.62 MPa 

<T allow= 100MPa (O.KI) 


Hence, 


Use W 310x39 


Ans 























Shear (kN) 


xj := 0,0.01-Lj.. 

v >( x >) :=<a) s 


M 


( x i) := ( A ' x i)' 


kN-m 

M 2 ( x 2 ) := [ A ' x 2 + b '( x 2 


X2 := Lj, 1.01-Lj.. L 
V 2 (x 2 ):= (A + B)~ 



1 

kN-m 













Problem 11-12 


Determine the minimum width of the beam to the nearest multiples of 5mm that will safely support the 
loading of P = 40 kN. The allowable bending stress is <x allow = 168 MPa, and the allowable shear stress 

is r allow = 105 MPa- 


Given: CT allow : = 168MPa 

Lj := 

2m 


T allow := 105MPa 

L 2 := 

2m 


p ;= 40kN 

h := 150 mm 

Solution: L := Lj + L2 



Support Reactions : Given 


4 

ZF= 0; A + B - P : 

= 0 

( 1 ) 


SA4=0; A-Lj - P-L = 0 

(2) 

Solving Eqs. (1) and (2): 

Guess 

A := 


Í A ^ 


' 80 ^ 


:= Find(A, B) 

IbJ 

l-40j 


150mm 




kN 


Maximum Moment and Shear: 


^max • P 
^max ^'-^1 


Section Property: 


v max = 40kN 


I = 


^max 

b-h 3 


12 

I 


80kN-m 


b-h 


x 0.5h x 6 
Q max = (0.5h-b)-0.25h 

Bending Stress: Assume bending Controls the design. 


M m 


ax 


b-h 


M m 


-2 m- 


-2 m- 


ax 


^req’d" 


a allow 


a allow 


b := 


6M m; 


ax 


(k)< 












r 

00 KM 




/ a allow 

b= 126.98 mm (Use 130inin) Ans 


CheckShear: \ ;= 


b-h 

~Í2 


<max 


:= (0.5h-b)-0.25h 


v max * 


^max* Qmax 
I-b 


T max = 3.150 MPa 


< 


T allow= 105MPa (O.KI) 


























Shear (kN) 


1 


xj := 0,0.01-Lj.. Lj 


V 


>( x i) :=< - p) 'S 


M 


( x i) := (- p ' x i)- 


kN-m 

M 2 ( x 2 ) := [~ P ' X 2 + A ' ( x 2 


X2 := Lj, 1.01-Lj.. L 
V 2 (x 2 ) : =(-P + A) 2 j 

kN-m 













Problem 11-13 


Select the lightest-weight Steel wide-flange beam from Appendix B that will safely support the loading 
shown. The allowable bending stress is <r allow = 168 MPa, and the allowable shear stress is r allow = 100 
MPa. 


CT allow • 168MPa 

L 1 

T allow := lOOMPa 

L 2 

P := 75kN 

w o 


L := L| + L 2 


Solution: 

Support Reactiom : Given 


kN 

m 


-f IF = 0; A + B - P - 0.5w„- L 0 = 0 


^M a = 0; 


'o ~2 

^l\ 



-P-Li + OAWq-Lo- — I - B-Lo = 0 (2) 

V 3 ) 


SolvingEqs. (1) and (2): Guess A := lkN B := 2kN 


B ) 


:= Find(A,B) 


PC\ ( 200.00 ^ 

IbJ “ 1-12.50 ) 


kN 


Maxim um Moment and Shear. 


-L(?5) (3) = U2.J5M 
t 


[ ih- I I Mv I' ^ J 


Ihr 1 

m n 


[2-£N 


^max * P + A 
^inax “ _ P'Li 


v max= 125kN 


M m; 


ax 


-150kN-m 


Bending Stress: Assume b ending c ontrols the design. 


^req'd * 


|^max| 

a allow 


S re q’d - 892857.1 mm 


Select W 410x53 : S x := 923-(l0 3 )mm 3 d := 403mm t w := 7.49mm 


Shear Stress : Provide a shear stress check. 


V, 


max 


L max 


l w- d 


T max 41.41 MPa 


< 


T allow =100MPa (O.K\) 


Hence, 


Use W 410x53 


Ans 





















Moment (kN-m) 


xj := 0,0.01-Lj.. Lj 


X 2 := LJ.1.01-LJ..L 


)-=± 

V 2 (x 2 ):= 

/ \ 

f x 2 - L lT 

' ' kN 

-P +A-w 0 -(x 2 -L 1 )- 

1 -0.5- 

1 L 2 )_ 


1 

kN 


M 


M- 


i( x i)(- px i)d: 


kN-m 


:( x 2) : = 


w n o 

/ \ u / \ 2, 


^ x 2- L 1^ lT 

-P-x 2 + A-(x 2 -L,)-—(xj-L,) ■ 

1 - 

1 L 2 j 4 


1 


kN-m 



0 1 2 3 4 5 


x l’ x 2 


Distance (m) 



Distane (m) 





















Problem 11-14 


Select the lightest-weight Steel stmctural wide-flange beam with the shortest depth from Appendix B 
that will safely support the loading shown. The allowable bending stress is <r allow =168 MPa, and the 

allowable shear stress is r allow =100 MPa. 

Given: ^ a p ow := 168MPa L := 2m 

T allow := 100MPa w o := 120 ~ 

Solution: 

Support Reactiom : Given 

+t s n=°; 


- Y.M a =0; 


R - 0.5w o -L = 0 
'l') 

M+ 0.5w o -L-| - ! = 0 


R := OAw^-L 


3 ) 


M := 


-w 0 -L 


Maximum Moment and Shear: 


^max ’ ^ 

^max •“ ^ 


v max - l 2 »™ 
M max - -80kN-m 



IZfljaj [ 4, 


% = MN 

+- 


0OW.K í"' 


líl* 

5* 


Bending Stress: Assume bending Controls the design. 


|“m 


Lax 


^req'd * 

a allow 
Select W 310x39: 


S re q’d = 476190.5 mm 


S x := 547 


(io 3 ) 


mm d := 31 Omm := 5.84mm 

w 


Shear Stress : Provide a shear stress check. 


V. 


max 


L max *" 


v d 


T max = 66.28 MPa 


< 


T allow =100MPa (O.K.I) 


Hence, Use W 310x39 Ans 





















Problem 11-15 


Select the shortest and lightest-weight Steel wide-flange beam from Appendix B that will safely support 
the loading shown. The allowable bending stress is <r allow =160 MPa, and the allowable shear stress is 

r allow = 84 MPa. 


Given: ^ a u ow •= 160MPa a := 1.2m 

T allow 84MPa P 1 20kN 
P 2 := 50kN P 3 := 30kN 

Solution: L := 4a 

Support Reactiom : Given 

+f SF=0; A + B - Pi - P 2 - P 3 = 0 


20 kN 




T 30 kN 

i 


aw 




|—. .2 m —L1 2 m—. .2 m— — 1.2 m—| 


(i) 


C+T.M b = 0; A-L-P r (3a)-P 2 ‘(2-a)-P 3 -(a) = 0 (2) 

SolvingEqs. (1) and (2): Guess A := lkN B := 2kN 


iOJtkf SOjthf 30jti| 


1 


1 llh ’l~ I .íK "7 r,íh “I I ihA 


52-ÍX'í 


B ) 


:= Find(A,B) 


fA^| í 47.50^ 

B ) ~ ^52.50 ) 


kN 


Maximum Moment and Shear: 


V, 


max 


:= max(A,B) 


V max -52.5kN 


Mmax := A '(2 a ) - p i’(a) Mmax = 90kN-m 


Bending Stress: Assume b ending c ontrols the design. 


^req'd * 


|^max| 

a allow 


S re q’d - 562500 mm 


Select W 250x58: 


S x := 693 


(io 3 ) 


mm d := 252mm := S.OOmm 

w 


Shear Stress : Provide a shear stress check. 


V, 


max 


"max • 


V d 


T max = 26.04 MPa 


< x allow =84MPa ( OK .\) 


Hence, 


Use W 250x58 


Ans 















Moment (N-m) 


xj := 0 5 0.01-a.. a X2 := a, 1.01-a.. 2a X3 := 2a, 1.01*(2a).. 3a 

X4 := 3a, 1.01-(3a).. 4a 

V l( X l) :=A ÍS V 2 (x 2 ):=( a -P,)^ Vj^^A-P,-?,).^ 


1 


M,(xi) := 


A-x 


1 


kN-m 


V 4 (x 4 ) : =[(A-P,-P2)-P3].- 

M 2 ( x 2 ) := [ a '( x 2 ) - Pl'( x 2 - a )J*7x7 


kN-m 


1 


kN-m 


M 3( x 3) : = [ A ‘( x 3) - P r( x 3 - a ) - P 2'( x 3 - 2a )} 

M 4 (x 4 ) := [fA-(x 4 ) - P r (x 4 - a) - P 2 -(x 4 - 2a)] - P 3 -(x 4 - 3a)]--3 


kN-m 



« V 3 (x 3 ) 0 


V/í 



2 3 

x l> x 2’ x 3’ x 4 

Distance (m) 



Distance (m) 















Problem 11-16 


The beam is made of a ceramic material having an allowable bending stress of cr allow = 5 MPa and an 
allowable shear stress of r allow = 2.8 MPa. Determine the width b of the beam if the height h = 2b. 

Given: a a ]] ow 5MPa Lj := 50mm 

T allow := 2.8MPa L Q := 150mm 


P 1 := 75N 
P 2 := 50N 


kN 

w := 1.2 — 
m 

h= 2b 


75 kN 




i ,,, 

1.2 kN /m 


50 kN 

i 

I 1 11 ir 

j j, 

,u, 

, I 

1_A_1 


L !— 2L | + L 0 


Solution: 

Support Reactiom : Given 

*1 “ r 2 


|o0 mm- 


150 mm 


( 1 ) 


+f ZF= 0; A + B - Pj - P 2 - w-L 0 = 0 

C + ZM b = 0; A-(L 0 ) - P r (Lj + L 0 ) - wL o -(0.5L o ) + PjLj = 0 (2) 

SolvingEqs. (1) and (2): Guess A := IN B := IN 

(A\ f A^ ("173.33 Y 


-50 nuu- 


. Find(A,B) 

vBj vj 

Maximum Moment and Shear: 

^inax •-“?!+ A 
^max *“ ^1^1 


B J 131.67 ) 


N 




?5M L" ÍC.Effi' e O.lávJ 50 

I r~i—i 


l^j^KhhsMikf 31 " 


Section Pwperty: 


I = 


V 

v max 

98.33 N 

^max = 

3.75 N-m 

bh 3 



h= 2b 

12 


I 

b-h' 


S Y = 

0.5h 

x 6 


Í73.3S K»J 


S x = 


4b 


Bending Stress: Assume bending Controls the design. 
S, 


5 req'd 1 


Check Shear. 


^max 

■4^ 

cr 

1 

II 

^max 

^ / 6M max 


a allow 

6 

a allow 

•\| ^ CT allow 





b = 10.40 mm 

Ans 


h := 2-b 


1.5V, 


max 


k max • 


hb 


T max = 0.682 MPa 


< T allow =2 - 8 MPa (O.KA) 





































X, := 0,0.01-L 1 ..L 1 X 2 := Lj, 1.01-Lj.. (l 1 + L 0 ) x 3 := (l 2 + L 0 ), 1.01-(l 1 + L 0 ).. L 

- p l | i 

v l( x l) : =— v 2N'=[- p 1+ a -"'( x 2- l i)]'n v jH'=(- p I+ a -»' l o + b )'5 


M,(xi) := 


M- 


~ P 1 X 1 

N-m 


Mn 


2 

2( x 2) : = |_ _P 1' X 2 + A '( x 2 - L l) - °- 5w '( x 2 - Lj) 


1 


J N-m 


í( x 3) := [- p l‘ x 3 + A '( x 3 - L l) - ( w ' L o)‘( x 3 - L 1 - °-5- L o) + B '( x 3 “ L 1 “ L o)}^ 


N-m 



0.1 0.15 

xi,x 2 ,x 3 

Distance (m) 



Distance (m) 















Problem 11-17 


The Steel cantilevered T-beam is made from two plates welded together as shown. Determine the 
maximum loads P that can be safely supported on the beam if the allowable bending stress is <r allow = 

170 MPa and the allowable shear stress is r allow = 95 MPa. 


Given: a a p ow := 170MPa a := 2m 

T allow := 95MPa 

bf := 150mm df := 15mm 

t w := 15mm d w := 150mm 
Solution: L := 2a 

Section Property : h := df + d w 


150 mm 

[ ■-H j 15 mm 

] 150 mm 1 

Hih- 

M5 mm t| 

l J 1 

L_J 

l J 

1 








I-(yi-Ai) 

YC= S '(Ai) 


y c : = 


(b f df)'(0.5d f ) + (t w d w )-(0.5d w + d f ) 


( b f d f) + (Vdw) 

1 : = Í' b f d/ + ( b f df)'(0.5d f - y c ) 2 + T. tw -d w 3 + (t w -d w ).(0.5d w + d f - y c ) 


y c = 48.75 mm 
2 


Qmax * ycj-vf 0 - 5 ^ 11 y c )] 

Support Reactions : 

+f ZF y =0; R — P — P = 0 

C + ZM a = 0; M A + P-a + P-(2a) = 0 


I = 11917968.75 mm 
Q max = 101355.47 mm 3 


R = 2P 
M a = 3Pa 


CIF 


r r 

±=A 


A,? 


I 


Maximum Load: Assume failure due to bending moment. 


Mmax" c max * ^ yc 

Mmax* c max 3P- a- ^h - y c j 

a allow j a allow j 

Check Shear : R : = 2P V max := R M A := 3P- a 
^max* Qmax 


T max • 


I-t 


w 


T max 3.294 MPa 


< T allow^ 5 ^ 


^( a allow) 

3a- (h - y c ) 

P = 2.90 kN Ans 


(O.KA) 


























Shear (kN) 


xj := 0,0.01-a.. a X 2 := a, 1.01-a.. L 

V lH :=(R >"5í V 2 (x 2 ):=(R-P)^ 

M,(x,) -(-Ma+Rx,).^ 

M 2 (x 2 ) := [-M a + R-x 2 - P-(x 2 - a)]-^ 













Problem 11-18 


Draw the shear and moment diagrams for the W310 X 21 beam and check if the beam will safely 
support the loading. The allowable bending stress is <r allow = 160 MPa and the allowable shear stress is 


4 allow 


= 84 MPa. 


2.5 kN/m 


Given: ^ a u ow •= 160MPa Lj := lm 
T allow := 84MPa l 2 := 4m 


75kN-ra 


M 0 := 75kN-m 


Solution: L := Lj + L 2 

Support Reactions : Given 
+t ZFy=0; A + B - w-L^ = 0 


kN 

w := 25 — 
m 


( 


A 
'1 m 


11111111111 

j- -—:díf 


(i) 


k + ZM a =0; -M 0 + 0.5w-L 2 - B L 2 = 0 (2) 

SolvingEqs. (1) and (2): Guess A := lkN B := 2kN 


A \. 

B )" 


Find(A,B) 


fA'] í 68.75^ 
B ) ~ f 31.25 J 


kN 


Maximum Moment and Shear: 


V max := max ( A ’ B) v max = 68 - 75 kN 


^ma\ • M 0 


M max = 75 kN-m 


4 m 


zs itt} = 


r~- 


( 




Zn, 




i 


Bending Stress: Assume b ending c ontrols the design. 


Use W 310x21 : 

K: 


s x := 244 


•M 


mm d := 303mm t 


w * 


5.08 mm 


ax 


*req'd * 


a allow 


S re q»d = 468750 mm 


> S =244 

A 


•M 


mm 


(No Good .!) 


Shear Stress : Provide a shear stress check. 


V, 


max 


L max 


v 4 


T max = 44.66 MPa 


< 


x allow =84MPa (O.K.l) 


Hence, the wide flange section W 310x21 fails due to the bending stress 
and will not safely support the loading. 


Ans 


























Moment (kN-m) 


xj := 0,0.01 Lj.. Lj 


V 


0 


! ( Xl )' kN 


M l( x l) - (- M o)- 


1 


kN-m 


x 2 := Lj, 1 . 01 -Lj.. L 

V 2 (x 2 ) ;=[A-w(x 2 -L 1 )}-^ 


M' 


: 2 ( x 2 ) := -M 0 + A-(x 2 - Lj) - J -(x 2 - Lj) 


1 


kN-m 


ã 

v i( x i) 

c3 

<L> 

<—! 

V 2 ( x 2 ) 

HH 

GO 




x l’ x 2 

Distance (m) 



Distane (m) 















Problem 11-19 


Select the lightest-weight Steel wide-flange beam from Appendix B that will safely support the loading 
shown. The allowable bending stress is <r allow = 160 MPa and the allowable shear stress is r allow = 84 
MPa. 


Given: ^ a p ow := 160MPa := lm 
T allow : = 84MPa 


M 0 := 75kN*m 
L := L i + L2 


Solution: 

Support Reactiom : Given 


L 2 := 4m 
kN 

w := 25— 
m 


f IF v =0 ; A + B-wL 2 =0 


( 1 ) 


C + ZM a =0; -M 0 + 0.5w-L 2 2 - B L 2 = 0 (2) 

SolvingEqs. (1) and (2): Guess A := lkN B := 2kN 


B ) 


:= Find(A,B) 


í A^ í 68.75^ 

U; "Ui-25j 


kN 


Maxim um Moment and Shear: 


V max : = max ( A > B ) v max = 68 - 75 kN 


^inax • M o 


M m; 


ax 


75kN-m 


25 kN/m 







(! 


i 4 


r=-+ 








Bending Stress: Assume b ending c ontrols the design. 


^req'd * 


|^max| 

a allow 


S re q’d - 468750 mm 


Select W 360x33 : S x := 475-(l0^)mm^ d := 349mm t w := 5.84mm 
Shear Stress : Provide a shear stress check. 


V, 


max 


L max 


V d 


T max = 33.73 MPa 


< x allow= 84MPa (O.K.!) 


Hence, 


Use W 360x33 


Ans 
































Moment (kN-m) 


xj := 0,0.01-Lj.. Lj 
/ \ 0 
Vl ( Xl ) •“ kN 

M i( x i) : = K)-^ 


kN-m 


x 2 := LJ.1.01-LJ..L 


V 


2 (x 2 ) :=[A-w(x 2 -L 1 )} — 


M 


: 2 ( x 2 ) := -M 0 + A-(x 2 - Lj) - J -(x 2 - Lj) 


1 


kN-m 


! 

v i( x i) 

c3 

<—! 

V 2 ( x 2 ) 

HH 

GO 




X 1 ,x 2 

Distance (m) 



Distane (m) 















Problem 11-20 


The compound beam is made from two sections, which are pinned together at B. Use Appendix B and 
select the light wide-flange beam that would be safe for each section if the allowable bending stress is 
°ãiiow = 168 MPa and the allowable shear stress is r allow =100 MPa. The beam supports a pipe loading 
of 6 kN and 9 kN as shown. 


Given: CT allow := 168MPa L 

T allow : = lOOMPa L ; 

Pj := 6kN L 

P 2 := 9kN 

Solution: L := Lj + L2 + L3 

Support Reactiom : Given 
For segment^C: 

+f IF= 0; B + C - P 2 = 0 


= 3.6m 
= 2.4m 
= 3m 


& 


ólkN 


9kN 

è 




<—1.8 m- 


■ l.8m- 


-2.4 m ■ 


-.1 JTl ■ 


tfi4 EK^ 


9 £4 




|l 2 + l 3 


+ ?2'L2 = 0 


( 1 ) 

(2) 


[|K<I 

u 


II" 1 j 


ITínJ 


SolvingEqs. (1) and (2): Guess C := lkN B := 2kN 


:= Find(C,B) 


vbJ 

For segmentai? : 
f A:=Pj+B 

(0.5Li) 


bUIsJ 


kN 


A = llkN 


M/ 


r 


BL, 


M/ 


-28.80 kN-m 


Maximum Moment and Shear : 


For segmenta 


V, 


max 


:= max(A,B) 


v max= llkN 


^max • ^A 


M m; 


ax 


For segment BC : V’ max max ( B > Q V’ max 

^max ^‘ B 3 ^ms 

Bending Stress: Assume bending Controls the design. 


-28.8 kN-m 


5kN 


M max = 12 kN-m 


For segment AB : 

s J 

3 req'd * 

^max| 

^req'd 

171428.6 mm^ 


a allow 


Select W 250x18: 


( A q 




s x := 179- 

ilO jmm 

d := 25 lmm 

t w := 4.83 mm 

For segment SC: 

Q* , i • — 

| ^ max| 

C! _ 

req'd _ 

71428.6 mm^ 


13 req d • 

a allow 


Select W 150x14: 


( A ^ 




S’ x := 91.2 

•llOjmrn 

d' := 150mm 

t’ r := 4.32mm 

w 


j 

t 

fíT 1 

I .1 

i 

r 2 -a-n 

s* 1 


Sfi4 


Inc-J 
































Shear (kN) 


Shear Stress : Provide a shear stress check. 


For segmentai? : 


For segment i?C: 


V, 


max 


L max 


v d 


T max ^-07 


Hence, Use W 250x18 


< T allow 100 MPa 
Ans 


V 


max 


max • t , i, 
L w' u 


T max V. 72 MPa 


< T allow 100 MPa 
Hence, Use W 150x14 Ans 


(O.K .!) 


(O.K .!) 


Set 


a := 0.5Lj b := 0.5Lj c := L 2 d := L 3 

xj := 0 5 0.01-a.. a X2 := a, 1.01-a.. a + b X3 := a + b, 1.01-(a + b).. a + b + c 
X4 := a + b + c, 1.01*(a + b + c).. a + b + c + d 


V,(x,) :: 

Mi(xi) 


A 'S V 2 (^)>(A-Pi).± V 3 (x 3 ):=(A-P 1 ). 1 1 

V 4 (x 4 ):=(A-P,-P 2 ). í i í 

M A + A-Xj j 

kN-m M 2 (x 2 ):=[MA + A.x 2 -P r (x 2 -a)} — 

M 3 (x 3 ) ^[B-fxj-a-b)].^ 

M 4 (x 4 ) = [B-(x 4 - a - b) - P r (x 4 - a - b - 



Distance (m) 
















Moment (kN-m) 



Distance (m) 





Problem 11-21 


The Steel beam has an allowable bending stress <r allow = 140 MPa and an allowable shear stress of 
r aiiow = 90 MPa. Determine the maximum load that can safely be supported. 

Given: a a p ow := 140MPa a := 2m 

T allow := 90MPa 
bf := 120mm df := 20mm 

t w := 20imn d w := 150mm 

Solution: L := 2a 


W- 


t 


20 num 


y c : 


y c - 


I.(Ai) 


• h:=d f +d w T|» 

150 mm 

jTi 

,) 

50 nu 

Ha 



20: 

(o.5d f ) + (yd w )-(o.5d w + d f ) 

y c = 57.22 mm 


( b f d f) + (vdw) 



1 : = ^ b f d / + (bf d f ) (°.5df- y c ) 2 + T-t^cy 5 + (yd w )-(0.5d w + d f - y c ) 


I = 15338333.33 mm 


Qmax • ycj-vf 0 - 5 *^ y C )] Qmax 127188.27mm 

Support Reactions : By symmetry, R r = - P 
+f 1F= 0; R c - P - P = 0 R c = 2P 

Maximum Load: Assume failure due to bending moment. 








I n ■-ft 




^max" P‘ a c max * ^ yc 




iC- 


^max* c 


max 


a allow " 


I 


a allow " 


p a- ( h - y c ) 


P := 


ZP 

^( a allow) 


a-( h -y c ) 

P = 9.52 kN Ans 


CheckShear: V max : = P R c : = 2P 

^max* Qmax 


v max • 


It 


T max 3.947 MPa 


w 


< 


T allow^ 90MPa (O.K.\) 






























Shear (kN) 


1 


xj := 0,0.01-a.. a 


X2 := a, 1.01-a.. L 


V 




V- 


:= 


M 


( x i) := (- p ' x i)- 


kN-m 


M 2 ( x 2 ) := [- p ' x 2 + R c '( x 2 - a )} 


1 


kN-m 


(-P + R c)' 


1 

kN 













Problem 11-22 


The timber beam has a rectangular cross section. If the width of the beam is 150 mm, determine its 
height h so that it simultâneously reaches its allowable bending stress of <r allow = 10 MPa and an 

allowable shear stress of r allow = 0.35 MPa. Also, what is the maximum load P that the beam can then 
support? P 

Given: ^ a p ow := lOMPa L := 1.5m 

T allow := 0.35MPa b := 150mm 


Solution: 

Support Reactions : By symmetry, A=B=R 
+f ZF y = 0; 2R - P = 0 R = 0.5P 

Section Property: 

3 2 

b-h I b-h 

1 = — S x = - S x = - 

12 x 0.5h x 6 

Qmax = (0.5hb)0.25h = 0.125b-h 2 

Maximum Moment and Shear: 



1 

_ 

1 11 

V. L 

j' í.£n "| 

í 

[ Llft \ 


^max 


^inax " ^ 
^max " R* L 


^max " ^-5P 
^max " 

^rnax' Qma 


If shear conrols : 

T allow j ^ 



I-b ^max 

(b-h 3 )-b _ 0.5P 

b-h = 

3-P 

Qmax T allow 

12 - (o. 125 b-h 2 ) x allow 

^ T allow 

If bending conrols 

^max 

• c - 

b-h 2 _ 

0.5P-L 

* °req d 

a allow 

6 

a allow 


- - ^ T allow' L 




( 1 ) 


( 2 ) 


From Eq. (1): 


a allow 
4 í- 


h = 210 mm Ans 


P:=T(bh)x allow P= 14.70 kN Ans 


i mm 


R := 0.5P 


R = 7.35 kN 

































Shear (kN) 


xj := 0,0.01-L.. L 


x 2 := L, 1.01L.. 2L 


v i( x i) : =< R >"È v 2 ( X2 ) :=( R-P).-i- 

m 2 (x 2 ) ; =[R.x 2 -P.(x 2 -L)}- 5 1- 


v 2 (x 2 )° 


0 12 3 

x l’ x 2 

Distance (m) 













Problem 11-23 


The beam is to be used to support the machine, which has a weight of 80 kN and a center of gravity at 
G. If the maximum bending stress is not to exceed <r allow =160 MPa, determine the required width b of 
the flanges. The supports at B and C are smooth. 


Given: W := 80kN 
L| := 1.8m 
:= 1.5m 


a allow 160MPa 

L 2 := 0.9m 12mm ’ V I^ 5 mm 

3 "l 2 mm 


:= 1.8m 


B 


d w := 175mm dp := 12mm 


4F 1 


t TT := 12mm 
w 




-0.9 m- 


-13 m- 


-ÍSm 


Solution: 

Support Reactiom : Given 


L '.= Lj + 1^2 + 


For machine BC : 


t 


ZF= 0; 
I.M c =0 


SofvingEqs. (1) and (2): Guess B := lkN C := 2kN 


C J 


:= Find(B,C) 


B') f 50^1 

IcJ “ UoJ 


kN 


For beam AD : 


-t 


íF y - o; 

i.m d =o 


A + D - W = 0 
A L - W-(l 3 + L 4 ) = 0 


Solving Eq. (4) : A := 
From Eq. (3): 


w.(L 3 + L 4 ) 


L 

D := W - A 


(3) 

(4) 

A = 44 kN 
D = 36kN 


£0 K*J 


30 PJ 


+ u - w = u 



1 J 

(L 2 + L 3 )-W.L3=0 

(2) 


[. . 1 

1 L&H | 2-im 

élTi-b-lI 

r L& h 1 


P£*J 


~g 


Section Property : h := 2df + d w 


1 


I= -^{ b - h -(h-twj-dw. 


12 

Bending Stress: 

^max - Lq c max -= 


0.5h 


1 12 L 


b- ( h 3 - d w 3 


+ w 


a allow " 


^max* c max 


I = 


^max* c max 
a allow 


1 

72 L 


b-l h 3 - d w 3 


V d w” 


A-L r (0.5h) 

a allow 


b := 


12A-L r (0.5h) 

*w* 

a allow 

3 3 

h - V 


b = 208.9 mm 


Ans 































Moment (kN-m) 


xi := 0,0.01 • Li.. L| X2 := L j, 1.01 • L^^ + L 2 + 


M 


< x i) - 



x 3 - L 

Y + L2 L31,1.01 

A 

kN 

V 2 ( x 2 ) := (A - B)‘~ 

A-xj 

kN-m 

M 2 (x 2 ) := 

[A-x 2 -B-(x 2 -L 


M 3 (x 3 ) := 

[A-x 3 - Et-(x 3 - L 


kN 


kN-m 


1 


kN-m 



Distance (m) 



Distance (m) 














Problem 11-24 


The beam has a flange width b = 200 mm. If the maximum bending stress is not to exceed cr allow =160 

MPa, determine the greatest weight of the machine that the beam can support. The center of gravity 
for the machine is at G, and the supports at B and C are smooth. 

i 12mm 
12 J_175 mm 

~^Í2 mm my 


L 1 

:= 1 . 8 m 

I _2 := 0.9m 

L 3 

:= 1.5m 

L 4 := 1 . 8 m 

d w 

:= 175mm 

dp := 12 mm 


:= 12 mm 

b := 200 mm 


i ^ 


a allow * lbOMPa 

Solution: L := Lj + L 2 + L 3 + L 4 

SuüDort Reactiom : For beam AD : 

4 


\Sm- 


■0.9 m- 


-12} m- 


m D 

H 


■l.8m 


ZF= 0 ; 


A + D - W = 0 


Ç + zm d =o a- l - w- (l 3 + l 4 ) = o 
; w-(l 3 + l 4 ) 

Solving Eq. (2): A = - 


(1) 

( 2 ) 


From Eq. (1): 


D = W- A 


Section Property : h := 2dp + d 


w 


1 ' 12 


b-h -(b-t w )-d w : 

Bending Stress: 


^max " c max * ^-5h 


a-ífjv Oi 

A i 

JBW 



1 I T 

I l.ín | 

r 

r i.íh j 


0-5$õ u/ 




I zz 47379775.00 mm 

^max* c max 


I 


a allow " 


I 


^max 


" w (l 3 + l 4 )“ 

I‘ a allow 

W := 

L 

L 1 c 

max 

V 


I‘ a allow^ 


’ a allow 


max 


) L r( L 3 + l 4 


W = 76.96 kN 


Ans 


Evaluate Support Reactiom 
For beam AD : 

From Eqs. (1) and (2): 


A := 


w-(l 3 + L 4 ) 


d := W - A 

A = 42.33 kN 
D = 34.63 kN 


For machine BC : Given 


-t 


2F= 0; B + C - W = 0 


(3) 

(4) 


Ç + SM C =0 B- (l 2 + L 3 ) - W- L 3 = 0 
SofvingEqs. (3) and (4): Guess B := lkN C := 2kN 


cj 


:= Find(B,C) 


B^i ( 48.1 ^ 
ivCj _ \28.86 ) 


kN 

































Moment (kN-m) 


xj := 0,0.01-Lj.. Lj 


V,(x,) := 

M1( x 1) 


A 

kN 

A-xj 


kN-m 


x 2 : = 

L 1 


L 2 + L 3) 


x 3 := 

( L 

Y + L2 + , 1.01-ÍLj + 1^2 L3 

).. L 

V 2 ( x 2 ) = 

‘ <A_B) 'kíi 

V 3 (x 3 ) (A- 

1 

B-C)- 

kN 

M 2 ( x 2 ) 

-1 

[A-x 2 -B-(x 2 -] 

Liíl- 1 
kN-m 


M 3( x 3) 

-1 

[A- x 3 - Et-( x 3 - ] 

L l)-C-( x 3 -L, 

-l 2 -l 3 )] 



Distance (m) 



Distance (m) 













Problem 11-25 


The box beam has an allowable bending stress of <r allow =10 MPa and an allowable shear stress of 
r aiiow = 775 kPa. Determine the maximum intensity w of the distributed loading that it can safely 

support. Also, determine the maximum safe nail spacing for each third of the length of the beam. Each 
nail can resist a shear force of 200 N. 

Given: v allow »- 2kN L := 6m 

bp := 21 Omm dp := 30mm 


LI_ 

r- 1 


1 \ 

| 


2y 1 mm 

U. 

: 

: _L J 


V := 3Omm d w := 190mm 

^150 mm 


a allow * lOMPa 
T allow := 0.775MPa 

Solution: 

Section Property : h := 2df + d w 

I:= ^- b f h 3 -^-( b f- 2 t w)- d 

Q A := (0.5-h-0.5d f )-(bf-2t w )-d f 

1 2 1 2 
Qmax •“ ^ ~~ ^‘(^f _ ^w)'^w 

Support Reactions : By symmetry, R l =R r =R 

+f ZF =0; 2R- wo-L = 0 


ISO mm" 
30 mm 



W 


I = 187700000 mm 
= 495000 mm^ 


<max 


= 963750 mm 


R = 0.5w q L 


Maximum Moment and Shear : 


CH 

. . J 

L_ 

r i 

t I 

i _ iJ 

t_i__ í 

I 3 ' ry 

r Jm. | 


30 V 






íMf 


■íj a ■ 3-J/n 


3 




í i* jT- "■ 


7 




-.S tíiíím 


V = R 
v max AV 


^max " 0.5-w o -L 


M max = R (0.5L) - w o -(0.5L)-(0.25-L) M max = 0.125-w o -l/ 


Maximum Load: 

Assume failure due to bending: c. 


^max* c 


max 


a allow " 


I 


0.125-w Q -L-(0.5-h) 


a allow " 


max 


:= 0.5-h 


w 0 := 


^(I)( a all 0W ) 


h-L 


kN 

w n = 3.337 — 
m 


Assume failure due to shear: 


V. 


T allow " 


T allow " 


max ^max 

!( 2 >w) 

0.5-w 0 -L-Q max 


w G := 


4(I)( x allow)’^w 


L Qmax 
w := min^w 0 , w' 0 j 


kN 

w ’ 0 = 3.019 — 
m 


kN 

w = 3.019— Ans 
m 


Shear Flow: Since there are two rows of nails, the allowable shear flow is q = 2V/s 
Region AB (0 < x < 2m) and CD (4m < x < 6 m): 




















































Shear (kN) 


V max := 0.5-w-L 


Region BC (2m < x < 4m) 


V •= V - w — 
v max • v max w t 


01 : = 
sj := 


|^max|' Qa 

I 

^allow 

01 


q 2 := 

s 2 : = 


|^max| Qa 

I 

^^allow 

02 



kN 

01 = 

23.88 — 

m 

S 1 = 

16.7 mm 


kN 

02 

= 7.96 — 

m 

s 2 : 

= 50.2 mm 


Ans 


Ans 


R := 0.5w-L 

1 

x := 0.0.01-L..L V(x) := (R-wx)- 


1 

M(x) := [R-x- wx-(0.5x)]- 

kN-m 



Distance (m) 


Distance m) 












Problem 11-26 


The beam is constructed from three boards as shown. If each nail can support a shear force of 250 N, 
determine the maximum spacing of the nails, s, s', and s”, for regions AB , BC , and CD, respectively. 


Glve ”= v allow - 250N 

a := 1.5m 

bf := 200 mm 

áf := 25mm 

t w := 25mm 

d w := 150mm 

Pj := 4kN 

P 2 := 6 kN 

Solution: L := 3a 



ókN 


4kW 




XL 


n 


Section Property : h := df + d w 

_ S-(yi-Aj) 

Yc “ I.(Ai) 

( b f df)-(0.5d f ) + 2(t w -d w )-(0.5d w + df) 

y c : =- 


-1.5 m- 


■1.5 m- 


25 mni- 


—1_5 m — 
h-200 maiH 

I 


D 


15Qrnm 

LU 


-HJ»- -HJ'- 

25 mm 25 mm 


(b f d f ) + 2(t w -d w ) y c = 65.00 mm 

1 : = -p-• b f d f 3 + (b f d f )-(0.5d f - y c ) 2 + 2 A.t w -dJ + (t w -d w ) (0.5d w + d f - y c )" 


Q : = (y c -°- 5d f)- b f d f 

Support Reactions : Given 

IF= 0; B + D-P 1 -P 2 =0 


( 1 ) 


I = 37291666.67 mm 
Q = 262500.00 mm 3 

ltf4 


C + ZM d =0 -Pf(3a) + B-(2a) - P 2 a = 0 (2) 

SoívingEqs. (1) and (2): Guess B := lkN D := 2kN 


| ^ _ 1 

^ *■ * ■! m¥m 


T 

Eíftr 




1 ts* iU 

tt 4 


Dj 


:= Find(B,D) 


B Cf 9 ^ 

Dj lu 


kN 


Region 1/7 : V A B := - p l 

|Vab|-Q 


q := 


kN 

q = 28.16- 

m 


s := 


Ldlow 

0.5q 


s = 17.76 mm Ans 


Region BC : Vgç := -Pj + B 

| v bc|Q 


q' := 


kN 

q' = 35.20- 

m 


V, 


s := 


Region CD : V CD := -Pj + B - P 2 


q" := 


V CD Q kN 

1-!— q" = 7.04 — 

I m 


allow 

0.5q' 


Ldlow 

0.5q" 


s'= 14.21 mm Ans 


s" = 71.03 mm Ans 











































Shear (kN) 


X 2 := a, 1.01-a.. (2a) 


x 3 := (2a), 1.01-(2a).. L 


X| := 0,0.01-a.. a 

v iN : =T 3T v 2N : =(- p i + B )'5í 


V 3b) :-(-Pl + B-P 2 



Distance (m) 








Problem 11-27 


The beam is constructed from two boards as shown. If each nail can support a shear force of 1 kN, 
determine the maximum spacing of the nails, s, s', and s”, to the nearest multiples of 5 mm for regions 
AB,BC , and CD , respectively. 


Given: V allow := lkN 

a := 1.5m 

bf := 200mm 

df := 25mm 

t w := 25mm 

d w := 150mm 

Pj := 2.5kN 

P 2 := 7.5kN 

Solution: L := 3a 



25 mru- 




200 mm 




150 mm 


7.5 kN 


□ 


15 kN 


1- - & 




Section Property : h := df + d w 
s-(yj-Aj) 


<k ^25 mm 

h^-i 


y c 


I.(Ai) 


— ir^=r - 

■t.5 m-1-li m- 


5 


D 


-1.5 m 


( b f df)-(0.5d f ) + (t w d w )-(0.5d w + df) 

Yc (b f d f ) + (t w - d w ) y c = 50.00 mm 

1 := -p-• b f d f 3 + (b f df)-(0.5df- y c ) 2 + T-t w -d w 3 + (v d w)-( 0 - 5d w + d f - y c )' 


Q := (y c -°- 5d f)' b f d f 

Support Reactiom : Given 

XF v =0 : b + D-P 1 -P 2 =0 
C+I.M d =0 -Pf(3a)+B-(2a)-P 2 -a= 0 


I = 23697916.67 mm 4 
Q = 187500.00 mm 3 



SofvingEqs. (1) and (2): Guess B := lkN D := 2kN 




:= Find(B,D) 


vd; 

Region AB : V A B == - p l 

| v ab|Q 


B^l ( 7.5^ 

Dj _ I 2 . 5 J 


kN 


q := 


I 


kN 

q = 19.78- 

m 


^allow 


s := 


Region BC : Vgç := -Pj + B 


q' := 


V BC Q kN 

q' = 39.56- 


I m 

Region CD : V CD := -Pj + B - P 2 


q" := 


V CD Q kN 

- - 1 — q"= 19.78 — 

I m 


V, 


allow 


s 


^allow 



s = 50.56 mm 
Use s = 55mm Ans 


s’ = 25.28 mm 
Use s f = 30mm Ans 


s" = 50.56 mm 
Use s" = 55mm Ans 



































Shear (kN) 


X2 := a, 1.01-a.. (2a) 


x 3 := (2a), 1.01-(2a).. L 


xj := 0,0.01-a.. a 

v iN : =T 3T v 2h) := (- p i + b ) 5 í 


V 3b) :=(-Pi + B-P 2 



Distance (m) 








Problem 11-28 


Draw the shear and moment diagrams for the shaft, and determine its required diameter to the nearest 
multiples of 5mm. if cr allow = 50 kN and r allow = 20 kN. The bearings at A and D exert only vertical 
reactions on the shaft. The loading is applied to the pulleys at B , C, and E. Take P = 550 N. 

Given: a a ll ow := 50MPa Lj := 350mm I™_| ™_| ™_ 300 mm 

500mm 


T allow := 20MPa L 2 


B 


L 3 

l 4 


= 375mm 
300mm 


:= 400N 
P c := 550N 
P E := 175N 

Solution: L Q := Lj + L 2 + L 3 L := L Q + L 4 

Support Reactions : Given 

+t a + d - p b - p c - p e = 0 



^M d =0 a- L d - Pg. (l 2 + L 3 ) - P c L 3 + P E - L 4 = 0 (2) 
SoívingEqs. (1) and (2): Guess A := IN D := IN 


r A\ ( A\ ( 411.22 ^ 

:= Find(A,D) 


Dj f 713.78 J 


N 


r 

I I 

1 

l— 1 

9 

3 

i 

n 

n 


3ED SCO ft* I 

r_ . - 211 : 

SKftlí 

l d mi 1 


vdJ V 

Maximum Moment and Shear: 

^inax ; = A - Pr - Pc 
^max *“ ^'(^1 + ^ 2 ) ~~ ^B‘^2 ^max = 149.54 N- 


Vmax—538.78 N 


m 


Section Property, 


n-d r 


I = 


<max 


64 

_ i 


I 

S x =- 

x 0.5-d 


n-d r 


S x = 


o 

7T-d 0 1 


32 


3tt 


4 j 

Bending Stress: Assume b ending c ontrols the design. 

3 3 


Qmax " Y2 


^req'd " 


^max 71 * ^o ^max 


a allow 


32 c allow 


d G := 


32M m 


Lax 


7 t ( a allow) 


d Q = 31.23 mm (Use 3 5 mm) 


Ans 


CheckShear: I ;= 

lv 


71 ' d o 

64 

Qr 


Qmax • j 2 


L max • 


max| * ^max 
Id^ 


T max = 0.938 MPa 


< x allow =20MPa (O.K.\) 












































Moment (N-m) 


X| := 0,0.01 • L y •• L | X 2 := Lj,1.01*L|.. ^ 

x 3 := ( L 1 + L 2 ), 1.01 -(Li + l 2 )..(l 1 + l 2 + l 3 ) 
X 4 !— ^ + L 2 + L 3 j, 1.01* j + L 2 + L 3 j.. L 



1 

A— 
N 



A-X2 


N-m 


V 2 (x 2 ):=(A-P B )A v 3 (x 3 ):=(A-P B -P c ).i 

V 4 (x 4 ):- (A-P B -P C +D)A 
M 2 (x 2 ) [A- (x 2 ) - P b (x 2 - LjJJ.A- 

Mj(x 3 ) := [A-(x 3 ) - P B -(x 3 - L,) - P c .(x 3 - L, - LjJ]— 


M 4 (x 4 ) :=[A (x 4 )-P B (x 4 -L 1 )-P c (x 4 -L 1 -L 2 ) + D (L 4 - |x 4 -L 



200 

=-1-1-1-1-1-1-1-= 

^ M i( x 0 

a — 

/' .. \ 

£ m 2( x 2) 100 

" / \ 

§ m 3( x 3) 

/ \ 

| M 4 (x 4 ) 0 

Z \ 


v--" 

_1_1_1_1_1_1_1_ 


100 - 1 - 1 - 1 - 1 - 1 - 1 -■— 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 


x l’ x 2’ x 3’ x 4 


Distance (m) 















Problem 11-29 


Draw the shear and moment diagrams for the shaft, and determine its required diameter to the nearest 
multiples of 5mm if <r allow = 50 kN and r allow = 20 kN. The bearings at A and D exert only vertical 
reactions on the shaft. The loading is applied to the pulleys at B , C, and E. Take P = 400 N. 


Given: 


CT allow := 50MPa 
T allow := 20MPa 


'1 


= 400N 
= 400N 
= 175N 


L 0 := Lj 


Solution: 

Support Reactions : Given 
+f ZF y = 0; A + D - P B - 


= 350mm 
= 500mm 
= 375mm 
= 300mm 

L := + 


p C - p E = ° 


-350 mm-500 mr 


-375 mm- 


nl 


400 N 


( 1 ) 


3íX)mm 


d ■ 


O 


175 N 


G XM d = 0 A- L 0 - P B - (L 2 + L 3 ) - P c - L 3 + P E - L 4 = 0 (2) 

SoívingEqs. (1) and (2): Guess A := IN D := IN 


PJ 


:= Find(A, D) 


A) í 365.31 ^ 
_ (609.69 ) 


SÉffJH ÉHÍH 


N 


Maximum Moment and Shear : 


^max : ^ 


V =-434 69 N 

v max 


^max • 


Section Property: 


M m; 


ax 


127.86N*m 


ti • d^ 


I = 


64 


0.5-d,. 


JT-d 0 

32 


4-(0.5-d o ) 


^max 


3n 


ti • d. 




4 J 


Qmax " . - 


o 

12 


Bending Stress: Assume bending Controls the design. 


M m 


ax 


^req’d" 


a allow 


Tr-do 

32 


M m 


ax 


a allow 


d 0 := 


32M m; 


ax 


7 I ( a allow) 


d Q = 29.64 mm 


(Use 30mm) Ans 


ti • d^ 


CheckShear: I ;= 


V, 


max 


64 

•Q 


Qmax • 


o 

12 


max 


L max * 


Td^ 


T max = 0.840 MPa 


< T allow= 20MPa (O.K.I) 


x 2 := Lj, 1 . 01 -Lj.. +L 2 ) 

x 3 : = ( L 1 + L 2 )’ L01 ( L 1 +L 2)"( L 1 +L 2 + L 3) 
x^ := 1 + L 2 + , 1.01 • j + L 2 + L 2 j.. L 


xj := 0,0.01-Lj.. Lj 

























































Moment (N-m) 


Vl(*,):=A.i v 2 (x 2 ):=(A-P B ).^ V 3 (x 3 ) := (A - P B - P c ) i 

V 4 (x 4 ) := (A - P B - P C + D)-i 

M l( x l) := “ 2 ( X2 ) := [ A 'N " P b ( x 2 “ L l)]'ib 

M 3 (x 3 ) := [a-(x 3 ) - P B (x 3 - L,) - P C (x 3 - L, - L 2 J]~ 

M 4 (x 4 ) := [a (x 4 | - P n (x 4 - L,) - P c [x 4 - L, - L 2 ] + D|L 4 - |x 4 - L| f|- 

- 1 - 1 - 1 - 1 - 1 - 1 - 1 - 

500- 

^i) 

% _ V 2(*2) 

| H^) 

GO / \ 

V 4 (x 4 ) 

-500 “ 


0 0.2 0.4 0.6 0.8 1 1.2 1.4 

X 1’ x 2 ,x 3 ,x 4 
Distance (m) 



Distance (m) 
















Problem 11-30 


The overhang beam is constructed using two 50-mm by 100-mm pieces of wood braced as shown. If 
the allowable bending stress is <r allow = 4.2 MPa, determine the largest load P that can be applied. Also, 

determine the associated maximum spacing of nails, s, along the beam section ^Cif each nail can resist 
a shear force of 4 kN. Assume the beam is pin-connected at A,B, and D. Neglect the axial force 
developed in the beam along DA. 


h Q := 50mm 


Given: V allow 4kN L °- 9m 
b := lOOmm 

a allow •“ 4.2MPa 

Solution: h := 2h Q 

Maximum Moment and Shear: 


V = P 
v max 1 


^max " P ‘L 


Section Property : I ;= 



b-r 

~~vi 


% 


0.5h 


^max 


= (0.5h-b)-0.25h 


^max 


= 0.125bh 


Maximum Load: 

^max 


Veq'd" 


a allow 


^max " ^x* ( a allow) 
^x' ( a allow) 


P‘L ^x‘( a allow) 


Nail Spacing : V 


max * 


P := 

P 


Y 


Qr 


max v max 


q •= 


^max • 

kN 
11.7 — 
m 


0.125bh 


p zz 777.8 N 
2 


Ans 


^allow 


"max * 


s max = 342.9 mm 


Ans 

















Problem 11-31 


The tapered beam supports a concentrated force P at its center. If it is made from a plate that has a 
constant width b , determine the absolute maximum bending stress in the beam. 


Stcilítn Frrtpêrtl í.t.' 

■h - ftf ml Jr.j 


h = 




J = 


1 í. ) í 1* * £ h frjfcr 


^(lr + £> ^ 

5;rfsí t - App-lviiif the Ílcíurí íyTmuti. 


tttÍ^ + £)’ 


.ií 

ff - - “ 




5 


(J| 


In udJlt I;> hurvnc thi; Lihxoluíe JTiiuMiriUiTk búndLnu .tLrzjts. —— 1). 

d* 


jff _ ^rtis+^íD-ííaHajt+tjííii 

di “ Mj [ ! Zi + IP 


I 

I 


Subitim.^ * = - uiln Fq. [ I ] yields 




U.J 




























Problem 11-32 


Determine the variation of the radius r of the cantilevered beam that supports the uniform distributed 
load so that it has a constant maximum bending stress <r max throughout its length. 


Mvrnent Fanetivrt; teshQtonou h'RD. 
SeftfQtt Frpperties; 


I 




ff , 

— F' 
4 


i'jn $ AppLying lha llcxure íixrmuSu. 


C 


ma. 



ff 


Ti J.L 



Ai jc ■ li. r ■ r n . From Bí| [1 l-i 




2wL* 


F.quuun^ El| | L| jsid [Z| yiddü 


S rt 3 

' m u x 



m 


m 


Ans 























Problem 11-33 


Determine the variation in the depth d of a cantilevered beam that supports a concentrated force P at 
its end so that it has a constant maximum bending stress <r allow throughout its length. The beam has a 
constant width b 0 . 




</) 

12 


I = _ bpd 1 

c dn 6 


Af FX 

*"" = s Q ^ 

Aliml 

PL 

EqunipE^í, (|J diifl (2} ^ 

Px PL 

~ Jq V6 


0> 

( 2 > 




Px 



















Problem 11-34 


The beam is made into the shape of a frustum and has a diameter of 12 mm at A and a diameter of 300 
mm at B. If it supports a force of 750 N at.4, determine the absolute maximum bending stress in the 
beam and specify its locationx 


Given: P ;= 750N 

d Q := 150mm 

Solution: 

Section Property: 


r - S r 8 r 


L := 900inm 
d] := 300mm 


8 r := 


d l- d o 


8 r -(L + x) 


750 N 


r = 



MS mm 


I = 


7t-r 


I 

S = - 
r 


S = 


7t-r 


Bendiug Stress : M = P- x 
M 


a = 


a= (Px)- 


41/ 


S = 


7T-8 r 3 -(L + x) 3 


4-L" 


7i-8 r 3 -(L + x) 3 


( 1 ) 


In order to have the absolute maximum bending stress, —c> = 0 

dx 


i£0*l 


V'?£LW 



y. 


ÍSD jr 



Differentiate Eq. (1): 4P-L 

Z 3 

71 * ò r 


dx (L + x) 3 


= 0 


(L + x)' 


d ^ 

—x — X* 

dx J 


d /T .3 
— (L + x) 

dx 


= 0 


(L + x) 3 - x-[j5'(L + x) 2 ] = 0 


(L + x) -(L-2x) = 0 


Substituting into Eq. (1): 


x := — x = 450 mm Ans 
2 


max 


:= (Px). 


4-L' 


7i-8 r 3 -(L + x) 3 


c>max = 0.3018 MPa Ans 
































Problem 11-35 


The beam has a width w and a depth that varies as shown. If it supports a cone entrated force P at its 
end, determine the absolute maximum bending stress in the beam and specify its location x. 



fiíTTilitTfl Ssret j A£i]iJ> 1:1 u Ü 1 C Ll^xurÉ liirmulLL. 


M __ 

J -6| 
úPL 2 .i 

■---- —,— 

l*'[jfLÒj } -r Íí, tj 

[n ,ndcr u i r i-i'-i . 1 ltil' .ih^-iii-Jic mucunum bending íltíü. — = 1 > 

d* 

Jct -b, t+ftiiff l)-.tf !)[*{»; 

Ji W [ [j(tjJ 


P 



k-Pk 



‘i 


SufulMutiníx 
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Problem 11-36 


The tapered beam supports a unifortn distributed load w. If it is made from a plate and has a constant 
width è, determine the absolute maximum bending stress in the beam. 


5 raia □ ptopcrtka: 

j r £ 


*■ L ) 1 

+ U 




i>* 


Bcnding siiíüj 

« _ f(Lr - j 1 ) iw Lx - 

S ” l ) 1 ' í )* 1 




áa _ iw t|í + i)*(t - a») - (Lr - ^na)(J j + i)(|) 

* " 1 

í£c + 1UI - - ?(i* - X*) » 0; i _ ^ 
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f — 

H 

—í 




Haica, ir um Eq. (I), 

w = wO_ 
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Problem 11-37 


The tapered simply supported beam supports the concentrated force P at its center. Determine the 
absolute maximum bending stress in the beam. 


Mvmfrti Fiíxeitêrr: Ai sh-o^n oji FBDChJ. 
Früpttiwi: 
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Problem 11-38 


tOtaOtOntOThe bearings at A and D exert only y and z components of force on the shaft. If r allow = 60 

MPa, determine to the nearest millimeter the smallest-diameter shaft that will support the loading. Use 
the maximum-shear-stress theory of failure. 

Given: a := 300mm r := 50mm T allow 60MPa 

P B := 5kN P c := 5kN 

Solution: L := 3a 

Support Reactions : 

In x-zplane : +f ZF z =0; A z + D z - P B = 0 (1) 

C + ^M d = 0; A z -(3a) - Pg-(2a) = 0 (2) 

Solving Eqs. (1) and (2): 

2 

A z := 3 P B A z = 3.3333 kN 

D z := P B - A z D z = 1.6667 kN 
In v-y plane : IF v =0; (A y + D y j - P c = 0 (3) 

™ D = 0; -P c a + Ay- (3a) = 0 (4) 

Solving Eqs. (3) and (4): 

2 tfJ 

A := —P r A = 1.6667 kN 

y 3 c y 

D y := p c - A y Dy = 3.3333 kN 

Torsion occursin segment BC: Tg^ := (Pg)‘ r ^BC = 0-250 kN-m 

Criticai Sectíon : Located just to the left of gear C and just to the right of gear B, where 
M y :=D z -a M z :=D y -a M := Jwi y 2 + M z 2 M=1.118kN-m 

T := t bc T = 0.250kN-m 

Maximum Shear Stress Theory : 



d 0 := 2c d 0 = 45.99 mm Use d Q = 46mm Ans 


num 





'■i* 7 ^ 














X 2 := a, 1.01-a.. 2a 


:= 2a, 1.01*(2a).. 3a 


xj := 0,0.01-a.. a 


M y i( x i) := 


A z( x l) 

kN-m 


My 2 (x 2 ) := [A z (x 2 ) - P B -(x 2 - a)}^ 
“y3h) [ a z ( x 3) " M x 3 " a )] 



M z i(xi) 


~ A y’( x i) 

kN-m 


M z 2 ( x 2 ) : = 


-vN 

kN-m 


m z3< x 3) : = [“VN + P C'( X 3 - 2a )}^ 



Mxl( x l) := 0 M x 2 ['2l = M x3Í x 3) = 0 


<D 



Distance (m) 




















Problem 11-39 


Solve Prob. 11-38 using the maximum-distortion-energy theory of failure with q lMow = 180 MPa. 
Given: a := 300mm r := 50mm CT allow := ' 80MPa 


P B := 5kN 


P c := 5kN 


Solution: L := 3a 

Support Reactions : 

In x-zplane : IF Z =0; A z + D z - Pg = 0 (1) 

A z -(3a) -Pg-(2a) = 0 (2) 
Solving Eqs. (1) and (2): 


A z 3 P B 
D z •“ P B — A z 


A z = 3.3333 kN 


D z = 1.6667 kN 



In x-y plane : IF v =0; (A y + D y ) - P c = 0 (3) 

ZM d = 0; -P c a + A y -(3a) = 0 (4) 


Solving Eqs. (3) and (4): 
1 

A v : = - p r 
y 3 C 

D y := P C _ A y 


A y = 1.6667 kN 
D y = 3.3333 kN 



Torsion occursin segmentBC : Tgç := ( p g)' r ^BC = 0.250kN-m 

Criticai Section : Located just to the left of gear C and just to the right of gear B, where 


My := D z *a M z := Dy-a 


fM y 2 + M z 2 


M 

T := T BC 

Maximum Distortion Energy Theory : Applying Eq. 9-5 


M = 1.118kN-m 
T = 0.250 kN-m 


IM 

CT x' + CT y')l 

2 2 
+ 

A y 


(o x . + o y .j 

i2 2 

1 +T *y 


where 


ay := 0 


Mc Mc 


a x f “ 


x v v' = 


xy 


I 

Tc 

J 


71 4 

— • c 
4 

Tc 

71 4 

— c 
2 


4Mc 


71 * C 


2Tc 


71 • C 














Let 

Then 


Hence 


a’ = 0.5a x » and b' = J (0.5a x »j 2 + x x y 2 

o^ = (a’ + b') 2 02 ~ ( a “ ’b’) 2 

aj*a 2 = ( a ’ + b')-(a' - b') = a’ 2 - b' 2 
o y ~ a i* a 2 + a 2 ~ ( a ’ + b 1 ) 2 - (a’ 2 - b' 2 ) + (a’ 
2 2 2 


C>1 -ayc 2 

+ G 2 ~ a allow 

^0.5c> x ij 2 + 3 

J(°.5a x ') 2 + x x 'y' 2 _ 


2 2 
CT x' +3x x'y' 

( 4M-c^ 2 Í2T-c\ 2 

- 1 + 3 - 1 = 


4 j 
VTl-C 7 


" a allow 


V7T-C 


c := 


16M 2 + 12T 2 


2 2 
71 ’ CT allow 


c = 20.05 mm 



,2 

a 


+ 3b' 


2 


d 0 := 2c d 0 = 40.09 mm Use d Q = 41 mm 


Ans 














xj := 0,0.01-a.. a 

A z'( x l) 
kN-m 


M, 


yi( x i) := 


X 2 := a, 1.01-a.. 2a X 3 := 2a, 1.01-(2a).. 3a 

M y2(*2) - [ A z'M - P B (*2 " 

M y3N - [ A z'(x3) - P B ( x 3 " 



Distance (m) 


M, 


zl 


( x i) := 


( x i) 


kN-m 


M, 


z2 


N : = 


( x 2> 


kN-m 


M z3( x 3) : = [“ A y- ( x 3) + p c ( x 3 " 2a )} 


1 


kN-m 



M xl( x l):=° M x2( x 2) : =^ M x3( x 3) :=0 


| M xl( x l) ° 

5 M x2( x 2) 

Vh -- 

| M x3( x 3) 

O __ 

s 

-0.5 1 - 1 - 1 - 1 - L 

0 0.2 0.4 0.6 0.8 

X 1> x 2’ x 3 


Distance (m) 




















Problem 11-40 


The bearings at A and D exert only y and z components of force on the shaft. If r allow = 60 MPa, 

determine to the nearest millimeter the smallest-diameter shaft that will support the loading. Use the 
maximum-shear-stress theory of failure. 


Given: L] := 200mm L 2 := 400mm 

L 3 

:= 350mm 

T allow := 60MPa 


r B := 50mm r^ := 75mm 
Solution: L := Lj + L 2 + L 3 

P B 

:= 3kN 

P c := 2kN 

z 


Support Reactions : 

In x-zplane : +f ZF z =0; A z + D z - Pç = 0 


jf 4U 

0-^=0; A z .(L)-P c (l 3 )=0 (2) jS 

200 mm 

Solving Eqs. (1) and (2)- ^ 


A z : = T p c 


A z = 0.7368 kN 


D z := P B - A z D z = 2.2632 kN * 



s 75 mm f p 2 = 2tN 

50 mm 


F y = 3tN 


In x-y plane : IF v =0; (A y + D ) - Pg = 0 (3) 

™ D =0- -Pg. (l 2 + L 3 ) + Ay- (L) =(# 

Solving Eqs. (3) and (4): 

1^2 + 

A y :=---P B A y = 2.3684 kN 

D y := P B - A y D y = 0.6316 kN 
Torsion occursin segment BC : T BC := ( P B) r B 



tur 


ff-I Sl 


Tg C = 0.150 kN-m 


Criticai Section : Located just to right of gear B , where 


M y := A z -Lj M z := A y -Lj 

M := J M 2 + M 2 

M = 0.496 kN-m 


T == T BC 

T = 0.150 kN-m 

Maximum Shear Stress Theory : 



c:= /- - - Jm 2 + T 2 

J ^^allow 

c = 17.65 mm 


V 

11 

0 

"O 

0 

<N 

Jl 

O 

"O 

35.30 mm Use d 0 = 36mm 












:= 0,0.01 • L y •• L | X 2 := L j, 1.01 • L j.. j x^ := ^ + L^j, 1.01 • j .. L 


Myi(xi) := 


A,- 


( x l) 


kN-m 


M y2( x 2) := 


A,- 


( X 2 ) 


kN-m 


My 3 (x 3 ) := [A z .(x 3 ) - P c -(x 3 - L, - L 2 )].-2 


kN-m 


| M yi( x i)o.4- 



§ M y3( x 3)' 


M, 


zl 


( x i) 


vM 

kN-m 


M, 


0.4 0.6 

x 1’ x 2’ x 3 

Distance (m) 

z2 (x 2 ) ; =[A y (x 2 )-P B .(x 2 -L 1 )].-i 


kN-m 


M. 


: z3 ( x 3 ) := [A y -(x 3 ) - P B -(x 3 - L t )]- 


1 


kN-m 



M xl( x l) := 0 M x2( x 2) := 

| M xl( x l) 

f M x2( x 2)°- lh 


r B' P B 


S M x3( x 3) 

2 -- 0 



Distance (m) 




















Problem 11-41 


The bearings at A and D exert onlyy and z components of force on the shaft. If r allow = 60 MPa, 
determine to the nearest millimeter the smallest-diameter shaft that will support the loading. Use the 
maximum-distortion-energy theory of failure. <r allow =130 MPa. 

Given: L] := 200mm L 2 := 400mm L 3 := 350mm a a n 0 w := 130MPa 
rg := 50mm r^ := 75mm Pg := 3kN 

Solution: L := Lj + L 2 + L 3 

Support Reactions : 

In x-zplane : +f ZF z =0; A z + D z - Pq = 0 


2kN 


C +£ M>=0; a z .(L)-p c (l 3 ) = o (2) J> cJSg 

Solving Eqs. (1) and (2): ^ ii 


A z : = T p c 


A z = 0.7368 kN 


D z := P 


B - A z D z = 2.2632 kN x 



50 mm 


*75 mm * F-= 2kN 
F y = 3tN 


In x-y plane : ZF y = 0; ^A y + D y ) - P B = 0 (3) 

ZM d = 0; -Pb-( l 2 + l 3) + A y' (L) 
Solving Eqs. (3) and (4): 


A y := 


l 2 + L 3 


D y := P B 


-P B A y = 2.3684 kN 
D y = 0.6316 kN 



Torsion occursin segmentBC : l ^( := ( p B)' r B ^BC = 6.1501<N-m 

Criticai Section : Located just to right of gear B, where 

V -L l M := Jw[ y 2 + M z 2 M = 0.496 kN-m 
f := t bc T = 0.150kN-m 


My := A z - L j M z := A y 


tu 


_ .1 . J. 


Maximum Distortion Energy Theory : Applying Eq. 9-5: 
aj = 0.5(c 


|a x’ + a y’J 


°2 = °- 5 (' 
where 


c x' + CT y'J 


IM' 

o xl + a yl )] 

2 2 
+ x x y 

/[°- 5 1 

(a x , + a y j 

-|2 2 
J +T x’y' 


ay := 0 


Mc 


M- c 4M- c 


çj v » = 


n 4 


-•c 


71 • C 


T-c T-c 


T xy = t 


71 4 


-•c 


2T-c 


K-C 
















Let a' = 0.5 g x » and b' = 0.5a x »j Z + x x y" 


Then aj 2 = (a' + b’) 2 a 2 2 = (a - ’b') 2 

o r o 2 = (a' + b')-(a' - b') = a' 2 - b' 2 

2 2 , 2 ( ,2 ., 2 ) , , ,„2 ,2 ,2 

a j + a 2 = ( a + “I a - b / + (a - b) = a + 3b 


2 2 2 
Hence a, -a r a 2 + a 2 = a aUow 


( 0 -^ CT x') + ^ _v (®'^ c x’) + T x'y' _ “ a allow 


2 2 _ 2 
a x' + - T x’y' “ a allow 


4M- c | ( 2T-c ] 

- 1 +3 - 1 - 


4 I 

VTC-c ; 


4 “ c allow 

V7T-C ; 


c := 


16M 2 + 12T 2 


2 2 
71 * a allow 


c = 17.13 mm 


d Q := 2c d Q = 34.25 mm Use d Q = 35mm 


Ans 













:= 0 , 0.01 • L y •• L j x 2 - = ^1 ■> 1 *01 • L j.. j + L^j x^ := ^ + L^j, 1.01 • j .. L 


Myifxj) := 


A,- 


( x l) 


kN-m 


M y2( x 2) := 


A,- 


( X 2 ) 


kN-m 


My3(x3) : =[A z .(x3)-Pc-(x 3 -Li-L 2 )}-i 


kN-m 


| M yl( x l)o.4 
f M y2( x 2) 

| M x 3P 



M zl( x l) := 


A y( x i) 

kN-m 


0.2 0.4 0.6 

X 1> x 2 ,x 3 
Distance (m) 

M z2( x 2) := [ A y'( X 2) “ M x 2 " L l)]' 


1 


kN-m 


M, 


: z3 ( x 3 ) := [A y -(x 3 ) - P B -(x 3 - LjJ]- 


1 


kN-m 



M xl( x l) := 0 M x2( x 2) := 


Distance (m) 
r B p B 


kN-m 


M x3( x 3) := 0 


| M xl( x l) 

5 — 


M 


x2\ 


| M x3( x 3) 



Distance (m) 




















Problem 11-42 


The pulleys attached to the shaft are loaded as shown. If the bearings at A and B exert only horizontal 
and vertical forces on the shaft, determine the required diameter of the shaft to the nearest mm. using 
the maximum-shear-stress theory of failure. r allow = 84 MPa. 

Given: Pj : = 1250N P 2 := 750N r := 150mm 


L | := 0.3 m 


L 2 := 1.5m 


L 2 := 0.6m 


T allow := 84MPa 

Solution: 

Support Reactions : p§ ;= p^ + P 2 
In y-z plane : 


L Lj + L 2 + L 3 



Ci 


750 N 
1250 N 


Z 


300 mm 


0 


12 mm 

1500 mm- 




tZ 600 mm 



B 


^ 12 mi 


750 N 


fsF z =0; A z + B z -P 1 -P 2 =0 


1250 N 


( 1 ) 


C ^M b = 0; A z -L - (Pj + P 2 ) (l 2 + L 3 ) = 0 (2) 
Solving Eqs. (1) and (2): 



V= ^(Pl+P2)( L 2 + L 3) 

Bz := Pj + P 2 — A z 

A z = 1750 N 

B z = 250 N 

In x-y plane : 

ZF= 0; A x + B x -P 1 -P 2 = 0 

(3) 


™ B = 0; A x L -( P 1 +P 2) ( L 3)=° 

(4) 


Solving Eqs. (3) and (4): 



Ax^(Pl+P2)( L 3) 

B x ■= P y + P 2 — Ax 

A x = 500 N 

B x = 1500 N 

Torsion occursin segment DC : T := (P^ - P 2 j-r 

T = 75N-m 

Criticai Section : Located just to the left of point C. 


M x : = B x- 

L 3 M z :=B z -L 3 

+ M z 2 M = 





Maximum Shear Stress Theory : 
c:= / 2 —J) M 2 + T 2 


^^allow 


c = 19.07 mm 


:= 2c d~ = 38.15 mm 


*0 


o 


Use d 0 = 39mm Ans 















y i := 0,0.01 • L j.. L ^ L^,1.01*Lj..Lj + L 2 y^ 1 = ÍL ^ , 1.01 • ÍL ^ .. L 

M zl( y l) '“ ( Az ' Yl )' M z2(y2) : = [ A z-y2 - p s'(y2 - L i)}^~ 

M z3(y 3 ) := [ A z-y 3 - p s(y 3 - L i)]'^ 


N-m 


M 


zl 


( y i) 


500- 


g, M z 2 (y 2 ) 

I M z 3 (y 3 ) 



M xi(yi) - 


A x-yi 

N-m 


M. 


x2 


M : = 


Distance (m) 
A x-y 2 


N-m 


M 


x3 (y 3 ) : = [ A x-y 3 - p s(y 3 - L i - L 2 )} 


N-m 


g M x2(y2) 

I M x3 (y 3 ) 


M yi(yi) = 0 



M y 3 (y 3 ) : = 0 


g M y2(y2) 50- 

2 M y 3 (y 3 ) 



















Problem 11-43 


The pulleys attached to the shaft are loaded as shown. If the bearings at A and B exert only horizontal 
and vertical forces on the shaft, determine the required diameter of the shaft to the nearest mm. Use 
the maximum-ditortion-energy theory of failure. <r allow = 140 MPa 

Given: Pj ;= 1250N P 2 := 750N r := 150mm 


L ] := 0.3 m 


L 2 := 1.5m 


L 2 := 0 . 6 m 


! + L 2 + L 3 


a allow * 140MPa 
Solution: L := L 

Support Reactions : P § ;= p^ + P 2 
Iny-zplane-, 



750 N 


B Z “ P 1 " P 2 = 0 


1250N 


( 1 ) 


ZM b = 0; A z -L - (Pj + p 2 )-(l 2 + L 3 ) = 0 (2) 
Solving Eqs. (1) and (2): 

7( P 1 + P 2M L 2 + L 3) 


B z : =Pi + p 2 


A z = 1750 N 


B z = 250 N 


k 


zm4 
& a 


In x-y plane : IF X = 0; A x + B x _ P 1 _ P 2 = 0 ( 3 ) 

SMj-0; a x .l-(p 1+ p 2 ).(l 3 ) = o (4) 

\kz. 4 

Solving Eqs. (3) and (4): 

A x - f( P l + P 2 )'(L 3 ) 




EDDn 




B x •— P j + P 2 — A x 


A x = 500 N 


B x = 1500 N 


Torsion occursin segmentDC : T := |Pj - P 2 J - r T = 75N-m 



Criticai Section : Located just to the left of point C. 

“x-B x .L 3 M z := B z *L 3 M:= J 

Maximum Distortion Energy Theory \ 

Both States of stress will yield the same result 

aj = 0.5a + yj (o. 5a ) 2 + t 2 

a 2 = 0.5a - yj (o.5a ) 2 + t 2 

Let a' = 0.5a and b' = yj (o.5a ) 2 + t 2 

Then a ^ 2 = (a' + b ’) 2 a 2 ^ = (a - 'b ') 2 

aj*a 2 = (a’ + b’)-(a’ - b’) = a ’ 2 - b ' 2 


m x 2 + m z 2 


2 2 2 
aj -aj-a 2 + a 2 = (a'+ b') 


k-b' 2 ) 


M = 912.41 N-m 


2 2 2 
+ (a’ - b’) = a' + 3b' 















Hence 


2 2 2 
a 1 -a r a 2 + a 2 ™ a allow 


(o.5c) 2 + 3 J (0.5o) 


\2 2 
+ T 


2 

a allow 



From Eq. (5), 


( 4M-cY 

4 j 


+ 3 


f2T-c^ 2 

4 I 
v n ' c y 


2 

a allow 


16M 2 + 12T 2 

2 2 c = 20.26 mm 

^ 71 ' a allow 


d 0 := 2c d Q = 40.52 mm Use d Q = 41 mm 


Ans 




















L t , 1.01-Lj.. Lj + L 2 y 3 := (Lj + L 2 ), 1.01-(L 1 + L 2 ).. L 
M z2(y2) : = [ A z-Y 2 - P s'(y2 - L l)}^ 

M z3(y3) : = [ A z-y3 - p s(y3 - L i)]'^~ 

-» r ( \500 

^ M zi yi 

B - 1 

jZ M z2(y2) 

I M z3(y3) 

0 

0 1 2 

yi>y2>y3 

Distance (m) 

M x2( y 2) : = M x3( y 3) : = [ A x' y 3 - P s'(y3 " L 1 " L 2)}^ 

-» r ( \1000 

_ M xi y i 

B -- 

sè M x2(y2) 

^ - , . 500 

S M x3( y 3) 


M yl(yi) : = 0 M y2(y2) : = ^ M y3(y3) : = 0 

100 

^ M yi(yi) 

B - J - 

jZ M y2( y 2) 50 
£ M y3( y 3) 




Mxl(yi) := 


A x-yi 

N-m 



y\ := 0,0.01-Lj.. Lj y 2 := 

M zi( y i) := 


0 


yi>y2’ y 3 

Distance (m) 


2 



















Problem 11-44 


100 N 


The shaft is supported on joumal bearings that do not offer resistance to axial load. If the allowable 
normal stress for the shaft is <r allow = 80 MPa, determine to the nearest millimeter the smallest diameter 
of the shaft that will support the loading. Use the maximum-distortion-energy theory of failure. 

Given: L a := 250mm := 500mm ^ a n ow •= 80MPa 

r^ := 150mm vq := lOOmm 0 := 30deg 

P D := 0.20kN P c := 0.35kN 
AP d := 0.1 OkN AP C := 0.15kN 

Solution: 

L L a + Lb + L a 


Support Reactions : 

In y-zplane : +f ZF z = 0; A z + B z - P c *sin(o) - P D *sin(o) = 0 (1) 

C+ IM Á = 0; B z - (L) - P c - sin(0)- (L - L a ) - P D - sin(o)- L a = 0 (2) 

L a^ 



Solving Eqs. (1) and (2): 
f L - L 
P 


B z - 


c— r 

V L 


a a i . t\ 

+ Pr\-.sin(O) B 


L/ 

^z := ( p C + P D)- sin ( 0 )- B z 


0.15625 kN 


A z = 0.11875 kN 


A z : = ( P C + P I 

In x-y plane: YF = 0; A x + B x - P c -cos(o) + Pjycos(o) = 0 (3) 

IA£=0; P c -cos(e)-(L-L a )-P D -cos(e)-L a -B x -L= 0 (4) 


Solving Eqs. (3) and (4): 
f L - L n 


B 


x * 


cr 


Pn- |Cos(0j 


v - L ^ L J 
Sí : = ( p C- P d)- cos ( 0 )- B x 


B x = 0.18403 kN 


A x = -0.05413 kN 


Torsion occursin segmentCD : := | \j> ^CD = 6.015 kN-m 


Criticai Section : Located just to the left of gear C, where. 
M x- B z' L a “z- B x L a 

T := T cd 

Maximum Distortion Energy Theory : Applying Eq. 9-5: 
G 1 = 0.5(a x , + ay) + J[0.5(a x , + ay)] 2 + x x y 2 

°2 = °- 5 ( a x’ + a y') ~ > /[0.5-(a x . + c y .J] 2 + T x y 2 


M = 0.060354 kN-m 
T = 0.015 kN-m 














where 


cy := 0 


Mc M- c 4M- c 


cr x '- 


I n 4 4 

— c K ' c 
4 

T-c T-c 2T-c 


X„i,,i = 


x y j ti 4 4 

— C 71,0 
2 


Let a' = 0.5c> x < and b'= ^0.5a x >j Z + x x y" 

Then a\ = (a 1 + b ') 2 - (a - 'b')~ 

aj-c >2 = ( a ' + b')-(a' - b') = a'“ - b ' 2 


2 2 ,,.2 ( ,2 , , 2 ^ , , , n 2 ,2 ,2 
aj -< 7 j-a 2 + c >2 =(a +b) - ^a - b j + (a - b) =a + 3b 


2 2 2 
Hence ctj -a r c 2 + c 2 = ^ a llow 


(0.5<t x .) +3^(0.5a x ,) + x x y J = a allow 


2 2 2 
a x » + 3 t\ 


ü x’y’ " a allow 


4M-cf (2T-c\ 2 

- 1 + 3 - 1 " 

4 I 

\ n ’ c ) 


4 I 

V7T-C ) 


" a allow 


c := 


16M 2 + 12T 2 


2 2 
n ' a allow 


c = 9.94 mm 


d 0 := 2c d Q = 19.88 mm Use d Q = 20mm 


Ans 


















y, 0,0.01-Lg.. L a y 2 L„ 1.01 -L a .. (L a + L b ) y 3 := (L a + L b ). 1.01 (L, + L b ).. L 

A z -(yi) j 

Mxl ( Yl ) := Mx2 ( Y2 ) := [ Az ' y2 “ P D' sin ( e )-(y2 - L a)]^ 

M x3(y3) : = T A z-y3 - P D - sin ( 0 )-(y3 - L a) - Pc sin ( 0 )'(y3 - L a“ L b)}^^ 

I M xi(yi)°- 04 
r M x2(y 2 ) 

S ■""""/ \ 0.02 

a M x3(y3 

o_ _ 


A x -(yi) i 

M y l) := "K^T Mz2 ( y2 ) := [ Ax ' y2 + P D COs(9) (y2 - L a)]^ 

Hafa) ‘ [ A x X3 + PiycosíOHy, - L a ) - P c cos(e)(y 3 - L a - L b )]-^2^ 

s 0.05 

| M zl ( yi ) 

^ M z2 (y 2 ) 

B M z3(y3) 0 

s 

0 0.2 0.4 0.6 0.8 

yi>y2>y3 

Distance (m) 




Distance (m) 


Myi(yi):.° 


| M yl(y l)o.02 

t u y2(yi) 

1 M y 3) 0 


^y 2 (>' 2 ) 


T 

kN-m 


0.4 


M y3(y3) := 0 


J_ 

0.6 


0 


J_ 

0.2 


yi^y3 

Distance (m) 


J_ 

0.8 




















Problem 11-45 


The shaft is supported on joumal bearings that do not offer resistance to axial load. If the allowable 
shear stress for the shaft is r allow = 35 MPa, determine to the nearest millimeter the smallest diameter of 
the shaft that will support the loading. Use the maximum-shear-stress theory of failure. 


B a ■ 

:= 250mm 

:= 500mm 

r D : 

:= 150mm 

rç := lOOmm 

P D 

:= 0.20kN 

P c := 0.35kN 

ap d 

:= O.lOkN 

AP C := 0.15kN 


Solution: 

Support Reactions : 


L L a + Lb + L a 



100 N 


In y-zplane : +f YF= 0; A z + B z - P c - sin(0) - P D - sin(0) = 0 (1) 250 

C + Z^= 0; B Z (L) - P c -sin(0)-(L - L a ) - P D -sm(o)-L a = 0 (2) 
Solving Eqs. (1) and (2): 


B Z := 


C 


L- L a L a^ ,, 

-+ P D -.sin(0) B z = 0.15625 kN 

L L y 


(Pc + Pd ) 5 


A z = 0.11875 kN 


))-sm(e) - B z 

In x-y plane: ZF x =0; A x + B x - P c -cos(o) + Pjycos(e) = 0 (3) 

ZM a =0; P c -cos(e)-(L-L a )-P D -cos(e)-L a -B x -L= 0 (4) 


Solving Eqs. (3) and (4) 
f L - L 
P, 


B x := 


L a^ 


C- T 

V L 


a “a i / \ 

p D - L jcos(e) 

B x = 

f)-cos(e) - b x 

A x = 

t cd := ( AP c)' r C 

t cd 


Criticai Section : Located just to the left of gear C, where. 


M x : B z‘ B a 


M z : B x* B a 


M 
T := T, 


m x 2 + m z 2 


CD 


M = 0.060354 kN-m 
T = 0.015 kN-m 


Maximum Shear Stress Theory 
3/-; 


c := 


■V 


2 2 
M + T 


71 * T 


allow 


d 0 := 2 c 


c = 10.42 mm 


d Q = 20.84 mm 


Use d 0 = 21 mm Ans 












y\ : = 0,0.01-L a ..L a y 2 := L a ,1.01-L a ..(L a + L b ) y 3 := (L a + L b ), 1.01-(L a + L b ).. L 


A z(yi) 


: = “xlW : = [A z -y2 - PD-Bin(e) (y 2 - L a )]-i 


kN-m 


M x3(y3) := T A z'y3 - P D - sin ( e )'(y3 - L a) - Pc sin (0)-(y 3 - L a - L b )]--^- 


kN-m 



M zi(yi) := 


A x-(yi) 

kN-m 


M z 2 (y 2 ) := [ A x-y 2 + P D - cos ( 0 )'(y 2 - L a)]^ m 
z3(y3) := [ A x-y3 + P D - cos ( 0 )-(y3 - L a) - Pc cos ( 0 )-(y3 - L a- L b)] -j -^7 


kN-m 


J M zi(yi) 


0.05- 


~ M z2(y2) 
I M z3( 


3(y 3 ) 



0.4 0.6 

yi>y 2 ’y 3 

Distance (m) 


Myi(yi) 


J M yl(y l)o.02 — 

f M y2(y2) 

| M y3(y 3 ) o 



0.4 0.6 

yi>y 2 ’y 3 

Distance (m) 




















Problem 11-46 


The shaft is supported by bearings at A and B that exert force components only in the x and z 
directions on the shaft. If the allowable normal stress for the shaft is <r allow =105 MPa, determine to 

the nearest mm the smallest diameter of the shaft that will support the gear loading. Use the 
maximum-distortion-energy theory of failure. 


p a : 

:= 200mm 

:= lOOmm 

p c 

:= lkN 

r := lOOmm 

P D 

:= 0.25 kN 

P E := 1.25kN 


CT allow := 105MPa 

Solution: 

L := 3L 


"a 1 L b 


OMW ‘i 



0Ü mrn = 1250 N 
100 mm 
£ 


Support Reactions : 

In y-zplane : +f ZF z =0; A z + B z - P D = 0 


( 1 ) 


C™ B = 0; A z -(2L a+ L b )-P D -(L a + L b )=0 (2) 

Solving Eqs. (1) and (2): 


L a + hp) 

:=-P 

Z 2L a + L b 

B z P D — A z 


D 


A z = 150 N 


B z = 100 N 


In x-y plane : IF X = 0; |A X + B x j + Pc _ P E = 0 

SM b = 0; P c -L + A x -(2L a + L b ) - P E -(L b ) = 0 


( 3 ) 

( 4 ) 


Solving Eqs. (3) and (4): 

B x := P E _ P C _ A x 


Torsion occursin segment DC : t dc := ( p c)' r 
in segment DE : T DE := ( P E)' r 


A x = -1150 N 


B x = 1400 N 


= 100 N*m 


T de zz 125 N m 


Criticai Section : Located at support A (within segment DC). 

T T dc 


M x : = p C' L a 


M z :=0 


ím x 2 + m z 2 


M = 200 N-m 


T = 100N-m 









Maximum Distortion Energy Theory : Applying Eq. 9-5: 


aj = 0.5^ 
y 2 


c x' + CT y’J 


Go = 0.5| G v t + G. 


/[0.5(a x ,+ a y ,)] 

|2 2 
+ T x'y' 

/[0.5.(o x , + o y ,] 

n 2 2 

y +T xy 


where <jy := 0 


Mc Mc 4M- c 


G x - = 


I 71 4 4 

— c n ' c 


Tc Tc 2T-c 


xy j 


K 4 4 

— c n ' c 

2 


Let a’= 0.5c x > and b'= J (O.Scyij^ + x x y" 


Then aj 2 = (a' + b') 2 = (a - V) 2 

a l’ CT 2 = ( a ' + b')'( a ' _ b') = a' 2 - b' 2 

2 2 , 2 ( ,2 , , 2 \ 

Gj -gj*G 2 + G 2 =(a +b) - \a -b j 


r) + (a' - b ') 2 = a ' 2 + 3b ' 2 


Hence ctj 2 - a r a 2 + c 2 2 = a aUow 2 


(°.5a x ,) 


. +3 


°' 5a xf + T x y“ 


“ a allow 
2 


2 2 
a x' + ^ T x'y' - CT allow 


4M-cV ( 2T-c | 

- 1 + 3 - 1 - 


4 ] 
VTT-c y 


4 “ c allow 

Vti-c ; 


16M 2 + 12T 2 


2 2 
71 ' a allow 


c = 13.83 mm 


d Q := 2c d 0 = 27.65 mm Use d Q = 28mm 


Ans 





















yj := 0,0.01-L a ..L a 


y 2 := L a ,1.01 L a ..2L a y 3 := 2L„, 1.01 (2L a )..3L a 
y 4 := 3L a , 1.01 • (3L a ).. L 

o ■ (y i) i 

“zlW M y 2) : = [ A z'(y 2 - L a)]"^ 

- [Az-(y 3 - L.) - %(y 3 - 

M 74(s 4 ) : = [V(>4 - L a) - p dÍ>' 4 " 2L a)]^ 



M x 3N : = [tM + A x( y 3 - L aB'^ 

“tttM := [P C (y 4 ) + a s Í44 “ L a) " p E'( y 4 " 3L a)] ^ 

















M yi( y i) := l^r M y2( y 2) := l^r 

M y3(y3) : = (-r-P c -r-P D ) 

M y 4 (y 4 ) : = (- r ' P C - r P D + r Pp ) N^m 












Problem 11-47 


The shaft is supported by bearings at A and B that exert force components only in the x and z 
directions on the shaft. If the allowable normal stress for the shaft is <r allow =105 MPa, determine to 
the nearest mm the smallest diameter of the shaft that will support the gear loading. Use the 
maximum-shear-stress theory of failure with r o1 w = 42 MPa. 



L a + L b 
:=-P 

Z 2L a + L b 
B z •“ P D ~~ A z 


D 


A z = 150 N 


B z = 100 N 


In x-yplane : I.F X = 0; (A x + B x ) + P E _ P E = 0 

(3) 

* M b= 0; P C L + A x (2L a + L b )-P E - 

O 

II 

Solving Eqs. (3) and (4): 


A • — 

1 íp t, p t \ 

A x = -1150 N 

X 2L a 

+ L b ' E b C ! 

B x := P E “ 

P C- A x 

B x = 1400 N 

Torsion occurs in segment D C 

: t dc := ( p c)' r 

= 100N-m 

in segment DE : 

T DE := ( P E)' r 

T de = 125 N-m 


Criticai Section : Located at support A (within segment DC). 


M X := P C L a M z^=0 

M:=^/m x 2 + Mz 2 

M = 

200.00 N-m 


T := T DC 

T = 

100.00 N-m 


Maximum Shear Stress Theory : 



d 0 := 2c d D = 30.0 mm Use d Q = 3 lmm Ans 











yj := 0,0.01-L a ..L a 


M, 


y 2 - L a- 1-01 L a ..2L a y 3 := 2L a , 1.01 (2L a ).. 3L a 

y 4 := 3L a ,1.0l(3L a )..L 

( yi ) := "Jlr M z2 (y2) : =[ A z'(y 2 - L a)]^ 

Mz3(y3)-[A z (y3-L a )-P D (y3-2L a )]-^ 

M z4 (y 4 ) := [A z -(y 4 - L a ) - P D -(y 4 - 2L a )]-^- 


^ M zi(yi) 

s — 

è . M . z2 y 2 ) 2 o 

s — - 

^ M z 4 (y 4 ) 

o 

0 0.2 0.4 0.6 

yi,y 2 >y3>y 4 

Distance (m) 



P c (yi) 1 

M xi(yi) : = M x 2 (y 2 ) : = [ p c(y 2 ) + V(y 2 - L a)]^ 

: = pcfys) + V(ys - L a)]-^ 

“x4(y4) [ P C'(y4) + A x (y'4 - L a) - P H'I>4 “ 3L a)] ^ 

















M, 


yi( y i) := 


-rP, 


C 


N-m 


M, 


y2(yi) 


-r-P 


C 


N-m 


M, 


y3 (^3) := ( _r P C _ r P D)' 


N-m 


M y4 (y 4 ) := (-r-P c -r-P D + r 


b / N.- 


N-m 


M 


y1( y 1) 


z M y2(y 2 ) 50 


§ M y3(y3) 

a 


M 


y 4 ( y 4)‘ 


100 


-150 



0.2 0.4 

Yi ? y 2 >y3’y4 

Distance (m) 











Problem 11-48 


The end gear connected to the shaft is subjected to the loading shown. If the bearings at A and B exert 
only y and z components of force on the shaft, determine the equilibrium torque T at gear C and then 
determine the smallest diameter of the shaft to the nearest millimeter that will support the loading. Use 
the maximum-shear-stress theory of failure with r allow = 60 MPa. 


1.5kN 


L ] := 150mm L 2 := 250mm 

L 3 

:= lOOmm 

r^ := lOOmm r^ := 75mm 

r C 

:= 50mm 

li L !— L| + L 2 “i - T ^2 




Solutioii: 

Equilibrium Torque at C: 
ZM x =0; -Pp>r D + F c -r c = 0 


Thus, 


r D 

F c := P D F c = 2.00 kN 

r C 

Tq := Fq-tqi Tç = 0.100 kN-m Ans 


Support Reactions : 

In x-z plane : +f ZF z =0; A z + B z - P D = 0 

C + HM b = 0; A Z -(L - Lj) - P d L = 0 (2) 
Solving Eqs. (1) and (2): 


z • 


L - Li 


D 


• P D ^z 


A z = 2.1429kN 


B z = -0.6429 kN 


In x-yplane : Z,F y = 0; (A y + B y ) - F c = 0 


Ay-fL-Lj)- 
Solving Eqs. (3) and (4): 


F C L 3 = 0 



pfl-Sk .o 


y l-lj ( 

B y := F c - A y 


B, 


0.5714 kN 
1.4286kN 


Torsion occursin segmentD-C : := Pp> rj) ^DC = 0-150kN-m 

Criticai Section : Located just to right of gear 4, where 

M:=/ 

T := T 


M y := P D' L 1 


M z :=0 




L DC 


M 
T = 


0.225 kN-m 
0.150 kN-m 


Maximum Shear Stress Theory : 
c:= / 2 -J M 2 + T 2 


^^allow 


c = 14.21 mm 


d 0 := 2c 


d Q = 28.42 mm 


Use 


d 0 = 29mm 


Ans 



















xj := 0,0.Ol-Lj.. L| 

^ p p( x i) 

Xl ' ' kN-m 



X2 - = Lj, 1.01 -Lj.. + I^j X3 ;= |lj + -^2)’ 1 *01 *í^l ^2) ** ^ 

“y ih) ~ [ P DH " A z'( x 2 - L l)}^ 

“ysM := [ P D ( x 3) - A z'( x 3 - L l)]-^ 



Distance (m) 

M zl( x l) - 0 m z2( x 2) - [M x 2 “ L l)] ^ 

“z3( x 3) - [V( x 3 - L,) - F c (x 3 - L, - L,)]-^ 



Distance (m) 


Mx > M := isb M x 2 ) : = 15b := 0 



Distance (m) 




















Problem 11-49 


The end gear connected to the shaft is subjected to the loading shown. If the bearings at A and B exert 
only y and z components of force on the shaft, determine the equilibrium torque T at gear C and then 
determine the smallest diameter of the shaft to the nearest millimeter that will support the loading. Use 
the maximum-distortion-energy theory of failure with <r allow = 80 MPa. 


Given: Lj 

:= 150mm L 2 := 250mm 

L 3 := lOOmm 

r D 

:= lOOmm rç := 75mm 

r^i := 50mm 

Solutioii: 

L := L| + L 2 + L 3 



Equilibrium Torque at C: 

p D' r D + F C r C = 0 


ZM= 0 ; 


Thus, 


r D 

F c := -P D F c = 2.00kN 

r C 

:= F^-r^t = 0.100 kN-m Ans 


Support Reactions : 

In x-z plane : SF Z =0; A z + B z - P D = 0 


C + ZM b =0; A z - (l - L j) - P D - L = 0 (2) 
Solving Eqs. (1) and (2): 

L 


A 7 := 
z L-L 


- p D A z = 2.1429kN 

1 oi" 


B z • P D A z 


B z = -0.6429 kN 


In x-y plane : IF v =0; (A y + B y j - F c = 0 (3) 

^M b = 0; A y -(L - Lj) - F c L 3 = 0 (4) 





Solving Eqs. (3) and (4): 


A v : = - F C 

y L-Lj L 

B y := F C _ A y 


A y = 0.5714 kN 
B y = 1.4286 kN 


Torsion occursin segmentD-C : := Pp>*rp) ^DC = 0-150 kN-m 

Criticai Section : Located just to right of gear^t, where 

M:=/ 

T := T 


M y := P D' L 1 


M z :=0 


ÍM y 2 + M z 2 


L DC 


M = 0.225 kN-m 
T = 0.150 kN-m 


Maximum Distortion Energy Theory : Applying Eq. 9-5: 


/ro.5(a x . + a y J| 

2 2 
+ T x 'y' 

/[0.5.(a x .+ a y .; 

I 2 2 

J + x x'y' 
















where 


Let 

Then 

Hence 


Xl := 0 , 0.01 
M yl( x l) : = ■ 


lí 

0 



M-c 

M-c 

4M-c 

x I 

n 4 
— c 

4 

4 

71 • C 

Tc 

Tc 

2T-c 

■ x y - — 

71 4 

— c 

2 

4 

71 * C 

= 0.5a x » 

and b' = ^ 

y (°.5cr 


\2 2 

) + x *y 


aj 2 = (a’ + b') 2 02 ~ ( a “ ’b’) 2 

<3y<32 = (a’ + b’)-(a’ - b') = a’ 2 - b' 2 

2 2 u 2 ( ,2 , , 2 ) , , u „2 ,2 
aj - + a 2 = ( a + b) \ a -b / + (a - b) = a + 3b 


2 2 2 
a 1 _a r a 2 + a 2 " a allow 


(°.5c>x') 


- +3 


4 j 

VTl-C J 


+ 3 


! 2 
+ T xy _ 

" a allow 

. 2 

: _ 2 

+ 3l x y 

" a allow 

f 2T-c] 2 

2 

4 1 

v^-c; 

" a allow 



c := 


16M 2 + 12T 2 


2 2 
n ' CT allow 


c = 16.05 mm 


d Q := 2c d Q = 32.10 mm 


Use d 0 = 33mm Ans 


’p'( x i) 

kN-m 


X2 := L|,1.01*L|.. ^ x^ := ^ + L 2 j, 1.01 • ^ + L 2 j.. L 

“ylH : = [ P D'( x 2) - A z'( x 2 " L l)] 

“ysfa) : = [ P D'( X 3) - A z'( x 3 " L l)] ^ 






















Moment (kN-m) Moment (kN-m) 



Distance (m) 

0 M z2 (x 2 ):=[A y .(x 2 -L 1 )]. í5 i- 


M z3( x 3) : -[V( x 3- L l)- F c ( x 3- L 



Distance (m) 

Mx2 N := ^ M x3N-0 


| Mxl( x l) 0 ' 2 _ 

r M x2( x 2) 

B M x3( x 3) 

O __ 

I_I_I_I_l_ 

0 0.1 0.2 0.3 0.4 

X 1 ’ x 2 ,x 3 


Distance (m) 

















Problem 11-50 


Í 5 CÜN 


8ÜÜ N 


Draw the shear and moment diagrams for the shaft, and then determine its required diameter to the 
nearest millimeter if <r allow = 140 MPa and r allow = 80 MPa. The bearings at.4 and B exert only vertical 
reactions on the shaft. 

Given: L] := 125mm L 2 := 600mm L 3 := 75mm 
Pj := 0.8kN P 2 := 1.5kN 4 

T allow 80MPa a allow 140MPa 

Solution: L := Lj + L 2 + L 3 
Support Reactions : 

-t XF_= 0 : A + B-P 1 -P 2 =0 


ü—- 


■ 600 mm. ■ 


ÍL 


125 num 


(i) 


C+ -LM b = 0 ; A L - P r (L - Lj) - P 2 -(l 3 ) = 0 (2) 




Solving Eqs. (1) and (2): 


1 


75 mm 


ÍSSQtí 


A : = I.[ p r (L - L,) + P r (L 3 )] A = 0.815625 kN 


B := Pj + P 2 - A 
Maximum Moment and Shear: 


^max • ® 

^max *“ 

Section Property: 


B = 1.484375 kN 


às 




7T*d^ 


I = 


64 


V max = 1-484375 kN 
M max = 0.111328 kN-m 


ti • d^ 


Bending Stress: 

M m 


ax 


0.5d„ 


7T-d n 


32 


M m; 


ax 


3 req'd" 


a allow 


32 


Ti-d„ 


a allow 


ti • d^ 


d 0 := 


32M™ 


ax 


Shear Check , 


A o : 


I := 


64 


<max • 


71 a allow 

y 3n ) 2 


d Q = 20.1 mm 


Use d 0 := 21 mm Ans 


V, 


"max • 


max v max 
Td~ 


T max 5.714 MPa 


< T allow ^0 MPa 


(O.K .!) 


































Moment (kN-m) 


xj := 0,0.Ol-Lj.. Lj 


V,(x,) := 

M,(xi) 


A 

kN 

A-xj 

kN-m 


x 2 := L 1 ,1.01-L 1 ..(l 1 +L 2 ) x 3 := (l 1 + L 2 ), 1.01-ÍL 

V 2 H-( A - P l)'15í V 3 ( x 3):=( a -Pi-P 2 )A 

M 2 ( x 2 ) :■ [ Ax 2 “ P l'( x 2 - L l)]"JJ^ 

M 3 ( x 3 ) [A-x 3 - P r (x 3 - Lj) - P 2 .(x 3 - Lj - Lj)]^ 



Distance (m) 



1 + l 2) •• L 


Distance (m) 














Problem 11-51 


The cantilevered beam has a circular cross section. If it supports a force P at its end, determine its 
radius y as a function of x so that it is subjected to a constant maximum bending stress <r allow 
throughout its length. 









Problem 11-52 


The simply supported beam is made of timber that has an allowable bending stress of <r allow = 8 MPa 
and an allowable shear stress of r allow = 750 kPa. Determine its dimensions if it is to be rectangular and 
have a height-to-width ratio of h/b = 1.25. 


Given: a a p ow := 8MPa a := 3m 

kN 

T allow := 0.75MPa w 0 := 0.3 — 

h = 1.25-b 
Solution: L := 2a 
Support Reactiom : 

+f ZF y =0; A + B - 0.5 w o -a = 0 

2 a^| 


C + ZM A = 0; (0.5-w o -a)-[yj-B-L = 0 (2) 


300 Ny'n .1 


Solving Eqs. (1) and (2): A := 

Maximum Moment and Shear: 

occurs atx', where V(x’)=0. 



w 0 -a 


B := 


w 0 -a 


f#" 


w o X' 

w o X’ 


V = A - x’- 0 = A - 

x’- 

x’ = 

2 a 

2 a 


V max := max (A,B) 


V 

v max 

( x’A / 

VA 


“max := A-x - ^0.5• x • w Q - —j • ^ 

J) 

^max 


f 2 a^ V 

w o) 3 


= 0.300 kN 


x := 


2 

f —-a 
3 


Section Property : I = 

S x = 

Bending Stress: 

'Vnax 


5 req'd' 


a allow 


b-h 

~V1 

I 

0.5h 


25-b 

96 


S x = 


b-h 


^m; 


ax 


a allow 


_ b-(1.25-b)" 

6 


S x = 


25-b 

~96~ 


b 

1 ^'ivi max 

b = 

61.7 mm 

Ans 


25a allow 




h 

:= 1.25-b 

h = 

77.2 mm 

Ans 


Shear Check . 


V, 


I := 
Qr 


b-h 

~\2 


^max 


:= (0.5b-h)-0.25h 


v max • 


max ^max 

I-b 


T max = 0-094 MPa 


<x allow=0- 75MPa (O.K.I) 











































X 2 := a, 1.01-a.. L 


xj := 0,0.01a.. a 



1 

o 

1 

v l( x l) := 

A- 

2 

— r x i 

^ a; J 


1 

kN 


v 2 (x 2 ):= (A-0.5w o .a)-ij 


M 




< x i) : = 

:N := 


Axi- 


w o ( x l^l 


X, \ Xj 

i x r~ 

a 


- I-Xi- 

) 1 3 


1 


A-Xn 


w o' a ( 2-aA 
x 2 - 


V 


kN-m 

1 


3 Jj kN-m 



Distance (m) 



Distane (m) 





















Problem 11-53 


The beam is made in the shape of a frustum that has a diameter of 0.3 m at A and a diameter of 0.6 m 
at B. If it supports a couple moment of 12 kN*m at its end, determine the absolute maximum bending 
stress in the beam and specify its locationx 

Given: M := 12kN-m L := 1.8m 


d Q := 0.3m 


Solution: 


d] := 0.6m 


d l- d o 


Section Property : S r * 

r 2 


r - S r S r 


8 r -(L + x) 


r = 


I = 


7t-r 


I 7t*r 

S = - S = - 

r 4 



Bendiug Stress: 
M 


a = 


a = (M)- 


4 1/ 


7i-8 r ^*(L + x)^ 


( 1 ) 



Since a is a decreasing function, the maximum bending stress occurs at x := 0 Ans 


Substituting x=0 into Eq. (1): 


a max • (M)- 


4-L 


7r*8 r ^*(L + x)^ 


a max = 4.527 MPa Ans 

























Problem 11-54 


Select the lightest-weight Steel wide-flange overhanging beam from Appendix B that will safely support 
the loading. Assume the support at A is a pin and the support at B is a roller. The allowable bending 
stress is <r allow =168 MPa and the allowable shear stress is r allow =100 MPa. 

Given: a allow := 168MPa P := 10kN 
T allow := lOOMPa 


1^2 •= 0.6m ] 

L := Lj + 1^2 + 


L | := 2.4m 
Lo := 1.2m 


Solution: 

Support Reactiom : 

+f XF y = 0; A + B - 2P = 0 

Q-T.M b =0; A-Lj +P-L 2 + P-(l 2 + L 3 ) = 

Solving Eqs. (1) and (2): 

2L2 + L3 
A :=-P 


( 1 ) 

( 2 ) 


B := 2P - A 

Maximum Moment and Shear: 

V, 


^max ’ A + B 
^max *“ 


Bending Stress: 

|^max| 


max 

^max 


A = -10kN 
B = 30 kN 

= 20 kN 
= -24 kN•m 


^req'd * 

a allow 
Select W 250x18: 


S re q’d - 142857.14mm 


s x := 179 


( 10 3 ) 


mm 


d := 25 lmm 


Shear Stress : Provide a shear stress check. 


V, 


max 


"max • 


v d 


"max 


10 kN 


í 2J1-1V "p 1 1 í 1 i.£ 




t w := 4.83 mm 


16.5 MPa 


T allow= 100MPa (O.K.I) 



10 kN 


Hence, Use W 250x18 Ans 






















Moment (kN-m) 


X| := 0,0.01 • L y •• Li X2 := L^, 1.01 • L j.. ^ 


v ih) : = 

“iH : = 


A 

kN 

A-xj 


kN-m 


x 3 == (L 1+ L 2 ),1.01-(L 1+ L 2 )..L 
V 2 (x 2 ):=(A + B)-A V3(x 3 ):=(A + B-P).-L 

m 2 (x 2 ) = [A-x 2 + B (x 2 - LjJ]— 


kN-m 


M 


3 (x 3 ) := Ja-x 3 + b (x 3 - L,)] - p (x 3 - L, - L 2 )} 


1 


kN-m 



X 1 ’ x 2 ,x 3 

Distance (m) 



Distance (m) 













Problem 11-55 


The bearings at A and B exert only x and z components of force on the Steel shaft. Determine the 
shaft f s diameter to the nearest millimeter so that it can resist the loadings of the gears without 
exceeding an allowable shear stress of r allow = 80 MPa. Use the maximum-shear-stress theory of 
failure. í 

Given: Pç := 7.5kN Pj^ := 5kN rç := 50mm 

L ] := 150mm L 2 := 350mm L 3 := 250mm A/ 


F r = 5 kN 


T allow 80MPa r D : = 75mm 
Solution: L := Lj + L 2 + L 3 

Support Reactiom : 

In y-zplane : +f Y,F= 0; A z + B z - Pç = 0 
C+ Y.M b = 0 ; A z - L - P c L 3 = 0 


50 mm 



Solving Eqs. (1) and (2): 


A z 

:=-P r 

L c 

A z = 

2.5 kN 


B z 

:= P C - A z 

B z = 

5kN 


o 

II 

; A x + B x - P D 

= 0 


(3) 

Y.M b =( 

); A X L-P D .(L 

- L 1 

)=° 

(4) 

Solving Eqs. (3) and (4): 





L - Li 


A x 


-P D 


A y = 4kN 

A 



B x := P 


D -A x 


B v = lkN 

A 


Torsion 


occurs in segmentDC : T := Pç-rç T = 0.375 kN-m 


Criticai Section : Located just to the left of gear C 

■-! 


M x := B x L 3 


M z := B z -L 3 


M 


m x 2 + m z 2 


M = 1.27475 kN-m 


Maximum Shear Stress Theory : 
c := / 2 —J) M 2 + T 2 


^^allow 


c = 21.95 mm 


d^ := 2c d^ = 43.90 mm Use d^ = 44mm Ans 










1 


y I := 0,0.01 • L ^.. L ^ L|,1.01*L|..Lj + L 2 y^ 1 = ÍL ^ , 1.01 • ÍL ^ + L^j •• 

“zlM := Mz2 N : -lsS “zíN [ A zÍ 3 - P C'( y 3 - L 1 - L 2)]' 


S M z,(yi) 

S - 1 1 

§ M z 2 (y 2 ) 

I M z 3 (y 3 ) 

0 


M x2(y2) := [ A x-y2 - p D-(y2 - L i)}]^ 

M x 3 (y 3 ) := T A x-y 3 - p D-(y 3 - L i)]'^^ 


l' M y 0 

§ M x2(y 2 ) 0 - 5 

| M x 3 (y 3 ) 

0 

0 0.5 

yi>y2>y 3 

Distance (m) 



M xi(yi) : = 


A x-yi 

kN-m 



Distance (m) 


M yl(yi) :=0 


s 


M y 2 (y 2 ) - ^ M y 3 (y 3 ) : = 0 


M yi(yQ 
M y2(y 2) 
M y 3 (y 3 ) 


0.5 


L 


kN-m 


0 


yi>y2>y 3 

Distance (m) 




















Problem 11-56 


The bearings at A and B exert only x and z components of force on the Steel shaft. Determine the 
shaft's diameter to the nearest millimeter so that it can resist the loadings of the gears without 
exceeding an allowable shear stress of r allow = 80 MPa. Use the maximum-distortion-energy theory of 

failure with <r a „ ow = 200 MPa. 


Given: Pç := 7.5kN Pj^ := 5kN vq := 50mm 

L ] := 1 50mm L 2 := 350mm L 3 := 250mm 


F, = 5 kN 


a allow 200MPa := 75mm 


Solution: 


L Lj + L 2 + L 3 


Support Reactions : 

In y-zplane : +f T,F Z = 0; A z + - Pç = 0 

C ^M b = 0; A z - L - p c L 3 = 0 
Solving Eqs. (1) and (2): 


A z 

:=-P r 

L c 

A z = 

2.5 kN 


B z 

- P C - A z 

B Z = 

5kN 


0 

II 

kT 

w 

; A x + B x “ P D 

= 0 


(3) 

j:m b =( 

>; A X L-P D .(L 

- L 1 

) = 0 

(4) 

Solving Eqs. (3) and (4): 





L - Li 


x • 


•Pd 


A x = 4kN 


50 nmi 



AKfi 



B x := P D “ A x 


B x = 1 kN 


Torsion occursin segmentDC : T := Pç-rç T = 0.375 kN-m 
Criticai Section : Located just to the left of gear C. 

■-J 


M x := B x' L 3 


M z := B z -L 3 


M 


ím x 2 + m z 2 


Maximum Distortion Energy Theory : Applying Eq. 9-5: 
aj = 0.5(c 


( a x ’ + CJylj 


°2 = °- 5 (' 
where 


c x' + CT y'J 


IM 

t T x ' + CTy')] 

2 2 
+ x x y 

/[°- 5 1 

K' + CT y'l 

-|2 2 
J +T x’y' 


cy := 0 


Mc Mc 


CT X ' = 


T x'y' 


I 

Tc 

J 


71 4 
— c 
4 

Tc 

71 4 
— c 
2 


4M-c 


7T-C 


2T-c 


7T-C 


M = 1.27475 kN-m 













Let a' = 0.5 g x » and b' = ^0.5a x »j 2 + x x y 2 

Then aj 2 = (a' + b’) 2 a 2 2 = (a - ’b') 2 

aj-a 2 = (a’ + b')-(a' - b') = a' 2 - b' 2 

2 2 , 2 í ,2 , , 2 ^ , , , „2 ,2 _ UI 2 

Gj - oyG 2 + G 2 = (a + b) - \a -b ) + (a - b) = a + 3b 

2 2 2 
Hence a, -a r a 2 + a 2 = a allow 


(0-5 ct x') + ^ _a/ (®'^ ct x’) + T x'y' _ “ a allow 


a x' + ^ T x'y' “ a allow 


4M- c | ( 2T-c ] 

1 +3 1 “ 


yn 


4 I 4 1 

•c y \n-c J 


a allow 


16M 2 + 12T 2 

2 2 c = 20.31 mm 

^ 71 * a allow 


d Q := 2c d Q = 40.61 mm Use d Q = 41 mm 


Ans 














1 


:= 0,0.01 • L ^.. L ^ := L^ ? 1.01-Lj..L^ + L 2 y^ := ^ + L2^, 1.01 • ^ .. 


M zi(yi) := 


A z -yi 

kN-m 


M z 2 (y 2 ) 


A z -y 2 

kN-m 


M, 


z3(y3) := [ A z-y3 - p c(y3 - L i - L 2)} 



2 M z3(y3) 


M xi(yi) := 


A x -yi 

kN-m 


M x2(y2) := [ A x-y2 - p D-(y2 - L i)}^ 


kN-m 


M x3(y3) := T A x-y3 - p D-(y3 - L i)} 


1 


kN-m 



4 M x3(y3) 


Myl(yi) := 0 


M y 2 (y 2 ) := 


Distance (m) 
T 


kN-m 


M y3(y3) := 0 


M, 


§ M y 2 (y 2 ) 
5 M y3(y3) 



L 


kN-m 


0 


yi>y2>y3 

Distance (m) 




















Problem 11-57 


Select the lightest-weight Steel wide-flange beam from Appendix B that will safely support the loading 
shown. The allowable bending stress is <r allow = 160 MPa and the allowable shear stress is r allow = 84 
MPa. 

40 kN 50 kN 40 kN 


CT allow • 160MPa 

L 1 

:= 3m 

T allow : = 84MPa 

L 2 

:= 1.5m 

Pj ;= 40kN 

p 2 

:= 50kN 


Solution: L := + L ^ 

Support Reactiom : By symmetry, R A =R B =R 
+f 2F= 0; 2R - 2Pj - P 2 = 0 R := Pj + 0.5P 2 



Maximum Moment and Shear: 


V = R 
v max • 


V,„ ax = 65kN 


^max • ^'(^ 1 +^ 2 ) ^1*^2 ^max 232.5kN-m 


Ii-DhJ 


'1 'i 

f 

3^ T| i£ ^| i£ ^ 

. s*] 


Bending Stress: 

^max 


^req'd * 


a allow 


Veq'd : 


1453125.00 mm 


Select W 460x74 : 


S x := 1460 


•M 


mm 


d := 457mm t w := 9.02mm 
w 


Shear Stress : Provide a shear stress check. 


V, 


max 


max ' t -d 
L w u 


T max 15.77 MPa 


x allow =98MPa (O.K.\) 


Hence, Use W 460x74 Ans 













Moment (kN-m) 


X| := 0,0.01 • L y •• Li X2 := L^, 1.01 • L^.. ^ + l^j 

x 3 : = (l 1 +L 2 ),1.01.(l 1 +L 2 )..(l 1 +2L 2 ) 
x 4 := (L 1 + 2L 2 ),1.01 -(l 1 + 2L 2 ).. L 


Vi (xi) := R — 
U V kN 


Mi(x,):= 


R'X| 

kN-m 


V2(x2) : =( R -P,)-k V 3 (x 3 ):=(r-P,-P 2 ).-L 


V 4 (x 4 ) ( 


R-Pj-P 2 -P 


V— 

l > kN 


M 


2( x 2) := [ r ( x 2) - p r( x 2 - L i)]- 


1 


kN-m 




l 3 (x 3 ) [R.(x 3 ) - Pr(x 3 - Lj) - P 2 .(x 3 - Ll - L 2 )].V- 

M 4 (x 4 ) := [[R.(x 4 ) - P r (x 4 - Lj) - P 2 (x 4 - Lj - L 2 )] - P r (L, - |x 4 - L|)} 



Distance (m) 



1 

kN-m 


Distance (m) 















Problem 12-01 


An L2 Steel strap having a thickness of 3 mm and a width of 50 mm is bent into a circular are of radius 
15 m. Determine the maximum bending stress in the strap. 

Given: b := 50mm t := 3mm p := 15m 

E := 200GPa 


Solution: 

Section Property: t 

C 2 


I := 


b-t 


3 


12 


Moment - Curvature Relationship : 
1 - M _ E-I 

p EI p 


Bendiug Stress: 

Mc 

a = - 

I 


EI M 

~p” W 


Ec 
c> :=- 

P 

c> = 20MPa Ans 






Problem 12-02 


A picture is taken of a man performing a pole vault, and the minimum radius of curvature of the pole is 
estimated by measurement to be 4.5 m. If the pole is 40 mm in diameter and it is made of a glass- 
reinforcedplastic for whichEg = 131 GPa, determine the maximum bending stress inthe pole. 

Given: d Q := 40mm p := 4.5m 

E := 131GPa 

Solution: 

Section Property: 


— I 


Moment - Curvature Relationship : 


1 

P 


M 

EI 


M := 


EI 


Bendiug Stress: 
Mc 


a = 


I 


a = 


EI 

P 



JJ 


a := 


a = 582.2 MPa Ans 












Problem 12-03 


Determine the equation of the elastic curve for the beam using th ei coordinate that is valid for 
0 <x<L! £pecify the slope at A and the beanfs maximum deflection. EI is constant. 
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r 
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£ 

"Jt 


dv 


Bffinad-ff^ ■Cj?radjVcfffl , .j: Dujç to -7- = G aL .1 - 

■TÇ 2 

Als^u □ =0 >L i - (k 


3 .' 
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Problem 12-04 


Determine the equations of the elastic curve for the beam using the x x and x 2 coordinates. Specify the 


beairis maximum deflection. EI is constant. 
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Problem 12-05 


Determine the equations of the elastic curve using the x x andx 2 coordinates. EI is constant. 
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Problem 12-06 


Determine the equations of the elastic curve for the beam using the x x and x 3 coordinates. Specify the 
beairis maximum deflection. EI is constant. ^ 
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Problem 12-07 


Determine the equations of the elastic curve for the shaft using the x x and x 2 coordinates. Specify the 
slope at A and the displacement at the center of the shaft. Elis constant. 
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Problem 12-08 


Determine the equations of the elastic curve for the shaft using the x x and x 3 coordinates. Specify the 
slope at A and the deflection at the center of the shaft. EI is constant. 
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Problem 12-09 


The beam is made of two rods and is subjected to the concentrated load P. Determine the maximum 
deflection of the beam if the moments of inertia of the rods are I AB and I BC , and the modulus of 

elasticity is E. 
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Problem 12-10 


The beam is made of two rods and is subjected to the concentrated load P. Determine the slope at C. 
The moments of inertia of the rods are I AB and I BC , and the modulus of elasticity is E. 
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Problem 12-11 


The bar is supported by a roller constraint at B , which allows vertical displacement but resists axial 
load and moment. If the bar is subjected to the loading shown, determine the slope at A and the 
deflection at C. EI is constant. 
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Problem 12-12 


Determine the deflection at B of the bar in Prob. 12-11. 
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Problem 12-13 


The fence board weaves between the three smooth fixed posts. If the posts remain along the same line, 
determine the maximum bending stress in the board. The board has a width of 150 mm. and a 
thickness of 12 mm. E = 12 GPa. Assume the displacement of each end of the board relative to its 
center is 75 mm. 


Given: b := 150mm t := 12mm L := 2.4m 
E := 12GPa 8 := 75mm 

Solution: 

Support Reactions : By symmetry, R A =R C =R 
+f ZF y = 0; 2R - P = 0 R = 0.5P 

Moment Function : 

M(x) = R-x M(x) = 0.5-P-x 

Mmax = R (°- 5L ) Hnax = °- 25PL 

,3 


75 mm 


Section Property: 

Slope and Elastic Curve 


t 

c := — 
2 


I := 


b-t 

~L2~ 


d 2 -v 

EI-- = M(x) 

dx 


d v P-x 


ET 

dx 2 2 

dv Px 

EI-= -+ C 

dx 4 


1 


P-x 

E-I-v = -+ Ci X + Cn 

12 1 2 


■Um- 


( 2 ) 


■Um- 






-í 




b 


í 


HW-f- 



Boundary Conditions : Due to svmmetry, dv/dx=0 at x=L/2. Also, v=0 at x=0. 


From Eq. (1): 0 = — 

4 


ílY 

V : 


Cl 


2) -1 

From Eq. (2): 0 = 0 + 0 + C 2 


Ci = 


P-L 

~Í6~ 


C 2 :=0 


The Elastic Curve : Substitute the values of C x and C 2 into Eq. (2), 


EIv 




v 


Px 

48E-I 


(4x 2 - 3L 2 ) 


Require at x=L/2, v=-ô. From Eq. (3), 


8= P 


4Í 


-s= _pl3 

48E-I 

Uj 

n 

48E-I 


(3) 


48-E-I o 
P :=-5 


Bending Stress: 

t 

c max *“ 


^max • 0.25P-L 

^max* c max 
a max t 


a max = 11-25 MPa Ans 



































Problem 12-14 


Determine the equation of the elastic curve for the beam using th ei coordinate. Specify the slope at A 
and the maximum deflection. EI is constant. 
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Problem 12-15 


Determine the deflection at the center of the beam and the slope at B. EI is constant. 
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Problem 12-16 


A torque wrench is used to tighten the nut on a bolt. If the dial indicates that a torque of 90 N-m is 
applied when the bolt is fully tightened, determine the force P acting at the handle and the distance s the 

needle moves along the scale. Assume only the portion AB of the beam distorts. The cross section is 

square having dimensions of 12 mmby 12 mm. E = 200 GPa 

Given: b := 12mm h := 12mm L := 0.45m 

E := 200GPa 8 := 75mm R := 0.3m 


z * 


90N-m 


Solution: 


Eauations of Equilibrium : 


ZF= 0 ; 


A y - P = 0 


C+I.M b = 0; T z -PL=0 
Solving Eqs. (1) and (2): 


(1) 

( 2 ) 

T z 

P := — 
L 


A y := P 



200 N 


P = 200 N 


Ans 


Moment Function : M(x) = A y x - T z 


Section Property: 


I := 


bh 

12 


Slope and Elastic Curve : 

,2 

d -v 

EÍ-- = M(x) 

dx 

a 2 
d v 

EI-= A -x - 

, 2 y z 

dx 


9D*U 



l DD d 


ü> 


dv A y‘ x 

EI-— = —-T„x + C 

dx 2 z 


1 


E-I-v = 


A y -x 


T z' x 


+ C i • x + C 2 


( 1 ) 

( 2 ) 


6 2 

Boundary Conditions : Due to symmetry, dv/dx=0 at x=0, and v=0 at x=0. 
From Eq. (1): 0 = 0 - 0 + Cj Cj := 0 


From Eq. (2): 0 = 0-0 + 0+C 2 


0 


The Elastic Curve: Substitute the values of C, and C 2 into Eq. (2), 


E-I-v = 


Ay-x 


T z' x 


6 2 
At x=R, v=-s. From Eq. (3), 


-(A x - 3T 

6E I V y z > 


( 3 ) 


-R' 


s := 


6E- 


tK r - 3T 4 


s = 9.11 mm 


Ans 























Problem 12-17 


5kN. 


The shaft is supported at A by a journal bearing that exerts only vertical reactíons on the shaft and at B 
by a thrust bearing that exerts horizontal and vertical reactions on the shaft. Draw the bending-moment 
diagram for the shaft and then, from this diagram, sketch the deflection or elastic curve for the shaft's 
centerline. Determine the equations of the elastic curve using the coordinates x x and x 2 . EI is constant. 

Given: h := 60mm L] := 150mm 

P := 5kN 

Solution: L := Lj + L 2 

Sunnort Reactions: 

+ t 


L 2 := 400mm 


60 rum 




b J1 — 

L-1SÜ nmi - 


* 


U 




- 400 mnx - 


-1 


_2F=0; A + B = 0 


( 1 ) 


C^M B = 0; P-h + A-L 2 = 0 (2) 
Solving Eqs. (1) and (2): A := - 


-P-h 


B := -A 


Moment Function : M 


NL 


< x i) ; 

:H := 


= Ph 


Bx 


' x 2 


A = -0.75 kN 
B = 0.75 kN 


5&J 

i Jti 




3 


Sm 


I 


4 I 






Section Property : EI := kN- rn 

Slope and Elastic Curve : 


d -vi 


EL 


= M 


dxi 


N 


d vi 


EL 


= P-h 


dxj 

dvj 

EI-= (P-h)-xi + Ci 

dx 


1 


( 1 ) 


EL 


,2 

d -V2 


= NL 




EL 


EL 


= Bx 2 


B 




d x 2 
d 2 v 2 

dx 2 2 
d y 2 

d x 2 2 ^ 


hrl 










hPÍ 

(3) 


Phxj 

m - v i = —ã— + c r x i + c 2 ( 2 ) 


B-Xn 


EI 


•v 2 


+ C 3 -x 2 + C A 


(4) 


Boundary Conditions: 

2 

Vj=0 at x^O.lSm, From Eq. (2): 0 = ^ ^ (Q-15m) + (^.(o.lSm) + C 2 


(5) 


v 2 =0 at x 2 =0, From Eq. (4): 0 = 0 + 0 + Cq 

.3 


Ca := 0 


B-(0.4m)' 

v 2 =0 at x 2 =0.4m, From Eq. (4): 0 = -+ C 3 -(0.4m) + Cq 


Ans 


B 2 

C 3 := ---(0.4m) 2 


-0.02 kN-m 


Ans 




































Continuüy Condition: 

dV|/d.X|= - dv 2 /dx 2 at A (X|=0. 15m andx 2 =0.4m) 

B 2 

From Eqs. (1) and (3), P-h-(0.15m) + Cj = — -(0.4m) + C 3 

B 


Cj := —(0.4m) + C 3 - P-h-(0.15m) Cj = -0.005kN-m Ans 


From Eq. (5): 


P-h-(0.15m) 

C 2 :=--- — - C r (0.15m) 


C 2 = -0.00263 kN-rn Ans 


The Elastic Curve : Substitute the values of C, and C 2 into Eq. (2), and C 3 and C 4 into Eq. (4), 


Hw 

II 

>* 

f P-h 


T 2‘iíl 

f B 3 
6‘ X2 




<3' x 2 + M j 


Ans 


Ans 


BMD: 


x'j := 0,0.01-Lj.. Lj 

/ x P-h 

M'i (x'i) :=- 

U kN-m 


x' 2 := L 1 ,1.01L 1 ..L 
M' 2 (x' 2 ) := [P-h + A-(x' 2 - LjJj• 


1 


kN-m 


§, m 'i( x 'i) 
g M' 2 (x’ 2 )o.2 

s —- 

o 



Distane (m) 











Problem 12-18 


Determine the equations of the elastic curve using the coordinates x x and x 2 , and specify the slope and 
deflection at C. EI is constant. 
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Problem 12-19 


Determine the equations of the elastic curve using the coordinates x x and x 2 , and specify the slope at 
A. EI is constant. 
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Problem 12-20 


Determine the equations of the elastic curve using the coordinates x x and x 2 , and specify the slope and 
deflection at B. EI is constant. 
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Problem 12-21 


Determine the equations of the elastic curve using the coordinates x x and x 3 , and specify the slope and 
deflection at B. EI is constant. 
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Problem 12-22 


Determine the maximum slope and maximum deflection of the simply-supported beam which is 
subjected to the couple moment M 0 . EI is constant. 
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Problem 12-23 


The two wooden meter sticks are separated at their centers by a smooth rigid cylinder having a 
diameter of 50 mm. Determine the force F that must be applied at each end in order to just make their 
ends touch. Each stick has a width of 20 mm and a thickness of 5 mm. E nr = 11 GPa. 


Given: d Q := 50mm L := 0.5m 
b := 20mm t := 5 mm 

Solution: 


E := 11 GPa 


Section Property: I ;= 


b-t 

~Y2 


Moment Function : M(x) = -Fx 

Slope and Elastic Curve : 

2 

d -v 

E-I-- = M(x) 

dx 

,2 

d v 

E-I-= -Fx 

dx 2 




FSS—f 


dv F-x 

El-=-+ Ci 

dx 2 1 


E-I-v = 


Fx 


4- Cj • x + C 2 


( 1 ) 

( 2 ) 


Boundary Conditions: 


F-L 


dv/dx=0 at x=L. From Eq. (1): 0 =---t- Cj 


Ci := 


F-L 


v=0 at x=L. From Eq. (2): 0 = 


F-L 


+ C r L + C 2 


Co = 


F-L“ 


C r L C 2 := 


F-L" 


Require : v := -0.5d„ at x=0. 
From Eq. (2): -0.5d o -E-I = -0 + 0 


F-L“ 


F := 


1.5d 0 -E-I 


F = 1.375N 


Ans 

























Problem 12-24 


The pipe can be assumed roller supported at its ends and by a rigid saddle C at its center. The saddle 
rests on a cable that is connected to the supports. Determine the force that should be developed in the 
cable if the saddle keeps the pipe from sagging or deflecting at its center. The pipe and fluid within it 
have a combined weight of 2 kN/m. EI is constant. 

Given: 2kN 

e := 0.3m L := 3.75m w :=- 

m 

Solution: 

1 ? 

Moment Function : M(x) = Px-w x 

Slope and Elastic Curve : 
d 2 -v 

EI-- = M(x) 

dx 
2 

d v w 2 

EI-= Px-x 

dx 2 2 



2-N/n 

■i syüiit . 

i.jsh Tf- s.jsn, 1 


dv P-x w 3 

E-I-=-x + Ci 

dx 2 6 1 


E-I-v = 


P-x 


w 4 

-x +Ci-x + C? 

24 1 2 


( 1 ) 

( 2 ) 


Boundary Conditions : v=0 at x=0 and at x=L. 

From Eq. (2): 0=0-0 + 0 + C 2 C 2:=0 


P-L w 4 

0=-L + Ci L 

6 24 1 


Also, dv/dx=0 at x=L. 

From Eq. (1): . _ w 3 „ 

2 6 1 
Solving Eqs. (3) and (4) for P, 

2 


( 3 ) 


( 4 ) 


P-L 

— 


w 3 P-L 

-L +C, = - 

24 1 2 


w 3 

— L + Ci 
6 1 


l&J 


,ra 

■PFFÍ 


t 

F*93TCiJ 

II 9 m 


PL w 3 
-= —L 


P := 


3wL 


P = 2.813 kN 


Equations of Equilibrium : 

+f EF ( =0; 2P + F - w-(2L) = 0 

F := 2w-L - 2P F = 9375 N 


At C : +f EF = 0; 2T 


cable* 




F = 0 


2 T 2 
e + L 


L cable 




2 T 2 
e + L 


2 e 


T cable = 58.78 kN Ans 






































Problem 12-25 


Determine the equations of the elastic curve using the coordinates x x and x 2 , and specify the slope at C 
and displacement ati?. £7is constant. 
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Problem 12-26 


Determine the equations of the elastic curve using the coordinates x x and v 3 , and specify the slope at B 
and deflection at C. Elis constant. 
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Problem 12-27 


Determine the elastic curve for the simply supportedbeamusing the x coordinate o< x< L /.^lso, 
determine the slope at^4 and the maximum deflection of the beam. ET is constant. 
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Problem 12-28 


Determine the elastic curve for the cantilevered beam using the v coordinate. Also determine the 
maximum slope and maximum deflection. EI is constant. 
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Problem 12-29 


The beam is made of a material having a specific weight y. Determine the displacement and slope at its 
end A due to its weight. The modulus of elasticity for the material is E. 
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Problem 12-30 


The beam is made of a material having a specific weight y. Determine the displacement and slope at its 
end A due to its weight. The modulus of elasticity for the material is E. 
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Problem 12-31 


The leaf spring assembly is designed so that it is subjected to the same maximum stress throughout its 
length. If the plates of each leaf have a thickness t and can slide freely between each other, show that 
the spring must be in the forni of a circular are in order that the entire spring becomes flat when a 
large enough load P is applied. What is the maximum normal stress in the spring? Consider the spring 
to be made by cutting the n strips from the diamond-shaped plate of thickness t and width b. The 
modulus of elasticity for the material is E. Hint : Show that the radius of curvature of the spring is 
constant. 
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Problem 12-32 


The beam has a constant width b and is tapered as shown. If it supports a load P at its end, determine 
the deflection at The load P is applied a short distance s from the tapered end B , where s « L. EI is 
constant. 
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Problem 12-33 


A thin flexible 6-m-long rod having a weight of 10 N/m rests on the smooth surface. If a force of 15 N 
is applied at its end to lift it, determine the suspended length x and the maximum moment developed in 
the rod. 


Given: 


P := 15N 


^max • 


w := 


10N 

m 


Solution: 



Since the horizontal section has no curvature, 
the moment in the rod is zero. Hence, R acts 
at the end of the suspended portion and this 
portion acts like a simply supportedbeam. 
Thus, 

Eauations of Equilibrium : 

IF= 0; P + R - wx = 0 (1) 

C + YM 0 = 0; P-x - ~x 2 = 0 (2) 

From Eqs. (2): 

2P 

x := — x = 3m Ans 

w 


Maximum moment occurs at center. 


^max * 


íx] _ w íx] 2 

U ) 2 \ 2 ) 


X 


6m 








EM 


lJ I 

ir tf 




Mmax = 11.25N*m 


Ans 


























Problem 12-34 


The shaft supports the two pulley loads shown. Determine the equation of the elastic curve. The 
bearings at A and B exert only vertical reactions on the shaft. EI is constant. 

Use Macaulay Function: 'F(z) := 0(z)( 

Given: a := m P := kN EI := kN-rn 

Soiution: 

Support Reactions : 

±í XF v =0: A + B- P-2P= 0 

C+ T.M b = 0; A- (2a) - P- a + 2P- a = 0 

-P 

Solving Eqs. (1) and (2): A := — 

Moment Function : 

M(x) = A-T^x - 0) - P-T^x - a) + 1 

Slope and Elastic Curve : 

A . 2 

d -v 

EI-- = M(x) 

dx 

d 2 v 

EI-— = A-TCx - 0) - P T(x - a) + B-^x - 2a) 
dx 2 

dv A 2 P 2 B 2 

EI-= — 'P(x-O)-T(x-a) +— T(x-2a) + Ci 

dx 2 2 2 

A 3 P 3 B 3 

EIv = —T(x - 0)-T(x-a) +— v P(x-2a) +C r x + C 2 

6 6 6 

A. ^ p o g o 

EIv= — x-T^x-a) H-^(x-la) + Cpx + C 2 (1) 

6 6 6 



Boundary Conditions : v=0 at x=0 

From Eq. (1): 0=0-0 + 0 + 0 + C 2 C 2 := 0 


Also v=0 at x=2a. 

FromEq. (1): 0= —-(2a ) 3 ---T(2a - a ) 3 + 0 + C,-(2a) 

6 6 


A 3 P 3 

C, :=-(2a) +-a 

1 12a 


12 a 



Equation of Elastic Curve: 

1 ÍA 3 P 3 B 3 ^ 

v = — —x- 'P(x-a) H- v P(x-2a) +Crx m 

EI ^ 6 6 6 1 ) 


1 f P 3 P 3 7P 35 2 ^ 

v(x) :=--x-^P(x — a) H-^(x - 2a) H-Pa x ] m 

' 'oV 


ELA 12 6 ' ' v 12 ' 12 ) 


Ans 






















Problem 12-35 


Determine the equation of the elastic curve. Specify the slopes at.4 and B. EI is constant. 
UseMacaulay Function: 4^ (z) := ®(z)-(z) 


Given: kN 

a := m w := — 
m 

Solution: L := 2a 

Siwport Reactions : 

Z F v = 0 : A + B - w- a = 0 

C+ IA/^0; (wa)-(0.5a) - B-(2-a) = 0 

SolvingEqs. (1) and (2): B := —-(wa) 

4 

B = 0.25 w-a 

Moment Function : 

M(x) = -OAw^fx - O ) 2 - ('-0.5)w'Ffx - a ) 2 + A-¥(x - 0) 

M(x) = —0.5w-x 2 + 0.5wT(x - a ) 2 + A-x 

2 

Slope and Elastic Curve : EI := kN-m EI Q := 1 
,2 

d -v 

El-- = M(x) 

dx 

d 2 v 

EI-= -0.5w-x 2 + 0.5w- x F(x - a ) 2 + A-x 

dx 2 

EI — = --w-x 3 + -w-^Cx - a ) 3 + — x 2 + C x 
dx 6 6 2 

1 4 1 4 A 3 

EI-v =-w-x h -w x F(x-a) H-x -fCi-x + Co 

24 24 6 1 z 

Boundary Conditions : v=0 at x=0 and x=2a. From Eq. (4): 

0 = — 0 + 0 + 0 + 0 + C 2 C 2 - = 0 

1 4 ( O 4 A 3 

1 =-—w-( 2a ) + Klj' w ' a + T'( 2a ) +c r( 2a ) 




(3) 

(4) 


0 


1 3 1 3 2A 2 

Ci := —w-a-w-a-a Ci =-w- 

1 1 4g 1 1 1 c 


Equations of Elastic Curve and Slope : 


Té 


3 V 


\ ( \ 4 1 4 3w-a 3 3 

v(x) :=--w-x H-w-¥(x - a) h -x-w-a • x 

EI 0 ^ 24 24 24 16 

1 ] 

0 (x) :=- 

EI 0 V 


Ans 


1 3 1 3 A 2 ^ 

— w-x H—w-Wx-a) H-x + Ci 

£ £ V 7 O 1 


3 

Slope at A: Substitute x=0 into Eq.(3). 0(0) =- 

16 


/ 

Slope at B: Substitute x=L into Eq.(3). 0(L) = — 


0 ( 0 ) = 

16 

íwa 3 ! 

l E w 


/ 

1 

0(L) = — 
48 

wa 3 l 

, E W 


Ans 


Ans 

















































Problem 12-36 


m 


The beam is subjected to the load shown. Determine the equation of the elastic curve. EI is constant. 

UseMacaulay Function: *¥(z) := 0(z)(z) 

Given: a := 1.5m P := 20kN , kN 

w := 6 — 

b := 3m 

Solution: L := 2a + b 

Sunport Reactions : 



l 


A 

-—1.5 m—- 

J- 

--]i m -J 

=±-B 

L— 1. 5 ni —■ 


JF y =0\ 


A + B- P-wa = 0 


(i) 


C+XA/^O; -(wa)-(0.5a) + P-(a + b) - B-b = 0 


( 2 ) 


1 


SolvingEqs. (1) and (2): B :=—[-(wa)-(0.5a) + P-(a + b)] A:=P + w-a-B 

b 

B = 27.75 kN A=1.25kN 

Moment Function : 

Míx) = -0.5w x Pfx-0) 2 -('-0.5)w'P(x-a ) 2 + A-'P(x-a) + B-'F(x-a-b) 

M(x) = -0.5wx 2 + 0.5w x P(x-a ) 2 + A-'P(x-a) + B-'F(x-a-K> 

Slope and Elastic Curve : 

,2 

d -v 

EI-= M(x) 

dx 2 


gmnnmnnn 




ItmtTMffH 

i I L 


d 2 v 

E I — = -0.5wx 2 + 0.5w x P(x- a ) 2 + A-^íx-a) + B- x P(x- a-b) 
dx 2 

dv 1 3 1 3 A 2 B 2 

E-I-= —w-x H—w-vp(x-a) H-'P(x-a) H-'P(x-a-b) + Ci 

dx 6 6 2 2 

1 4 1 4 A 3 B 3 

E-I-v =-w-x H-w-'P(x-a) H-*P(x-a) H-'P(x-a-b) + Ci-x + Co 

24 24 6 6 1 7 


277S‘ 


(3) 

(4) 


Boundarv Conditions : v=0 at x=a and x=a+b. From Eq. (4): 

1 4 

0 = -w- a +0 + 0 + 0 +Ci- a + Cn 

24 1 


0 —-w- (a + b) + —w* b + — b + 0 + Ci-(a + b) + Co 

24 24 6 12 


(5) 

( 6 ) 


(6)-(5): 


1 

C, := - 


1 4 1 4 A 3 1 4 

—w-(a + b)-w-b-b-w-a 

24 24 6 24 


Cj = 25.125 kN-m 


1 4 

From Eq. (5): Co :=—w-a -Ci-a 
2 24 1 


C 2 = -36.422 kN-m 


w A B 

Equation of Elastic Curve: a Q := — a] := — := — ^ := C] a^ := C 2 

a 0 = 0.25 — aj = 0.2083 kN a 2 = 4.625 kN a 3 = 25.13 kN-m 2 a 4 = -36.42 kN-m 3 Ans 

a a a a \ 

Ans 


j:^-a 0 x +a 0 * x F(x-a) +aj* x F(x-a) + a 2 * v P(x - a - b) +a 3 -x + a^ 





























Problem 12-37 


The shaft supports the two pulley loads shown. Determine the equation of the elastic curve. The 
bearings at A and B exert only vertical reactions on the shaft. ET is constant. 

Use Macaulay Function: T* (z) := 0(z)(z) 

Given: a := 0.5m 

Solution: 

Suppoii Reactions : 


P 1 := 200N 


P 2 := 300N 






M 1 I 

|—500 500 mm^|— 500 mm-i 


B-Pj -P-, = 0 


( 1 ) 


±ÍJ^,=0; A 

C+T.M b = 0; A-(2a)-P r a + P 2 -a= 0 (2) 


2Ü0 N 


300 N 


Solving Eqs. (1) and (2): A 

A = 


p l - p 2 

2 

-50 N 


p 1 + 3P 2 


B := 


B = 550 N 


-SL'h.1 ££[■*] 


Moment Function : 

M(x) = A-T^x - 0) - P r T(x - a) + B-W(x - 2a) 
Slope and Elastic Curve : 

A 2 

d -v 

EI -- = M(x) 

dx 

d 2 v 

E I — = A-TCx-O) -Pj-f (x-a) + B'F(x-2a) 
dx 2 


dv A 2 P 1 2 B 2 

EI-= — T(x-0) -T(x-a) +— v P(x-2a) + C, 

dx 2 2 2 

A. o P i o g o 

ETv = —*¥(x - 0 )-Y(x-a) +— l P(x- 2 a) +C r x + C 2 (1) 


Boundary Conditions : v=0 at x=0 

From Eq. (1): 0=0-0 + 0 + 0 + C 2 C 2 := 0 

Also v=0 at x=2a. 

From Eq. (1): o = —• v P(2a - 0 ) 3 - —,T(2a - a ) 3 + 0 + C r (2a) 

6 6 

A 3 ^1 3 2 

Ci :=-(2a) +-a Ci = 12.50N-m 

1 12 a 12 a 1 

A Pi B 

Equation of Elastic Curve: a Q := — a^ :=-a 2 := — a 2 := Cj 

6 6 6 

a Q = -8.33 N aj = -33.33 N a 2 = 91.67 N a 3 = 12.50 N-m 2 Ans 

v = ■^-j(a 0 -'P(x - O) 3 + a 2 'T(x - a) 3 + a 2 -'P(x - 2a) 3 + a 3 -x^ 


Ans 

















Problem 12-38 


The beam is subjected to the load shown. Determine the equation of the elastic curve. EI is constant. 


kN 

w := 3 — 
m 


UseMacaulay Function: 'P(z) := 0(z)(z) 
Given: a := 4m P := 50kN 
b := 3m 
Solution: L:=a+2*b 

Suvport Reactions : 

^1^F= 0; A + B- P-wa = 0 (1) 


50 kN 


3 kN/m 


4 Eli 


sflt 


5 


■ 3 ni- 


■ 3 m- 


( 2 ) 


A := P + w-a - B 
A = 24.6 kN 


C+ ZM a = 0; (wa)-(0.5a) + P-(a + b) - B-L = 0 

SolvingEqs. (1) and (2): B := ~ [(wa)-(0.5a) + P-(a + b)] 

Moment Function : ® ~~ 37.4 kN 

M(x) = A-Yíx-O) -0.5w-'F(x-0) 2 -(-0.5)w'F(x-a) 2 -P-'F(x-a-b) 

M(x) = A-x - 0.5 w-x 2 + 0.5wf(x - a ) 2 - P-^x - a - b) Xq-b*** 

r —^, j 

2 * t t -* - — 

Slope and Elastic Curve : EI := kN- m EI Q := 1 


,2 

d -v 

EI-= M(x) 


TEEEEi í 

"T-e^T i í 

kA ^ 


dx 


EI 


d 2 v 

■-= A-x - 0.5w-x 2 + 0.5w-'P(x - a ) 2 - P-'P(x - a - b) 

dx 2 


I 7m _j 5$ t*l 

uiuiniui 


nttti 


= K/uJm 


■4-n? 


dvA 2 W 3 w 3P 2 

EI-= — x-x +—'F(x-a)-'F(x-a-b) + Ci 

dx 2 6 6 2 1 

A 3 W 4 W 4 P 3 

EI-v=— -x-x +—'P(x-a)-'F(x-a-b) +C,-x + C 9 

6 24 24 6 1 2 




(3) 

(4) 




Boundaty Conditions: 

v=0 at x=0. From Eq. (4): 0=0-0 + 0 + 0 + 0 + C 2 C 2:=0 

A 3 W 4 W 4 P 3 

v=0 at x=L. From Eq. (4): 0= —L-L +—(L - a)-(L-a-b) +Ci-L 

1 A 24 1/1 v 7 £ v 7 1 


24 


A-L 


q := - 

C| = -278.70 kN-m 


w 3 w 4 P 3 

-+-L-(L - a) +-(L-a-b) 

6 24 24L 6 L 

2 


A w P 

Equation of Elastic Curve: a Q := — aj := — a 2 := — 33 := C| a^ := C 2 


kN 

a n = 4.10 kN ai =0.125 — 

m 


6 1 24 

a 2 = 8.33 kN 


a 3 = 0.00 N-m Ans 










































Problem 12-39 


The beam is subjected to the load shown. Determine the displacement at x = 7 m and the slope at A. 
EI is constant. 


UseMacaulay Function: T* (z) := 0(z)(z) 

Given: a := 4m P := 50kN . kN 

w := 3 — 

b := 3m m 

Solution: L:=a + 2b 

SuDport Reactiom : 

íl_XF ( =0; A + B-P-wa=0 (1) 

ZM a = 0; (wa)-(0.5a) + P (a + b) - B L = 0 (2) 

Solving Eqs. (1) and (2): B := ~ [(wa)-(0.5a) + P (a + b)] 

B = 37.4 kN 

Moment Function : 


50 kN 


3 W/m 


d 


** T-n 

■1 rn 

.1 -“■ 

.1 







A := P + w-a - B 
A = 24.6 kN 


M(x) = A x P(x - 0) - 0.5w x P(x - O ) 2 - (-0.5)w* v P(x - a ) 2 - P x P(x - a - b) 
M(x) = A x - 0.5w-x 2 + 0.5w x P(x - a ) 2 - P x P(x - a - b) 


Slope and Elastic Curve : EI := kN-m 
d 2 -v 

EI-= M(x) 


EI 0 := 1 


dx 

2 

EI-= A-x - 0.5w-x 2 + 0.5w x P(x - a ) 2 - P l P(x - a - b) 

dx 2 



1 J 


m min 

Lm 

1 -nrmrr 

■4 ^71 r Cr*. 


dvA 2 W 3 w 3P 2 ^ atí 

EI-= — x-x H-'P(x-a)-'P(x-a-b) +Ci (3) 

dx 2 6 6 2 


A 3 w 4 w 4P 3 

EL v = — x-x +-'P(x-a)-'P(x-a-b) +C 1 X + C 9 

6 24 24 6 1 2 


(4) 


Boundary Conditions : 

v=0 at x=0. From Eq. (4): 0=0-0 + 0 + 0 + 0 + C 2 C 2 := 0 

^ ..x A 3 w 4 w 4 P 3 

v=0 at x=L. From Eq. (4): 0= —L-L +- (L-a)-(L-a-b) +CiL 

6 24 24 6 1 


A-L w 3 w 4 P 3 

Ci :=-+-L-(L - a) +-(L - a - b) 

1 6 24 24L 6 L 

Cj = -278.70 kN-m 2 


Eauations o f Elastic Curve and Slope : 

1 f"A 3 w 4 w 4P 3 ^ 

v(x) :=— — x-x +-^(x-a)-'P(x-a-b) -t-Ci-x + Co 

EI^6 24 24 6 1 Z ) 


Displacement at x=7m.: Substitute x=7m into Eq.(4). v(7m) = -834.60 

EI o 

1 f A 2 w 3 w 3P 2 A 

0(x) := — — x-x H-*P (x - a )-*P (x - a - b ) + Ci 

EI ^2 6 6 2 1 

Slope at.4: Substitute x=0 into Eq.(3). 


j 


0(0) = -278.70 — 

ET 

m o 


Ans 


Ans 












































Problem 12-40 


The beam is subjected to the load shown. Determine the equation of the elastic curve. EI is constant. 
UseMacaulay Function: 'T (z) := 0(z)(z) 

Given: a := 2.4m Pj := 10kN 


M 


: B := 6 kN-m P 2 := 20kN 


Solution: 


Support Reactions : 


a + b-p 1 -p 2 =o 


í±-^=0; 

C + XM b =0; A-(3a) - P r (2a) - p 2 -a + Mg = 0 

2Pj + P 2 Mi 

Solving Eqs. (1) and (2): A :=- 



( 2 ) 


A = 12.5 kN 


B 
3a 

B = 17.5 kN 


B := p l + p 2 - A 


Moment Function: 


M(x) = A-TCx - 0) - Pj-TCx - a) - PjTCx - 2a) 
Slope and Elastic Curve : 


d 2 -v 

= 1 

IDfM U 

1 j 


9 v 7 

f 

--- j 

dx 

I 

1 + 

d 2 V 


2-.U- 1 *, 1 


E I-= A-¥(x - 0) - Pj-TCx - a) - P 2 -'P(x - 2a) 

dx 2 

dv A 2 P 1 2 P 2 2 

EI-= —'F(x-O)-T(x-a)- l P(x-2a) + Ci 

dx 2 2 2 1 


P P 

E I v = —-T(x - 0)^ —— T^x - a)^ —— *^(x - 2a)^ + C^x + C 2 


( 1 ) 


Boundary Conditions : v=0 at x=0 

From Eq. (1): 0=0-0 + 0 + C 2 C 2 := 0 


Also v=0 at x=3a. 

P P 

From Eq. (1): 0 = —-^(3a - O ) 3 - —-T(3a - a ) 3 - —-T(3a - 2a ) 3 + C r (3a) 

6 6 6 


A 3 M 3 r 2 3 

Ci :=-(3a) +-(2a) +-a 

1 18a 18a 18a 


Cj = -76.00 kN-m 


A P 1 p 2 

Equation of Elastic Curve: a Q := — aj :=-a 2 :=-a 3 := Cj 


a 0 = 2.08 kN 


a 1 = -1.67 kN 

a 2 = -3.33 kN 

a 3 = -76.00 kN-m 

Ans 

V = —1 

EI 


x - 0) 3 + aj-T(x 

- a ) 3 + a 2 -T(x 

- 2 a) ^ + a 3 *x^] 

i 

Ans 


















Problem 12-41 


The beam is subjected to the load shown. Determine the equation of the elastic curve. EI is constant. 
UseMacaulay Function: 'F(z) := ®(z)(z) skNkn 20 kN 

Given: a := 1.5m b := 3m 
P := 20kN 


r 


rr. I 

J 5 L 



A 

J- ^ B 

_ 

1.5 

ni— ' 

-- 3 m- 1 . 5 m. —- 


kN 

w := 6 — 
m 

Solution: L := 2a + b 

Sunport Reactions : 

íl_EF,=0; A + B- P-w-a = 0 (1) 

ZM a = 0; -(wa)-(0.5a) + P-(a + b) - B b = 0 (2) 

Solving Eqs. (1) and (2): B := —• [-(wa)-(0.5a) + P-(a + b)] A := P + w-a - B 

b 

B = 27.75 kN A=1.25kN 

Moment Function : 

M(x) = -O^w-^Ffx - O ) 2 - (-0.5)w- v P(x - a ) 2 + A-^Pfx - a) + B l P(x - a - b) 
M(x) = -0.5w x^ + 0.5w x P(x - a)^ + A- l P(x - a) + B x P(x - a - b) 

Slope and Elastic Curve : 
d 2 -v 

E-I-= M(x) 




dx 

d 2 V 





/rmui uri 


tttrrITTT 


t 




TT .H 


tw*» 


E-I-= -0.5w-x 2 + 0.5w-T(x - a)^ + A-'P(x - a) + B-T(x - a- b) 

dx 2 

dv 1 3 1 3 A 2 B 2 

E-I = —wx H—w-T(x-a) H-T(x-a) H-'F(x-a-b) + Ci (3) 

dx 6 6 2 2 

1 4 1 4 A 3 B 3 

E-I-v =-w-x h -w-T(x-a) H-T(x-a) H-T(x-a-b) + Ci-x + C? (4) 

24 24 6 6 1 2 


Boundarv Conditions : v =0 at x=a and x=a+b. From Eq. (4): 

1 4 

0 = -w- a +0 + 0 + 0 +Ci-a + C^ 

24 1 


0 =-w-(a + b)^ h -wb^ -t-b^ + 0 + Ci - (a + b) + C? 

24 24 6 1 2 


(5) 

( 6 ) 


(6)-(5): 


1 

Ci := - 


1 4 1 4 A 3 1 4 

—w-(a + b)-w-b-b-w-a 

24 24 6 24 


25.125 kN-m 


1 4 

From Eq. (5): Cj '■= — -w-a -Cj-a 


-36.422 kN-m 


w A B 

Equation of Elastic Curve: a ;= — ai ;= — a? := — a^ := Ci a/i := CA 

° 24 1 6 z 6 J 1 * z 

kN F o ^ 

a Q = 0.25— a^ = 0.2083 kN a 2 = 4.625kN a 3 = 25.13kN-m a 4 = -36.42 kN-m Ans 

A A q q \ 

Ans 


j:^-a 0 x +a 0 - v P(x-a) +a^* v P(x-a) + a 2 * v P(x - a - b) + a 3 -x + a 4 


































Problem 12-42 


The beam is subjected to the load shown. Determine the equation of the slope and elastic curve. EI is 
constant. 3 tN/m 

15 kN-m 

J aJ U j ) 


UseMacaulay Function: 'T (z) := 0(z)(z) 
Given: a := 5m b := 3m 

kN 

M n := 15kN-m w := 3 — 

m 

Solution: L := a + b 

Sunport Reactions : 

Z F =0; A + B - w- a = 0 


- 5 ni 


- 3 cii- 


( 1 ) 


Q T,M a = 0; (wa)-(0.5a) - B-a + M Q = 0 (2) 

1 

Solving Eqs. (l)and (2): B := —|”(wa)-(0.5a) + M 0 ”| A := w-a- B 

a L - 1 


rnrumnmn 5 

nmr 


i , t 

WS 


IXrlfr. 


B = 10.5 kN A = 4.5 kN 
2 


Moment Function : 

M(x) = -O^w-T^x - 0)^ - (-0.5)w- x Ffx - a)^ + A-^Ffx - 0) + B T / (x - a) 
M(x) = -0.5w-x^ + 0.5w-T(x - a)^ + A-x + B T / (x - a) 

Slope and Elastic Curve : 
d 2 -v 

EI-- = M(x) 

dx 

2 

E-I-= -0.5w-x 2 + 0.5w-'P(x - a)^ + A-x + B- v P(x - a) 

dx 2 


dvl3l 3 A 2 B 2 

" —w-T(x-a) H-x H-'F(x-a) + Cj 


EI-= —wx 

dx 6 6 


2 2 

1 4 1 4 A 3 B 3 

E-I-v =-w-x h -w-Yfx —a) H-x H- Yfx — a) +C 1 X + C 7 (4) 

24 24 6 6 1 2 

Boundary Conditions : v=0 at x=0 and x=a. From Eq. (4): 

0 = —0 + 0 + 0 + 0 + 0 + C 2 


(3) 


1 4 A 3 

0=-w-a +0 h -a + 0 + Ci-(a) 

24 6 1 


C 2 :=0 

1 3 A 2 2 

Ci := —w-a -a Ci = -3.125kN-m 

1 24 * 1 


Equation of Elastic Curve and slope : a~ •= — ai *= — a-> := — 

0 24 1 6 z 6 


a 3 - Cj 


kN 

a n = 0.125 — 
m 


a 1 = 0.75 kN 

a 2 = 1.75 kN 


a3 = -3.125 kN-m^ 

_ 1 ( - 

V - _a n x 

E-I x o 

4 4 

+ a 0 - v P(x-a) 

3 

+ a^-x + a2- v k(x - 

, 3 > 
a) +a 3 'Xl 

1 


0 = j;^-4-a 0 x^ + 4-a 0 - l F(x - a)^ + 3a^-x 2 + 3 a 2 *T / (x - a ) 2 + ^ 


Ans 

Ans 

Ans 



































Problem 12-43 


(1) 

( 2 ) 

A := w-a - B 
A = 0.75 w-a 

2 


constant. 

UseMacaulay Function: 'E (z) := ®(z)-(z) 

~ kN 

Given: a := m w := — 
m 

Solution: L := 2a 

Siwport Reactiom : 

T F v =0: A + B - w- a = 0 

C+ 13^=0; (wa)-(0.5a) - B-(2-a) = 0 

SolvingEqs. (1) and (2): B := — -(wa) 

4 

B = 0.25 w-a 

Moment Function : 

M(x) = -O.Sw^fx - O ) 2 - ('-0.5)w'Ffx - a ) 2 + A-^x - 0) 

M(x) = — 0.5w-x 2 + 0.5wT(x - a ) 2 + A-x 

2 

Slope and Elastic Curve : EI := kN-m EI Q := 1 

A 2 

d -v 

EI-- = M(x) 

dx 

d 2 v 

EI-= -0.5w-x 2 + 0.5w-'E(x - a ) 2 + A-x 

dx 2 

EI — = —1 w-x 2 + —w-^x - a ) 3 + —-x 2 + Ci (3) 

dx 6 6 2 1 

1 4 1 4 A 3 

EI-v =-w-x H-w-'E(x-a) H-x -fCi-x + Co (4) 

24 24 6 12 

Boundary Conditions : v=0 at x=0 and x=2a. From Eq. (4): 

0 = —0 + 0 + 0 + 0 + C 2 C 2 - = 0 

1 4 ( O 4 A 3 

0=_ 24 W ( 2a ) + v 24 J" W " a ++C l'( 2a ) 




--d 

- X -- 

- lT - 


\ -já 

■-dl-- 



Vi 

__ ... 

1 - 

H , 

- , 


-r-^J 


__ 

1 


Yjl 


X 1 

1 z 

-WdL 

4^ 

W' 



F 


um 

+- T ~ 






6 

1 3 1 3 2A 2 

Ci := —w-a-w-a-a 

1 3 48 3 


Ci =-w-a' 

1 16 


Equations of Elastic Curve and Slope : 


1 


v(x) :=- 

EI 0 V 


1 


1 


141 4 

— w-x H-w-Wx-a) + 

24 24 24 


4 3w- a 3 3 


4 


5 

Displacement at C: Substitute x=a into Eq.(4). v(a) = 


Ans 


1 3 1 


3 A 2 


Y 


114 1 J 7 

0(x) :=- —w-x H—w- x F(x-a) H-x +Cj m 

EI^ Y 6 6 2 ) 


o V 


Slope at A: Substitute x=0 into Eq.(3). 


3 


íwa 3 ^ 

0(0) = 

m 

l E w 

16 



Ans 


















































Problem 12-44 


JF y = 0; 


A + B - w-a = 0 


ZM a = 0; (wa)-(0.5a) - B-(2-a) = 0 


( 1 ) 

( 2 ) 


Determine the equation of the elastic curve. Specify the slope at A and B. £7 is constant. 
UseMacaulay Function: 'P (z) := 0(z)(z) 

Given: kN 

a := m w := — 
m 

Solution: L := 2a 

Siwport Reactiom : 

4 






^2- 

- x -- 

-lT- 


’ V 

■-l7-- 


SolvingEqs. (1) and (2): B:= - (wa) 

4 


B = 0.25 w-a 


Moment Function : 


A := w-a - B 
A = 0.75 w-a 
2 


M(x) = -O^w-^Ffx - 0) - (-0.5)w- x F(x - a) + A- x F(x - 0) 
M(x) = -0.5w-x 2 + OSw-^ix - a)^ + A-x 



EI 0 := 1 


Slope and Elastic Curve : EI := kN-m 

d 2 -v 
EI-- = M(x) 

dx 

2 

EI-= -0.5w-x 2 + 0.5w- x F(x - a)^ + A-x 

dx 2 

dv 1 3 1 3 A 2 

EI-= —w-x H—w-Wx-a) H-x + Ci 

dx 6 6 2 

1 4 1 4 A 3 

EI-v= - w-x H- w-Wx-a) H- x +C 1 X + C 9 

24 24 6 1 z 

Boundary Conditions : v=0 at x=0 and x=2a. From Eq. (4): 

0 = -0+ 0 + 0 + 0 +C 2 C 2 := 0 


n"i 1 11 1 1 11 j u 


trm 


W 


n 




(3) 

(4) 


1 


D 4 A 


°=-— w '( 2a ) +| — j-w-a +—-(2a) +C r (2a) 


24 ) 


1 3 1 3 2A 2 

Cj := —w-a —-w-a--—a 


48 


Ci =-w-a 


16 


Equations of Elastic Curve and Slope : 

, . 1 ( 1 4 1 ., 4 3w-a 3 3 3 ^ 

v(x) :=--w-x H-w- (x — a) H—— -x —— w-a -x | 


EI 0 V 24 


24 


24 


16 


Ans 


1 f 1 3 1 3 A 2 ^ 

0(x) :=- —w-x h— w-Wx - a) H-x + Ci 

* * 0 1 


ELA 6 6 ' ' 2 l ) 


0 ( 0 ) = 

16 

íwa 3 'l 

m oJ 


/ 

7 

0(L) = — 
48 

w-a 3 ^ 

. EI oJ 


Ans 


Ans 


7 ^ 
















































Problem 12-45 


20 kN 

\ 


A ' 

I—I 

-1.5 ni- 




20 kN 

\ 


The beam is subjected to the load shown. Determine the equation of the elastic curve. EI is constant. 
Use Macaulay Function: T* (z) := 0(z)(z) 

Given: a := 1.5m P := 20kN 

Solution: L := 4a 

Support Reactions : 

±í T.F y = 0: A + B - 2P = 0 (1) 

C+ ZM b = 0 ; A-(2a) - P-(3a) + P a = 0 (2) 

Solving Eqs. (1) and (2): A := P B := P 

Moment Function : 


-Im- 


-1.5 ni—■ 




Z6 MJ 




M(x) = -P T(x - 0) + A-'F(x-a) + B 'P(x-3a) 

2 

Slope and Elastic Curve : EI := kN - m 

ã 

d -v 
EI-- = M(x) 

dx 

d 2 v 

EI- — = -P-T(x-O) + A-T(x-a) +B'P(x-3a) 
dx 2 

dv P 2 A 2 B 2 

EI-= — T(x-0) +— T(x-a) + —¥(x-3a) + Ci 

dx 2 2 2 

P 3 A 3 B 3 

EI-v =- 'F(x-O) +— T(x-a) +— T(x-3a) +C r x + C 2 

6 6 6 

P 3 A 3 B 3 

EI-v =-x H- 'F(x-a) H-^(x-Sa) + C 1 X + C 9 

6 6 6 1 2 

Boundary Conditions : Due to symmetry, dv/dx=0 at x=2a 


_ 


i 

3 

/ i 


Zo KA 


( 1 ) 


( 2 ) 


FromEq. (1): 0 =-E(2a ) 2 + y-¥(2a- a ) 2 + 0 + Cj Cj := 


aA 2 

2-P-- -a 

2 ) 


Also v=0 at x=a. 


P 3 

From Eq. (2): 0 = -—-a + 0 + 0 + Cq-(a) + C 2 


P A 

Equation of Elastic Curve: a Q := — a] := — a 2 := C] 

6 6 

a D = 3333.33 N aj = 3.3333 kN a 2 = 67.5 kN-m 2 


Cj = 67.50 kN-m 
P 3 

C 7 := —a - Ci-a 
2 6 1 

C 2 = -90 kN-m 3 
a 3 := C 2 

a 2 = -90 kN-m 3 Ans 























Problem 12-46 


The beam is subjected to the load shown. Determine the equation of the slope and elastic curve. EI is 
constant. 


kN 

A 

;= 2 - 

m 


a - P = 0 

(i) 

.) -B-a + P-L = 0 

(2) 


íE 


UseMacaulay Function: 'T (z) := 0(z)(z) 
Given: a := 5m b := 3m 
P := 8 kN 

Solution: L := a + b 

Sunport Reactions : 

1F=0: A + B - 


SolvingEqs. (1) and (2): B := —• [(wa)-(0.5a) + P-L] 

a 

B = 17.8 kN 

A := w-a + P - B A = 0.2kN 


2 kN/ni 


mm 


SkK-m 
_ ) ' 


■ 5 m 


-3 m- 







Moment Function : 


M(x) = -OSw^ (x - 0)2 - (-0.5)w x P(x - a)^ + A-^Ffx - 0) + B l P(x - a) 
M(x) = -0.5w-x 2 + 0.5w x P(x - a)^ + A-x + B x P(x - a) 


Slope and Elastic Curve : 
d 2 -v 

EI-- = M(x) 

dx 


z twfm 

mnnn 






2 

EI-= -0.5w-x 2 + 0.5w- x P(x - a) 2 + A-x + B x P(x - a) 

dx 2 

dvl3l 3 A 2 B 2 

EI-= —w-x H—w x P(x-a) H-x h -^(x-a) + Ci 

dx 6 6 2 2 

1 4 1 4 A 3 B 3 

EI-v =-w-x H-w-Wx-a) H-x H-Wx-a) +C1X + C9 

24 24 6 6 1 2 

Boundary Conditions : v=0 at x=0 and x=a. From Eq. (4): 

0 = —0 + 0 + 0 + 0 + 0 + C 2 




T* m 

r 4 


(3) 

(4) 


1 4 A 3 

0=-w-a +0 h -a +0 + Ci-(a) 

24 « 1 


6 


C 2 :=0 

r , 1 3 A 2 

Ci := —w-a-a 


24 


Cj = 9.583 kN-m 


w A B 

Equation of Elastic Curve and slope : a •= — ai = — ao ' — ao ' Ci 

0 24 1 6 z 6 J 1 


kN H 2 

a 0 = 0.0833— a^O.l^kN a 2 = 2.9667kN a 3 = 9.583kN-m 


Ans 






































Problem 12-47 


The beam is subjected to the load shown. Determine the slope at.4 and the displacement at C. EI is 
constant. 


kN 

A 

:= 2 — 


m 


a - P = 0 

(i) 

.) - B-a + P-L = 0 

(2) 


íE 


UseMacaulay Function: 'T (z) := 0(z)(z) 
Given: a := 5m b := 3m 
P := 8kN 

Solution: L := a + b 

Sunport Reactions : 

T.F y = 0; A + B - 


SolvingEqs. (1) and (2): B := —• [(wa)-(0.5a) + P-L] 


2 kN/ni 


SkK-m 

V 


■ 5 m 


-3 m- 


A := w-a + P - B 
A = 0.2 kN 


B = 17.8 kN 

Moment Function : 

M(x) = -0.5w x P(x - 0)2 - (-0.5)w- l P(x - a)^ + A- x P(x - 0) + B l P(x - a) 
M(x) = -0.5w-x 2 + 0.5w x P(x - a)^ + A-x + B x P(x - a) 


Slope and Elastic Curve : EI := kN-m 


d 2 -v 

EI-- = M(x) 

dx 


EI 0 := 1 


j 

l_, 

: J 

1 1 ,L 

ic : ~ j -_1 


;; 

1 £'*** 

1 1 




liuim-m 


t 




iJB vi 




(3) 


2 

EI-= -0.5w-x 2 + 0.5w- x P(x - a)^ + A-x + B l P(x - a) 

dx 2 

dvl3l 3 A 2 B 2 

EI-= —w-x H—w x P(x-a) H-x H-^(x-a) + Ci 

dx 6 6 2 2 

1 4 1 4 A 3 B 3 

EI- v =-w x H-w-Wx-a) H-x H-Wx-a) +C 1 X + C 9 (4) 

24 24 6 6 1 2 

Boundary Conditions : v=0 at x=0 and x=a. From Eq. (4): 

0 = —0 + 0 + 0 + 0 + 0 + C 2 


í m 


in 






1 4 A 3 

0=-w-a + 0 H-a +0 + Ci-(a) 

24 6 1 

Equation of Elastic Curve and slope : 

1 f 1 4 1 

v(x) :=—-w-x h -w-Ytx-a) 

Ely 24 24 


C 2 :=0 

1 3 A 2 2 

Ci := —w-a-a Ci = 9.583kN-m 

1 24 6 1 


6 


Displacement at C: Substitute x=L into Eq.(4). 

.3 A 2 


_Lf_i 

Ely 


3 1 

i + —i 
6 


Slope at A: Substitute x=0 into Eq.(3). 



Ans 


Ans 













































Problem 12-48 


The beam is subjected to the load shown. Determine the equation of the elastic curve. 

Use Macaulay Function: 'T (x) := G) f x V x 150 kN m 

kN 

Given: Li := 2m L 9 := 3m w n := 150 — 

m 

Solution: L := L^ + L 2 r 

Support React : ~”~ * 

w 

+t 2 ^=0; A + B - w 0 -Lj - -f-L 2 = 0 (1) 



lL 

, ] TTTt - 

- M n 

- x —* 

- 2 n 

T3 

1- 

E=- 

-3 m- 


jf w 0 7 w 0 ( l 2^1 

C + ^=0; -—.L l Z + —.L 2 \ — ) -B-L 2 = 0 (2) 

2 T 2 


Solving Eqs. (1) and (2): B := 


-3Lj +L 2 


6l 2 
B = -25kN 


•w 0 A:= w 0 -(Lj + 0.5L 2 )-B 

A = 550kN 


Moment Function : 

w 


Éfe 


B liiiiLin 





POf^ 


KÜf<J 




W _ \y 

M(x) = —^•'FCx - O) 2 + ^-•'P(x - Lj) 3 + A-^(x - Lj) 

,2 

d *v 9 

Slope and Elastic Curve : EI-= M(x) EI := kN-m EI Q := 1 

Hv 2 


EI '^ = -^•' í '( x - O) 2 + - L lf + A-T(x - Lj) 

EI — =---^(x - O) 3 +-—•'Pfx - L,) 4 + — -Wx - L,) 2 + Ci (3) 

dx 6 24-L 2 v " 2 V " 1 

(4) 


w. 


w. 


■'O 4 "o / x 5 A / x 3 

EI-v =-Wx-O) +- v P(x - Li) +—T(x-Li) +C r x + C 7 

24 120-L 2 v l i 6 v l i 1 2 


Boundary Conditions: v=0 at x=L, Given 

w o 4 

From Eq. (4): 0 =-— -Lj + 0 + 0 + Cj-Lj + C 2 

Also v=0 at x=L. 

w o 4 w o s A 4 

FromEq. (4): 0 =-L +-ÍL - Li) + —ÍL - L,) + C r L + C 9 

24 120-L 2 V 6 v 1 2 

Solving Eqs. (5) and (6): Guess Cj := lkN-m 2 C 2 := lkN-m 3 

í Cl \ 

v C 2 j ? 


FindfCj ,C 2 ) Cj = 410kN-m 2 C 2 = -720kN-m 3 


(5) 

( 6 ) 









































w o w o 

Equation of Elastic Curve: a,, •=-ai =- 

° 24 1 120- U 


a 2 := T a 3 := C 1 a 4 := C 2 


1 


1 


6.25 — kN aj = 0.42 -kN a 2 = 91.67 kN 


m 


m 


EI 


a3 = 410.00kN-m 
4 


a 4 


= -720.00 kN-m 


(x-Li) 

| 5 + a 2-T| 

(x-L,) 

| 3 + a 3 -x + 


Ans 

Ans 

Ans 





Problem 12-49 


Determine the displacement at C and the slope at A of the beam. 

Use Macaulay Function: 'P (x) := 0(x)x t50kN'm 

kN 

Given: Li := 2m L 9 := 3m w n := 150 — 

m 

Solution: L := L^ + L 2 r 

Support Reactions : 

w 

+t A + B - w 0 -Lj - ~L 2 = 0 (1) 





- M R 

- X -* 

- 2 n 

T3 

1 - 

E=-3=^ 

- 3 m - 


jf w 0 7 w 0 ( l 2^1 

<L + ZM a = 0; -—.L l Z + —.L 2 \ — ) -B-L 2 = 0 (2) 

2 T 2 


Solving Eqs. (1) and (2): B := 


-3Lj +L 2 


6L' 


•w 0 A := w 0 |Lj + 0.5L 2 ) - B 


B = -25kN 


A = 550kN 


Moment Function : 


ISO CD j= hço)í3)--22£r<i 

rri— 

t p 

K) 7 I T 

TrrEvri^ t 

1 . ?írJ 


irmmiH 

l* d 

ra- 


S£DeJ 


2 W 0 


M(x) = -—•'F(x-O) + 

z 0 L 2 


•'Wx - Ljj 3 +A-'P(x-L 1 ) 


,2 

d *v 9 

S/ope and Elastic Curve : EI-= M(x) EI := kN-m EI Q := 1 

Hv 2 


w, 


j2 w * v¥ . 

= -^•' I/ ( x - °) + ■^•' í '( x - L l) + - L l) 


dv w o 3 

EI-=-T(x- 0) 

dx 6 


w 

24- l 2 


w„ 


v o 4 w o 

EI-v =- Wx-0) +- 

24 120-L 2 


o / \4 A / \2 

—-'Pfx-Ll) + -.t(x-L 1 ) + Cj 

•T(x - L i)^ + -5-'I / ( x - L i) 3 + Cj-x + c 2 


(3) 

(4) 


Boundary Conditions: v=0 at x=L, Given 

w o 4 

From Eq. (4): 0 =-— -Lj + 0 + 0 + Cj-Lj + C 2 

Also v=0 at x=L. 

w o 4 w o s A 4 

FromEq. (4): 0 =-L +-ÍL - Li) + —(l - L,) + C r L + C 9 

24 120-L 2 V l ' 6 v l ' 1 2 

Solving Eqs. (5) and (6): Guess Cj := lkN-m 2 C 2 := lkN-m 3 

í Cl \ 

v C2 J ? 


FindfCj ,C 2 ) Cj = 410kN-m 2 C 2 = -720kN-m 3 


(5) 

( 6 ) 










































Equation of Elastic Curve and Slope: 


1 

v(x) := — 

EI 


f 


w, 


w, 


o 


o 4 

- Wx-O) + 

24 120-L 2 


¥ 


Displacement at C: Substitute x=0 into Eq.(7). v(0m) = -720- 

EL, 


( x " L i) 5 + 7' í '( x - L i) 3 + c r x + L 

111 Ans 


0(x) := — 
EI 


w o 3 w o / n4 A / n2 

.-.Vix-O) + —.Tfx-L,) +T T(x-L,) + Cj 


24-L 


4 ^ 
2 




Slope at.4: Substitute x=L 1 into Eq.(3). 


e N- 210 iT 


Ans 


(7) 








Problem 12-50 


Determine the equation of the elastic curve. Specify the slope at A. EI is constant. 


Use Macaulay Function: 'F(x) := 0(x)x 

kN 

Given: L := m EI n := 1 w := — 

m 

Solution: 


Support Reactions : 

±í XF v = 0 : A + B - w-L = 0 (1) 

Ç?I.M a = 0; —(0.5L) wL - BL = 0 (2) 

Solving Eqs. (1) and (2): B := -0.5wL 




A := w-L - B A = 1.5 w-L 


Moment Function : 

M(x) = -(0.5w)- v F(x - O) 2 - (-0.5w)-'P(x - L) 2 + A-^x - L) 

,2 

d -v ? 

Slope and Elastic Curve : EI-= M(x) EI := kN-m 

dx 2 

d 2 v 

EI- — = -(0.5w)- v F(x - O) 2 - (-0.5w)-¥(x - L) 2 + A-^Cx - L) 
dx 2 

dv w 3 w 3 A 2 

EI -=- T(x-O) +—Wx-L) +—T(x-L) + Ci 

dx 6 6 2 1 


L 

1. L J 



ULJJJJJLLLL 


I MM 

| r 


3 w ■ 


(3) 


ki J- 
Jj 


w 4 w 4 A 3 

EL v =- Wx-0) + Wx-L) + — Wx-L) +C r x + C 9 (4) 

24 24 6 1 2 

Boundary Conditions: Given 

w 4 

v=0 at x=L From Eq. (4): 0 = -L + 0 + 0 + C^-L + C 2 

w 4 w 4 A 3 

v=0 at x=2L From Eq. (4): 0 =-(2L) +-L + —L + Ci-(2L) + C 9 

24 24 6 1 2 

Solving Eqs. (5) and (6): Guess Cj := lkN-m 2 C 2 := lkN-m 2 


/c i^ 1 - 

^FindfCj.Cz) Cj = — w-L' 


7 T 4 

-w- L 

24 


Equation of Elastic Curve and Slope: 

1 f w 4 w 
Eli 24 X + 24 


(5) 

( 6 ) 


1 ( w 4 w 4 3w-L 3 1 3 7 

v(x) := —-x H- Wx-L) H- ^ (x - L) H— w-L -x-w-L 

v 7 uii o/i 0/1 v 7 10 v 7 o 24 


1 f w 3 w 9 

0 ( x ) : = — _ t ' P ( x “ °) +--'I / (x-L) + 
Eli 6 6 


12 

3 9w-L 


4^ 


Ans 


Tr 'f(x-L) 2 + e 1 ] 


Slope at.4: Substitute x=L into Eq.(3). 0(L) = — 


Ans 






































Problem 12-51 


Determine the equation of the elastic curve. Specify the deflection at C. EI is constant. 


UseMacaulay Function: 'F(x) := 0(x)x 

„ kN 

Given: L := m w := — 
m 

Solution: 

Support Reactions : 

±í T.F y = 0: A + B - w L = 0 (1) 

C+T.M a =0-, -(0.5L) wL - B L = 0 (2) 

Solving Eqs. (1) and (2): B := -0.5wL 






i 


Moment Function : 


A := w- L - B A = 1.5 w-L 


Lm £hb 


TTTT 


M(x) = -(0.5w) x F(x - O) 2 - (-0.5w)- v F(x - L) 2 + A-^x - L) ávjl 

j A 

d -v o 

Slope and Elastic Curve : EI-= M(x) EI := kN m EI Q := 1 

dx 2 

d 2 v 

EI-— = -(0.5w)- v F(x - O) 2 - (-0.5w)-¥(x - L) 2 + A-^Cx - L) 
dx 2 


dv w 3 w 3 A 2 

El-=- Wx-0) + —-Wx-L) + —-Wx-L) + Ci 

dx 6 7 6 2 7 1 


(3) 


kfL 


w 4 w 4 A 3 

EL v =- Wx-0) + Wx-L) + —-Wx-L) +C r x + C 9 (4) 

24 24 6 1 2 

Boundary Conditions: Given 

w 4 

v=0 at x=L From Eq. (4): 0 = -L + 0 + 0 + CyL + C 2 

w 4 w 4 A 3 

v=0 at x=2L From Eq. (4): 0 =-(2L) +-L + —L + C r (2L) + C 9 

24 24 6 1 2 

Solving Eqs. (5) and (6): Guess Cj := lkN-m 2 C 2 := lkN-m 2 


j . 

c ^:=Find(C,,C 2 ) C,=-wL- 


7 

C 9 =-w- L 

2 24 


(5) 

( 6 ) 


Equation of Elastic Curve: 

1 f w 4 w 4 3 w-L 3 1 3 / 41 , 

v(x) := —-x +-'PIx - L) +- Wx-L) + -w-L-x-w-L ! Ans 

Eli 24 ^/i n v ? ">/i 


24 


12 


7 

24 


4^ 










































Problem 12-52 


Determine the equation of the elastic curve. Specify the slope at B. EI is constant. 


Use Macaulay Function: 'F(x) := 0(x)x 

„ kN 

Given: L := m w := — 

m 

Solution: 

Support Reactions : 

±í T.F y = 0: A + B - w L = 0 (1) 

C+T.M a =0-, -(0.5L) wL - B L = 0 (2) 

Solving Eqs. (1) and (2): B := -0.5wL 




+ i 


Moment Function : 


A := w- L - B A = 1.5 w-L 


M(x) = -(0.5w)- v F(x - O) 2 - (-0.5w)-'P(x - L) 2 + A-^Cx - L) 


,2 

d -v o 

Slope and Elastic Curve : EI-= M(x) EI := kN m EI Q := 1 

dx 2 

d 2 v 

EI-— = -(0.5w)- v F(x - O) 2 - (-0.5w)-¥(x - L) 2 + A-^Cx - L) 
dx 2 

dv w 3 w 3 A 2 

EI -=- T(x-O) +—Wx-L) +—T(x-L) + Ci 

dx 6 6 2 1 


mnmii 

1 . 1'TTrTJ ^ 

áWL ml 

Z, & 


(3) 


EI-v 


w 4 w 4 A 3 

=- T(x-O) +—T(x-L) +—Wx-L) +C r x + C 9 (4) 

24 24 6 1 2 


Boundary Conditions: Given 


w 4 

v=0 at x=L From Eq. (4): 0 = -L + 0 + 0 + CyL + C 2 

w 4 w 4 A 2 

v=0 at x=2L From Eq. (4): 0 =-(2L) +-L + —L + Ci-(2L) + C 9 

24 24 6 1 2 

Solving Eqs. (5) and (6): Guess Cj := lkN-m 7 C 2 := lkN-m^ 


7 T 4 

-w- L 

24 


:=Find(C,,C 2 ) C,=-wL' 

\ 2 J 

Equation of Elastic Curve and Slope: 

1 f w 4 w 4 3w-L 3 1 3 / 

v(x) := —-x H- Wx-L) H-'F(x - L) H— w-L -x-w-L 

Eli 24 0/1 10 v * 


(5) 

( 6 ) 


24 


lí w 3 w 9 

0 ( x ) : = — _ t ' P ( x “ °) +--'I / (x-L) + 
Eli 6 6 


12 

3 9w-L 


7 

24 


4^ 

J 


Ans 


Slope at A: Substitute x=2L into Eq. (3). 0 (2L) 


—.-fc-iAc,) 


Ans 







































Problem 12-53 


The shaft is made of Steel and has a diameter of 15 mm. Determine its maximum deflection. The 
bearings at A and B exert onlv vertical reactions on the shaft. E st = 200 GPa. 


Given: a := 200mm 

b := 300mm 


d Q := 15mm 
Solution: L := 2a + b 
Section Property: I 



64 


(1) 

( 2 ) 


Ê 


Sunport Reactions : 

ít_£F/=0; A + B-Pj-P2=0 

C+I.M b = 0; A-L-P r (a + b)-P 2 b= 0 

PI • (a + b) + P 2 • a 

SolvingEqs. (1) and (2): A :=- A = 201.429 N 


f £0$ mm 

eot+s* zsà« ias)* 


3 

*mm\ 


B := P 


B = 128.571 N 


Moment Function : 

M(x) = A-Y(x-O) -P r l P(x-a) -P 2 x P(x-a-b) 


Slope and Elastic Curve : E-1 


A 2 
d v 


A 2 
d -v 


= M(x) 


dx 


E I-= A-T(x - 0) -P r Y(x-a) - P 2 v P(x - a - b) 

dx 2 


dv A 2 P 1 2 2 2 

E4-= —'F(x-O)-'F(x-a)-'F(x-a-b) +C 

dx 2 2 2 


2 P 2 


p ^ 

EIv = —'P(x-O) 3 - ^(x - a) 3 -*P(x - a - b) 3 + Cj-x + C 2 (2) 

6 6 6 


.3 P 2 


( 1 ) 


Boundary Conditions: 

v=0 at x=0 From Eq. (2): 0=0-0 + 0 + C 2 C 2 :=0 

A ■> p l t p 2 -> 

v=0 at x=L From Eq. (2): 0= —-(L - aj-a + Cj-(L) 

6 6 6 


Equation of Elastic Curve: 


1 

v(x) :=- 

E-I 


f 


A 3 


1 


A 2 P 1 3 P 2 3 

Ci :=-L +- (L-a) +-a 

1 6 6L 6L 


,3 P 2 


— *x-'F(x-a)-'F(x-a-b) +Ci*x. 

\6 6 6 1 ) 


Cj = -8.857 N-m 


( 3 ) 


Maximum Deflection: Assume v max occurs at a < x < a+b. Given 




















A 9 P 1 9 

dv/dx=0 at x’, From Eq. (1): 0 = —•x’ —— *(x’ “ a ) - 0 + Cq 

Solving Eq.(3): Guess x’ := 300-mm x’ := Find(x’) 

x’ = 330.05 mm 

For v max , substitutex’intoEq.(3). v(x’) = -3.64mm 


Ans 


Note: The negative sign indicates downward displacement. 



Problem 12-54 


Determine the slope and deflection at C. £7 is consi 
Given: Lj := 8m L 2 := 4m P := 75kN 

Solution: 

Support Reactiom : L := Lj + L 2 

+f ZFy= 0; A + B - P = 0 (1) 

ZM b =0; A-Lj + PL 2 = 0 (2) 



Solving Eqs. (1) and (2): A := -P- 

L i 


B := P- 


L 1 + l 2 






-37.5 kN B = 112.5kN 


M/EI Diagram: 




^-k 't ^ r 

^ íp ' j iilíej 


Set EI := kN-m EI 0 := 1 


M'l( x l) ( A x l)'ã 

Moment-Area Theorems , 
Slopes : 


t 


b.a : = 7 M 'i( L i) L r 


e A := 


2 

| l B.A 


Vi 
3 ) 


0* = 400 — 
A FT 

m o 



e C.A : = T M 'l( L l) L l +{ M ’l( L l)' L 2 


Distance (m) 



I 

0 C.a| “ °A 

0 r = 1400- 

^ FT 

m o 


Ans 


Deflections: 

*C.A 4 M 'l( L l) L l 


í\ 


J 1 I 1 / X 

— + L ~> ' + T m l( L l)’ L 2' 


A C := hc.A _ T ' I*' 


B.A 


V 2 


A c = 4800 


m 


EL 


pv 

V 3 ) 

Ans 
































Problem 12-55 


Determine the slope and deflection at B. EI is constant. 






lt 'I W 2EÍ 


w l V* " &A 




2£f 


* Ü- 


PLr 

2ÊÍ 


Am 


*imd 


- &(H 


PIS 


XI 


AU 



Aaá 


5& 

ft 























Problem 12-56 


If the bearings exert only vertical reactions on the shaft, determine the slope at the bearings and the 
maximum deflection of the shaft. EI is constant. 


H 0 



L 

L 

0 

2 


SflPfrarl A**cfá*rrf and t^STÀC Cyrkr. Ai ■ kuwn. 
.irriv AiiAuvi. 

jTíit - A rpa Thfjt r*ja r m 

- -iSHexí^fâ^í) 
= ii £ 

L I 24 -Ei 
In j ian_ t TijrLirr. 


W.L 


*'■ " *' p ;jflf 


Am 


Tílí I1U.IÜUH iif LtJcmcnl «nin u p.-|r.; « 0. 

If«. 


'--iSH"-* 


■M* - 

T 


3£!d. 


1 ' T" 


The mium.m ^■jpUaiKii. u, 


'ü-j 




.feü 

2Lfi& 
































Problem 12-57 


Determine the slope at B and the deflection at C. EI is constant. 




















Problem 12-58 


Determine the slope at C and the deflection at B. EI is constant. 




















Problem 12-59 


The 60-kg gymnast stands on the center of the simply supported balance beam. If the beam is made of 
wood and has the cross section shown, determine the maximum deflection.The supports at A and B 
are assumed to be rigid. E w = 12 GPa. 

Given: m Q := 60-kg L := 2.7m 

b t := 125mm b^ := 75mm 

h := 150mm E := 12GPa 

Solution: W := m Q -g 

Support Reactions : By symmetry, A=B=R 
+f SFy=0; 2R - W = 0 

R := 0.5W R = 294.20 N 





kítglO 


I 

t±n C 


'T- 

if 

p 


1 1.» A. 

1 


z-ft- 

.2.») 



Z.? Ht s.lf VK 


Jf t ^ 


Section Property : Ab := b f - 


yC= S-(Ai) 


(b b -h)-(0.5h) + 0.5Ab-h- 


y c := 


}) 


b^-h + 0.5Ab-h 


I := —-b^-h^ + ^b|yh)-(0.5h - y c j 2 + — • Ab-h^ + (o.5-Ab-h)- 


y c = 68.75 mm 

fh f 
13 “ y V 


I = 27539062.50 mm 


M/EI Diagram: 


xj := 0,0.01L.. L 

M 'i( x i) := f( Rx 0 iTf 


x 2 


:= L, 1.01 L.. (2L) 





1 

E-I 


Moment-Area Theorems: 


Deflections: 

t A.C : 4 M ' 1 <L)L| = 

A C := tA.C 
Aq = 5.84 mm 


2L^ 


Due to symmetry, the slope at 
midspan (point Q is zero. Hence, 

^max := 

A max “ 5.84 mm Ans 

































Problem 12-60 


The shaft is supported by a journal bearing at^4, which exerts only vertical reactions on the shaft, and 
by a thrust bearing at B , which exerts both horizontal and vertical reactions on the shaft. Determine the 
slope of the shaft at the bearings. EI is constant. 

Given: L := 0.3m a := 0.1 m P := 400N 


400 N 


Solution: 

Support Reactions : L := 2L 

Dne to anti-symmetry, B = -A 
C+ ZM b = 0; A- (2L) - P- (2a) = 0 


J=r 


A := 


a^ 

- p 

Lj 


B := -A 


A = 66.67 N B =-66.67 N 


M/EI Diagram: 

Set EI := kN-m 2 
xj := 0,0.01 L.. L 


EI 0 := 1 


x 2 := L, 1.01 L.. (2L) 




400 N 


~ r 

100 mm 


lOOmiii 

L 


B 


-300 mm- 


'300 mm- 


M’ 


’l( x l) := ( A x l) — M’ 2 (x 2 ) := [A-x 2 - P-(2a)]- — 


EI 


f 


[~|l t 

IP MIC 1 Ti 




a f 

~l $ 

Wl 


ji_ 

| JI 




Moment-Area Theorems: 
Slopes: 



-1 


2L^\ 1 

_i i _ a/p 


*B.A : = — M 'l(L)-L- — + -NTjCD-L- - + L 




0 A := 


2 1X ' V 3 ) 2 1N ' V3 

Ka\ 1 

- -- 0A = 0.008- Ans 

L A EI 0 




Due to anti-symmetry (or in a similar manner), 

1 


0 


B 


0, 


0 


B 


0.008 • 


EL 


Ans 


x l’ x 2 

Distance (m) 







































Problem 12-61 


The beam is subjected to the loading shown. Determine the slope at A and the displacement at C. 
Assume the support at A is a pin and B is a roller. EI is constant. 


j b',i|3üin PVHoriúirtti □.Tú’ lYJLurjr JVur*llyj—ft 
MIEt -Ti 

- Ji/d 7lH4FVdi|; py, B SkrcfKVy. Í& FkPf* * 
DEb.par. ■"p.'H ■ i rl”i L r . rixa. í LtbIH éh alr^if ai A | 



í, ■ 


" IS 

Thc-lu^l uir^ns i: £ u 




-KsMtMSHJ 

if m 


Am 


tiVlJI 



























Problem 12-62 


The rod is constructed from two shafts for which the moment of inetía of AB is I and i?C is 21. 
Determine the maximum slope and deflection of the rod due to the loading. The modulus of elasticity is 
E. 





















Problem 12-63 


Determine the deflection and slope at C. £7is constant. 


rt-i 


mH'r- 

“ I Civ.il -3i|4hi! 


M c .r 

' &EI 


- -ífcW-fKÍHHtf 


= 


tiEI 

L fifí 


Am 


2>. £i/ ijJ m i&f 


+ flji 

ft - 

r itf ~ «MI " lü 


Am 




































Problem 12-64 


If the bearings at A and B exert only vertical reactions on the shaft, determine the slope at^. EI is 
constant. 


A 





Mo 



a 


.WyfH J. 1 1 u g "ti iTi ■ Am ih:iva. 


Momini•Ãr^Pü tttvrtmj: 


j.* 




u r 

"IS" 


Th* íi?p( is 




I I , W , M * n 

1 4p tíflf 


Anu- 



=3* 



































Problem 12-65 


If the bearings at A and B exert only vertical reactions on the shaft, determine the slope at C EI is 
constant. 

Ma Mo 





I i 1 ? r jlIi-j ni and Elxitir f u^vi 1 A.i rjvY*'! - ' 

EidfiMvri ? "J ilawit 
.tfúrticm! - 4 nru rJkrvrrvia : 


-it-aKo-íeM-a 

*5 (.TE M** 7 )■* i (SW’** í) 


~íèF 


T C'J 



■1ZÍ 


l^ilijípc^Cis. 




Ihu], 


í£ 

4d 


JWpd 

ME. 1 




□ M t a 

Ê2£f + 7£' 


t£í 


Am 


Mp n. 





























Problem 12-66 


Determine the deflection at C and the slope of the beam at.4, B , and C. E7is constant. 

Given: Li := 6 m L 9 := 3m M n := 8 kN-m 

1 z 0 a B 

Solution: L := Lj + L 2 

Reactiom : 


je 


-6 m - 


=0; A + B = 0 


( 1 ) 


■*['-3 m - 


8 tN-m 


C+ ZM g =0; ALj + M 0 = 0 (2) 

Mq 

Solving Eqs. (1) and (2): A :=- 

L i 


B := -A 


-1.333 kN B = 1.333 kN 


M/EI Diagram: 


Set EI:=kN-m EI 0 := 1 


xj := 0 5 0.01-Lj.. Lj X2 := Lj, 1.01- Lj.. L 


M' 


l( x l) := ( A ' x l)'ií M 2 ( x 2) := [ A ' x 2 + B ’( x 2 - L l)]~ 


Moment-Area Theorems 
Deflections: 

te.A := 9 M 'i( L i)’ L r 


U ) 


t r 


1 


í i 


J 1 




C.A := 9 M 'l( L l)’ L r[“ + L 2j + M 'l( L l)' L 2’ “ 


A C hc.A - ~T ' rB.A 
L 1 



M M' 2 (x 2 ) 


Aq = 84 


m 


EL 


Ans 


Slopes: 


0 A := 


l B.A 


0 A =8 


EB 


Ans 


e B.A := T M 'l( L l) L l 


e B := rB.A 


0r := 0 


C.A 


0 B = 

1 

16- 

EI o 

+ M'j | 

( L i) 

I' l 2 

0 C = 

1 

40- 

EI o 


Ans 



























Problem 12-67 


The bar is supported by the roller constraint at C, which allows vertical displacement but resists axial 
load and moment. If the bar is subjected to the loading shown, determine the slope and displacement at 
A. EI is constant. 


□ 


a C 


S up* - H i^ülJI.I Hi ÉM/ ElãlÜ? CurF +.■ Ai Sliywn 
SíiEI ■'Vt -Ip-wm 

l/d a Efljü - .4 rru rfcryrrma: 




Ti 7 




iW 


Dui Ulh: rtliirtLill CftUTlllK. ÍK ElDfí ■ Sup>n C Ü-IÉCT Hi !>:■?. 
tíw jfcp* JiH.ii 


-Jíw - 


ífu' 

In 


Ani 


p 



■í n 

1 

□ 

pv 

r jll 

2A 





utJ lhe üü|llli A J 




































Problem 12-68 


The acrobat has a weight of 750 N (~75 kg), and suspends himself uniformly from the center of the 
high bar. Determine the maximum bending stress in the pipe (bar) and its maximum deflection. The 
pipe is made of L2 Steel and has an outer diameter of 25 mm and a wall thickness of 3 mm. 

Given: a := 0.9m 

b := 0.45 m t := 3 mm 

Solution: L := 2a + b 


d 0 := 25mm W := 750N 


E := 200GPa 


. ,0.45 m. 

h— 0.9 m —| 1 B | '— 0.9 m — 


Support Reactions : By symmetry, A=B=R _ ^ _ 

+f ZF = 0; 2R - W = 0 P 




SIS <4 SIS <4 


R := 0.5W R = 375.00 N 


Section Property : r Q := 0.5d Q 


r- ;= r - t 


T n f 4 4 

I: =--(r^ -ti 


Maximum Bendiug Stress: 


^max • a a max * 



^max* r o 

I 


a max = 330.17 MPa 


Ans 

< a Y = 703 MPa (O.K. !) 


M/EI Diagram: 
xj := 0 , 0 . 01 -a.. a 


X 2 := a, 1.01-a., (a + b) X 3 := (a + b), 1.01-(a + b).. L 


1 


M 'l(xi) := (R- x i)-— M' 2 (x 2 ):= R-x 2 - —-(x 2 - a) 


w 


1 

EI 


M’ 


'3< x 3) : = 


R x 3 - W- 


Xt- 


1 


2 )\ EI 


Moment-Area Theorems: 


Deflections: 

U.C := 2 M 

A c := U.c 


2a^l 

.3 ) 





Aq = 65.74 mm 


Due to symmetry, the slope at midspan (point C) is zero. Hence, 
^max := ^max “ 65.74 mm Ans 

































Problem 12-69 


Determine the value of a so that the displacement at C is equal to zero. EI is constant. 

P P 


i , Jc 



Tít&tWi} 


..K-fK‘)~£ 


ífuO 

' 4REÍ 


Rõ{urr 


FüL? 


fl¬ 


uí- 


#W 3d£J 

L 


Aeèí 


t.T.I .+ 
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d_ 





























Problem 12-70 


The beam is made of a ceramic material. In order to obtain its modulus of elasticity, it is subjected to 
the elastic loading shown. If the moment of inertia is / and the beam has a measured maximum 
deflection À, determine E. The supports at.4 and D exert only vertical reactions on the beam. 



"f ■ AW \ f rtí Tf Lpjç iu írnir/ry, -jc iLnpc jj 

rr. .Irjnr | p.-.fii f~ ■ l- eeii Eíoux í-c m ji-ill— Juplx^iffil b. 


Rã^iire. i H , = i. 4i£n, 

j-l£T ■ " 


e» —( jl 3 
■ 






*. L - 


;\nh 





























Problem 12-71 


Determine the maximum deflection of the shaft. EI is constant. The bearings exert only vertical 
reactions on the shaft. 




























Problem 12-72 


The beam is subjected to the load P as shown. Determine the magnitude of force F that must be 
applied at the end of the overhang C so that the deflection at C is zero. EI is constant. 
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A 

|--Í7-'1'-rí--|-- n 






Pa 3 2 Fd 1 





















Problem 12-73 


At what distance a should the bearing supports at.4 and B be placed so that the deflection at the center 
of the shaft is equal to the deflection at its ends? The bearings exert only vertical reactions on the shaft. 
EI is constant. 

P P 

A B 


Supp&ri Rfüúúüti i ãfíd CtfPTf; Aí aliowrt. 

M/Et Úiagram: A^|lu;wn 

WflPItfíir - ^rí4i ThtWvmi _ Dui UJ a^lCUEJL- 4 Jy, lhcs]upcji 
miEdjpjn (pui: im E\ ii zero. 

a,-K..I-(-*][— j(— 


^K-ím^iC-S«(r) 


24Q 
= f r ev£l 

Rêquirc, d É = á r p ihçtL, 

28^-24^+3JL 1 =0 

d =0.1 HL 



2 -Ü- 

- L? -- 

-L- 

--lT-- 


^ f £ -J4. [" ^ 

? F 




Ar 


A iii 

































Problem 12-74 


Determine the slope of the 50-mm-diameter A-36 Steel shaft at the bearings at.4 and B. The bearings 
exert only vertical reactions on the shaft. 

Given: a := 0.5m b := 0.8m c := 1.2m d Q := 50mm 

P 1 := 600N P 2 := 1200N E := 200GPa 

Solution: L := a + b + c 

Siwpoii Reactions : 

+ ^_2F V =0; a + B-P 1 -P 2 =0 


(1) 

C+I.M b = 0; A-L-P r (b + C)-P 2 -C= 0 (2) 

Pj-(b + c) + P 2 -c 
Solving Eqs. (1) and (2): A :=- 



B := Pi +P 9 - A 


A = 1.056 kN B = 0.744 kN 


Section Property : I := 


ti • d^ 


64 





M/EI Diagram: 

xj := 0 5 0.01-a.. a x 2 := a, 1.01-a., (a + b) x 2 := (a + b), 1.01-(a + b).. L 

M 'l( x l) : = ( A ' x l)"p7r M 2 ( x 2) := [ A ' x 2 - P l‘( x 2 - a )]~ 


M 1 


• 3 (x 3 ) := [a-x 3 - p r (x 3 - a) - P 2 -(x 3 - a - b)} — 


Moment-Area Theorems: 
Slopes: 

1 2c 

tB.A := -M’ 3 (L-c)-c- — ... 

1 


b ,3 



+ -(M' 2 (a + b)-M' 1 (a)).b-l- + cj 

(b \ 1 ( 2a x i 

+ M-j^-b-lj + cj + - jj 


Distance (m) 


t 


0 A := 


B.A 


0 A = 0.01046 rad 


l A.B : = -M’ 3 (L-c)-c- 


^ 


3) 


\, , (l-b \ 

+ -(M' 2 (a + b)-M' 1 (a)).b-l —+ aj ... 


+ M' 1 (a)-(b)-[^ + aJ + ^M' 1 (a)-a- 


2a^ 































Problem 12-75 


Determine the maximum deflection of the 50-mm diameter A-36 Steel shaft. It is supported by bearings 
at its ends A and B which only exert vertical reactions on the shaft 

Given: a := 0.5m b := 0.8m c := 1.2m d Q := 50mm 

P 1 := 600N P 2 := 1200N E := 200GPa 

Solution: L := a + b + c 

Sunport Reactions : 

ft_ZF v =0; A + B - Pj - P 2 = 0 (1) 

C+I.M b = 0; A-L-P r (b + C)-P 2 -C= 0 (2) 

Pj-(b + c) + P 2 c 



Solving Eqs. (1) and (2): A := 


B:=P 1 + P ; 


A = 1.056 kN B = 0.744 kN * 


Section Property : I := 


ti • d^ 


tt 


64 


F 1 í f-ZfTY I 


M/EI Diagram: 

xj := 0 5 0.01-a.. a x 2 := a, 1.01-a.. (a + b) X 3 := (a + b), 1.01-(a + b).. L 

M 'l( x l) : = ( A ' x l)'p7r M 2 ( x 2) := [ A ' x 2 - P l‘( x 2 - a )]~ 


M 1 


• 3 (x 3 ) := [a-x 3 - p r (x 3 - a) - P 2 -(x 3 - a - b)} — 



e A : = 


l B.A 


0A = 0.01046 rad Ans 


Maximum Deflection: Assume v max occurs at point E ( a < x' < a+b ). 
Slopes: 

1 1 x’ 

0g a = — M’^(a)*a + M'j(a)-x' 4—^M' 2 (a + b) - M'j(a)j — x’ 


2 

1 A-a 


A-a 


p a =-a H-x’ 4-fA-(a + b) - Pi -b - A-al — x’ 

bA 2 E I E-I 2E-lL 1 J b 























x' = 733.27 mm <0.8m ( O.K !) 

Deflection: 


l A.E 


2a^ 


’, 3 , 


— M' 1 (a)-a-^ —j + M' 1 (a)-x'-|— + aj +-(M' 2 (a + b) - M’ 1 (a))---x’-| — 


T fli T 

.2 ) 2 


x' 

"b' 


2-x' \ 


a i 

3 )\ 


^max • I l A.E 


A max = 8.161 mm 


Ans 



















Problem 12-76 


Determine the slope of the 20-mm-diameter A-36 Steel shaft at the bearings at A and B. The bearings 
exert only vertical forces on the shaft. 


Given: a := 0.2m b := 0.3m c := 0.5m d Q := 20mm 

Pj := 800N P 2 := 350N E := 200GPa ^msn 
Solution: L := a + b + c 
Sunport Reactions : 

+ ^j;f,= 0 ; a + b-p 1 -p 2 =o 


( 1 ) 


D A 


-300 mm ■ 


■ 500 mm ■ 


f 


Ç+1M b = 0; -P r L + A-(b + c) -P 2 -c= 0 (2) SOON 

P j • L + P 2 ‘ c 

Solving Eqs. (1) and (2): A :=- B := Pi + Po - 

b + c 1 z 

, A = 1218.75 N B = -68.75 N 


350 N 


Section Property : I ;= 


n ■ d.. 


64 




'2■ A |T1 r ÍJ-ff M 


M/EI Diagram: at6ífA 

xj := 0,0.01-a., a x 2 := a, 1.01-a., (a + b) x 2 := (a + b), 1.01-(a + b).. L 

M ’i( x i) := (- p r x i)~ m 2( x 2) : = [- p r x 2 + A '( x 2 - a )]~ 

M 3( x 3) := [- p r x 3 + A '( x 3 - a) - P 2'( x 3 " a " b )]"^T 



*A.B := ^M’ 3 (a + b)-c-(| +bj +M’ 3 (a + b)-b-^ 


1 , , ^ 

-(M' 2 (a)-M' 3 (a + b))-b|-j 


tof-.Â- 


A 


2) 


? B 


| l A.B| 
b + c 



0g = 0.00592 rad Ans 

































Problem 12-77 


Determine the displacement of the 20-mm-diameter A-36 Steel shaft at D. The bearings at.4 and B 
exert only vertical reactions on the shaft. 


Given: a := 0.2m b := 0.3m c := 0.5m d Q := 20mm 


Pj := 800N P 2 := 350N 
Solution: L := a + b + c 
Siwport Reactions : 

4 


E := 200GPa i - !:i ° ^ 


ZF y = 0 ; 


A + B-Pi-Pt=0 


( 1 ) 


D A 


-300 mm ■ 


■ 500 mm ■ 


f 


C+ZM b =0; -P r L + A-(b + c) -P 2 -c= 0 (2) SOON 


350 N 


Solving Eqs. (1) and (2): A 


Pj * L + P 2 * c 


B := Pi + P 9 - A 


b + c 

A = 1218.75N B = -68.75 N 


Section Property : I ;= 


ti • d^ 


64 


* JV J . . 


(]'í* 

SgeL 


M/EI Diagram: 

xj := 0,0.01-a., a x 2 := a, 1.01-a., (a + b) x 2 := (a + b), 1.01-(a + b).. L 

M ’i( x i) := (- p r x i)~ m 2( x 2) : = [- p r x 2 + A '( x 2 - a )]~ 

M 3( x 3) := [- p r x 3 + A '( x 3 - a) - P 2'( x 3 " a " b )]"^T 


Moment-Area Theorems: 

Deflection : 

1 ( 2q\ fb \ 

*D.B := ~ M' 3 (a + b)-c-^L —j + M' 3 (a + b)-b-^— + ... 

\, v fb A 1 2a 

+ -( M ' 2 (a) -M' 3 (a + b)j-b-^- + aj + -M' 1 (a)-a-y 

l A.B := ^ M 3( a + b)-c-f| + b) + M' 3 (a + b)-b-^j ... 

_(_ _|IV/l'-/o\ | 

2 ' 



x 1 ’ x 2’ x 3 

Distance (m) 


2 ' V3 ) 

-(M' 2 (a) -M' 3 (a + b))-b- 


3 J 


•- l D.B 


Aq = 4.98 mm 


b + c 


l A.B 



Ans 


































Problem 12-78 


The beam is subjected to the loading shown. Determine the slope at B and deflection at C. EI is 
constant. 

Mn 


Tbèjslope: 




r n 

tfllí 
b 1 

_EW 

] 

L 

j + t)J 

Mr 

T ** 
2 

£/(íI+j^]i J 


9b = 


+ b) 

int/t Mo-tfr* +■ íub* — 2íf 3 }- 


a + b 


iEfia + fr>* 


Thfc éuTfcctÚMt: 


Vrtf * rl 


1 


lEKü+bí 


x ‘<i) 


Mnfc 3 


Ani 


tm# + t) 


^v 


* 


1 


h£. 


r 


M - 

"í+l 



Af 18 í —~í twí "" t Cfè 

ja4 b 

MdHF + W ~ ia 3 ) 
flí/(o + fr ) 1 
ÍlíüB&(jfr-o] 




CE 



6 ^/ílt + &) 





































Problem 12-79 


Determine the slope at B and the displacement at C. The bearings at.4 and B exert only vertical 
reactions on the shaft. EI is constant. 

F 


í 


\íam*nt - rL rra T Al t&ftms; 
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Problem 12-80 


Determine the displacement at D and the slope at C The bearings at.4 and B exert only vertical 
reactions on the shaft. EI is constant. 


-Wd m fJtí - A fs*ei Thf&r+tnil 





5^ 

4 EI 


□lí; io í>'rrjTwiry. ihí slopí ac raidipaifi í pòiiu D) Lé zeiu. Hoitc. 
ihí ilopí ilC m 


# c 



The i3bfpluccm?ii^ ui D ú 
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A D * 
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Problem 12-81 


The two force components act on the tire of the automobile as shown. The tire is fixed to the axle, 
which is supported by bearings at A and B. Determine the maximum deflection of the axle. Assume 
that the bearings resist only vertical loads. The thrust on the axle is resisted at C. The axle has a 

diameter of 32 mm and is made of A-36 Steel. Neglect the effect of axial load on deflection. 

50 mm 


d Q := 32mm 


Given: a := 50mm 

b := 650mm h := 450mm 

Solution: L := a + b 
Sunnort Reactiom : 

+ t 


2F y = 0; F y - A + B = 0 


^M a = 0; 


F y a + Fjj h - B b = 0 


F y := 4.5kN 
E := 200GPa 


( 1 ) 

( 2 ) 


F h := lkl 


450 mm 


Solving Eqs. (1) and (2): B := 


Fy‘ a + F h' h 


A := F y + B 



4.5 kN 


71 á 

Section Property : I :=-d Q 




M/EI Diagram: 
xj := 0 , 0 . 01 -a.. a 




X 2 := a, 1.01-a.. L 
1 

EI 


IF h.l T 


■>, r- v ^ 

F*J 

1 

T* _ 1 

r i 



M 'l( x l) : = ( F h' h + F v‘ x l)'"p~T M 2 ( x 2 ) : = [ F h' h + F v ' x 2 - A '( x 2 - a )]"^7 


Moment-Area Theorems: 


Deflections: 
l A.B := - M 'l(a)-b- 


3) 


M' 


’l( x l) 


t 


0 B = 


A.B 


0 B := 


M'j (a)-b 


M M' 2 (x 2 ) 


0.05 


6 


The maximum displacement occurs at point C, 
where 0 C = 0. Let x' = L - x 



0 


C.B 


“'!<»)'! I' 




•X 


0.2 0.4 

x l’ x 2 

Distance (m) 


e C = e B + e C.B 

MW-b i x - 2 

0 =-+ —M’, (a)- 

6 2 1 b 

T 


x':=b-/— x' = 375.28mm <b = 650 mm (O.K. !) 


At • = t 


B.C 


^.C = 0 B.C 


2 x'^ 


3 J 

, x’\l f 2 x’^ 

M ' 1<a )'l 1 jU' x '\T ) 


— 0 


B.C 


= 0 


C.B 


A max • A C 


A max= L78mm Ans 





































Problem 12-82 


Determine the displacement at D and the slope at C The bearings at A and B exert only vertical 
reactions on the shaft. EI is constant. 


20 kN 


Given: a := 0.3m P := 20kN 
b := 0.9m 

Solution: L:=2a + b 

Support Reactions : By symmetry, A=B=R A 
+f XF y = 0; 2R - 2P = 0 
R:= P 

Maximum Bendiug Stress : M max := R a 
M/EI Diagram: 


j MN 

* i i* 


Set EI := kN-m EI 0 := 1 


f" 


2IJ tN 


L 



I 


■1 

1 'IflJl mm 

■ yi.iH f mm 

ifVk mm 1 


I MN 


MN 1 


xj := 0,0.01-a.. a 


M' 


3( x 3) : = [' 


R. X 3 _p.( X 3 _ a )_p.( 


X 2 := a, 1.01-a.. (a + b) x 3 := (a + b), 1.01-(a + b).. L 

1 

EI 

n 1 

x 3 -a- • 


M 'l( x l) : = ( R x l)-4r M 2 ( x 2 ) : = [ R ' x 2 - P '( x 2 - a )]~ 


bj\-~ 

U EI 




- - -- - 


h 


Moment-Area Theorems: 

Deflections: 

1 ( 2 aA 

t A .C :=-M’ 1 (a)-a|yj + M’ 1 (a). 


t 


A.C 


m 


= 1.5975- 

V/ TJJ 



EI o 

Due to symmetry, the slope at midspan (point Q is zero. Hence, 

m 


^max ’ 


max 


= 1.5975- 


EL 


Ans 

























Problem 12-83 


Beams made of fiber-reinforced plastic may one day replace many of those made of A-36 Steel since 
they are one-fourth the weight of Steel and are corrosion resistant. Using the table in Appendix B, with 
cr a iiow =160 MPa and r allow = 84 MPa, select the lightest-weight Steel wide-flange beam that will safely 

support the 25-kN load, then compute its maximum deflection. What would be the maximum deflection 
of this beam if it were made of a fiber-reinforced plastic with E n = 126 GPa and had the same moment 

of inertia as the Steel beam? 25 kN 

Given: a allow := 160MPa P := 25kN L := 3m 

T allow 84MPa E := 126GPa 

Solution: 

Support Reactions : By symmetry, A=B=R b - — 3 -T-3 m -*j 



+f SFy=0; 2R- P = 0 R := 0.5P R=12.50kN 


Maximum Moment and Shear: 

V •= R V 

v max • AV v max 

^max •- ^max 


12.5 kN 

37.5 kN-m 


Bending Stress: 

c ^max 

^req'd 

a allow 


*req'd : 


234375.00 mm 





— c 

imnt tbj 


Select W 310x21 : S x := 244-(l0^)mnf* d := 303mm t w := 5.08mm I := S x -(0.5d) 

Shear Stress : Provide a shear stress check. 

V 

T max - T~”“T T max = 8 * 12MPa < "allow= 84 MPa (O.K.I) 

l w ü 

Hence, Use W 310x21 Ans 

MZEI Diagram: 


x 1 := 0,0.01-L.. L 

M 'i( x i) := f( R x i)'i7T 


X 2 := L, 1.01 L.. (2L) 





1 

EI 


Moment-Area Theorems: 
Deflections : 

<A.C : =Í M 'i< L ) L (t) 

A c := Wc 

Aq = 24.15 mm 

Due to symmetry, the slope at 
midspan (point Q is zero. Hence, 

^max 



A max “ 24.15 mm Ans 





























Problem 12-84 


The simply supported shaft has a moment of inertia of 21 for region BC and a moment of inertia / for 
regions AB and CD. Determine the maximum deflection of the shaft due to the load P. The modulus of 
elasticity is E. 


I» 


j4 J 

M = 

. J 

1 . 

: D 

■ h 

„T 



. r. 

1 L 

L 

L 

L i 

4 

4 

4 

4 


JZmppari and FtaçtU Ciim; Aj ?howii- 


M/El D\n.grnir?: Al $buwn. 


Mú m én: - A rcn Thvprtms r EXie ta E>wa«ry B Ifie slape iL raidjpM 
CpüüiiE) üiírü Kirttfc. 


= L 


‘-«m 


2 ',.mj 


3 PD 


Aní 


































Problem 12-85 


The A-36 Steel shaft is used to support a rotor that exerts a uniform load of 5 kN/m within the region 
CD of the shaft. Determine the slope of the shaft at the bearings A and B. The bearings exert only 
vertical reactions on the shaft. 

5 kN/m 


i 


¥ 


■ 20 mm 

|— iÜO mm- 


VTV, 

« TTTT1 


\- 

4C 

--3 

L -\ - 

) mm 

íQÜ mm- 


PP® 


20 mm I 
-100 mm-j 





&A - 0|M * 


4jm 

Èí 






-OúfflOtirHt-Q.litf" 


Am 













































Problem 12-86 


The beam is subjected to the loading shown. Determine the slope at B and deflection at C. EI is 
constant. 








El 


3# 



2E1 2 3 2 El 




êp = && c = 


12£7 


Ans 
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2Swa 4 
4 8EJ 


Aíis 
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Problem 12-87 


Determine the slope of the shaft at A and the displacement at D. The bearings at^4 and B exert only 
vertical reactions on the shaft. Elis constant. 


Suppprt Rfitcíious Cfíd EíüSIiú Çmrwf ; As jlwwi. 



\í:£i Diagratrr: Ai ihnwn. 


fntm - A na Theo rttns: 



Pa 1 

6Êf 




The slupc ai A is 


L ta l W 


Ahjc 


a *r 

l— í — m 




i 

E * í * í 



ThctfispLacfmeni íi O is 


























Problem 12-88 


Determine the slope at B and the displacement at C. The member is an A-36 Steel stmctural tee for 

which / = 30(10 6 ) mm 4 . 25 kN 

kN 

Given: P : = 25kN L := lm w := 25— 25fcN,'m 

E := 200GPa I := 3o(l0 6 )mm 4 

Solution: 

Support Reactions : By symmetry, A=B=R 
+f XF y = 0; 2R' - P = 0 2R" - w(2L) = 0 

R := 0.5P 


















1 


1 m 


1 rm 


M/EI Diagram: 
x x := 0,0.01-L.. L 

For noint load P: 


R" := wL 
R = 12.50 kN R" = 25.00 kN 

x 2 := L, 1.01 L.. (2L) 


- 1 

f iV t ÜJ j 



Moment-Area Theorems: 

Slope : 

Due to symmetry, the slope at midspan (point Q is zero. Hence, 0 B = 0 B/C 
1 2 

0 B.C : = —* Mf i( L )* L + — (L) L 0 B := 0 RC 0 B = 0.00243rad Ans 


Deflection : 

tA.C := 


'l í 2L^ 2 

-.M’ 1 (L).L|yj + --M" 1 (L).L. 


5L^|" 

Ti 


A C *A.C 


^max • 


A max = 1-56 mm Ans 

















































Problem 12-89 


The W200 X 71 cantilevered beam is made of A-36 Steel and is subjected to the loading shown. 
Determine the displacement at its end A. ^ 

Given: p ;= 6kN 

E := 200GPa a := 2.4m 

Solution: L := 2a 


M 0 := 3kN-m 


Use W 200x71 : I : = 76 


. 6 -( 10 6 ) 


mm 



Elsastic Curve: The elastic curves for the concentrated load and 
couple moment are drawn separately as shown. 

Method ofSuperposition : 

Using the table in Appendix C, the required slope 
and displacement are, 





*A1 •= 


*A2 


P-L 

3EI 


*C2 




( 0 C2)' a \ 


*C 2 •= 


1 C2 


M o' a 

2ET 

M 0' a 

EI 






+ 

( Ai.\ m 


Hence, the displacement at.4 is 

| Ans 






A A := A A1 + A A2 


A a = 16.13 mm 





























Problem 12-90 


The W200 X 71 cantileveredbeam is made of A-36 Steel and is subjected to the loading shown. 
Determine the displacement at C and the slope at A. 


Given: p 

:= 6kN 

M 0 := 3kN-m 

E 

:= 200GPa 

a := 2.4m 


Solution: L := 2a 

Use W 200x71 : I ;= 76.6-(l0^)mm^ 



Elsastic Curve: The elastic curves for the concentrated load and 
couple moment are drawn separately as shown. 

Method ofSuperposition : 

Using the table in Appendix C, the required slope 
and displacement are, 


*C1 ■= 


0 


P-a 

6EI 

P-L 2 


•(3L - a) 1 


Al •= 


2EI 
0 A2 := °C2 


M o' a I 

in? := - ▼ 

2E-I 


0 C2 := 


M 0' a 

EI 


Hence, the slope at.4 is 
0 A := °A1 + 0 A2 





11 



0 a = 0.00498 rad Ans 


Hence, the displacement at C is 
A C := A C1 + a C2 

= 5.08 mm I Ans 



























Problem 12-91 


The W360 X 64 simply supported beam is made of A-36 Steel and is subjected to the loading shown. 
Determine the deflection at its center C. 


Given: a := 3m 


M 0 := 60kN-m 
kN 


E := 200GPa w := 30 — 

m 

Solution: L := 2a 

Use W 360x64: I := 179-(l0 6 )mm 4 




30kN/m 

llllllllí 


60 kN-m 


3m 


Elsastic Curve: The elastic curves for the uniform load and couple 
moment are drawn separately as shown. 

Method ofSuperposition : 

Using the table in Appendix C, the required displacements are, 


*C 1 


5w*L 

768E-I 


I 


M 0 f 


*C 2 


6 EI 


±\( 
L J [ 


a -3-L*a + 2-L 


•T 2 ) 


Hence, the displacement at C is 
A C := A C1 + a C2 


£ 


3 m 


[ [ i | | | íü tvfa 


i? 


h-H-—I * 

1 3* 1 3* 7 


Hf 

Jc^\„kC— 


Aq = 10.84 mm 


Ans 































Problem 12-92 


The W360 X 64 simply supported beam is made of A-36 Steel and is subjected to the loading shown. 
Determine the slope at A and B. 


Given: a := 3m 


M 0 := 60kNm 
kN 


30 kN/m 


TTTT 


6üfcN m 


E := 200GPa w := 30 — 

m 

Solution: L := 2a 

Use W 360x64: I := 179-(l0 6 )mm 4 




3m ■ 


3 


9) 


3m 


Elsastic Curve: The elastic curves for the uniform load and couple 
moment are drawn separately as shown. 

Method ofSuperposition : 

Using the table in Appendix C, the required slopes are, 




0 


7w*L^ 


Al 


384E-I 
Hence, the slope at.4 is 
0 A := 0 A1 + 0 A2 
0 a = 0.00498 rad 

0^ = 0.285 deg 


0 


A2 


Mq'L 

6 EI 


\ -Sn,'r m -1 


30f^ 


M St-" 


*11 + 


3 * 


O? 


"K—- 

H £ *i 


Ans 


0 B1 


3wL 3 

128E-I 


0 B2 


M 0 -L 

3EI 


Hence, the slope at B is 
0 B := e Bl + e B2 
0 B = 0.00759 rad 

0B = 0.435 deg 


Ans 






































Problem 12-93 


Determine the moment M 0 in terrns of the load P and dimension a so that the deflection at the center of 
the beam is zero. EI is constant. „ 



r 

16 n 

Rsqitire Lhe Jispíuwrrflnt iU C unu. 

í*T) a e - o •íArV+adi+ (**)* 

„ Aa 1 

í) = — -I-- + 

4$ El I6£l Jfi£J 




M 0 















































Problem 12-94 


The beam supports the loading shown. Code restrictions, due to a pias ter ceiling, require the maximum 
deflection not to exceed 1/360 of the span length. Select the lightest-weight A-36 Steel wide-flange 
beam from Appendix B that will satisfy this requirement and safely support the load. The allowable 
bending stress is <r allow =168 MPa and the allowable shear stress is r allow =100 MPa. Assume ,4 is a 
roller and B is a pin. 


Given: a a q ow := 168MPa a := 3.6m 

T allow := 100MPa w := 

E := 200GPa 

Solution: L := 2a 

^ Z Fy=0: A + B - w-a = 0 (1) 

ZM fí =0; A L • -0.5w-a 2 = 0 (2) 


Solving Eqs. (1) and (2): A 


wa 


2L 

A = 54 kN 

Maximum Moment and Shear: 


6Ü kN/m 


60 — 

U - 

LÍ 


m 


A 

B 




3 6 m 

3 6 m 








B := w a - A 
B = 162kN 


V, 


max 


:= max(A,B) 


V max =162kN 





Ell-pyJ 


ICIfJ 


M ma x occurs at x where V(x) = 0: 


V(x) = A - w O(x - a) 
0 = A - w-O (x - a) 


A 

x := — + a 
w 


Mmax A x - 0.5w*(x - a) M max = 218.7kN-m 


Strength critério n: 

^max 


^req'd * 


a allow 


S req’d “ 1301785.71 mm 


Select W 410x74: 
Shear Stress 


S x := 1330 


(io 3 ) 


mm 


d := 413mm t w := 9.65mm I := S x -(0.5d) 


Provide a shear stress check. 

V. 


"max • 


max 

v d 


"max 


40.65 MPa < x allow =100 MPa (O.K !) 


Deflection criterion: 

L 

^allow •“ ^allow ” 20 mm 

Using the table in Appendix C, À max := 0.006563 


w-L 

EI 


A max= 19-27 mm 


<A allow =20mm {O.K .!) 


Hence, 


Use W 410x74 


Ans 

























Shear (kN) 


xj := 0,0.01-a.. a 

X 2 := a, 1.01-a.. L 

v i( x >) <A) i; 

V 2( x 2) : =[ A -w( x 2- a )]- 

M iM : -( A '*i) kN . m 

^^2( x 2) := [A- x 2 _ 0.5-w-^X' 


a /f ( \200 

Z -- 

^ M 2 (x 2 ) 

£ - — 


X 1 ,x 2 

Distance (m) 


0 

V 2 (x 2 ) 


1 

kN-m 



0 5 

X 1 ,x 2 

Distance (m) 












Problem 12-95 


The simply supported beam carnes a uniform load of 29 kN/m. Code restrictions, due to a plaster 
ceiling, require the maximum deflection not to exceed 1/360 of the span length. Select the lightest- 
weight A-36 Steel wide-flange beam from Appendix B that will satisfy this requirement and safely 
support the load. The allowable bending stress is <r allow =168 MPa and the allowable shear stress is 

r aiiow = 100 MPa. Assume ,4 is a pin and B a roller support. 


Taiiow : = lOOMPa P := 40kN 
E := 200GPa 


kN 

w:= 29 — 
m 

Solution: L := 2a + b 

Support Reactions : By symmetry, A=B=R 
+f IF= 0; 2R - 2P - w-L = 0 

R := 0.5(2P + w-L) R= 109.60kN 
Maximum Moment and Shear: 





Ii-DfJ 


V = R 
v max • 


v,„ ax = 109.6kN 


M max occurs at midspan. 

M max := R-(0.5L) - P(0.5L - a) - 0.5w(0.5L)' 
M max = 131.52 kN-m 


rnriT nh~i 


30 fN/W 




Strength critério n: 

^max 



llZrt 1 , 2 - a . 


30 «JAt 


^req'd * 


a allow 


S re q'd - 782857.14 mm 


Select W 360x51 : 
Shear Stress 


S x := 794 


(io 3 ) 


mm 


d := 355mm t w := 7.24mm I := S x -(0.5d) 


Provide a shear stress check. 

V. 


"max • 


max 

v d 


"max 


42.64 MPa < x allow =10 ° MPã ( O K - ! ) 


Deflection criterion: 

L 

Aall °w ^ 


A allow= 13.33 mm 


Using the table in Annendix C, 


5w-L 


max ' 384E-I 


max 


[ L 2_ a 2_ 2] 

y6EIL ) L 

11.61 mm <A a jj ow =20mm ( O.K .\) 


Use W 360x51 


Hence, 


Ans 











































Shear (kN) 


xj := 0,0.01-a.. a X2 := a, 1.01-a., (a + b) X3 := (a + b), 1.01*(a + b).. L 

V l(*l) : =( R - w ' x l)Jj v 2 (x 2 ) : =(R-w^ 2 -P)^ V 3(x3):.(R-w.X3-2P).-Íj 

M l(xi) ( Rx l - O-í-xv*! 2 )— i— M 2 (x 2 ) := [r x 2 - 0.5 wx 2 2 - P (x 2 - a)}— 


kN-m 


M 


3( x 3) := [ R ' x 3 - 0-5 -wx 3 2 - P-(x 3 - a) - P-(x 3 - a - b) 


1 


'J kN-m 

















Problem 12-96 


The W250 X 45 cantilevered beam is made of A-36 Steel and is subjected to unsymmetrical bending 
caused by the applied moment. Determine the deflection of the centroid at its end A due to the loading. 
Hint: Resolve the moment into components and use superposition. 

Given: L := 4.5m 

E := 200GPa 0 := 30deg 


M 0 := 2.5kN-m 


Solution: 

Use W 250x45: 


I x := 71.1 


Iy := 7.03 


(io 6 ) 

(io 6 ) 


mm 


mm 


Displacements: 

Using the table in Appendix C, the required displacements are, 
M 0 -sin(e)-l3 M -cos(0)-L 2 



"x max • 


2EL 


yjnax * 


2EL 


Hence, the displacement at.4 is 
^A *“ \_max + ^yjnax 


M = 2.5 kNm 


Tf 

A. I 


A a = 10.54 mm 


Ans 








Problem 12-97 


The assembly consists of a cantilevered beam CB and a simply supported beam ^45. If each beam is 
made of A-36 Steel and has a moment of inertia about its principal axis of I x = 46(10 6 ) mm 4 , determine 



Aj) = 93.91 mm I Ans 

















Problem 12-98 


The rod is pinned at its end A and attached to a torsional spring having a stiffness k , which measures 
the torque per radian of rotation of the spring. If a force P is always applied perpendicular to the end of 
the rod, determine the displacement of the force. EI is constant. 



In üítier m nuâturn equilibriu-m, the rod has in ratuc íifúiigb an mglc Õ. 


£+ E Af* = ft: k6 - PL - 0; 



Hmce , 


4' = = 



k 


ElAitic á^arnktttkm: 


A" 


PL 3 

3F/ 




4 W 


Pü 


(i. —t 

JEl* 


Tlieirfurc* 

4 ■ A f + A' 


4 EU 












Problem 12-99 


The relay switch consists of a thin metal strip or armature AB that is made of red brass C83400 and is 
attracted to the solenoid S by a magnetic field. Determine the smallest force F required to attract the 
armature at C in order that contact is made at the free end B. Also, what should the distance a be for 

this to occur? The armature is fixed at A and has a moment of inertia of 1 = 0.18(10' 12 ) m 4 . 


Given: Ag := 2mm L := 50mm 

E := lOlGPa I := 0.18(l(f 12 )m 4 

Solution: La.C " = ^ L^g - = L 

Elsastic Curve: The elastic curves for the concentrated load and 
couple moment are drawn separately as shown. 

Method ofSuperposition : 


Using the table in Appendix C, the required slope 
and displacement are, 


0 C = 


fl ac 

2E-I 


2 


L 


2 mm — r | 


B 



50 mm 



S 


50 mm 


A 


A C = 


fl ac 


( 1 ) 


3EI 

Hence, the displacement at B is 

a b = A c + 0 c l cb 


a b = 


F := 


fl ac f ' l ac 2 

-+-L 

3EI 2E-I 

6A b EI 


CB 


2L AC +3L CB L AC 


F = 0.349 N 


Ans 


i 4* 


si 


vMvj, ' 

A 


—F 


f ' l ac 3 

From Eq.(l), := — = b-800mm Ans 






















Problem 12-100 


Determine the vertical deflection and slope at the end A of the bracket. Assume that the bracket is fixed 
supported at its base, and neglect the axial deformation of se^ment ÃB. ET is constant. 


Given: h 

:= 75mm 

L := lOOmm 

P 

:= 400N 

kN 

w := 4 — 

Soiutior- 


m 


Set EI := lkNm 2 


Elsastic Curve: 

The elastic curves for the concentrated load, 
uniform distributed load and couple moment 
are drawn separately as shown. 

Mg := 0.5 w-L 2 


4 kN/m 



Method ofSuperposition : 

Using the table in Appendix C, the required slope 
and displacement are ~ 

w-L 

0, 


*B2 


*B3 


M B h 

EI 

2EI 


J A1 •= 
0 A2 := 


6EI 

0 B2 


0 


A3 


0 


B3 


A A1 

A A2 

A A3 


w-L 

8EI 


I 


0 B2'( L ) 1 
0 B3'( L ) 1 


Hence, the slope at^ is 
0 A := °A1 + 0 A2 + 0 B3 

0.00329 

Oa = 0.00329 rad 0 A = - Ans 

A A EI 


10 ?^ 



The displacement at A is 
A A := A A1 + A A2 +A A3 


A a = 0.313 mm | 


A A = 


0.313 

EI 


Ans 














































Problem 12-101 


The W610X 155 A-36 Steel beam is used to support the uniform distributed load and a concenlrated 
force which is applied at its end. If the force acts at an angle with the vertical as shown, determine the 
horizontal and vertical displacement at point A. 


Given: L := 3m 


c v := - 


Solution: 

Use W 610x155: I 


P := 25kN 
4 

V=5 


E := 200GPa 
kN 

w := 30 — 
m 


x • 


1290 


I 


y *“ 


■(io 6 ) 

(l0 6 )n 


mm 


Elsastic Curve: 


The elastic curves for the concentrated load and 
uniform load are drawn separately as shown. 


Py := P-Cy 

P x : = P c x 


P y = 20kN 
P x = 15kN 



Method ofSuperposition : 

Using the table in Appendix C, the required displacement are, 
4 


w-L 


*A1 


*A2 ■= 


8E-I 


Py L' 

3EU 


The vertical displacement at A is 


A A_y := A A1 + A A2 


^A_y 


\ Ans 




i: 


imimi 


(U 




IÉ.F-J 


The horizontal displacement at A is 
3 

= 6.250 mm Ans 


P x‘L 


4 A x •= 


3EL 


'A x 





















Problem 12-102 



The framework consists of two A-36 Steel cantilevered beams CD and BA and a simply supported 
beam CB. If each beam is made of Steel and has a moment of inertia about its principal axis of I x = 

46(10 6 ) mm 4 , determine the deflection at the center G of beam CB. 

Given: P : = 75kN I := 46-(l0 6 )mm 4 


E := 200GPa L DC := 4.8m 
:= 4.8m L ^ ;= 4.8m 

Solution: 

Consider beam i?C: 

Support Reactions : By symmetry, B=C=R 
+f IF= 0; 2R - P = 0 R := 0.5P 


Method ofSuperposition : 

Using the table in Appendix C, the required slope 
and displacement are, 


Consider beamDC : 
Due to symmetry, 

Consider beam BC : 


RL 


A C 


DC 


3EI 


^B 


PL 


BC 


48E-I 



Hence, the displacement at G is 

a g := A c + a ’g 

Aq = 169.04 mm 


Ans 










Problem 12-103 


Determine the reactions at the supports A and B, then draw the moment diagram. EI is constant. 


Sitppon . 

2»ef t -0í a, = o 

4Ísç=G: 

■ 0; M 0 -A t L+H 3 =0 
Mumtttr Function; F&£>!b) 

f+ ZAf HJ s 6: *Í(J)+Af : , -V st 

' -M a 


Aih 


Stap* uni EtoitiC €iirvtl 


d 2 1> 

dr 1 - 


Et -v = V 

dx 1 r 


■Afn 


dx 2 

& A 


B atindajy Canéteitífif? 

Mi = 0, Pró» Eq.[4] h CjsO 


4t> 

Ac* =L, -r = D- Féüíu Eq. í'3 ],. 
áx 


0 » — — .WflL +■ Cl 


Al jc v =ü. Frora Eq [4], 

A f L J ,%L 2 


+ C.L 



Eq? |53 *nd [61 yicfcb, 




_ 3Wj> 
2 JL 


Ana 



SubiLPjdnf ,A r in-dj Tjjjí [ 11 ind [2] yieljda: 






















Problem 12-104 


Determine the reactions at the supports A and B , then draw the shear and moment diagrams. EI is 


constant. Neglect the effect of axial load. 


f+EAt - 0; 

“ tty) - A* = Ü 

<13 

* Í E^. - ei; 

-S 4 * - r - 0 

<« 


Mumca: hmcrioM: 

- tr r *i - M ã 


J 

1 ' 


i, 

2 


3 L 

3 L 


« A S - «4 


üfc.pt ,uiíJ':Íii-j: curve: 

4*v 

jJ.. 

i 

- L .-■■» ■ : 

? 

L-Uti, 

PwAf.tJfl = fl,*, - £J^=i - irf, 

H| 1 

Ml. 

1, 



fl 4£ 


1 J, 


^ ^ ^ * C, 

*í 


È 



EJvj = * Cj jt + Cg 

6 2 

- A,* - J4, 

e4r ’ V* - * 


= ifi! 

4rz 2 


“ Mâ*i+ Cj 


EJt, = 


= 


*w 




diíuJ-Jaiy LundiDüns: 

A* Ji ■■ fl, - g 


PüQm Eq. £ 3 ), 

0=0-0*^ C, nü 


AjI ^ ™ -LI| » fl 



H 





























Problem 12-105 


Determine the reactions at the suppoits A, B, and C; then draw the shear and moment diagrams. EI is 
constant. 


Suppert RtactivKt; 


A, - 0 Ani 

+ TSÇ-0; A,+*,+<;-W-0 

£+l«, =0: 

Mamffít Fnniitúm: FBI>(ls3 snd <c3- 

PL 

J Wí íl ) = C r ^,-ft í + T 
Stapt and EtaSite Curvt- 


&út 




dx 7 


&£■ = %\+c t 

OT] + 

£/ u, ■ + Cj J| + Q 

6 


PL 


s ZZ = \* 1 -1 4 + T*+ c> 

£7Uj ■ -»i}+y4 + C**t+E* 

■d 6 * 

flúujTtfjir^ íínrféJ-içmrr 

u 7 «O h Jj *0. FmEq,r4], C z = 0 

ííy> 

Duç to iynynç&y, —— •■ 0 ai j 3 = £. Fiõm Eq„(i[, 

*1 



P 

r i 

P 

r 

A ^- 



ui 


^=y= 

1 L 

L | L 

l I 

[21 1 2 

2 1 2 

2 1 

1^ 


vúy 

Aj: , ^ 


MúuCtC 




[3] 

1 *] 


[3] 

[«] 


CLi 1 Fí, 1 F£ T CLt 1 

>= i—r + T +C] ,=_ j 


Uj = G ai jj ■= £. Frara Eq [6], 

C,L J P£> FL J f C r L ]1 


1 P£ J PL-' f C_£ ] ^ 
-*■-+ —í— £ + Q 

* MU 


4£’ F^ 
+ " 3 " 12 


% 

(*> 


o»j 

vCO 

Nir^rt[ 



C Mt-Í 


íí; **k 


CcniiauiJy 


£ 

dfv, 

■ã J 

d*j 

H- 

:f+c,. 

2 \2 

) 1 


.££ 

2 


Aí je, t jc z i 


^ F£ z C,£ l 

C, » -- 

L JL 2 


U L ■ tij. Frcu-i Eqa. Kl 1 and [£]. 


5 gh?-¥]© 


+ c; L J P£* 




12 


Anu 


■Su^stimtLn.g Lnto Eqs.fl] and [2^ 
































Problem 12-106 


Determine the reactions at the supports, then draw the shear and moment diagram. EI is constant. 


Süpport 

-► ZF, = ú: a x * o 

+ TL^=0; 8, - A, 

Mumvtrt Fíipjl/Íbíhí; RiPíli) 4SIÜ (lí). 

M[X^ ■ -#*, 

M{t £ ) = M a ~A 7 JT t 

J%p dwíJ fíafJif Cííjtí: 


FoíMUi) = -**,. 


df 1 !» 




, Ju, ^ 1 

£, 4T = -r í+Ci 


Éf V, 

FurM{* 3 ) =M Á 


+ Jj + ^ 


d 3 l? S 

& *r=^ 


£T ij 3 = íítj] - + C 3 Jf- +C* 

C o nÚifi&RS'. 

Vj m ji 2 -ü. Fram. Eq.fà], C M ■ Ü 

év-, 

_£=0u* : =0. Ff«nEq.[-5| h C 3 =0 

" i 

ti = 0 Já =4- From Eq. [6], 


A4L 2 


_i£! 


ÊuÊvmy. Êqs.í2| and [7] yieJds, 


*'-T 


3P 


5 libíticutiji^ the valyc of a t íiua £q„{ ] ]„ 


"■■7 


Au 



N üttz n.; Qlhff btkJfldvy ànd nrmtanuíty candLlkíl.5 cafl he LiSfid Eu 
deimEiLne ihe constaria C ( and CjWhich are íioinesded hftç, 






















Problem 12-107 


Determine the moment reactions at the supports A and B. EI is constant. 


f+EAf, =Ch Pd+P{L~Q)+M A -AfL-M *0 
FL + M A -À y L-M a =0 

Nvmtnt Fttaçiianj; FB-D(b) uid (c). 

= 4^, 

j ) = Ay JCj - fej 4. P<1- .W„ 

Síop í tfüíí Êífljfíí 


J 3 ti 


Fílr AJ(i, Ji -A f -Afj, 


íf U| = + C| -‘ | +c i 


For JÍ(í 3 ) = a f i 2 - F* 2 + Fq-Ma i 


^ - 

S ^ = y*í " J*! + *»» "*ít*l + Ç! 

® «i * y*i - yí + y*í - y-*j + Cj *i + C, 

fll ii iiYTif iiry Cü fTiíifíiiJTS: 


dw r 

—* =0 M jtj =0, Frora Èq.[2], 
tlr t 

it 3 iO at i-, feü. Fram &U3). 


_ du 2 A ^ 

Due —— = 0 H Jtj = - 

■Ji; Á 


C =0 


c = 0 


FnJift Eq.[4]. 




[L] 


(2) 

[3] 


Hl 

Hl 


-fcgW-GHG) 

A,!.* PL 1 PaL M,l 

a + T~ i + 2 


dv, dVt . . _ 

Dur iü syrnmelrT- -j— * -—— al *j E ^ _t 2 = L^él E-í-md 

■:*x | íUj- 

E4t [3] arrfJ [4), 

j I ■ p 

A,V PL 1 Af„L 

+*,tt-* + & r ~ r +- r —j- 



Á 

-L- 

B 




1 

í í 



1 L 



t, j r jl ■ 

a r ^ 1 

lr £*b ’ Pt \ J 








■*^ b 

í» r 

r\ f *■ b x^_ 

r *Z. 1 


csj 


f. R ÍTÍTíjjliJ[íí_V CpUííJlPffííir 


At r. = jc -. = >i 


íii| dx~ 


—- * —-. Frocn Eqs. [1 | ard J4] fc 


Í^-K- 

- if! _ Fpl 

2 2 


£ A. L 1 F£. ? PaL SU L 


S * 2 

Pa 1 A V L 3 Pi 1 PaL M Ã L 


g ' + $ 


+ -r= Q 


SoLvüi^ Eqi.[6] ard [7] yitJdi, 


jM* = 

a 7 = r 


Àhí 


SdbidtUK iht viüut tfAdf^ arei -r.üi Hl|m. [Lj, 


P* 

*4 =— a-a) 


ACUS 


-A fc d 1 -—í- 




n 


i 
























Problem 12-108 


Determine the value of a for which the maximum positive moment has the same magnitude as the 
maximum negative moment. EI is constant. I» 


+ Tu; .4 T + fl, -F*G 

[1] 

£+ EMj 3Õ; A^+fi^i-Fd-O 

11] 

-VvncfAf FwJTfíaiíJií: FBD(b) and (e>. 


W( 1 3 ) = jíj - Fi 3 + FL - Pa 


Slape affrf C^í-‘ 


ti? 

■1 

| 


For iWí.J, > = J, „ 


a zf4';* c ' 

[31 

til = -J.*] +C|í| -I-Cj 

H] 


Fíw W£jr s ) - - Fz 2 


d 1 Uh 

£í —^ -Px t + PL-Pa 

*“í 

B*PUt~Pati +Cj 

&r 2 2 2 

B. j P \ FÍ-- T Po J ^ 

s f'I - +■ - jA + ^ + C, 


Ji&tífTífary C^nditiútiil 


V, =Ü il =0. 


From Eq.[^l, 
= í> íl JÉj = L. Fíom Eq.{5] 


Cs = o 


£ I 1 PL 2 

0=~L -- + PL JÍ -PaL+C i 

2 2 

„ FL 1 n r 

Ci = —í— - — + FiiL 

j j j 


V] ■ 0 Ü Jfj «= L. Frorç] E^. (£). 


_ 

_ 



1——1 

■-lT-■ 
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^ 1 
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íil-ü 



Fram Eqí.[-ij and [í], 

. , fPj z p 

O □ 2 2 
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F,i. J Pi 1 Pt 1 PaL 1 i' £,Z. ! PL. 1 . 'I 


ÍL 1 Pt 1 \ , 0,L’ Pt’ PhL* 

Fü ] Fa 1 ! ÍL ] 


C* * —— + — ■- 
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Corili^thity ^andiliant; 


- + — =0 

6 2 5 

Fí 3 Fa= 

jS, --- — = —-í 3 £ - li 

J 2L 1 2L 3 2L 1 

S l bi’j r^in ç hm E^s..( L] and [2j_ > t Juw 


. , ffü L 


Frofll Eqi.fci uri E5J. 
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•£ -£ i 

Bi 1 Pt» 


{ íi 1 Pt> \ 
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Problem 12-109 


Determine the reactions at the supports, then draw the shear and moment diagrams. £7 is constant. 

Süpp\>ri Rtuciioni: FBD-£i). 


*0 


a t =*o 

+ ÍE^ =fc A, +B ? + ^-^£ = 0 

"fc *^+4 W- nfcl(L) * 0 

iWpnifní KBD{bJ. 

£ + = Oí " Mjc) - j j + C T ^ * 0 





C.1J 

DJ 


Eí-Éíííí Íif/Vf; 


jf^u 

H zr=**> 

£T—' Ci > 

<£*i ^ 6 L 


£ l 5 uffüfjtrj fpjíjfífifl ptj: 

Ai x = &. v = 0- Frora Eq. [4], C 2 ■ O 

rfu 

CXjc eü sjmnsÉirj , ^ = 0 *i x = L. Froni Eq. [ 

3 W 1 

c, 

1 2 24 

At j ==£, u =0. Frora Eq. [4J, 

O.SéL.^LjJjL^V 

6 1JO ^ 2 U J 

c _ W \> L 
S IO 

SulMEilutiJiiB ^ ulLd Eiqs []J synd [2] yncEdbí 

S . ^ A r V * L 

r S 10 


Arti 


Ana 


5Afdr fl-ríd 1 Atoarínf Tbií masimum 5par» ípgsitivç} 

moment pçcLiTTi. when Ibç-^hcíir Foroe V= 0- Fnwn FBD {ff). 


+ tZF=fr 
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Problem 12-110 


The beam has a constant E l I l and is supported by the fixed wall at B and the rod AC. If the rod has a 
cross-sectional area^ 2 an d the material has a modulus of elasticity E 2 , determine the force in the rod. 


ZFj 


Ttc -wkt =0 


(í E M,*0 

,2 

Af= 

ElasBC curve má slupc t 

2 


£/— = Z*£ÍL -ííl + c 

dx 2 6 


£/ L ’-~-^ + C t x + C 2 
6 24 


Paupduy çüfMÜUufti ; 
AíE a 

Fiiml Eq. {4} 


*-Q 


= 0-0+0+^ 

VAjJÍ. ) 




JJD.J ^ 

/xc 


'£ 


v = n mi 
Fiücü Eq, {4) 


x s Lp 


£ 24 * ** 


ifv 


A 3 Eí 


= 0 


ac 


í“A 


dr 

Fram (3) 

d.5^L„^t + Cl 

2 6 

S dIvííi^ Eqs, (5) má (6) ylcldi ; 

lAiEtwLf 


Tac 
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Problem 12-111 


Determine the moment reactions at the supports A and B , and then draw the shear and moment 
diagrams. Solve by expressing the internai moment in the beam in terms of Ay and MA. EI is constant. 






Elastic coiwiind aiopc; 


dx 2 6 


0) 


__ jAjf 3 JíjtJf 2 wx* 

ÊJv =-*■-*-- +• Ci jf + Cj 

6 2 24 


a:i 


Bauiidflfy ccndiunna: 

4#V n 
— =0 
íí-fc* 

Fram Eq. (1) 

C a =íí 

b = Q *t X 

Fto«t Eq. (2| 

C 2 *0 

* ,- L 

— a- 0 ai 

m 

From Eq* {i> 

2 

it 

í-roni Eq. (2) 

fi 2 24 

SflLvin^Eqí íum 3 {4> jjckJi: 

* 2 

* lí 

Due lasyvnmdry: 
fL 2 
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Af tf = 
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Problem 12-112 


Determine the moment reactions at the supports A and B. EI is constant. 


S upp erí Rijlcííq JH : fBCHl), 

\XF K bQ] A, «0 Aàs 

+ tEf p ^0; ^+íV'“' 3= 0 

Ç*lM A =<k B t L+H* 

Mu mr te FímuHojí: FBDibk 

C +Df - a0i -^-ítWGH *" 0 

"W-V-S** 

Stlep* ípp d EtastiC Cvrvt: 


"S-v- 2 y 
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, tf r L a _ 

°“"j -ÍT +C| 

Cl 


Al J = L, u -O. FiumBj. (*J, 

* iio ^ a m J 

1^ 

' io 

SubÊEimiiiis B f into Eq. [1] ipd |2| yküeb. 
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Problem 12-113 


Determine the moment reactions at the supports A and B , then draw the shear and moment diagrams. 
EI is constant. 

L - J 



S upp &rf Rjtaciiú n - j j, 

-t 1^. =? Dh A x = Cl AiU 

+ T - Ü; B r -A, =0 [ 1J 

= £h ÍjL-Uj, -Mf «0 [2] 

EíntiU Curvt: Ai síirmn 

SI SEI Diagftimi* MfEJi ÜLi^nufi.; fnr J? r and Af^aiiung >.in a uni^l-v-sr 
bCõííl *rç 4hç.wrn, 


WüJfl f 0/ - A pí fl Tti fta j - l*mnt Air eJó&CiC ílu^í, fjvj i — 


-=«*Í(¥K^(4)<“© 


. 
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An? 



Subrs lULudng dic value oí £ p imo and lí] yJelíí*. 



























Problem 12-114 


Determine the moment reactions at the supports A and B , then draw the shear and moment diagrams. 
EI is constant. 
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Problem 12-115 


Determine the reactions at the supports. EI is constant. 


A, *0 

Àvu 
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+X f -2^-fl 
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Sapp&rt FBDÍaifr 

c:ü; 
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Problem 12-116 


25 kN 


25 tN 


Determine the reactions at the supports, then draw the shear and moment diagrams. EI is constant. 
Given: p := 25kN a := 1.2m b := 

Solution: L := a + b 

Due to symmetry, the slope at support ^ 


B is zero. Hence, 0 B = 0 and tan0 B - 0. 


Moment-Area Theorems : 

Set EI := lkNm 2 A := IkN 


1 

r B } 

p 



rcn 


I—1.2 m — 

--l.fim- ^ -1.8 m-- 

—1.2 m—I 


xj := 0,0.01-a.. a 
For noint load P : 

l( x l) := <°) -gY 


i 






X 2 := a, 1.01-a.. L 




M’ 


M' 


2 (x 2 ):.[-^(x2-«)]■- gW 


Forreaction A 


M’ 


”l( x l) := ( A x l)'ii M ”2( x 2) : =( A x 2) râ 


EI 


W 





w 



Deflection : 


*A.B l : - A “'2< L > M a + ^] 

2L^ 

TJ 
M 

3 A~j 

Compatibility : t^ g := 0 


J 


x l’ x 2 

Distance (m) 

esc») 


t A.B_2 - 2- M " 2 (L)-L- 


l A.B = l A.B 1 + l A.B T 


I I f 


0 = l A.B 1 + l A.B 2' 




A ) V =_A - 


'■A.B l) 


\ A.B_2 J 


A y = 10.80 kN Ans 


C y := A y 


C y = 10.80 kN Ans 


Support Reactions : Due to symmetry, 

+f IF= 0; A y + B y + C y - 2P = 0 B y := 2P - A y - C y B y = 28.40 kN Ans 


y y 





































X| := 0,0.01-a. 

.. a 



x 3 := L, 1.01 -L.. (L + b) 


X 2 := a, 1.01-a. 

.L 



x 4 := (L + b) , 1.01-(L + b) .. 

(2L) 

v i( x i) H 

I A y) 

i 

kN 



v 3N : =K- p + B y)'iS 


V 2 (x 2 ) = 1 

l A y 

- P 

)• — 

1 kN 


V 4 (x 3 ) (Ay-P + By-P). 

1 

kN 

Mi(xi) := 

( A y 

X l) 

1 

kN-m 




M 2 (x 2 ) := 

[Ay- 

x 2' 

-P-( x 2- a j 

1- 1 

J kN-m 



M 3( x 3) : = 

[Ay- 

x 3 

- P ( x 3 - a ) 

+ B y‘ ( x 3 - L )] 

|. ' 
kN-m 


m 4 ( x 4 ) := 

[Ay- 

x 4' 

- p ( x 4 - a ) 

+ B y -(x 4 -L) 

- P‘(x 4 - L - bíl-— 

' 4 U kN-m 



20 

^i) 

I 

| 0 

“ 2 4 .( x _ 4 > 

-20 

0 1 2 3 4 5 6 

x l ?x 2 ,x 3 ,x 4 

Distance (m) 
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Problem 12-117 


Determine the reactions at the supports, then draw the shear and moment diagrams. £7is constant. 
Support B is a thrust bearing. 

5 upport Rtútiian; FE D( a). 


—^ 3LfP = O! 

+ T ZF * 0, 


JE 
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B, *0 Aiu 

-\* B , +ç-^=<> [ij 
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Problem 12-118 


Determine the reactions at the supports. EI is constant. 


Süfff &n Rfaçliún: F&P(i) 


-4 0; 

+ = 0 : 

(*^=0: 


A, =fl 

-*»+*> - Ú 

=fl 


EÍSSÜ€ Ctirv*: As sfruwn, 
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RI 


iW /Ef piagrami: MIES fortf,, ariJ M* aídng. ün a caniikvíí 

bfcim üit drawn. 
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$ u fcíuutuig ã r imo Eqí. L ] ] and [31 yirids, 
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Problem 12-119 


Determine the value of a for which the maximum positive moment has the same magnitude as the 
maximum negative moment. EI is constant. 
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2 Ef 3 
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Problem 12-120 


Determine the moment reactions at the supports A and B , then draw the shear and moment diagrams. 
EI is constant. 


Skppitrt Rtactinns FJíQ(a) 

+ A l -8 J =a [I] 

= Oi .Mj t-w* * M a -S,L = ú II] 

fkirif Ch^í; As íJiqwji. 

Jf/E/ f; iWS dij^rama for suppan rçaçdonj , fl p nmj 

ihc «hjpJc itwnwfiç *íí on açontik^cr b«ni ví íniwn «pinüly. 




2 



L_ 

2 


£ 



^íijjiif nj - Area Thrprgmi: Smoc bodi tinjetn ari A and S are 
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0= 2M § +MQ-$ f l 
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*—* ( IMtHSJSXH ) 
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Solvirif Eqi.fJI and [4] jócWi, 
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Problem 12-121 


Determine the reactions at the supports A and B. EI is constant. 



JyjipuN ÜMttíúJrt; FBDfaj . 


+ Tlf, - G; 


<* 


Etf, 


B.L+M* aL!L ' 
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C L] 

í +1 
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■jut-j,L,uu n j A ima Eq.í []) uid .[3] yjclds,. 


A , * 


A*\ê 


Üt 

I 


4 

P 



Kri 

3 

X 




M. 



H 


























Problem 12-122 


Determine the reactions at the bearing supports A, B, and C of the shaft, then draw the shear and 
moment diagrams. EI is constant. Each bearing exerts only vertical reactions on the shaft. 

Given: a := lm P := 0.4kN 

b := 2m 

Solution: L := 4a 

Set EI := kNm 2 

Method ofSuperposition : 



Using the table in Appendix C, the required displacements are, 
Pa f 1 


l Bl = 


6-EI 


a B2 = — 


BL 


48EI 


v 4)-(L 2 -. 2 -k) \ 

t 


The compatibity condition ati? requires 
2 a B1 + a B2 = 0 


A B2 = _2a B1 


B-L 

48E-I 


2A 


BI 


B := 


f 48-Ef\ 


V L 




•( 2A Bl) 


B = 0.550 kN 


Ans 


"iT - 1 ir | 

^ frt T j 4 1 r* T 


lt—i—Jif 


-j- ***** 


■1 .. 



,n 

■C_ 



nn 


h 



h 


Support Reactions : Given 
+f ZF y = 0; A + B + C-2P= 0 

C + ZM c = 0; AL - P-(3a) + B(b) - P(a) = 0 
SolvingEqs. (1) and (2): Guess A := lkN C 

ÍA~] 

:= Find(A,C) 

VcJ 


A^i í 0.125^ 

cJ“Ul25j 


kN 


( 1 ) 

( 2 ) 

lkN 

Ans 







































Shear (kN) 


xj := 0,0.01a.. a x 2 := a, 1.01-a.. (2a) x 3 := (2a) , 1.01-(2a) .. (3a) x 4 := (3a), 1.01-(3a).. L 

V lN :=(A) líí V 2<-2) : = (A-P)^ 

V 4 ( x 4 ) := (A - P + B - P) ~ 


M l( x l) := ( A ' x l)í?I 


kN-m 


M 2 (x 2 ) :=[A.x 2 -P.(x 2 -a)].^ m 

M 3 ( x 3) := [ A ' x 3 - P '( x 3 - a ) + B '( x 3 - 2a )]'^: 

M 4 (x 4 ) := [A-x 4 - P-(x 4 - a) + B-(x 4 - 2a) - P-(x 4 - 3a)]-—^ 


kN-m 


kN-m 



xi,x 2 ,x 3 ,x 4 



Distance (m) 


Distance (m) 














Problem 12-123 


The A-36 Steel beam and rod are used to support the load of 40 kN. If it is required that the allowable 
normal stress for the Steel is <r allow = 125 MPa, and the maximum deflection not exceed 1.25 mm, 

determine the smallest diameter rod that should be used. The beam is rectangular, having a height of 
125 mm and a thickness of 75 mm. 

Given: a a n ow := 125MPa L b := 1.2m L r := 1.5m 

8 a iiow := 1.25mm b := 75mm h := 125mm 

E := 200GPa P := 40kN 


Solution: 

Compatibility atB : 


S r = ôj. 


In := 


b-r 

~12 


F r' L r (P- F r)L b 3 


EA 


3E-I b 


Strength critérion: Assume rod reaches its maximum stress. 

3 


a allow " 


F r a allow' L r ( P “ F r) L b 


Ar 


F •= P - 
r r • r 


F r = 36.03 kN 


3E-I b 

3a allow' L r' I b 



}" -J v. 

Ij-ÜFH.I 


Check Bending Stress : c := 0.5-h 


^max : ^r)‘^b a 

Check Deflection : 

(P- F r)Lb 3 


max • 


^max' c 

íE 


max 


= 24.41 MPa 


^allow^MP* (O.K.X) 


8 b := 


3Ek 


8 b = 0.94 mm 


< S allow =L25mm (O.K.\) 


7. ir 
F 


7T'd„ 


Hence, from a allow = — 


A r = 


4F„ 


a allow " 


71 * 


4F„ 


d 0 := 


7t*a 


allow 


d Q = 19.16 mm 


Ans 





























Problem 12-124 


Determine the reactions at the suppoits A, B, and C, then draw the shear and moment diagrams. EI is 
constant. 

kN 60 kN 

P := 60kN w := 50 — 
m 


Given: a := 2m 
b := 4m 


50kN/m 


Solution: L := 2a + b 

Set EI := lkNm 2 
Method ofSuperposition : 


1 

r 







r 1 

L . „1L 

U d 

'A 

B Q 






j 


1*—2 m- 

1*—2m—^ 




- 4 

Lm 





Using the table in Appendix C, the required displacements are, 

5w-L^ I 
Ari := —-— | 


BI •“ 

768EI 


Pa f 

B2 := 

6-EI 1 


BL 3 

B3 = 

48EI 


T 2 2 u 2 

\L - a - b 


) i 


The compatibity condition at C requires 
A B1 + A B2 + A B3 = 0 


A B3 = “( A 

BL 3 

48E-I 

f 

B := 


BI + A B2 


A B1 + A B2 


48- El) 
L 3 ) 




BI + A B2 


2) 


B= 166.25 kN Ans 


Support Reactions : Given 
+fSF=0; A + B + C- P- wb = 0 


( 1 ) 


Í+EM C =0; A-L-P(a + b) + Bb-0.5-wb 2 = 0 (2) 

SolvingEqs. (1) and (2): Guess A := lkN C := lkN 


C J 


:= Find(A, C) 


(A') í 11.88 ^ 
Cj~ [81.88J 


kN 


Ans 
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L _i 1 _ i 

r :; 

1 T 

I 1 

| T 2-*'| 

4' K ' í% ' 
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LLLL 


f—i— 

I ‘-et r a.d ~~ 
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FT H 

SO fO/in. 


CDeí) + 

^ Ty*■ ‘d. 




2L 





















































Shear (kN) 


xj := 0,0.01-a.. a 

Vl N := <A) sí 


Mj 

m 3 


( x i) := ( Ax i)iíé 


( x 3) : = 


kN-m 


A-xc! - P-(x 


X2 := a, 1.01-a.. (2a) 

X 3 := (2a), 1.01 - (2a).. L 

V 2 (x 2 ):=(A-P).-L 

< 

U> 

UJ 

lí 

r t> 

1 

P + B-w.(x 3 -2a)]-2j 

m 2 (x 2 ) = 

[A' x 2 " p '( x 2 " =>)] 

1 

kN-m 


a) + B-|x 3 - 2aj - 0.5-w|x 3 - 2aj^ 


1 


J kN-m 

















Problem 12-125 


Determine the reactions at support C. EI is constant for both beams. 


Support FBD(a). 



L 

2 


p 



L 

2 


-* £F f - 0 ; c t = 0 Alu 

(+ní A -a c,a)-B T (^-o ui 

AferAdií o/ ÍHpfppífjiíjflrt." lhe ii2ik ui Appc-iidLi C r ihc 
fKjuired dLsplxrímen \s are 

j 

Va “ 4S£7 “ 48Ü 


u = íü^ a ££ | 

* 30 3£í 240 


Uj '=^ = f 1 £ T 

30 24£F 


Thçcpmpatibyiíy condltion requirts 


í*i) 


U # *MV + U ff 
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JX 1 t 

SB + 1,"m3J J 


„ 2P 
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SuNtiliiHni fl r ui ki Ejj-I | L ] yiéldj, 



























Problem 12-126 


Determine the reactions at A and B. Assume the support at A only exerts a moment on the beam. EI is 
constant. 


(e\m PL ffl 1 - 

m ' K TÜ' l6 * h ~w 


By SupérpuSifrici; 
o = WaÍi ~ tGjih 


FL 1 _ M&L 

sei êí 


c 

A c 


V 


M - PL 

* "T 


J Lijtiüibmun: 


Ana 


(+EA4-Q; ^ - M* = o 


Vb 


3FL 


Am 


+ £F, = ü ; ti, = O Ah* 


- T £f, «= o : a, - p An 


r «* J- =rHl 


3^1, 

1 ''íj 


I- |f 

ti 


L 






/AK 

la»,. 

* 0 = 


























Problem 12-127 


Determine the reactions at the supports A and B. EI is constant. 


S upp&rí Reattifffri,' F&Dí 


= 0 ; 


4.-0 

wL 


+ tur=0t A,*B r - — =0 

/VIM, =0; + 


MHh&d òf $kpi?pâiii\an' Uanig üib Htü m agpemlu C. eJie 

.‘íLuu-iJ ÜLspliJcracrtli *** 

, 7*£ - . p 

u. =- i \J a =-X ^ I 

J 3&4£T p 3EÍ 3Q 


túrrtpüüJbdiry cwdsri<pm npquiris 
<+4j 0 - u* P * m 

3R4£f { 1ET} 
7 wL 

B * ~TH 

SiuhiULjit.-.L; J p jntiü Eqs. [I| aml 1 2 | yickJj;. 


CM 

13] 



.pTvrn.. 


h 


I' 


rniiTi, 




v 




pnEnz 


-dr 


A. =■ 


57*1 




9u,£ : 


AlUS 




























Problem 12-128 


Each of the two members is made from 6061-T6 aluminum and has a square cross section 25 mm X 
25 mm. They are pin connected at their ends and a jack is placed between them and opened until the 
force it exerts on each member is 2.5 kN. Determine the greatest force P that can be applied to the 
center of the top member without causing either of the two members to yield. For the analysis neglect 
the axial force in each member. Assume the jack is rimd 


Given: b := 25mm 
R 0 := 2.5kN 


h := 25mm 
L := 4m 


E := 68.9GPa ^ a n ow •- 255MPa 

Solution: 

Compatibility atB : 5 1 


[ p -(R + Ro)]- 


8 f 

(r + r 0 )-l 



B 


D 


48E-I 

p -( 


48E-I 


r + r 0 ) = (r 


R, 


») 






iw 


R = 0.5P - R, 




O 


Criterion: Maximum moment occursat center of each member. 
Top member: 

^max " Tp* _ + ^o)J‘T ^max " 


P-L 


Bottom member: 


^max o + R o)* 9 ^max 


PL 


Both members will yieldat the same time. 
b-h 3 

I :=- c := 0.5-h 




ax 


12 


a allow " 


a allow " 


P := 


I 

(P-L)-c 

81 

(81)-aaiiow 
L-c 

1.33 kN 


Ans 






























Problem 12-129 


Determine the reactions at the supports, then draw the shear and moment diagrams. EI is constant. 


Skppúft jpyflií ti# rpr: FÈCn>l . 


AU? -0; A, -Q Ans 

4-tE^-O; A,+B, +C, -J^t-0 (I) 

í+EM*=0: S,(l)*Ç(3£>-U~ií(í.) = O [2] 

Mtíhüd í/ Snp*rp j i Ufà ft: Usuftg Uií üblt In Appcndw C iht 
rajuxed Jup^íiuuflG in 

L JwL+t; JwíSLIi 1 _ VI/ 

Vh " 384£7 " “3N£Y " lÃÊt 1 


„ _PLlr _ B f i2U* _ L 1 T 
' “ “ 4*5 á£j 


Iht CiJítip-llitiLÜçy GOIláiftúh JWJuheí 

í + ±) G« u/+ti/ 

24£7 L fiU J 


VI. 

—- 

4 


Ahí 


^ubslL'.udr.|j Líic vaJuc uf fl, üilij Fj^. [l j jnü [2] yeldi, 


C r=^ 


8 


Aiu 










b ^ 


1 4J-4 

k- ~ 

'I 4 Í V, 


■jnnnttnn 

W .W.W □ jsflç 


.íTOTg ifl* 

h~T—H t-1 


li 


JJU 


rnimm 


3T~ 





















































Problem 12-130 


The beam is supported by a pin at A, a spring having a stiffness k at B , and a roller at C. Determine the 
force the spring exerts on the beam. EI is constant. 


M*fh&4 Qj í uptrpejfiiiQn: EJsing the tüblf Ln ap pendi* C, lhe 
rcjquiinl nlLspLun. r JDenLf: are 


V #r 5wiJc __ 3w{2Lj* _ ^ 

ft Ü4£i “ "" -4£i 


V 


PLÍ C i F IJf (2L)' 
AtEJ “ ám 


§éí 

6EÍ 


T 


I..I ■: in£ the sprin£ [i>mrjLi. 



h-' 


1JL t t t 

TTTTTr. 

-H 

» 

li 

- L -|- 

Jl 

* ^ 

- L - 



TTh coimpacjbÜjFy c-ruidi-bi/m requijcs 

í+4.) M, f =^'+v t ' 

k 14EI I,. 6EI ) 




i iiín rrrn 


íwU.“ 

" * 4^+ííí) 


Ans 












































Problem 12-131 


The beam AB has a moment of inertia / = 200(10 6 ) mm 4 and rests on the smooth supports at its ends. 
A 18-mm-diameter rod CD is welded to the center of the beam and to the fixed support at D. If the 
temperature of the rod is decreased by 80°C, determine the force developed in the rod. The beam and 
rod are both made of A-36 Steel. 


Unit used: °C := deg 



Given: r c := 18mm 

!b : 

:= 200- (l O 6 ) mm 4 

L c := 1.25m 

L b 

:= 3m 

( 1 

A t := 80°C 

E := 200GPa 

a : 

0 

<N 

II 


Solution: 

71 2 

Section Property: A„ := — -r n 
c 4 c 



Method ofSuperposition : 


Using the table in Appendix C, the required displacements are, 
3 

I 


F c' L b 


V C “ 


48E-K 


Using the axial force formula, 
>F 


F c L c 


8t7 = -- t 


A C E 



The thermal contraction is, 

6 T :=a-(A T )-L c \ 

The compatibity condition at C requires 
V C = S f + 8 t v c - 8 p= 8 t 

F c L b 3 - F c' L c _ 
48EI b A C E 
84 1 

F c :=- 

c 3 

L b | L c 

48E-I b A C E 
F c = 31.07kN Ans 





























































Problem 12-132 


Determine the deflection at the end B of the clamped A-36 Steel strip. The spring has a stiffness of 
k = 2 N/mm. The strip is 5 mm wide and 10 mm high. Also, draw the shear and moment diagrams for 
the strip. 


Given: L := 200mm 

P := 

h := lOmm 

k := 

t := 5mm 

E := 

Solution: 


Section Property : 

I := 


N 

mm 


-200 rj-jj-j-j- 


10 mm 


Method ofSuperposition : 


t-r 

~V2 


Using the table in Appendix C, the required displacements are, 

PL 3 I 
A B1 := tttt I 


3EI 


a B2 = “ 


F-L“ 


■í 

ff 


F = k-A 


B 


3(EI) 

The compatibity condition ati? requires 


■r 






íf^ 


a B = A B1 + a B2 


í 


P'L' 


k-Ag-L 


*B 


*B 


3-(EI) 3(EI) 
PL 3 

3-(E-I) + k-L 3 


*B 


1.50 mm Ans 


50 N 




k = 2 N/min 


h4~ 

: —Ti 

A 




4 — 

. { 

\ 

Jm 

4 






Support Reactions : 

B := k-Ag - P A := -B M A := B L 

B =-46.992 N A = 46.992 N M A = -9.40 N-m 



Distance (m) 


Distance (m) 




































Problem 12-133 


The beam is made from asoft elastic material having a constant EL If it is originally a distance À from 
the surface of its end support, determine the distance a at which it rests on this support when it is 
subjected to the uniform load w 0 , which is great enough to cause this to happen. 



The -LUTVBluct Clí' Ünt tnr4jTL UI «fiJGO i5 títO, Íitfefaí t Üicrt 15 Mi bCitítif, lÚOfsi Ui [feC i ?íkm fiC 
The rçtflkm Fimil wfwiç i iu-uciie* the suppçrt. 71* /ihipe ú rer*? J£ râi 5 pirai? an d liie iiefta.üun Ls & 
whoi 









































Problem 12-134 


The box frame is subjected to a uniform distributed loading w along each of its sides. Determine the 
moment developed in each comer. Neglect the deflection due to axial load. £7 is constant. 


E IfljíJC Çurvtr bi oròer to maintain ílw right angifc mâ büü süopç 

í i!us ipiuniiMfzZaE kludinj!- at Iht ínur CúniCf JoifltS, d» büX /canü 

iíiw die shape shü^n whííi iL is uibjccfed u> íhc iAt^rnil 
Itnifomt dw iilnuffid load Tbçrçfbrç, fiwmber Aê úí [fte fíliúc ian tc 
inodeled a:-, i bcini i Jl bclh íisi-t Tuitd. 

ilfrfAod ü/ í j^jrr J prjjrcíidi-/i: Ujing Ihu Lílj> íT< AppertdÜt C r die 
rcquircd dL5.plattttiÉillS ate 




6E! â EI 1 

wL* M jVÍj Í- S t 

-- T u."- —5— T u 

S£7 J ' 2 £f 

Compndbiíity condidos requirr, 

o -V+V' 

,.X.ÜiXi£) 

&i7 l i£fj 

0 -w£ x + 6Mj - %£ 

(4 T) 0 = w, p +V(p'+ V' 

m 2E1 { %EI J 

0 = 3*-í. 1 +11Wj - Mt,X- 


.üL 

2 £/ 

.ÜL 

3£f 


fl) 


Dl 


Solvsjig Ei^i-íU aid L2j yieli±5. 


^ “T 

"*= 1 í 


Aru 


-f TiTí tt t rff 



p' 


t t~T t t n tü 
































































Problem 12-135 


Determine the equation of the elastic curve for the beam. Specify the slope and displacement at^. EI is 
constant. 


Sei jpéti and JÇfastít Can>*: ora FE D. 

Af&tftent FifHtffíflnr UScnjc Üic dLscor.tijuüty íünclíHi. 


5 tapí íríid Elasíic Curvt; 


d l u 

EI — ■ W 
fíP 

d 2 U w ( i 
EI^^~ — -i 
>SI 

U^ w .^ + C, 



i£ 


.. ,-rrl n~. ■ b 


T 


tu 

12 ] 




Ju 

— =0 ac j f jL FrcmEq.[J], 


o-^.c, 


C fc - 


24 


u = 0 ai i = L. Fram £q.[2J, 

iVnL 4 wn „ 

0 - — + —— + Cj 

J20 24 3 

$Itf-p r j S ubsiicudíii C| in» Eq. [ I ]. 
tfu 


tfu _ *',> , 4 , 

lí* 24EJÍ, ^ ' 


C,-- 


30 


rfij| n WqL’ 
A itJi.o 2-í£f 


Ans 


£^flííic Cjtrrrr 5ufr$iieuLui£ xnd C; iiusEq.[2|, 

u = Wb (^x i + SL 4 x~4L 5 ) Aras 

L 20EIL % J 


=- 


3Ufr 


Ans 





















Problem 12-136 


The wooden beam is subjected to the loading shown. Assume the support at A is a pin and B is a roller. 
Determine the slope at.4 and the displacement at C. Use the moment-area theorems. Elis constant. 


Stípport Reacíion and Etmtie Curvt; Asihü ^n. 
.1 f/Ef Diagram! AfsJlQwn. 

Afamara -Àr* a Thtoremj: 


‘-{HSKJ—S 

The sLüpt má lí 


g. =Lílií = Íe,^Í 
L, t 2a feEf 


Àni 


The lJls placsmen l jj C k 


A: - U&A I " jhjrJ 
iW Sfwa 4 ') 
2AÉÍ Í\3£íJ 

iLwa* 

m —-- X 


Attj 


w 








Jd- 





























Problem 12-137 


Determine the maximum deflection between the supports A and B. EI is constant. Use the method of 
integration. 


Eímdç and sLopc 



= MÍJr) 




EÍ 'dA 

■Jf | 


2 

r* _ 

1 

■Ü3Í 


*C a 


’ C ‘ 


f-Or LjJ ü 




£/: 


M " 


Et± 1: 

dTi 
SfV! - 


2 

4 


>C P 


£2 


- Cixi + C m 
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«■g 
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Pwm Eq. (2) 


<11 


OJ 


O) 

í*> 


Í5J 


Ctntiimiljr cümdft&ni ■ 

*l , 

57‘^T “ i,=w 

Frota Eqs. {1 3 ad íSj 

wL J _ „ h-'jL j wJt ] L 

^ wL 1 

c ' m — 

SubidoiK C| üíçíi Ei|. W 

Cl "TT 


<» 


-XI- 





*d 

LÍt, I ■, -4 ^Z±: r- d *4 6fJ 


"**'*** ~ lrt 


itLa ■ 


-7wL* 

IflÇÍ 


1* -03 


HW MgMlfrt ii(Ji íídKHCS. dpitiimajia dMpla££JHMn. 




flí 


«UUT9 Wtflfl - aO 

S*í 

Eq l.íj 

*=0 

Sutepnjit jt z ima Eq<T£, 

H fí* 

t»| Ans 

L&yjfl 





































Problem 12-138 


If the bearings at A and B exert only vertical reactions on the shaft, determine the slope at B and the 
deflection at C. Elis constant. Use the moment-area theorems. 



Supp&rt Rt-atitQfi vxtf Etúnic Curv*: te sho^n 
MJ El üiagramz Ají xtuiTvn 
ThfQrtms: 

„ Pa 1 

b , d = 2 { 

Pii£ hi- xyznmctr í ' r Uie jlctpe uz pouu D jj wn>. Hertçs, the çJopç iz R is 

Pii ^ 

ff* ■ I fljiftl - Aru 

Uie ííispJrainçnt ai C is 

„ r P*? + 

* iff —3 (Ll'l ■■ —7 T Àlii 

C AFI X ^ AFf 

























Problem 12-139 


The W200 X 36 simply supported beam is subjected to the loading shown. Using the method of 
superposition, determine tbe deflection at its center C. The beam is made of A-36 Steel. 


Given: a := 2.4m 


M 0 := 7.5kN-m 
kN 


100 kN/m 



E := 200GPa w := 100 — 

m 

Solution: L := 2a 

Use W 200x36 : I : = 34.4-(lO 6 ) mm 4 

Elsastic Curve: The elastic curves for the uniform load and couple < ippe^ 
moment are drawn separately as shown. 

Method of Superposition : 

Using the table in Appendix C, the required displacement are, 

4 


i n j i 1 

* "r i 


5w-L 


k Cl 


*C2 


768E-I 


1 


£ 


IDÜN/a. 

nu 


- A 


m 0 f 


l\( 

VL J [ 


a 2 -3a-L + 2L 2 ) \ 




6EI 

Hence, the displacement at C is 
A C := A C1 + a C2 

= 51.80 mm \ Ans 




Tr 






































Problem 12-140 


The shaft is supported by a journal bearing at^4, which exerts only vertical reactions on the shaft, and 
by a thrust bearing at B , which exerts both horizontal and vertical reactions on the shaft. Draw the 
bending-moment diagram for the shaft and then, from this diagram, sketch the deflection or elastic 
curve for the shaffs centerline. Determine the equations of the elastic curve using the coordinates x x 

and x 2 . EI is constant. 

Given: L := 0.3m a := 0.1 m P := 400N 


Solution: 

Support Reactions : 


L 0 := 2L 


O 


Dne to anti-symmetry, B = -A 
1LM b = 0; A- (2L) - P- (2a) = 0 




4ÜC> N' 


4ÜUN 

*"T 

UM mm 


UM mm 

L 


Ü. 


-3üümm- 


f—*2- 

300 mm- 


A := 


a \ 


B := -A 


vl/ 

A = 133.33 N B =-133.33 N 




133.33 <1 


Moment Function : Mj 
Slope and Elastic Curve : 


(*i) = 


= A-x 


1 


M- 


'■N - 


= Bx 


’ x 2 


d -vi 


ET 


dxi 


- m ( x i) 


d 2 -v 2 
E-I-- = m(x 2 ) 

dxo 




d vi 


ET 


= Axi 





dxi 


T 4 ) ^ 


E-I- 


,2 

d v 2 

dxn 


= Bx 2 


133.33 






ET 


dvj A-xj 


dxi 


+ Ci 


(i) 


E-I- 


dv 2 B-x 2 


dxn 


+ Cq 


(3) 


A-x 


E-Ivj = 


6 


+ Ci‘Xi + C 2 (2) 


EIv 2 = 


Bx 2 


6 


+ C 2 -x 2 + C 4 


(4) 


Boundary Conditions : Vj=0 at \, =0 and v 2 =0 at x 2 =0. 

From Eq. (2): 0 = 0 + 0 + C 2 From Eq. (4): 0 = 0 + 0 + Cq 


C 2 := 0 


C 4 := 0 


dv 


I - 

dx | dx 2 
2 


Continuity Condition 1 : -=- 


From Eqs. (1) and (3), 
Continuity Condition 2 . 
From Eqs. (2) and (4), 


A-L 


at Xj=L and at x 2 =L. 
2 


+ C 


B-L 


1 


Ci = -C, 


at Xj=L and at x 2 =L. 


vi = v 2 

3 3 

A-L B-L 

+ C r L= -+C 3 -L 


(B - A)-L 


6 


6 


(5) 


C 3 (6) 


Solving Eqs. (5) and (6), 






































Cl := 


(B- A) L 


12 


C 3 := -q 


Cj = -2.00 N-m 


C 3 = 2.00 N-m 


Hence, C„ := — 
° 6 


C D = 22.22 N 


Ans 


Hw 

II 

>* 

( c o- x i 3 + c r x i) 


_ i ( 

Vo = —1 

z EI 

(- C o‘ x 2 3 + C 3‘ x 2) 


Ans 


Ans 


Ans 

Ans 


M/EI diagram : 

Set EI := lkN-m 2 


Xj := 0,0.01-L.. L 

X 2 := L, 1.01 L.. (2L) 

M'l( x l) ( A x l)H 

M 2( x 2) : =[ A ' x 2- p '( 2a )]~ 



Distance (m) 









Problem 12-141 


The rim on the flywheel has a thickness t , width b , and specific weight y. If the flywheel is rotating at 
a constant rate of co\ determine the maximum moment developed in the rim. Assume that the spokes do 
not deform. Hint: Due to symmetry of the loading, the slope of the rim at each spoke is zero. Consider 
the radius to be sufficiently large so that the segmentai? can be considered as a straight beam fixed at 
both ends and loaded with a uniform centrifiigal force per unit length. Show that this force is w = 


btyaPr/g. 


Ctnitifuzaí Fgrç*: UicoeniriftisaJ fottç «üng on 1 urJc of 

lhe risD PUlSUng a\ b (rnnjslanE,rale Ui; 

v m mtü 3 r= [Q„E.D.) 

Êíaslic Curv t: Mçmhfir oí die rsn is EILOdckd iS 1 SffiUghí IX-íLm 
tonti h-Tithi of na ends fned and j 6o a uniform «nínJlzaJ fora 

Mnhvíi of Superp&l ktOft: LT^iiXg ffic tifrje i_n Ap^cndU C, lhe 
requkred displuoíinenu *ns 


' éEI 


, w L* t 


ff."= -ir 

' El 

„ '- U * Ü t 
* 2EI 


CO-T-pjüb'lÍL> ÍÍ-ÇIJUÍ-J-, 

0=V+<V+V 


m 1= 

a ifif 

- B t L * l 
'• 1 


6Et EI { 2& ) 
0 — + 


111 


( + T> 


til" 

( | _ ^ + - tí aír i f ^ 


8£F 2EI 


m 


ÍI- íhr^ + lJMj 

SuLving £l|í . J11 ~iü [2] Vnílds. 


m 


wí. W 

“ 1 ’ Wjs HW 1 

2 * 12 

h£ wí. 2 

t "" ir 

Afiím*nt! From Sic mcmacnddiagram, die maximum 

btyor 


B, -■ 

Due bo symmc&y. A = — 


íflOilOil ÚCUirS àL lhe CWIJ fiicdfifld SüfipOcXi. With w = ■ 
Sr 

L =. ^ e —. 


and 




rt 



W ni „ = 


bít 

TT 


£ 


(r) 1 Jbtrtfr 3 


m$ 


Ans 


]2 

















Problem 12-142 


Determine the moment reactions at the supports A and B. Use the method of integration. Elis 
constant. 


+ A,+|í,-ÍS£.0 


.^íítrfíi/ FSDíbj. 

(* =U; -MM - +B,x *0 

Mú) = B J x 



5i&p* and £lafiie Curvt: 


a Sr‘^ J> 


£fv «^V — 

é 1204 2 C| 


-t +C\ 


PI 

[4] 


^úüirJa^F C^tjJiíía/rtr 


_ rflí 

AtJr “ 0, ^r =í} F * om& ifU 


Ae JÍ B 0, Li = Frrtirj Eq. [4] . 

Ae ^ = L. ™ = 0 . Froíti E 4 . [ 3 ], 



4- 



c m S t L* w iy L* 
2 24 


■H-l 

w, 


[5] 


Ae .4 - Í-. lí - FmisiEq. [4], 

g,L> w.í* 

6 L3Ü " 2 

í)=ífflB r i-^ D : 1 -óWí| [6] 

Solvifij Eqs.[SJ mxi [GJ yiçl4í. 




b- n í. S 


j *'o í. 




Sub^btuün^ tf, ind iWj Eilü Ekjjs. [I] üid [2] yzí\±,. 


























Problem 12-143 


Using the method of superposition, determine the magnitude of M 0 in terms of the distributed load w 
and dimension a so that the deflection at the center of the beam is zero. EI is constant. 




{Aeh 


A c =0=(icJ] +(.Ar)3+(iph 


* , Af&V 

+ f 

Swu* 


M a 


4B 


Ám 



■aJ 





































Problem 13-1 


Determine the criticai buckling load for the column. The material can be assumed rigid. 

Solution: 


Equilibnum: The disturbing force F can be detemined by summing 
moments about point A. 


0; p.( L .0)-F-^ = 0 


F = 2P-0 
Spring Formula : 

The restoring spring force F s can be detemined using 
the spring formula F s = kx. 


, L „ k-L-0 

F = k-0 = - 

s 2 2 


Criticai Buckling Load : 

For the mechanism to be on the verge of buckling, the 
disturbing force Fmust be equal to the spring force F s . 

Thus - 2P c ,9=Í±i 

cr 2 





L_ 

2 




í 



Ans 















Problem 13-2 


The column consists of a rigid member that is pinned at its bottom and attached to a spring at its top. 
If the spring is unstretched when the column is in the vertical position, determine the criticai load that 
can be placed on the column. 


Solution: 

Equilibrium: 


ZM a = 0; P-L-sin(0) - k-L*sin(0)-(L- 
P = k-Lcos(0) 

Since 0 is small, cos(o)=l. 

P cr =kL Ans 


cos(0)) = 0 














Problem 13-3 


An A-36 Steel column has a length of 4 m and is pinned at both ends. If the cross sectional area has the 
dimensions shown, determine the criticai load. 

Given: L := 4m E := 200-GPa a y := 2 50MPa 

b := 25mm a := 10mm 111111 


Solution: 

Section Property: b Q := 
A := 2-b Q -a - a 2 

a ’ b o 2-b-a 2 
x 12 12 


2-b + a 



10 mm 


25 mm 


— 25 mm—|-- 

10 mm 


25 mm — 


Buckling Load : 

Applying Euler' s formula, I := min(l x , I j 
For pinned ends, K := 1.0 

7l 2 -E-í 

P cr : =-- P cr = 22.7kN Ans 

(K-L) 2 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

<j rr :=- <j rr = 20.66 MPa 

cr A cr 

< a Y = 250 MPa (O.K.l) 


Therefore, Euler' s formula is valid. 













Problem 13-4 


Solve Prob. 13-3 if the column is fixed at its bottom andpinned at its top. 


Given: L 

:= 4m 

E := 200-GPa a y := 250MPa 

b 

:= 25mm 

a := 10mm 


Solution: 

Section Property: b 0 := 2-b + a 
A := 2-b Q -a - a 2 

a ’ b o 2-b-a 2 

Ix ~TT + 17" l y Ix 


— 25 mm- 



25 

I 

mm 



10 mm 



25 

mm 

L 

| - 

— 25 mm — 



10 mm 


Buckling Load : 

Applying Euler' s formula, I := min(l x , I j 
For fixed-pinned ends, K := 0.7 

7t 2 -E-í 

P rr :=- P rr = 46.4 kN Ans 

cr ^ cr 

(K-L) 2 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

ÇJ pr •= - = 42.15 MPa 

cr A cr 

< ct y = 250 MPa (O.K.l) 


Therefore, Euler' s formula is valid. 













Problem 13-5 


A square bar is made from PVC plastic that has a modulus of elasticity of E = 9 GPa and a yield strain 
of s Y = 0.001 mm/mm. Determine its smallest cross-sectional dimensions a so it does not fail from 
elastic buckling. It is pinned at its ends and has a length of 1250 mm. 

Given: L := 1.250m E := 9-GPa 


8 Y := 


mm 


0.001- 


mm 


Solution: 

Stress-strain Relationship: 


Section Property: 


A = 


2 

a 



a Y := E*8 Y 
ay = 9.00 MPa 


Buckling Load : 

Applying Euler 's formula, P = 




cr 9 

(K- L) 

jt 2 EI 


ay A = 


(KL)' 


I = 


ct y A(KL)' 
7l 2 -E 


For pinned ends, 
Thus, 


K := 1.0 

a 4 a Y -a 2 -(1.0L) 


12 


7l 2 -E 


a := 


12ay L 


7l 2 -E 


2 


a = 43.59 mm 


Ans 










Problem 13-6 


The rod is made from an A-36 Steel rod. Determine the smallest diameter of the rod, to the nearest 
mm, that will support the load of P = 25 kN without buckling. The ends are roller-supported. 

Given: L := 500mm E := 200-GPa 


P cr := 25kN 

Solution: 

Section Property: 

4 


7i-d n 


n-d n 


I = 


A = 


64 

Buckling Load : 

Applying Euler' s formula, P cr = 


n EI 


(KT)' 


-500 mm- 


I = 


P C r*( K ' L V 

n 2 -E 


For roller ends, K := 1.0 


Thus, 


7T-d 0 4 P cr -(1.0-L) 2 


64 


d G := 


k 2 -E 


64P cr -L 


7l 3 -E 


d Q = 15.94 mm 


Use 


d~ := 16mm 


Ans 


Criticai Stress : Euler's formula is only valid if CT cr < a Y- 


cr 

CT cr“ ~ 


4P 


cr 


'cr • 9 

7T-d„ 


cr cr = 124.34 MPa < cr Y = 250 MPa (O.K .!) 

















Problem 13-7 


The rod is made from a 25-mm-diameter Steel rod. Determine the criticai buckling load if the ends are 
roller supported. E st = 200 GPa, a 7 = 350 MPa. 

Given: L := 500mm E := 200-GPa 

P -ep- -s- P 

d Q := 25mm ay := 350MPa 

Solution: 

Section Property: 



A 4 
7T-d 0 

I :=- 

64 


A := 



4 


Buckling Load : 

Applying Euler' s formula, 

For roller ends, K := 1.0 

7I 2 -E-Í 

P •=- P rr = 151.4 kN Ans 

cr ^ cr 

(K- L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y - 

p 

1 cr 

o pr :=- a pr = 308.43 MPa 

cr A cr 


< <j y = 350 MPa (O. KA) 










Problem 13-8 


An A-36 Steel column has a length of 5 m and is fixed at both ends. If the cross-sectional area has the 
dimensions shown, determine the criticai load. 


Given: E := 200-GPa 
ay := 250MPa 


L := 5m 
h Q := 50mm 


lOOmm b; := SOinin 


"o • 
hj := 30mm 


i * 


50 mm 


1Ü mm 
\ 


-1Ü mm 


Solution: 

Section Property: 


h—100 rum—-| 


A . b 0 *h 0 

_ b o h o 3 

Ix— — 

h o \ 3 

L. :=- 


b i h i 

b i’ h i 3 

12 

h i b i 3 

12 


Buckling Load : 

Applying Euler* s formula, I := min(l x , I j 
For fixed ends, K := 0.5 

7t 2 -E-I 

P cr : =-- P cr = 272.1 kN Ans 

(K-L) 2 


Criticai Stress : Euler's formula is only valid if a cr < g y . 

p 

1 cr 

ÇJ pr •= - = 104.67 MPa 

cr A cr 

< ct y = 250 MPa (O.K.l) 


Therefore, Euler's formula is valid. 











Problem 13-9 


An A-36 Steel column has a length of 4.5 m and is pinned at both ends. If the cross-sectional area has 
the dimensions shown, determine the criticai load. 

Given: E := 200-GPa L := 4.5m bf := 200mm dp := 12mm 

ay := 250MPa t w := 12mm d w := 150mm 

Solution: 

Section Property: ^ + 

A:= b f D — d w - (b f - t^,) 

b f° 3 (bf-VHw 3 
Ix 12 _ 12 
2d fb f 3 d w -t w 3 

l y 12 + 12 

Buckling Load : 

Applying Euler 's formula, I := min(l x , 

For pinned ends, K := 1.0 

7l 2 -E-í 

P rr :=- P rr = 1561.7kN Ans 

cr ^ cr 

(K- L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

o pr :=- a pr = 236.63 MPa 

cr A cr 

< <j y = 250 MPa (O. KA) 


h~ 200 mm -HL 
“—^ 12 mm 

12 mm— 150 mm 

*-Ls—i 12 mm 


Therefore, Euler 's formula is valid. 








Problem 13-10 


P •= 

i cr • 


7l 2 -E-I 


P cr = 2116.7 kN Ans 


(KL)- 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


cr 


"cr • 


a cr = 247.28 MPa 


The W250 X 67 is made of A-36 Steel and is used as a column that has a length of 4.55 m. If its ends 
are assumedpin supported, and it is subjected to an axial load of 500 kN, determine the factor of safety 
with respect to buckling. 

Given: E := 200-GPa L := 4.55m 

a Y := 250MPa P := 500kN | 

Soiution: 

Use W 250x67: I x := 104-(l0 6 )mm 4 A := 8560mm 2 

Iy := 22.2-(10^) mrn 4 

Buckling Load : 

Applying Euler } s formula, I := min(l x , I j 
Forpinned ends, K := 1.0 


4 5 m 


< ct y = 250 MPa (O.KA) 


Factor of safety: 


cr 


safety * p 


^safety ^-23 


Ans 













Problem 13-11 


The W250 X 67 is made of A-36 Steel and is used as a column that has a length of 4.55 m. If the ends 
of the column are fixed supported, can the column support the criticai load without yielding? 


Given: E := 200-GPa 

L := 4.55m 

ay := 250MPa 

P := 500kN 

Solution: 



Use W 250x67: 

i x 

:= 104-(l0 6 )mm 4 





V 

:= 22.2*\10 jmm 

Buckling Load : 



Applying Euler's 

formula, I := min(l x ,L 

For fixed ends, 

K : 

:= 0.5 


P •= 

i cr • 


7I 2 -E-I 


P cr = 8466.8 kN 


Ans 


(KL)- 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


cr 


"cr • 


a cr = 989.11 MPa 








4 .5 m 


> (J Y = 250 MPa (No!) Ans 


The column will yield before the axial force achieves the criticai load P cr , 
and the Euler* s formula is not valid. 
















Problem 13-12 


Determine the maximum force P that can be applied to the handle so that the A-36 Steel control rod AB 
does not buckle. The rod has a diameter of 30 mm. It is pin connected at its ends. 

Given: L := 0.9m E := 200-GPa a := 0.6m 

d Q := 30mm ay := 250MPa b := 0.9m 

Solution: 


Section Property: 

4 


n-d r 


7i-d n 


I := 


A := 


64 4 

Buckling Load : For rod AB, 
Forpinned ends, K := 1.0 

7l 2 -E-I 


P cr : 2 

(K-ir 

P cr = 96.89 kN 
F AB := P cr 
Equations of Equilibrium : 


0; -(F AB )-a + P-b= 0 


íc 


P := 
P = 




- F 


vW 

64.6 kN 


AB 


Ans 



Criticai Stress check : 


"cr • 


A cr 

~Ã~ 


"cr 


137.08 MPa 


< 


a Y = 250 MPa (O.KA) 


Therefore, Euler's formula is valid. 





























Problem 13-13 


The two Steel channels are to be laced together to forni a 9-m-long bridge column assumed to be pin 
connected at its ends. Each channel has a cross-sectional area of A = 1950 mm 2 and moments of 
inertia/ x = 21.60(10 6 ) mm 4 , I y = 0.15(10 6 ) mm 4 . The centroid C of its area is located in the figure. 

Determine the proper distance d between the centroids of the channels so that buckling occurs about 
the x-x and y' -y' axes due to the same load. What is the value of this criticai load? Neglect the effect of 
the lacing. E st = 200 GPa, a 7 = 350 MPa. 


Given: E := 200-GPa L := 9m 

ay := 350MPa A' := 1950mm 2 

I' x := 21.60-(10^) mrrd c'j := 6.5mm 

I'y := 0.15 • (10^) mrrd c'2 := 30mm 

Solution: 

Section Property: 

I x := 2I' X A := 2A' 

I y = 2I'y + 2A'-(0.5d) 2 



y y 


í 


1 

mm 





c 

C 


fi 



d ! 



y >' 


In order for the column to buckle about x-x and y-y axes 
at the same time, I y must be equal to I x . 


Iy=I x 2I’y + 2A'-(0.5d) 2 = 2I' X 


r x- r y 
d := 2 - - 

d = 209.76 mm 

Ans 

V A' 

> 2c' 2 = 60 mm 

(O.K. !) 

Iy := 2I'y + 2A'-(0.5d) 2 

Iy = 43.20 x 10^ mm^ 

Buckling Load : 

Applying Euler* s formula, I := 

min(l x ,I y ) 


Forpinned ends, K := 1.0 

7l 2 -E-I 

P cr = 1052.8 kN 

Ans 

A cr • o 

(K- L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 

^cr 

CT cr •- ~ 

cr cr = 269.94 MPa 



> c> Y = 350 MPa (O.K. !) 

Therefore, Eu/e> J s formula is valid. 

























Problem 13-14 


The W200 X 100 is used as a stmctural A-36 Steel column that can be assumed fixed at its base and 
pinned at its top. Determine the largest axial force P that can be applied without causing it to buckle. 

Given: E := 200-GPa L := 7.5m 


ay := 250MPa 

Solution: 

Use W 200x100: I x := 133-(l0 6 )mm 4 A := 12700mm 2 
Iy := 36.6-(l0^) mm 4 

Buckling Load : 

Applying Euler' s formula, I := min(l x , I j 
For fixed-pinned ends, K := 0.7 

7l 2 -E-í 

P„ r :=- P„ r = 2621.2 kN Ans 

cr cr 

(K-ir 



Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

çj pr : =- dpr = 206.39 MPa 

cr A cr 


<<J Y = 250 MPa (O.KA) 















Problem 13-15 


Solve Prob. 13-14 if the column is assumed fixed at its bottom and free at its top. 
Given: E := 200-GPa L := 7.5m 

a Y := 250MPa P 

Solution: _|_ 

Use W 200x100: I := 133-(l0 6 )mm 4 A := 12700mm 2 


Iy := 36.6 


•M 


mm 


Buckling Load : 

Applying Euler' s formula, I := min^I x , I j 


For fixed-free ends. 


K := 2.0 


7l 2 -E-I 

P cr : =-- P cr = 321.1 kN 


(K- L) 


Ans 




15 


Criticai Stress : Euler' s formula is only valid if a cr < a Y . 

P n 


cr 


"cr • 


a cr = 25.28 MPa 


<<J Y = 250 MPa (O.KA) 















Problem 13-16 


A Steel column has a length of 9 m and is fixed at both ends. If the cross-sectional area has the 
dimensions shown, determine the criticai load. E st = 200 GPa, a 7 = 250 MPa. 

Given: E := 200-GPa L := 9m br := 200mm dr := 10mm 

I'-200 mm-^ 

ay := 250MPa t w := 10mm d w := 150mm i i — 


10 rum 


Solution: 

Section Property: ^ + 


A:= b f D — d w - (b f - t^,) 

b f° 3 (bf-Vj^w 3 
Ix 12 ~ 12 
2d fb f 3 d w -t w 3 

l y 12 + 12 


10 num — 


150 mm 


10 mm 


Buckling Load : 

Applying Euler' s formula, I := min(l x , 

For fixed ends, K := 0.5 

7l 2 -E-í 

P •=- P rr = 1300.9 kN Ans 

cr ^ cr 

(K-L) 2 


Criticai Stress : Euler's formula is only valid if a cr < g y . 

p 

1 cr 

çj pr •=- = 236.53 MPa 

cr A cr 

< ct y = 250 MPa ( O.KA ) 


Therefore, Euler' s formula is valid. 
















Problem 13-17 


Solve Prob. 13-16 if the column is pinned at its top and bottom. 

Given: E := 200-GPa L := 9m bp := 200mm dp := 10mm 

ay := 250MPa t w := 10mm d w := 150imn 


I'- 200 nmi-^ 


10 mm 


Solution: 

Section Property: ^ *“ + 


A:= b f D — d w - (b f - t^,) 

b f° 3 (bf-Vj^w 3 
Ix 12 _ 12 
2d fb f 3 d w -t w 3 

l y 12 + 12 


10 num — 


150 mm 


10 mm 


Buckling Load : 

Applying Euler' s formula, I := min(l x , 

For pinned ends, K := 1.0 

7I 2 -E-Í 

P cr : =-- P cr = 325.2 kN Ans 

(K-L) Z 


Criticai Stress : Euler's formula is only valid if a cr < o Y . 

p 

1 cr 

o pr :=- a pr = 59.13 MPa 

cr A cr 

< ct y = 250 MPa ( O.KA ) 


Therefore, Euler' s formula is valid. 
















Problem 13-18 


The 3.6-m A-36 Steel pipe column has an outer diameter of 75 mm and a thickness of 6 mm. 
Determine the criticai load if the ends are assumed to be pin connected. 

Given: E := 200-GPa L := 3.6m 

ay := 250MPa d Q := 75mm t := 6mm -—- m - 

Solution: 

Section Property: dj := d Q - 2t 


n ( 2 2\ 7i . 

A:= 7\ d o - d iJ I: =«‘4 


Buckling Load : 

Applying Euler' s formula, 
Forpinned ends, K := 1.0 


4 

o d i 


P •= 

i cr • 


7l 2 -E-I 


(KL y 


P cr = 118.8kN 


Ans 



Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


"cr • 


cr 

~Ã~ 


a cr = 91.33 MPa 


<<J Y = 250 MPa (O.KA) 











Problem 13-19 


The 3.6-m A-36 Steel column has an outer diameter of 75 mm and a thickness of 6 mm. Determine the 
criticai load if the bottom is fixed and the top is pinned. 

Given: E := 200-GPa L := 3.6m ---—- 


ay := 250MPa d Q := 75mm t := 6mm 

Solution: 

Section Property: dj := d Q - 2t 


71 ( 2 2 

A: = 7\ d o _d i 


71/4 4 

I := — d n -<L 
64 v° 1 


Buckling Load : 

Applying Euler' s formula, 

For fixed-pinned ends, K := 0.7 


P •= 

i cr • 


7l 2 -E-I 


(k-l y 


P cr = 242.4 kN 


Ans 



Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


cr 


"cr • 


a cr = 186.38 MPa 


<<J Y = 250 MPa (O.KA) 











Problem 13-20 


The 3-m wooden rectangular column has the dimensions shown. Determine the criticai load if the ends 
are assumed to be pin connected. E w = 12 GPa, o Y = 35 MPa. 

Given: E := 12-GPa L := 3m 

ay := 35MPa b := 50mm h := lOOmm --—~~ 


Solution: 

Section Property: 


A := b-h 


b-r 
I x - 

x 12 


_ h-b 

l y "77 


Buckling Load : I : = min(l x , I y j 
Applying Euler' s formula, 
Forpinned ends, K := 1.0 


P •= 

i cr • 


7l 2 -E-I 


(K-LY 


P cr = 13.7 kN 



Criticai Stress : 


Euler's formula is only valid if a cr < a Y . 
p 

1 cr 

o pr :=- a pr = 2.74 MPa 

cr A cr 


< <t y = 35 MPa ( O.KA ) 














Problem 13-21 


The 3-m column has the dimensions shown. Determine the criticai load if the bottom is fíxed and the 
top is pinned. E w = 12 GPa, a y = 35 MPa. 

Given: E := 12-GPa L := 3m —-—- 

Gy '■= 35MPa b := 50mm h := lOOmm 
Solution: 

Section Property: 


A := b h 


b-h 

I x :=- 

x 12 


_ h-b 

l y "77 


Buckling Load : I min^I x , I y j 
Applying Euler' s formula, 

For fixed-pinned ends, K := 0.7 


P •= 

i cr • 


7l 2 -E-I 


(K-LY 


P cr = 28 kN 



Ans 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


cr 


"cr • 


a cr = 5.60 MPa 


< a Y = 35 MPa (O.KA) 














Problem 13-22 


The members of the truss are assumed to be pin connected. If member BD is an A-36 Steel rod of 
radius 50 mm, determine the maximum load P that can be supported by the tmss without causing the 
member to buckle. 

B D 


Given: a := 4m 
h := 3m 


E := 200-GPa 
ay := 250MPa 


r Q := 50mm 


Solution: 

Section Property: 
4 


71 • Y„ 


I := 


A := 7i-r n 



Buckling Load : Lgg := a 

Applying Euler *s formula, 
Forpinned ends, K := 1.0 


7l 2 -E-I 


cr • 


(kl B d) : 

P cr = 605.6 kN 


F BD := P cr 


BD 


Eaua tions of Equilibrium : 

C I.M C = 0; R- a - Fg D - h = 0 R := í-1 

\ a J 

Support Reactions : By symmetry, A=B=R 
+f ZF y =0; 2R - 2P = 0 P := R 

P = 454.19kN Ans 



Chech Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


'cr • 


cr 

"Ã” 


a cr = 77.11 MPa 


<<J Y = 250 MPa (O.KA) 







































Problem 13-23 


Solve Prob. 13-22 in the case of member AB, which has a radius of 50 mm. 


Given: a := 4m 
h := 3m 


E := 200-GPa 
ay := 250MPa 


r Q := 50mm 


Solution: 

Section Property: 
4 


n -r 


I := 


o 


A := 71-iv 



V 2 2 

a + h 

Applying Euler 's formula, 

Forpinned ends, K := 1.0 

7l 2 -E-I 


L cr 


(kl A b) : 


P cr = 387.6 kN F AB := P cr 

At Joint A; Equations of Equilibrium : 


f h A 

- = 0 R := f AB' 


jO 

l ab ) 


4^-0; r-Fab- , . 

V l abJ 

Support Reactions : By symmetry, A=B=R 
+f IF= 0; 2R - 2P = 0 P := R 

P = 232.55 kN Ans 

Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

A cr 

o pr :=- a pr = 49.35 MPa 

cr a cr 





'tSL 


<o Y = 250 MPa (O. KA) 
































Problem 13-24 


The truss is made from A-36 Steel bars, each of which has a circular cross section with a diameter of 
40 mm. Determine the maximum force P that can be applied without causing any of the members to 
buckle. The members are pin connected at their ends. 

Given: a := 1.2m E := 200-GPa 


d Q := 40mm 


h := 0.9m ay := 250MPa 


Solution: 

Section Property: I ;= 


n ' d o 

~64 


. 71 4 2 

A := —d~ 


Buckling Load : 

Member^4i? and i?C are in compression. 


L AB 2a l bc 


' a 2 + h 2 L 


Applying Eulef s formula, 
Assume failure of rod AB: 
Forpinned ends, K := 1.0 

n 2 El 


AC L BC 


Assume failure of rod.SC: 
Forpinned ends, K := 1.0 


cr • 


cr 


(k-Lab) : 

43.1 kN 


cr • 


cr 


(kl bc ) 

110.2 kN 



F AB := P cr 


F BC := P ’cr 


At Joint A: Eauations of Eauilibrium 
h 


-f SF = 0; 


■AC" 


±+ZF=0; F ac 


-AC 

a 

-AC 


P = 0 


_ F AB = 0 


f ac = p - 


-AC 


F AB = f AC 


-AC 


«í 

4 




AB 


a 

= P- 
h 


P_ = P- 
h 


cr 


p •= p • — 
cr a 


P = 32.30 kN 


Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

<j rr :=- <5rr = 34.27 MPa < a Y = 250 MPa 

cr cr 1 

Check Rod BC: 

Su oDort Reactiom : 

C + ZM d = 0; -p.(2a) + Bu h = 0 Bu = P — 

h 

At Joint B\ Eauations of Eauilibrium : 


(O. KA) 


±*.SF x =0; 


f ab + f bc 


-B h =0 


a 

P - + P 
h 

P := P 


cr 


L AC 
a 2a 

-P— = 0 


-AC 


h 


cr 


-AC 


P = 66.15 kN (Not Control !) 


































Problem 13-25 


The truss is made from A-36 Steel bars, each of which has a circular cross section. If the applied load 
P = 50 kN, determine the diameter of member AB to the nearest multiples of 5mm that will prevent this 



f ab = F AC- 


"AC 


Buckling Load : := 2a 

Applying Euler's formula, 
Forpinned ends, K := 1.0 


P = 

1 cr 




(ki-ab ) 2 

2 


I = 


[ 1.0-(2a)] 
7l 2 -E 


cr 



P cr := F AB 


I = 


4a 

7I 2 -E 


P- 


h J 




Section Property: I = 


64 


n 7 

A = —dJ 


ti • d ^ 


4a' 


2 f 


Use: 


64 

7T 2 .F 

4 

1 2 

d o : = 1 

|256a | 

3 

V 

71 E 

d Q = 44.62 mm 

d Q := 45mm 


P- 




Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < cr Y . 

P„ 


71 2 

A:= — d/ 


cr 


a cr * 


a cr = 41.92 MPa 


< 


a Y = 250 MPa (O.KA) 






























Problem 13-26 


An L-2 tool Steel link in a forging machine is pin connected to the forks at its ends as shown. 
Determine the maximum load P it can carry without buckling. Use a factor of safety with respect to 
buckling of F.S. = 1.75. Note from the figure on the left that the ends are pinned for buckling, whereas 
from the figure on the right the ends are fixed. 


Given: E := 200-GPa L := 0.6m F safety := 1.75 

ay := 703 M Pa b := 3 6 mm t := 12mm 

Solution: 

Section Property: 

t-b 3 4 

I Y :=- I = 46656.00mm 

x 12 x 

b-t 3 4 

I v :=- I v = 5184.00 mm 

y 12 y 

A := b t A = 432.00 mm 2 

Criticai Buckling Load : 

With respect to the x-x axis: for pinned ends, K := 1.0 
Applying Euler's formula, 

7t 2 .EI x 

P cr : =-- P cr = 255.8 kN 

(K-IT 




With respect to the y-y axis: for fixed ends, K := 0.5 
Applying EuleA s formula, 


7T 2 E L 


P' - 
1 cr • 


P' cr = 113.7kN (Controls !) 


(K-L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y* 

P f , 


cr 


a cr * 


Factor of safety: 


P ? , 


H safety' 


cr 

P 


a cr = 263.19 MPa 


< g y = 703 MPa (O.KA) 



^safety 


P = 64.97 kN Ans 

















Problem 13-27 


The linkage is made using two A-36 Steel rods, each having a circular cross section. Determine the 
diameter of each rod to the nearest multiples of 5mm that will support a load of P = 30 kN. Assume 
that the rods are pin connected at their ends. Use a factor of safety with respect to buckling of 1 .f 

Given: h := 3.6m 0 yB := 45deg E := 200- GPa 

P := 30kN 0 BC := 30deg a y := 250MPa 

Solution: 

At Joint B\ Equations of Equilibrium : Given 


4 SF J = °; f ab- cos ( 0 ab) + f BC' cos ( 9 Bc) - p = o (1) 
I.F X = 0; F AB -sin(e AB ) - F BC -sin(e BC ) = 0 (2) 

SolvingEqs. (1) and (2): Guess F yB := lkN F B £ := lkN 



Í f ab^ 

f bc ) 


:= Find(F AB ,F BC ) 




Section Property: I = 


n-d r 


64 


V AB 


F BC ) 


. Jt ,2 

A = — d„ 


15.53 ^ 
.21-96 ) 


kN 


Buckling Load : Applying Euler 's formula, P cr = 

For pinned ends, K := 1.0 


7i 2 EI 


(K- L)“ 



[ 1.0-(L)] 2 ^o_ 

2 ' cr 64 

n E 


L 

-P 

j cr 

n -E 


d o = 


1 64L 

7T 3 -E 


'( P cr) 


For Member^4i?: L 


^cr ’ ^AB 


AB 


L := L 


COS 


( 6 ab) 


AB 


a AB 


164L 
n 3 -E 


• ( p cr) d AB = 45.15mm 

Use: d yB := 50mm Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y 
z P 

a AB 


A := — • d AB 2 c> cr := —— c> cr = 7.91 MPa <a Y = 250 MPa (O.KA) 

4 A 


For Memberi?C: L 


h 


P cr := F BC 


BC 


L’ := L 


COS 


( e Bc) 


BC 


a BC := 


164L' 
k 3 -E 


'( P cr) d BC = 44.49 mm 


Use: d B ç := 45mm Ans 

Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P’ 

Tc 9 A cr 

A’ := —d BC a' cr := — a’ cr = 13.81 MPa <a Y = 250 MPa (O.KA) 


cr 


A’ 


























Problem 13-28 


The linkage is made using two A-36 Steel rods, each having a circular cross section. If each rod has a 
diameter of 20 mm, determine the largest load it can support without causing any rod to buckle. 
Assume that the rods are pin-connected at their ends. p 

Given: h := 3.6m 0yg := 45deg E := 200-GPa 

d Q := 20imn 0gç := 30deg ay := 250MPa 

Solution: Set P' := 1 

At Joint B\ Equations of Equilibrium : Given 



Solving Eqs. (1) and (2): Guess F’yg := 1 
/f ’aB^ , , f F AB^ f 0.5176^ 


f ’bc := 1 


F' 


BC ) 


:= Find( 


f 'aB’ f ’bc) 

4 


F 'B C) 


Section Property: I ;= 


k • d 


o 


64 


n 7 
A := — d n Z 
4 ° 


^0.7321 J 


Buckling Load : Applying Euler *s formula, P cr = 


For pinned ends, K := 1.0 P cr = 






(KL)" 


For Member^i?: Lyg 


h 


COS 


P cr = f AB 


L := L 


AB 


( 0 ab) 

F’ 


AB 


P = 


ti 2 -E-I 


" f ab^ 

TbcJ 


f ’ab-p^ 

f ’bc p ; 


kN 


i. 


-AB 


n EI 


f ’ab-W 


P = l.IókN Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < o Y . 



P cr 

CTcr •- ~ 




^cr * ^ AB* ^ 

Q 

o 

= 1.90 MPa < cj y 

= 250 MPa ( O.KA .) 

Check Member.SC: 

T •_ 

h 

f bc := f ’bc'P 

F bc = 0.846 kN 

^BC ' 

cos| 

( 0 BC) 

7l 2 -E-I 
P ’cr == - 

P’ cr = 0.8972 kN 

>F bc = 0.846 kN 

(O.KA) 


l bc 























Problem 13-29 


The A-36 Steel pipe has an outer diameter of 50 mm and a thickness of 12 mm. If it is held in place by 
a guywire, determine the largest vertical force P that can be applied without causing the pipe to buckle. 
Assume that the ends of the pipe are pin connected. 

Given: L := 4.2m 0 B £ := 30deg E := 200-GPa r 

d Q := 50mm t := 12mm ay := 250MPa 

Solution: Set P' := 1 

At Joint B. Equations of Equilibrium : Given 

+t F BC' sin ( 0 Bc) - P’ = 0 (!) 

+► ZF X = 0; F’ BC cos(e BC ) - F' AB = 0 (2) 

SolvingEqs. (1) and (2): Guess F' AB := 1 


*-: 

'\w 

—1 - 




A 

r 


F ’BC := 1 


f ’ab^ 

F BCj 


:= Find( 


f 'ab> f ’bc) 


F ’aB^ ( 1.7321 ^ 


^BCj 


2.0000 ) 


AB I 

^BC J 


f ’ab p ^ 

f 'bc p J 


kN 


Section Property: dj := d Q - 2t 


A := — d 


df 


I := 


í , 4 i 4 
71-1 d 0 -dj 


64 


Buckling Load : Applying Euler *s formula, P cr = 


Forpinned ends, K := 1.0 


P = 

1 cr 




ti 2 -E-I 


(KL) Z 


4^- 




P cr = f AB 


f ’ab p = 


ti 2 -E-I 


P := 


7l 2 -E-I 


f 'ab-l 

P = 18.37 kN Ans 


Chech Criticai Stress : Euler's formula is only valid if a cr < cr Y . 

p 

cr 

p cr := F’ ab P a cr :=- a cr = 22.21 MPa < a Y = 250 MPa (O.K.!) 

A. 























Problem 13-30 


The A-36 Steel pipe has an outer diameter of 55 mm. If it is held in place by a guywire, determine its 
required inner diameter to the nearest multiples of 5mm, so that it can support a maximum vertical load 
of P = 20 kN without causing the pipe to buckle. Assume the ends of the nine are nin crmnected 

Given: L := 4.2m 0 BC := 30deg E := 200-GPa 

P := 20kN a Y := 250MPa 


d Q := 55mm 


Solution: 

At Joint B\ Equations of Equilibrium : Given 


4 

ZF= 0 ; 

F BC' sin ( e Bc) - p = 1 

0 (1) 

i 1 

B 

+ 

II 

O 

f bc cos ( 0 bc) _ f ab = 0 W 

P u 

Solving Eqs. (1) and (2): Guess 

f ab : = lkN f bc : = lkN 


/f ab 1 


/f ab 1 

( 34.64^ 


f bc ) 

:= Find(F AB ,F BC ) 

F BC ) 

kN 

^40.00 J 

Section Property: dj = d Q - 2t 




A = — dJ -d 


I = 


í A 4 i 4 
7id d Q -dj 


64 


Buckling Load : Applying Euler' s formula, P cr = 


Forpinned ends, K := 1.0 
2 


P cr = f AB 


AB 




(KL) 


I := 


F AB' L 

7l 2 -E 


I , 4 .4 

7T-(d 0 - dj 

~64 


F AB L 

7l 2 -E 




-42 m- 




& 






dj := 


4 64 F AB L " 




7l 3 -E 


dj = 41.07 mm 


Use: 


dj := 40mm 


Check Criticai Stress : Euler's formula is only valid if a cr < g y . 


A:= — d‘-d 


I := 


í , 4 i 4 
71-1 d Q -dj 


64 


P •= 

i cr • 


7I 2 -E-I 


(K-L) z 


Ans 


cr 


a cr :=- a cr = 32.35 MPa < a Y = 250 MPa (O.K .!) 

A. 


























Problem 13-31 


The linkage is made using two A-36 Steel rods, each having a circular cross section. Determine the 
diameter of each rod to the nearest multiples of 5mm that will support the 4.5-kN load. Assume that 
the rods are pin connected at their ends. Use a factor of safety with respect to buckling of F.S. = 1.8. 



[KO-CD] 

1 " o r cr 


n 2 -E 


For MemberAS: 

^cr *“ ^safety*^AB 


71 ' d o 
64 


L := L 


L 

-P 

9 A cr 

n E 


AB 


a AB 



^AB = 36.66 mm 
Use: d^g := 40mm Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y 

P 


A := ~' d AB 2 CT cr := — a cr = 3 - 87 MPa < a Y = 250 MPa (O. KA) 

4 A 


For Member BC\ 

* cr := ^safety* Y BC 


PP,. :P... r.* ,■ l o /■ 1 L' := 


:I BC := 


1 64L' 

7t 3 -E 


"( p 'cr) d BC = 3411mm 


Use: dgç := 40mm Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y 

P’ 

z 

a BC 


TC J ± cr 

A':=—d BC a'cr : =— cr’ cr = 5.16MPa <cr Y = 250 MPa ( O.KA .) 

4 A 








































Problem 13-32 


The linkage is made using two A-36 Steel rods, each having a circular cross section. If each rod has a 
diameter of 20 mm, determine the largest load it can support without causing any rod to buckle. 
Assume that the rods are pin connected at their ends. 



Solving Eqs. (1) and (2): Guess f ’ab := 1 f ’bc := 1 

^ F ’AB^ f F AB^ f 0.6^1 

:= Find(r ™ ' 


?, BC ) 


,F 'aB’ F ’bc) 


n-d n 


Section Property: I ;= 


64 


F ’BCj 


K 7 

A := — cL 




r AB I 

f bc; 


f ’abN 

f ’bc p ; 


kN 


Buckling Load : Applying Euler* s formula, P cr = 


Forpinned ends, K := 1.0 
For Member^i?: 


P = 

1 cr 






(KL) Z 



P cr “ F AB 


L := l ab f ’ab p = 


7t 2 EI 


P := 


n EI 


"AB 


f ’ab l ab 

P = 0.718 kN Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < g y . 



p 

1 cr 

a cr :=- a cr =1.37MPa < ct y = 

A. 


P cr * F AB* P 

250 MPa 

Check Member.SC: 

F bc := F’bC P F BC = 0.574 kN 


7t 2 EI 

p ’cr : = 2 

P’ cr = 0.7656 kN > F bc = 0.574 kN 

(O.K.l) 


l bc 


(O.K.l) 


































Problem 13-33 


The Steel bar AB of the frame is assumed to be pin-connected at its ends for y-y axis buckling. If P = 
18 kN, determine the factor of safety with respect to buckling about the y-y axis due to the applied 
loading. E st = 200 GPa, <j y = 360 MPa. 



Forpinned ends, K := 1.0 


P 


cr • 


n 2 -E-l y 

(KLab) 2 


P cr = 57.12 kN 


cr 


safety * p 


AB 


^ safety ^.38 


Ans 


Check Criticai Stress : Euler's formula is 
p 

A cr 

o pr :=- a pr = 11.42 MPa 

cr A cr 


only valid if a cr < a Y- 
< ct y = 360 MPa (O.K.l) 





























Problem 13-34 


Determine the maximum load P the frame can support without buckling member AB. Assume that AB 
is made of Steel and is pinned at its ends for y-y axis buckling and fixed at its ends for x-x axis 
buckling. E st = 200 GPa, a 7 = 360 MPa. 

Given: h := lOOmm a y := 4m E := 200-GPa 

b := 50imn a^ := 3m ay := 360MPa 


P := 18kN 


L Ap :=6m L^ c 


Solution: a' •= 

v L 


a v 


a h 


au := 


AC L AC 

At Joint B\ Equations of Equilibrium : 

+t^-o; -Fac(-'v) + f ab= 0 


+► IF =0; -F 


AC 


■W 


P = 0 


( 2 ) 


Solving Eqs. (1) and (2): F A ç := — 

a ’h 

F ac = 30 kN 


Section Property: A := hb I := 


b-h 


x 12 

Buckling Load : Applying Eulet 3 s formula, 

About x-x axix: 



AB 


a v 

:= P- 

a 'h 


( 3 ) 


F AB = 24 kN 


hb 


y i2 


About y-y axix: 


50 min—| 


e 


l 53 mm 

50 mm 


& 


Z 




For fixed ends, 


7i 2 EL 


K x := 0.5 


P' - 

i cr • 


K l Ab) 


For pinned ends, Ky := 1.0 

pn ._ _ J 


cr 


(Ky L ABf 


P’ cr = 913.85 kN 


P” cr = 57.12kN 


Pcr : = m in( p 'cr, p "cr) P cr = 57.12kN 

a ’h 

Substituting F AB =P cr into Eq.(3), P := P- P = 42.84kN Ans 

a V 

Check Criticai Stress : Euler's formula is only valid if a cr < g y . 
p 

cr 

a cr - <J cr = 11.42MPa < a Y = 360 MPa ( O.K.l ) 

A. 




























Problem 13-35 


Determine the maximum force P that can be applied to the handle so that the A-36 Steel control rod BC 
does not buckle. The rod has a diameter of 25 mm. 

Given: a := 350min 0 := 45deg E := 200-GPa 


c := 800mm P := kN 

Solution: 

Equations of Equilibrium: For the handle 
ZM a = 0; P (a) - FgQ-(b-cos(0)) = 0 

F 



BC* 

P-a 


BC •= 


b*cos(o) 
A 4 

7i-d„ 


Section Property: I ;= 


64 


F BC = 1-9799P 


n 7 
A:= — d/ 


Buckling Load : Applying Euler *s formula, P = 


n EI 


Forpinned ends, K := 1.0 P cr := Fgç 


BC 


7t 2 E-I 


(K-c)^ 


cr 

L := c 
Pa 


(KL) Z 


7T 2 -E-I 



b cos( 0 ) (k . c) 2 

Ti E-Eb-cos(o) 

P :=-— 

a-(K-c) 2 

P = 29.870 kN Ans 


Check Criticai Stress : Eulet 3 s formula is only valid if a cr < a Y . 

p 

P :=-At CT cr := — a cr = 120 - 48 MPa < ct y = 250 MPa (O.K .!) 

b-cos(O) A 



























Problem 13-36 


Determine the maximum allowable load P that can be applied to member BC without causing member 
AB to buckle. Assume that AB is made of Steel and is pinned at its ends for x-x axis buckling and fixed 
at its ends for y-y axis buckling. Use a factor of safety with respect to buckling of F.S. = 3. E st = 200 

GPa, <J Y = 360 MPa. 

Given: h := 30mm L := 2m E := 200-GPa *i 

h 1 - t- 1 m A 

b := 20mm ^safety ^ a Y := 360MPa lU___1___L 

Solution: p ;= kN 

Support Reactions : For member BC. 


4 s ^=o; f ba + f c -p = o 

By symmetry, f ba = F c 

Hence, F BA := 0.5P (1) 

F c := 0.5P 


c-v ,_ i 

~ n. f 

C* 'r 

I 


30 jjjíii—- 


Section Property: A := h- b 



j 

u 1 - 

L 

1 20 mm 
iV v 

b-h 3 

I x :=- 

x 12 

h-b 3 

l y- i2 

Pmb. 13-36 

L. 

~\ 

J 

h 

^30 mm 
c 


Buckling Load : Applying Euler *s formula, 
About x-x axix: 

For pinned ends, K x := 1.0 


cr *“ 


cr 


7t 2 EL 


K-l) 2 

22.21 kN 


About y-y axix: 


For fixed ends, Ky := 0.5 
4-E'Iy 

pn ._ _£_ 

r cr . 


P" 


cr 


( K y' L ) 

39.48 kN 


P cr := min ( p 'cr’ p "cr) 

P cr 

P 


A cr 


f ba •= F 

F BA : 


From Eq.(l), 


P := 2F 


BA 


P= 14.80 kN Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 


cr 


a cr - a cr “ 37.01 MPa < cr Y = 360 MPa (O.K.l) 

A. 























Problem 13-37 


Determine the maximum allowable load P that can be applied to member BC without causing member 
AB to buckle. Assume that AB is made of Steel and is pinned at its ends for x-x axis buckling and fixed 
at its ends for y-y axis buckling. Use a factor of safety with respect to buckling of F.S. = 3. E st = 200 

GPa, o Y = 360 MPa. 



Buckling Load : Applying Euler' s formula, 
About x-x axix: 

For pinned ends, K x := 1.0 


About y-y axix: 
For fixed ends, 


P' ■= 

i cr • 


7I 2 -E-L 


K-l ) 2 


P’ cr = 22.21 kN 


P” = 
1 Cr • 


Jt 2 -E-L 


( K y' L f 


P” cr = 39.48 kN 


P cr := min ( p 'cr’ p "cr) 

P cr 

P 


A cr 


f ba •= F 

^ CQTAh/ 

F BA : 


From Eq.(l), P := 2Fg A 


P = 14.80 kN Ans 


K y := 0.5 


Check Criticai Stress : Euler 3 s formula is only valid if a cr < a Y . 
p 

cr 

a cr :=- a cr “ 37.01 MPa < cr Y = 360 MPa (O.ÃT.!) 

A. 






















Problem 13-38 


Determine if the frame can support a load of P = 20 kN if the factor of safety with respect to buckling 
of member AB is F.S. = 3. Assume that AB is made of Steel and is pinned at its ends for x-x axis 
buckling and fixed at its ends for y-y axis buckling. E st = 200 GPa, a 7 = 360 MPa. 

Given: h := 30mm L := 2m E := 200-GPa 



Buckling Load : Applying Euler 's formula, 

About x-x axix: 

For pinned ends, K x := 1.0 
7r 2 Eí x 
p 'cr : =-7 

(M 2 


About y-y axix: 

For fixed ends, Ky := 0.5 

P” 

1 cr 



P ? cr = 22.21 kN 


P" cr = 39.48 kN 


P cr := min(P' cr , P" cr ) P cr = 22.207 kN 


Factor of Safety : 



FS = 2.221 < F safety 


Hence, the frame cannot support the load with the required factor of safety. 


Ans 





























Problem 13-39 


The members of the truss are assumed to be pin connected. If member GF is an A-36 Steel rod having 
a diameter of 50 mm, determine the greatest magnitude of load P that can be supported by the tmss 
without causing this member to buckle. 



Support Reaction s : By symmetry, A=B=R 
+f IF= 0; 2R - 2P = 0 P := R 


P = 28.39 kN Ans 

Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

p 

1 cr 

çjpr : =- dpr = 19.28 MPa 

cr A cr 


< <j y = 250 MPa (O. KA) 































































Problem 13-40 


The members of the truss are assumed to be pin connected. If member AG is an A-36 Steel rod having 
a diameter of 50 mm, determine the greatest magnitude of load P that can be supported by the tmss 
without causing this member to buckle. 

HG FE 


Given: a := 4m 
h := 3m 


E := 200-GPa 
ay := 250MPa 


d Q := 50mm 

Solution: 

Section Property: 

4 


n-d n 


I := 


A 71 A 2 

A:= — d 0 


64 4 

V ~2 2 

a + h 

Applying Euler *s formula, 

Forpinned ends, K := 1.0 


P - 

i cr • 


7I 2 -E-I 


( k ' l ag) 


P cr = 24.2 kN 


F AG := P cr 


Equations of Equilibrium : Use method of joints at Joint A. 

h f hl 


-t^=o; r_ ( f ag) t- 0 R: 


AG 



Support Reactions : By symmetry, A=B=R 
+f IF= 0; 2R - 2P = 0 P := R 

P = 14.53 kN 


l agJ 


AG 


Ans 



Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P n 


'cr • 


cr 

"Ã” 


a cr = 12.34 MPa 


<<J Y = 250 MPa (O.KA) 





















































Problem 13-41 


Determine the maximum distributed loading that can be applied to the wide-flange beam so that the 
brace CD does not buckle. The brace is an A-36 Steel rod having a diameter of 50 mm. 

Given: b := 2m 


L c := 4m 


d Q := 50imn E := 200* GPa 
kN 


w := — ay := 250MPa 
m 

Solution: := 2 b 

Equations of Equilibrium: For the beam. 

£ + ^M a = 0; w L b - (0.5L b ) - F CD - (b) = 0 


4 

n 



4 

r 










Ei 


w- L 


H> 


CD •= 


2-b 


F CD = 4.00 wm 


n-d n 


Section Property: I ;= 


64 


K 7 
A:= — (L 


Buckling Load : Applying Euleds, formula, P cr = 




(KL) Z 


Forpinned ends, K := 1.0 P cr := F^q 


L := L r 


CD 


ji 2 E-I 


(K-g 2 


w-Li 


2-(b) 




( K ' L c f 


2 m. ■ 


4 m 


fi 




.._J 

| 

i 1 

1 ■ 

1 í 

1 1 

1 1 

| l ^ 1 


4c 




w := 


2n Elb 


! ( KL c) : 


kN 

w = 9.462 — 
m 


Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < a Y . 

2 p 

7i • ET A cr 

P„„ :=- c> cr :=- c> cr = 19.28 MPa < c> Y = 250 MPa (O. KA) 

\2 A 


cr 


( K ' L c)‘ 












































Problem 13-42 


The 50-mm diameter C86100 bronze rod is fixed supported at A and has a gap of 2 mm from the wall 
at B. Determine the increase in temperature AT that will cause the rod to buckle. Assume that the 
contact at B acts as apin. 


Unit used: °C := deg 

Given: L := lm d Q := 50mm 

a := 17-(l0 _6 ) — e 
°C 


§0 


2 mm 


Tm 


2 mm 


103GPa a Y := 345MPa 


Solution: 

Section Property: 


A 4 
7T-d 0 

I :=- 

64 



Compatibity Condition : This requires, 


-*► §o = 6 t + S F 
go = (x-(at)-L 


F-L 


A-E 



F = 


A-E- 




a AT-- 

L ) 


Buckling Load : Applying Euler *s formula, P cr 
For fixed-pinned ends, K := 0.7 P cr := F 


ti 2 -E-I 

(K-L) 2 


A-E- 




a-AT-- 

L) 


ti 2 -E-I 

(K-L) 2 


AT := 


1 71^*1 §0 

— - + - 

a |_A(K-L) 2 L 


AT = 302.78 °C Ans 


Check Criticai Stress : Euler' s formula is only valid if c> cr < a Y . 

2 „ t P 

7i • h/T A cr 

P cr :=- cr cr :=- cr cr = 324.16 MPa < a Y = 345 MPa (O.KA) 

(K-L) 2 A 




























Problem 13-43 


Consider an ideal column as in Fig. 13-12c, having both ends fixed. Show that the criticai load on the 
column is given by P QY = 4n 2 EI/L 2 . Hint\ Due to the vertical deflection of the top of the column, a 

constant moment M' will be devel oped at the supp orts. S how that (ftv/dx 2 + (P/El) v = MVEL The 
solution is of the form v = C A sinQP/El x) + C 2 cos(^P/EI x) +MVP. 


Sfofiitttf Fundi# Jiiv 




Diffcrvnlial Eifualion of Tht F.iastie Çurvt: 



MU) 





J z p P W J 

~ li 


I.Q.E.D.) 


P 



P 


Tht juIiíüuíi uí the abu^e diflerento] cqoaiiüii is of Ific form 





UJ 

[ 1 ] 


The Li u: È.miizr corjgtaniE can be deLumuncU Élom the ftoufidujy eüfidJriafti. 
Húiiíidãry C vnditwnf: 

Aij=O r O. Fntwn E5q.[l I. 

dl' 

Al x = 0. — *0. Frum Eq [2L ■ D 

4r 

FitwiiU- Cunrí: 


u = 




and 



Howewcr, due Ui syinniAjf —- ® 0 ít.r 
At 


Í. Tb**. 
2 



u/here n * 1,2.3.,.. 


Tbt iiUiUisicua^aJ load «eiiis v*htn n = I. 




4^ 

£ ! 


ífi. £. O J 










Problem 13-44 


Consider an ideal column as in Fig. 13-12<i, having one end fixed and the other pinned.Show that the 
criticai load on the column is given by P CY = 20.19 EI/L 2 . Hint\ Due to the vertical deflection at the top 
of the column, a constant moment M’ will be developed at the fixed support and horizontal reactive 

forces R' will be developed at both supports. Show that (fiv/dx 2 + (P/El) v = (R 7EI) (L-x). The 

solution is of the form _ . . 0 , [wtet x /D , /nwl 

v = C 1 sm(^P/EI x) + C 2 cos^P/EI x) + (R !P)(L - x). 


After application of the boundary conditions show that tan^P/EI L ) = Solve by trial and 
error for the smallest root. 
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Problem 13-45 


The column is supported at B by a support that does not permit rotation but allows vertical deflection. 
Determine the criticai load P cv . EI is constant. 
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Problem 13-46 


The ideal column is subjected to the force F at its midpoint and the axial load P. Determine the 
maximum moment in the column at midspan. EI is constant. Hint\ Establish the dififerential equation for 

deflection Eq. 13-1. The general solution is v = A sin kx + B cos kx - c 2 x/k 2 , where c 2 = F/2EI, 
k 2 = P/EI. * I 
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d 1 v 

EÍ—-UU) 

di l 

F „ 
i Pv P F 

- + — 1j --- X 

£7 2ãS 


Ttw agl^tk^n aí üi* atovv dLÍFcresnLaJ cquadúit is of üic Forni. 

JIÀ-L, 


[i] 


míd 


u - C J íin|y^rj+C I »j| {à*)' 


[2] 


[ 3 ] 


The inttgfãÜCKl çonçtiüsLs eân bí dctTríiiftíd lro*n ibt büüroÍRry 
■ZL-rvIiciúPii. 


BütitrdQTy C(?ndiXianA: 

Al x u 0, c = Q. Ffdffl Eq. ['21, 


c í= o 


L 4v 

At x *— = U. 
2 -d? 


Erom Eq_[3J r 


£ 


Y* 


^ X * fru 


v 

p 

Mtf) 


jf 

F 

1 L 

L 


= 0; 

Jtf(jrJ+-í+7 , <u)*0 

r 2 

2 



VP t 























Ojuéjé Currê! 



Hawevtr r = u Hia 



Thcn, 



Aw 


.ifdJfÊjR-u.n Afffjn-cjifl; Tht ri-iAmuri: rtlOfDCíU occuri Mi 


■ r- "Frem 


E*M. 





\ns 






Problem 13-47 


The ideal column has a weight w (force/length) and rests in the horizontal position when it is subjected 
to the axial load P. Determine the maximum moment in the column at midspan. EI is constant. Hint\ 
Establish the differential equation for deflection Eq. 13-1, with the origin at the mid span. The general 

solution is v=Asmkx + B cos kx + ( w/(2P )) x 2 - ( wL/(2P ))x - ( wEI/P 2 ) where k 2 = P/EL 
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Problem 13-48 


Determine the load P required to cause the A-36 Steel W200 X 22 column to fail either by buckling or 
by yielding. The column is fixed at its base and free at its top. 


Given: E := 200-GPa 


L := 2.4m 


ay := 250MPa e y := 25mm 


Solution: 


25 mm i 

á 



1 

í 6) 

1 4 


l x 

:= 20.0-1 

iio°J 

1 mm 

A := 

V 

:= 1.42-1 

(io 6 ) 

1 4 

1 mm 

d := 


Buckling abouty-y axis : 

For fixed-free ends, K := 2.0 


7T 2 -E-I 

d _ L 

cr • 9 

(K-i r 


P := P, 


cr 


P cr = 121.66 kN 


P = 121.66 kN 


Ans 


Criticai Stress : Euler's formula is only valid if a cr < g y . 

P. 


cr 


"cr • 


a cr = 42.54 MPa 


< a Y = 250 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 


"max * 


"max 


e y c 

1 H-sec 


'kl 

V 2r x 


E- 




59.69 MPa <a Y = 250MPa (O. KA) 


li- 


2.4 m 


















Problem 13-49 


The wood column is assumed fixed at its base and pinned at its top. Determine the maximum eccentric 
load P that can be applied without causing the column to buckle or yield. E w = 12 GPa, o Y = 56 MPa. 

Given: E := 12-GPa L := 3.6m b := 38mm 

ay := 56MPa e^ := 44mm h := 88mm 


Solution: 

Section Property: 

3 


I 


b-r 


x • 


12 

A := b-h 


y 


"X • 


h-r 

~Í2 

ÍT 


Buckling abouty-y axis : 

For fixed-pinned ends, K := 0.7 


K- EL 


P - 
1 Cr • 


(K-LV 


P cr = 7.5 kN 


3.6 m 


3Hmm 




88 mm 


P := P 


cr 


P = 7.50 kN 


Ans 


Criticai Stress : Euler's formula is only valid if a cr < g y . 

P, 


cr 


a cr ’ 


a cr = 2.24 MPa 


< cr Y = 56 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5h 


"max • 


e y c 

1 H-sec 


V 2r x 


p_y 

i ‘ a )) 


a max = 10.89MPa <a Y = 56MPa (O. KA) 



























Problem 13-50 


The wood column is fixed at its base and fixed at its top. Determine the maximum eccentric load P that 
can be applied at its top without causing the column to buckle or yield. E w = 12 GPa, o Y = 56 MPa. 

Given: E := 12-GPa L := 3.6m b := 38mm 


ay := 56MPa 

Solution: 

Section Property: 

b-h 3 


Qy := 44mm h := 88mm 


h-b J 


I x :=- I v := 

x i2 y 

12 


ÍE 

A := b-h r x := 

H 

Buckling abouty-y axis 

- 

For fixed-fixed ends, 

K := 0.5 

7T 2 -E-I 

P cr - 2 

(K-IT 

P cr = 14.71 kN 

P := P cr 

p = 14.71 kN 


3.6 m 


Ans 


Criticai Stress : Euler's formula is only valid if a cr < g y . 
P„ 


cr 


a cr * 


a cr = 4.40 MPa 


< a Y = 56 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5h 


'max • 


e y c 

1 H-sec 


V 2r x 


p_Yi 

l - A Jj 






38 mm 

l-T-y 


88 mm 


a max = 21.35 MPa 


< a Y = 56 MPa 


(O.K.l) 



























Problem 13-51 


The wood column has a square cross section with dimensions 100 mm by 100 mm. It is fixed at its 
base and free at its top. Determine the load P that can be applied to the edge of the column without 
causing the column to fail either by buckling or by yielding. E w = 12 GPa, a 7 = 55 MPa. 

Given: E := 12-GPa 


ay := 55MPa 

Solution: 

Section Property: 

12 


L := 2m 
e := 120mm 


d Q := lOOmm 


I := 


A := d. 




Buckling : 

For fixed-free ends, K := 2.0 


P •= 

i cr • 


7l 2 -E-I 


(K-Ly 


P cr = 61.69 kN 


Criticai Stress : Euler's formula is only valid if a cr < g y . 
P„ 


cr 


a cr * 


a cr = 6.17 MPa 


< cr Y = 55 MPa (O.K.!) 


Checkyielding : 

Applying the secant formula: c := 0.5d Q 
Given 


a Y = 


max 


f 

e-c 

1 +-sec 

2 

V r 


( 

KL 
V 2r 


A max 
EA 


Yi 


(i) 


Solving Eq. (1) by trial and error: Guess P max := lkN 


^max • Find^P max j 

Hence, 

^allow •“ m ^ n (^cr ? ^max) 
Pai, 0 „=31.37kN Ans 


max 



31.37kN (Controls !) 














Problem 13-52 


The W200 X 71 stmctural A-36 Steel column is fixed at its bottom and free at its top. If it is subjected 
to the eccentric load of 375 kN, determine the factor of safety with respect to either the initiation of 
buckling or yielding. 


Given: E := 200-GPa 


L := 3.6m 


P 375kN 


375 kN 


ay := 250MPa e y := 200mm 


Solution: 

Use W 200x71: I x := 76.6-(l0 6 ) 

I y := 25.4-(10 6 ) 
Buckling abouty-y axis : 

For fixed-free ends, K := 2.0 




mm A := 9100mm 


mm d := 216mm 


7T 2 -E-L 


p •= 
1 cr • 


(K-L) 
P allow ,= P cr 


P cr = 967.16 kN 


P allow= 96 7.16kN 


r x := 91.7mm 


3.6 m 


200 mm 
V 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 
P. 
a. 


cr 

cr "Ã" 


a cr = 106.28 MPa 


<o Y = 250 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


f 


a Y = 


max 


V c 

1 H-sec 


f 

KL 
V 2r x 


max 

E-A 


Tl 

)) 


( 1 ) 


Solving Eq. (1) by trial and error: Guess P max := lkN 


p max ~ M P max) p max - 531-59kN {Controls !) 


p aiiow =967.16 kN 


Factor of Safety : 

p 

1 max 

p safetyp p safety = P ^2 ns 

















Problem 13-53 


The W200 X 71 stmctural A-36 Steel column is fixed at its bottom and pinned at its top. If it is 
subjected to the eccentric load of 375 kN, determine if the column fails by yielding. The column is 
braced so that it does not buckle about th ey-y axis. 


Given: E := 200-GPa 
ay := 250MPa 

Solution: 

Use W 200x71 : 


L := 3.6m 
e *= 200mm 


I x := 76.6 


(io 6 ) 

(io 6 ) 


Iy := 25.4 


For fixed-pined ends, K := 0.7 


mm 


mm 


P := 375kN 

A := 9100mm 2 
d := 216mm 


r x := 91.7mm 


375 kN 




3,6 m 


200 mm 
V 


Yielding about x-x axis : 

Applying the secant formula: c := 0.5d 
Given 



a max • 


a max 

< a Y 


p 

f e y' c 

fK-L f 

— 

1 H-sec 

— 

A 

2 

2r Y J 


1 r x 

k x v 

149.16 MPa 



= 250 MPa (O.KA) 



Hence, the column does not fail by yielding. 


Ans 














Problem 13-54 


The brass rod is fixed at one end and free at the other end. If the eccentric load P = 200 kN is applied, 
determine the greatest allowable lengthZ of the rod so that it does not buckle or yield. E bv =101 GPa, 

o Y = 69 MPa. 

Given: E := 101-GPa d Q := lOOmm P := 200kN 

o y := 69MPa e := 10mm L := m 


■4^ 


10 mm 


Solution: 

Section Property: 
4 


nd n 


ti d r 


I := 


A := 


64 

Buckling : 

For fixed-free ends, K := 2.0 


r ’ A 


P •= P 
r cr • r 


100 mm 


S 


P = 

1 cr 


tP-E-I 


(KL)' 


L cr :_ 


tP-E-I 


PK 


L cr = 2.473 m 


Criticai Stress : Euler's formula is only valid if a cr < g y . 
P. 
a. 


cr 

cr "Ã" 


a cr = 25.46 MPa 


< a Y = 69 MPa (O.KA) 

Checkyielding : 

Applying the secant formula: c := 0.5d o 
Given 


a Y = 


í 

e-c 

1 H-sec 

2 

V r 


KL 


max 


V 2r 


"Yl 


LA Jj 


L — : = Find ( L max) L 


Solving Eq. (1) by trial and error: Guess L 
"max 

Hence, 

^allow •“ m ^ n (^cr 5 ^max) 


max * 
max = 


^allow l-706m 


Ans 


( 1 ) 

lm 

1.706 m (Controls !) 


















Problem 13-55 


The brass rod is fixed at one end and free at the other end. If the length of the rod is L = 2 m, 
determine the greatest allowable loadP that can be applied so that the rod does not buckle or yield. 
Also, determine the largest sidesway deflection of the rod due to the loading. E br =101 GPa, o Y = 69 
MPa. 


Given: E := 101 GPa 
ay := 69MPa 

Solution: 

Section Property: 

A 4 
7Td 0 

I :=- A 

64 


d Q := lOOmm L := 2m 
e := lOmm 




ICO mm 


Buckling : 

For fixed-free ends, 


P 


cr • 


7l 2 -E-I 

(K-L) 2 


K := 2.0 

P cr = 305.82 kN 


Criticai Stress : Euler's formula is only valid if a cr < o Y . 
P. 
a. 


cr 

cr "Ã" 


a cr = 38.94 MPa 


< a Y = 69 MPa (O.KA) 

Checkyielding : 

Applying the secant formula: c := 0.5d o 
Given 


max 


Gy = 


í 

e-c 

1 +-sec 

2 

V r 


f 

KL 
^ 2r 


A max 
EA 


’h 


Solving Eq. (1) by trial and error: Guess P 
^max *“ Find(Pmax) 

Hence, 

^allow *“ m ^ n (^ > cr ? ^ > max) 

^allow “ 123.70 kN 
Maximum Deflection : 


^max * e ‘ 


max * 


max 


( 1 ) 

: lkN 
173.70 kN 


Ans 


f 

f I 


KL 

sec 


V 

1 2 V 


A max = 16.50 mm 


E I J l J 

Ans 


(Controls !) 























Problem 13-56 


A W310 X 39 stmctural A-36 Steel column is fixed connected at its ends and has a length L =6. 9 m. 
Determine the maximum eccentric loadP that can be applied so the column does not buckle or yeild. 
Compare this value with an axial criticai load P' applied through the centroid of the column. 


Given: E := 200-GPa 


L := 6.9m 


ay := 250MPa e^ := 150mm 


Solution: 

Use W 310x39: 


Buckling abouty-y axis : 
For fixed-ends, K := 0.5 



:= 84.8-1 

í 6) 

1 4 


I x 

[io 0 J 

1 mm 

A := 

V 

:= 7.23-1 

(io 6 ) 

1 4 

1 mm 

d := 


7T 2 -E-L 


p •= 
1 cr • 


(K-L)' 


cr 


1199.03 kN 


P ? := P 


cr 


P f = 1199.03 kN 


Ans 


r v := 131 mm 

A 


'i 


í —150 mm 


w 




Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P. 


"cr • 


cr 

~Ã” 


a cr = 243.21 MPa 


< ct y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


e y' C ( K-L / P ^ 

1 H-sec-/- 

r x 2 I^xVe-A J ) 

Solving Eq. (1) by trial and error: Guess 

P := Find(P) 



( 1 ) 

P := lkN 
p = 509.74 kN 


(Controls !) 


< P' =1199 kN 


Hence, P max := min(P',P) 

p max = 509 - 74kN Ans 
















Problem 13-57 


A W360 X 45 stmctural A-36 Steel column is fixed connected at its ends and has a length L = 6 m. 
Determine the maximum eccentric loadP that can be applied so the column does not buckle or yeild. 
Compare this value with an axial criticai load P' applied through the centroid of the column. 


Given: E := 200-GPa 


L := 6.9m 


ay := 250MPa e^ := 150mm 

Solution: 

Use W 360x45: 

Buckling abouty-y axis : 

For fixed ends, K := 0.5 


x : = >21-1 


4 


ao°j 

mm 

A := 

y := 8.16- 

(io 6 

) 4 

1 mm 

d := 


7T 2 -E-L 


p •= 
1 cr • 


(K-L)' 


cr 


1353.26 kN 


P ? := P 


cr 


P f = 1353.26 kN Ans 


"cr • 


cr 

~Ã~ 


a cr = 237.00 MPa 


< ct y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


Gy = 


V c 

1 H-sec 


V 2r x 


p_^ 

l.AJ ) 


( 1 ) 


r Y := 146mm 

A 


Criticai Stress : Euler's formula is only valid if a cr < g y . 
P n 


& 


15<J mm 






Solving Eq. (1) by trial and error: Guess P := lkN 

P := Find(P) P = 624.10kN (Controls !) 


< P' =1353 kN 


Hence, P max := min(P',P) 

p max = 624 - 10kN Ans 


















Problem 13-58 


Solve Prob. 13-57 if the column is fixed at its bottom and free at its top. 
Given: E := 200-GPa L := 6.9m 

ay := 250MPa := 150mm 


Solution: 


Use W360x45: 

I x = >21-1 

ao 6 ) 

4 

mm 

A 

:= 571 Omrn^ 


vô 

00 

Jl 

1—I 

(io 6 

) 4 

1 mm 

d : 

:= 352mm 


Buckling abouty-y axis : 

For fixed-free ends, K := 2.0 


P pr :=-- P pr = 84.58 kN 

cr cr 

(K-L) 2 


r v := 146mm 

À 


P ? := P cr P f = 84.58 kN (Controls !) Ans 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 
p 

1 cr 

o pr :=- a pr = 14.81 MPa 

cr y cr 

< a Y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


Gy = 


V c 

1 H-sec 


KL 

V 2r x 


P_^ 

l - A J) 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 


( 1 ) 

P := lkN 
P = 457.81 kN 


> P' =85 kN 



/. 



P 


Hence, P max := min(P’,P) 

p max = 84 - 58kN Ans 


















Problem 13-59 


The wood column is fixed at its base and can be assumed pin connected at its top. Determine the 
maximum eccentric load P that can be applied without causing the column to buckle or yield. E w = 12 

GPa, <J Y = 56 MPa. 


Given: E := 12-GPa 

L := 3m 

b 

:= lOOmm 

ay := 56MPa 

Qy := 125mm 

h 

:= 250mm 


Solution: 

Section Property: 


3 3 

b-r h-b 

i x - i v : =- 

x i2 y i2 



Buckling abouty-y axis : 

For fixed-pinned ends, K := 0.7 


P cr : =- f P cr = 559.5 kN 

(K-IT 



P’:=P cr P'= 559.50 kN 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 
p 

1 cr 

o pr :=- a pr = 22.38 MPa 

cr ^ cr 

< a Y = 56 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5h 
Given 


e y' C ( K-L / P 

1 H-sec-/- 

r x 2 2 > x V E ' A jj 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 



( 1 ) 

P := lkN 

P = 320.08 kN ( Controls !) 


<P’ =559.5 kN 


Hence, P max := min(P',P) 

p max = 320.08 kN Ans 
























Problem 13-60 


The wood column is fixed at its base and can be assumed fixed connected at its top. Determine the 
maximum eccentric load P that can be applied without causing the column to buckle or yield. E w = 12 

GPa, g y = 56 MPa. 


Given: E := 12-GPa 

L := 3m 

b 

:= lOOmm 

ay := 56MPa 

Qy := 125mm 

h 

:= 250mm 


Solution: 

Section Property: 


3 3 

b-r h-b 

x i2 y i2 



Buckling abouty-y axis : 

For fixed-fixed ends, K := 0.5 

7T 2 -E-I 

P rr :=-- P rr = 1096.62 kN 

cr ^ cr 

(K- L) 



P’:=P cr P'= 1096.62 kN 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 
p 

1 cr 

o pr :=- a pr = 43.86 MPa 

cr cr 

< a Y = 56 MPa (O.KA) 

Checkyielding aboutx-x axis : 

Applying the secant formula: c := 0.5h 
Given 


e y' C ( K-L / P ^ 

1 H-sec-/- 

r x 2 2 > x V E ' A )j 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 



( 1 ) 

P := lkN 
P = 334.13 kN 


(Controls !) 


<P’=1096.6 kN 


Hence, P max := min(P',P) 

P max = 334.13 kN Ans 

























Problem 13-61 


;—5 mm 


The aluminum column has the cross section shown. If it is fixed at the bottom and free at the top, 
determine the maximum force P that can be applied at A without causing it to buckle or yield. Use a 
factor of safety of 3 with respect to buckling and yielding. E ãl = 70 GPa, g 7 = 95 MPa. 

Given: bf := 1 óOinin d w := 150mm L := 5m 

tf := 10mm t w := 10mm e := 5mm 

E := 70-GPa 

Solution: 

Section Property : D := d w + tf 

°- 5t f(bf tf) + (0.5d w + t f )(d w -t w ) 


Gy • 95MPa ^ sa f e ^y. 3 


bftf+W 


x c = 43.71 mm 


^y • ^ bf *f + (bf tf)*(0.5tf x c ) 


j 3 ^ 

+ ^'V d w +(d w - t w)'( 0 - 5d w + t f- x T 


10 mm —- 
80 mm 


80 mm 


150 ijjjjj . 


= 10 nim 


5 m 


I y = 7780672.04 mm 


1 3 1 3 

+ TT- d w' t w 


12 

A := D bf 


12 

d w* ( b f — l w) 


I x = 3425833.33 mm 


A = 3100 mm 




Buckling about x-x axis 


For fixed-free ends, 
P„ 


ti 2 EL 


cr 


K := 2.0 


P cr = 23.67 kN 


(K-L) 

F:=P_ P' = 23.67kN (Controls !) 

Eulet 3 s formula is only valid if G C r<GY. 
cr 
A 


cr 

Criticai Strcss 
P, 

a cr := 



a cr = 7.63 MPa 


< g y = 95 MPa 


(O.K.l) 


Yielding abouty-y axis : 

Applying the secant formula: c := x c 


Given 


Gy = 


V c 

1 h -sec 


KL 

v 2r y 


y • 

■p~T 


x c - e 


■ A Jj 


( 1 ) 


v y 

Solving Eq. (1) by trial and error: Guess P := lkN 

P := Find(P) P = 45.61 kN 

Hence, P max •= min(P ,P) 23 67 kN 

r max 

p 

max 

^allow *“ T ^allow = 7.89 kN ns 


safety 




























Problem 13-62 


A W250 X 22 stmctural A-36 Steel member is used as a fixed-connected column. Determine the 
maximum eccentric load P that can be applied so the column does not buckle or yield. Compare this 
value with an axial criticai load P' applied through the centroid of the column. 

Given: E := 200-GPa 


L := 7.5m 


ay := 250MPa e^ := 200mm 


Solution: 

Use W 250x22: 


I x := 28.: 


5-(l0^)mm^ A := 2850mm 2 


Iy := 1.22 


•M 


mm d := 254mm 


Buckling abouty-y axis : 


For fixed ends. 


K := 0.5 


7t 2 EL 


p •= 
1 cr • 


(K-L)^ 


P cr = 171.25 kN 


P ? := P 


cr 


P f = 171.25 kN (Controls !) 


r v := 101 mm 

A 




f ^200 mm 


15 m 


í 


Criticai Stress : Euler's formula is only valid if a cr < g y . 

P. 


"cr • 


cr 

~Ã~ 


"cr 


60.09 MPa 
< ct y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


e y' C ( K-L / P ^ 

1 H-sec-/- 

r x 2 I^xVe-A J ) 

Solving Eq. (1) by trial and error: Guess 

P := Find(P) 



( 1 ) 

P := lkN 
P = 195.49 kN 


> P =171 kN 


Hence, P max := min(P’, P) P max = 171.25 kN Ans 

















Problem 13-63 


Solve Prob. 13-62 if the column is pin-connected at its ends. 


Given: E := 200- GPa 

L := 7.5m 



ay := 250MPa 

e y := 

200mm 



Solution: 





Use W 250x22: T 

X 

:= 28.8-1 

íio 6 ^ 4 
IqO jmm 

A 

:= 2850mm^ 

V 

:= 1.22-1 

íio 6 ^ 4 
IqO jmm 

d : 

:= 254mm r v := 101 mm 

À 


Buckling abouty-y axis : 
Forpinned ends, K := 1.0 


P cr : =- f P cr = 42.81 kN 

(K-IT 

P’ := P cr P' = 42.81 kN (Controls !) 

Criticai Stress : Euler's formula is only valid if a cr < g y . 
p 

1 cr 

o pr :=- a pr = 15.02 MPa 

cr Y cr 

< a Y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


g y = 


V c 

1 H-sec 


KL 

V 2r x 


P_^ 
l - A )j 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 


( 1 ) 

P := lkN 
P = 172.94 kN 


> P’ =43 kN 


Hence, P max := min(P', P) P max = 42.81 kN Ans 



7.5 m 



P 

















Problem 13-64 


Solve Prob. 13-62 if the column is fixed at its bottom and pinned at its top. 


Given: E := 200- GPa 

L := 7.5m 



ay := 250MPa 

e y := 

200mm 



Solution: 





Use W 250x22: T 

X 

:= 28.8-1 

íio 6 ^ 4 
10 jmm 

A 

:= 2850mm^ 

V 

:= 1.22-1 

íio 6 ^ 4 
10 jmm 

d : 

:= 254mm r v := 101 mm 

À 


Buckling abouty-y axis : 

For fixed-pinned ends, K := 0.7 


P cr : =- f P cr = 87.37 kN 

(K-L) 2 

P’ := P cr P' = 87.37 kN (Controls !) 

Criticai Stress : Euler's formula is only valid if a cr < g y . 
p 

1 cr 

<j rr :=- <j rr = 30.66 MPa 

cr Y cr 

< a Y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


g y = 


V c 

1 H-sec 


KL 

V 2r x 


p_Y> 

l - A )j 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 


( 1 ) 

P := lkN 
P = 187.74 kN 


> P =87.4 kN 


Hence, P max := min(P', P) P max = 87.37kN Ans 



7,5 m 



P 

















Problem 13-65 


Determine the load P required to cause the Steel W310 X 74stmctural A-36 Steel column to fail either 
by buckling or by yielding. The column is fixed at its bottom and the cables at its top act as a pin to 
hold it. 


Given: E := 200-GPa 


L := 7.5m 


ay := 250MPa e y := 50mm 


Solution: 


I x 

:= 165-1 

y) 

4 

mm 

A := 

V 

:= 23.4- 

(io 6 

) 4 

1 mm 

d := 


9480mm 


Buckling abouty-y axis : 

For fixed-pinned ends, K := 0.7 


7t 2 EL 


p •= 
1 cr • 


(K-L)' 


P ? := P 


cr 


P cr = 1675.82 kN 


P f = 1675.82 kN 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P. 


cr 


"cr • 


a cr = 176.77 MPa 

< CJv = 


a Y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


Gy = 


V c 

1 H-sec 


V ^ r x 


JyYI 

l - A J] 


( 1 ) 



Solving Eq. (1) by trial and error: Guess P := lkN 

P := Find(P) P = 1551.14kN (Controls !) 


< P' =1676 kN 

Hence, P max := min(P’, P) p max = 1551.14kN Ans 

















Problem 13-66 


Solve Prob. 13-65 if the column is an A-36 Steel W310 X 24 section. 
Given: E := 200-GPa L := 7.5m 


ay := 250MPa e y := 50mm 


Solution: 



1 

í 6) 

1 4 


I x 

:= 42.8-1 

Uo°J 

1 mm 

A := 

V 

:= 1.16-1 

(io 6 ) 

1 4 

1 mm 

d := 


3040mm 


Buckling abouty-y axis : 

For fixed-pinned ends, K := 0.7 


7T 2 -E-L 


p •= 
1 cr • 


(K-L)^ 


P cr = 83.07 kN 



P ? := P cr P f = 83.07 kN (Controls !) 

Criticai Stress : Euler's formula is only valid if a cr < g y . 
p 

1 cr 

o pr :=- a pr = 27.33 MPa 

cr y cr 

< a Y = 250 MPa (O.KA) 


Yielding aboutx-x axis : 

Applying the secant formula: c := 0.5d 
Given 


Gy = 


V c 

1 H-sec 


KL 

V 2r x 


P_^ 

l - A J) 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 


( 1 ) 

P := lkN 
P = 459.16kN 


> P' =83 kN 


Hence, P max := min(P’, P) P max = 83.07kN Ans 

















Problem 13-67 


The W360 X 79 stmctural A-36 Steel column is fixed at its base and free at its top. If P = 375 kN, 
determine the sidesway deflection at its top and the maximum stress in the column. 


Given: E := 200-GPa 


L := 5.5m 


P := 375kN 


250 mm 


ay := 250MPa e y := 250mm 


Solution: 




4 


I x 

:= 227-UO J 

mm 

A := 

V 

:= 24.2-(10 6 

) 4 

1 mm 

d := 


lOlOOmm 


r v := 150mm 

À 


Buckling abouty-y axis : 
For fixed-free ends, 


7T 2 -E-I 

d _ L 

cr • 9 

(K-L) 


K := 2.0 

P rr = 394.78kN >P=375 kN ( O.K.l ) 


Hence, the column does not buckle about the y-y axis. 

Criticai Stress : Euler's formula is only valid if a cr < g y . 
P„ 


cr 


a cr * 


a cr = 39.09 MPa 


<(J Y = 250 MPa (O.K.l) 


Yielding about x-x axis : 

Applying the secant formula: c := 0.5d 


w max • 

a max = 
Since G ma 


e y c 

1 H-sec 


V x 

120.32 MPa 


V 2r x 


P_^ 

l ‘ A )) 


Ans 


< 


a Y =250 MPa, the column does not yield. 


Maximum Displacement: 


v max • e y* 


í 

sec 

f K-L 1 

7. J 


V 



p V,'» 


EI 


■k) > 


v max = 34.85 mm Ans 


























Problem 13-68 


The W360 X 79 Steel column is fixed at its base and free at its top. Determine the maximum eccentric 
load P that it can support without causing it to either buckle or yield. E st = 200 GPa, a 7 = 350 MPa. 

Given: E := 200-GPa L := 5.5m 


ay := 350MPa e y := 250mm 


Solution: 


X := 227-1 


4 


ao°j 

mm 

A := 

y = 24.2- 

(io 6 

) 4 

1 mm 

d := 


r v := 150mm 

À 


Buckling abouty-y axis : 

For fixed-free ends, K := 2.0 


7T 2 -E-I 

d _ L 

cr • 9 

(K-L) 


P ? := P 


cr 


P cr = 394.78 kN 


P f = 394.78 kN (Controls !) 



Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P. 


cr 


"cr • 


a cr = 39.09 MPa 


< ct y = 350 MPa (O.KA) 


Yielding aboutx-x axis : 


Applying the secant formula: c := 0.5d 
Given 


e y' C ( K-L / P ^ 

1 H-sec-/- 

r x 2 2 > x V E ' A )j 

Solving Eq. (1) by trial and error: Guess 
P := Find(P) 



( 1 ) 

P := lkN 
P = 933.05 kN 


> P =395 kN 

Hence, P max := min(P', P) P max = 394.78kN Ans 

















Problem 13-69 


The aluminum rod is fixed at its base and free at its top. If the eccentric load P = 200 kN is applied, 
determine the greatest allowable lengthZ of the rod so that it does not buckle or yield. E al = 72 GPa, 

a } =410 MPa. 

Given: E := 72-GPa 


d Q := 200mm P := 200kN 


ay := 41 OMPa e := 5mm 


L := m 


Solution: 

Section Property: 
4 


nd n 


ti d r 


I := 


A := 


64 

Buckling : 

For fixed-free ends, K := 2.0 


r ’ A 


P •= P 
r cr • r 


5 mm—*jL— 


200 


P = 

1 cr 


tP-E-I 


L cr :_ 


tP-E-I 


PK 


L cr = 8.352 m 


(KL) 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 
P. 
a. 


cr 

cr "Ã" 


a cr = 6.37 MPa 


<o Y = 410 MPa (O.KA) 

Checkyielding : 

Applying the secant formula: c := 0.5d o 
Given 


Gy = 


í 

e-c 

1 H-sec 

2 

V r 


KL 


max 


V 2r 


"Yl 


LA Jj 


Solving Eq. (1) by trial and error: Guess L 
^max *“ Fi n d(L max ) L 

Hence, 

^allow •“ m ^ n (^cr 5 ^max) 


max * 


( 1 ) 


lm 


max 


= 8.336 m (Controls !) 


L allow= 8 - 336m 


Ans 

















Problem 13-70 


The aluminum rod is fixed at its base and free at its top. If the length of the rod is L = 2 m, determine 
the greatest allowable load P that can be applied so that the rod does not buckle or yield. Also, 
determine the largest sidesway deflection of the rod due to the loading. E al = 72 GPa, a F = 410 MPa. 

Given: E := 72-GPa 


d Q := 200mm L := 2m 


ay := 41 OMPa e := 5mm 


+ 


Solution: 

Section Property: 
4 


5 mm 

200 


71 d, 


I := 


O 


ti d^ 


A := 


64 

Buckling : 

For fixed-free ends, K := 2.0 




P •= 

i cr • 


7l 2 -E-I 


(K-L) z 


P cr = 3488.21 kN 


Criticai Stress : Euler's formula is only valid if a cr < g y . 
P„ 


cr 


a cr * 


a cr = 111.03 MPa 


< ct y = 410 MPa (O.K.!) 


Checkyielding : 

Applying the secant formula: c := 0.5d o 
Given 


Gy = 


max 


f 

e-c 

1 +-sec 

2 

V r 


( 

KL 
V 2r 


A max 
EA 


A 


(i) 


Solving Eq. (1) by trial and error: Guess P max := lkN 


P max • Find^P max j 

Hence, 

P allow *“ m i n ( P cr’ P max) 

P allow = 3200 - 5kN Ans 

Maximum Deflection : 


^max * e ‘ 


max 


3200.5 kN ( Controls !) 


f 

f I 


KL 

sec 


V 

1 2 V 


A max = 70.61 mm 


E I ) ') 

Ans 






















Problem 13-71 


The Steel column supports the two eccentric loadings. If it is assumed to be pinned at its top, fixed at 
the bottom, and fully braced against buckling about th ey-y axis, determine the maximum deflection of 
the column and the maximum stress in the column. E st = 200 GPa, a 7 = 360 MPa. 

Given: E := 200-GPa bf := lOOmm dp := lOmm ej := 120mm Pj := 130kN 

ay := 360MPa t w := lOmm d w := lOOmm ^ 80mm ?2 := 50kN 

L := 6m 

130 kN 50 kN 

Solution: 

Section Property: D := d w + 2dp 
A:= b f D - d w -(b f - t^,) 

b f° 3 (bf-VHw 3 
Ix 12 _ 12 
Buckling : 

For fixed-pinned ends, K := 0.7 
7T 2 EI x 

^cr := 2 ^cr = 772 

(K-L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 
p 

1 cr 

çj pr •=- = 257.37 MPa 

cr y cr 

<<J Y = 360 MPa (O.KA) 



.11 kN 


Yielding about x-x axis : 

e r p i- e 2- p 2 

Eccentricity of the two applied loasds is e :=- e = 64.44 mm 


p l +P 2 


Applying the secant formula: c := 0.5D 


P l+ P 2 


/ 


"max • 


e-c 

1 H-sec 

2 


V 


KL 

V 2r X ' 


,p l + p 2^ 


EA 


a max = 199.0 MPa 


Ans 


Since a max <a Y = 360MPa, the column does not yield. 


Maximum Deflection : 


^max * e ‘ 


f 

( I 

sec 

K-L 

2 / 


V 



A max = 24.33 mm 


Pi+Pi) i 

EI x j~'j 

Ans 









































Problem 13-72 


The Steel column supports the two eccentric loadings. If it is assumed to be fixed at its top and 
bottom, and braced against buckling about th ey-y axis, determine the maximum deflection of the 
column and the maximum stress in the column. E st = 200 GPa, a 7 = 360 MPa. 

Given: E := 200-GPa bp := lOOmm dp := lOmm ej := 120mm Pj := 130kN 

ay := 360MPa t w := lOmm d w := lOOmm ^ : = 80mm ?2 : = 50kN 

L := 6m 


Solution: 

Section Property: D := d w + 2dp 
A:= b f D —cyjbf-^) 

.3 /, , \ . 3 


130 kN 50 kN 


b f D 

I x := - 

x 12 

Buckling : 

For fixed ends, 


(bf-twHw 
12 


K := 0.5 


Ae-L, 



p •= 
cr • 


P cr = 1513.34 kN 


(KL) 

Criticai Stress : Euler's formula is only valid if a cr < g y . 
P. 
a. 


cr 

cr "Ã" 


a cr = 504.45 MPa 


< cr Y = 360 MPa (O.KA) 


Yielding about x-x axis : 

Eccentricity of the two applied loasds is e := 


e r p i - e 2 -P 2 
P 1 + p 2 


e = 64.44 mm 


Applying the secant formula: c := 0.5D 


P l+ P 2 


/ 


"max • 


e-c 

1 H-sec 

2 


V 


KL 

V 2r x' 


,p i + p 2 Vi 


EA 


"max 


177.7 MPa 


Ans 


Since a max < g y = 360MPa, the column does not yield. 
Maximum Deflection : 


^max * e ‘ 


f 

( I 

sec 

KL 

2 / 


V 



EL 


: - 1 
J J 


A max = 1^.77 mm 


Ans 









































Problem 13-73 


A column of intermediate length buckles when the compressive strength is 280 MPa. If the slenderness 
ratio is 60, determine the tangent modulus. 

Given: a cr := 280MPa X' := 60 

Solution: 


* E t 



E t := 


a cr‘ 


2 


2 

n 


E t = 102.13 GPa Ans 





Problem 13-74 


Construct the buckling curve, PIA versus Z/r, for a column that has a bilinear stress-strain curve in 


compression as shown. 


Given: crj ;= 91MPa 

s i 0.002 

g 2 := 126MPa 

82 := 0.005 

Solution: Let Z = — 

r 

P 

G = — 

A 

From the graph, 

a l 

Ej := — 

e l 

Ej = 45.50 GPa 

°2 ~ CT 1 

E 2 : =- 

E 2 = 11.67 GPa 

£ 2" £ 1 



71 -E t 

cr- A relationship\ a cr = 



o- (MPa) 



For E t = Ej : a = a cr 

For E t = E 2 : a = a cr 

Buckling Curve: 


a 


a 


71 Ei 


71 E- 


When a := aj 


When a := aj 



Zj = 70.25 

= 35.57 


Xl := 10,1.01 •( 10).. Z'j 


x 2 := Z f 1 ,1.01-Z’ 1 ..Z 1 


x 3 := X l ,1.0bX l .. 130 


a l 







1 


2 . MPa 

x 3 ) 



Slenderless Ratio 

























Problem 13-75 


Construct the buckling curve, PIA versus L/r, for a column that has a bilinear stress-strain curve in 
compression as shown. 

Given: çjj := 175MPa := 0.001 

Q 2 := 350MPa 82 := 0.005 


<j (MPa) 
350 - 


L P 

Solution: Let X = — a = — 

r A 


From the graph, 
a l 

E i:= — 

S 1 

a 2 - a l 
s 2- £ 1 


E 2 := 


E 1 = 175.00 GPa 


E 2 = 43.75 GPa 


2 ^ 
n E + 


<j- A relationship : <j = - 

cr 2 


175 


nnm n 01K 


6 (mm/mm) 


For E t = Ej : a = a 


cr 


2 „ 
71 Ei 


a = 


, 4 

When a := aj := 7 i /— L ] = 99.35 

a l 


For E t = E 2 : a = a cr 

Buckling Curve: 
x x := 10 , 1.01 •( 10 ).. 


( x i> - 


^ 2 
71 E 


^ , 


2 „ 
71 E- 


a = 


When a := aj := 7 i /— L'j = 49.67 

a l 


x 2 := L’ 1 ,1.01 • À/ 1 .. L j := À, 1 ,1.01 • À, 1 .. 200 


2 . MPa 

x i ) 


a 2( x 2] : = 


2 .vA 


n E 


1 


v 2 MPa 
k 1 ) 


CT 3( X 3) := 


2 .0 


n E 


1 1 


2 . MPa 

x 3 ) 



Slenderless Ratio 


























Problem 13-76 


Construct the buckling curve, PIA versus L/r, for a column that has a bilinear stress-strain curve in 
compression as shown. The column is pinned at its ends. 


Given: crj ;= 140MPa 8j := 0.001 
c >2 : = 260MPa 82 := 0.004 

L P 

Solution: Let X = — <7 = — 

r A 


From the graph, 

CT 1 

Ei := — 

e l 

°2 ~ CT 1 
£ 2" £ 1 


E 2 == 


140.00 GPa 


E 2 = 40.00 GPa 


2 „ 
n ■ E + 


<7-/1 relationship : <j = - 

cr 2 


cr (MPa) 





For E t = Ej : <7 = <7 


cr 


For E t = E 2 : <7 = <7 cr 

Buckling Curve: 

xj := 10,1.01 -(10) .. 


( x i) 


f 2 

n E 


^ , 


2 R 

n -Ei 


<7 = 


2 R 
n E- 


<7 = 


, n 

When <7 := <7j Lj := n I— Lj = 99.35 

a l 


When <7 := <7j := n I— = 53.10 

a l 


x 2 := À.’ 1 ,1.01-À.’ 1 ..L 1 x 3 := X 1 ,1.01-À.j.. 160 


2 . MPa 

X 1 J 


a 2( x 2] : = 


2 .tü 


n E 


1 


v 2 MPa 
k 1 ) 


CT 3( X 3) := 


2 .0 


n E 


1 1 


2 . MPa 

x 3 ) 



Slenderless Ratio 

























Problem 13-77 


Determine the largest length of a stmctural A-36 Steel rod if it is fixed supported and subjected to an 
axial load of 100 kN. The rod has a diameter of 50 mm. Use the AISC equations. 

Given: E := 200-GPa P := 100kN 

ay := 250MPa d Q := 50imn 

Solution: 


Section Property: 



2 


4 


AISC Column Formula : V = 


r 


From Eq. 13.22, X' c := 



X' c = 125.66 


Assume a long column, using Eq. 13.21 : 


P 

a := — a = 50.93 MPa 
A 



X' = 142.20 


>^c (Assumption is correct.) 


Slenderness Ratio : 


For fixed ends, K := 0.5 


K-L 


r 


L := 


À'-r 

K 


L = 3.555 m Ans 












Problem 13-78 


Determine the largest length of a W250 X 18 stmctural A-36 Steel section if it is fixed supported and is 
subjected to an axial load of 140 kN. Use the AI SC equations. 

Given: E := 200-GPa P := 140kN 

ay := 250MPa 

Soiution: 

Section Property: 


W 250x18 : A := 2280mm 


Ty := 20.1 mm 


AISC Column Formula : V = 


KL 


From Eq. 13.22, 


À/ c •- 


27r^-E 

ay 


k' c = 125.66 


Assume a long column, using Eq. 13.21 : 


g := — a = 61.40 MPa 
A 


127i^-E 


a allow " 


V := 


23X' 

Slenderness Ratio : 

For fixed ends, K := 0.5 

KL r ' r - 


r 


L := 


K 


12n^-E 

23ct 


V = 129.51 

>^c (Assumption is correct.) 


L = 5.206 m Ans 











Problem 13-79 


Determine the largest length of a W310 X 67 stmctural A-36 Steel column if it is pin supported and 
subjected to an axial load of 1000 kN. Use the AISC equations. 

Given: E := 200-GPa P := 1000kN 

ay := 250MPa 

Solution: 

Section Property: 


W 310x67: A := 8530mm 


Ty := 49.3 mm 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 


À/ c •- 


27r^-E 
ay 


X' c = 125.66 


Assume a long column, using Eq. 13.21 : 


a := — a = 117.23 MPa 
A 


a allow " 


127i^-E 


23X' 


X' := 


1271^-E 

23a 


X' = 93.73 


<^c (Assumption is not correct !) 


Thus, it is an intermediate column. Using Eq. 13.23 : 
Given f ^2 ^ 

•ay 


1 




a = 


V 


2X' 


(i) 


5 3X' 

3 8X' 


X'~ 


&X' r 


Solving Eq. (1) by trial and error: Guess X' := 1 

X' := Find(r) X' = 65.35 


Forpinned ends, K := 1.0 




KL 




L := 


K 


L = 3.222 m Ans 
















Problem 13-80 


Determine the largest length of a W200 X 46 stmctural A-36 Steel section if it is pin supported and is 
subjected to an axial load of 380 kN. Use the AISC equations. 

Given: E := 200-GPa P := 380kN 

ay := 250MPa 

Solution: 

Section Property: 


W 200x46 : A := 5890mm 


Yy := 51 .Omin 


AISC Column Formula : V = 


KL 


From Eq. 13.22, 


À/ c •- 


27r^-E 
ay 


k' c = 125.66 


Assume a long column, using Eq. 13.21 : 


a := — a = 64.52 MPa 
A 


127i^-E 


a allow " 


V := 


23X' 

Slenderness Ratio : 
Forpinned ends, K := 1.0 

KL r ' r - 


r 


L := 


K 


1271^-E 

23ct 


V = 126.34 

>^c (Assumption is correct .) 


L = 6.444 m Ans 











Problem 13-81 


Using the AISC equations, check if a W150 X 14 stmctural A-36 Steel column that is 3 m long can 
support an axial load of 200 kN. The ends are fixed. 

Given: E := 200-GPa P := 200kN 

ay := 250MPa L := 3m 

Solution: 

Section Property: 

W 150x14 : A := 1730mm 2 r y := 23.0mm 

K* L 

AISC Column Formula : X' = - 


r 


From Eq. 13.22, X' c := 



X' c = 125.66 


For fixed ends, K := 0.5 



Thus, it is an intermediate column. Using Eq. 13.23 : 


2 X 'o) 


1-- -ay 


a allow * 


5 3X' Â,’ 3 


CT allow= 117.3 MPa 


— + 


^allow • ^‘ a allow 


P allow = 203 -° kN > P = 200 kN ( O K ■ 0 


Thus, the column is adequate. Ans 











Problem 13-82 


Using the AISC equations, select from Appendix B the lightest-weight stmctural Steel column that 
4.2 m long and supports an axial load of 200 kN. The ends are pinned. Take a 7 = 350 MPa. 

Given: E := 200-GPa P := 200kN 

ay := 350MPa L := 4.2m 

Solution: 

Section Property: 

Try W 150x24 : A := 2860mm 2 r y := 36.8mm 

K* L 

AISC Column Formula : X' = - 


r 



From Eq. 13.22, X' c := 


X' c = 106.21 


For pinned ends, K := 1.0 X' := 


a Y 

KL 


X' = 114.130 >V C 


r. 


y 


Thus, it is an long column. Using Eq. 13.21 : 



^allow * A’ a allow 


P allow = 226.1 kN >P = 200kN (O.KA) 


Use W 150x24 


Ans 








Problem 13-83 


Using the AISC equations, select from Appendix B the lightest-weight stmctural A-36 Steel column that 
is 3.6 m long and supports an axial load of 200 kN. The ends are fixed. Take a 7 = 350 MPa. 

Given: E := 200-GPa P := 200kN 

ay := 350MPa L := 3.6m 

Solution: 

Section Property: 

Try W 150x14: A := 1730mm 2 r y := 23.0mm 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 


L' c 


2n^-E 
ct Y 


X' c = 106.21 


For fixed ends, K := 0.5 
KL 


X' := 


X' = 78.261 <X' r 


Thus, it is an intermediate column. Using Eq. 13.23 : 

•<7 Y 


1 




G allow • 


V 


2X' 


X' 


5 3X' 


G allow = 134.7 MPa 

P allow -= ^’ a allow 


P allow = 233 - 0kN >P = 200 kN (O.K.l) 


Use W 150x14 Ans 











Problem 13-84 


Using the AISC equations, select from Appendix B the lightest-weight stmctural A-36 Steel column that 
is 4.2 m long and supports an axial load of 200 kN. The ends are fixed. 

Given: E := 200-GPa P := 200kN 

ay := 250MPa L := 4.2m 

Solution: 

Section Property: 

Try W 150x18 : A := 2290mm 2 r y := 23.5mm 

K* L 

AISC Column Formula : X' = - 

r 

I 2 ti 2 -E 

From Eq. 13.22, X' c := I - A' c = 125.66 

V C Y 

For fixed ends, K := 0.5 
KL 

X' :=- X' = 89.362 < A,' c 

r y 

Thus, it is an intermediate column. Using Eq. 13.23 : 


a allow • 


f 


1 




X' 


2 ^ 



5 3X' 

3 


X' 


3 



CT allow = 98.9 MPa 

^allow -= a allow 


P allow = 226.5 kN > P = 200 kN (O.K .!) 


Use W 150x18 Ans 











Problem 13-85 


Using the AISC equations, select from Appendix B the lightest-weight stmctural A-36 Steel column that 
is 9 m long and supports an axial load of 1000 kN. The ends are fixed. 

Given: E := 200-GPa P := 1000kN 

ay := 250MPa L := 9m 

Solution: 

Section Property: 

Try W 250x80 : A := 10200mm 2 r y := 65.0mm 

K* L 

AISC Column Formula : X' = - 

r 

I 2ti 2 -E 

From Eq. 13.22, X' c := I - A' c = 125.66 

V C Y 

For fixed ends, K := 0.5 
KL 

X':= - X'= 69.231 <X' C 

r y 

Thus, it is an intermediate column. Using Eq. 13.23 : 


a allow • 


f 


1 - 




X' 


2 } 



5 3X' 

3 


X' 


3 



G allow= 114-5 MPa 

^allow -= a allow 


Use W 250x80 Ans 


P allow = 1167 - 7 kN > p = 1000 kN (O.K .!) 











Problem 13-86 


Determine the largest length of a W200 X 46 stmctural A-36 Steel section if it is pin supported and 
subjected to an axial load of 90 kN. Use the AISC equations. 

Given: E := 200-GPa P := 90kN 

ay := 250MPa 

Solution: 

Section Property: 

W 200x46 : A := 5890mm 2 r y := 51.0mm 

K* L 

AISC Columtt Formula : X' = - 


r 


From Eq. 13.22, X' c := 



X' c = 125.66 


Assume a long column, using Eq. 13.21 : 
P 


cr:=— cr = 15.28 MPa 
A 



X' = 259.61 


>^c (Assumption is correct.) 


Slenderness Ratio : : 

iTiax 

Forpinned ends, K := 1.0 


:= 200 


KL 


max A y 

L :=-- L = 10.20 m Ans 

K 




max 


r 











Problem 13-87 


Determine the largest length of a W150 X 22 structural A-36 Steel section if it is pin supported and 
subjected to an axial load of 350 kN. Use the AISC equations. 

Given: E := 200- GPa P := 350kN 

c> y := 250MPa 

Solution: 

Section Property: 


W 150x22: A := 2860mm 


Ty := 36.8mm 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 


X' 


c • 


2k^-E 
ct y 


X' c = 125.66 


Assume a long column, using Eq. 13.21 : 


o := — c> = 122.38 MPa 
A 


a allow “ 


12ti^-E 


23X' 


X' := 


12n^-E 

23ct 


X' = 91.74 


<^c (Assumption is not correct !) 


Thus, it is an intermediate column. Using Eq. 13.23 : 
Given f ^2 ^ 

•Gy 


1 


X'‘ 


G = 


V 


2X' 


(i) 


5 3X' 

3 8X' 


X' 


8X' r 


Solving Eq. (1) by trial and error: Guess X' := 1 

X' := Find(u) X ' = 57.78 


Forpinned ends, K := 1.0 




KL 




L := 


K 


L = 2.126 m Ans 
















Problem 13-88 


The bar is made of a 2014-T6 aluminum alloy. Determine its thickness b if its width is 5b. Assume that 
it is pin connected at its ends. 

Given: E := 73.1-GPa P := 3kN t = b 

a Y : = 414MPa L := 2.4m h = 5-b 

Solution: 

Section Property: 


A = th 


A = b- 15-bl 


A = 5-b 


V = 


h-t 

~V2 

X 


V = 


(5-b)-b 

12 


5-b 


r y = 


r y = 


V 


r y = 


12-(5-b 2 ) 

Slenderness Ratio : 

Forpinned ends, K := 1.0 

Aluminum Association Formula : %' = 


5-b 

~V2 

b 

\[n 


K-L , _ XÍ2 K-L 


P 

G = — 

A 


c> = 


5-b 


Assume a long column, using Eq. 13.26 


378125MPa 


a allow “ 


V 


378125MPa 


V 


Xl2-K- L f _ 378125MPa-(5-b 2 ) 
b ) P 


b := 


’ 12-K 2 -L 2 -P 

378125MPa-(5) 


3kN 






2.4 m 


T 

3kN 


b = 18.20 mm 


Hence, 


y " 


V := 


K-L 


4\1 -y 

V = 456.85 > 55 (Assumption is correct.) 


Thus, 


b = 18.20 mm Ans 

























Problem 13-89 


The bar is made of a 2014-T6 aluminum alloy. Determine its thickness b if its width is 5b. Assume that 
it is fixe d connected at its ends. 


Given: E := 73.1-GPa 
ay := 414MPa 

Solution: 

Section Property: 


P := 3kN 
L := 2.4m 


t = b 
h = 5-b 


A = t-h 


A = M5-M 


A = 5-b 


V = 


h-t 

li 

X 


V = 


(5-b)-b 

12 


5-b 


r y = 


r y = 


V 


r y = 


12-(5b 2 ) 

Slenderness Ratio : 

For fixed ends, K := 0.5 

Aluminum Association Formula : X' = 


5-b 

~V2 

b 

\[n 


K-L , _ XÍ2 K-L 


P 

G = — 

A 


c> = 


5-b 


Assume a long column, using Eq. 13.26 


378125MPa 


a allow “ 


V 


378125MPa 


V 


/12-K-lX 2 _ 378125MPa-(5-b 2 ) 
b ) P 


b := 


’ 12-K 2 -L 2 -P 

378125MPa-(5) 


3kN 




2.4 m 


y 

3 IcN 


b = 12.87 mm 


Hence, 


y 


XÍ2 


X' := 


K-L 


X' = 323.04 >55 (Assumption is correct.) 


Thus, 


b = 12.87 mm Ans 























Problem 13-90 


The 50-mm-diameter rod is used to support an axial load of 40 kN. Determine its greatest allowable 
length L if it is made of 2014-T6 aluminum. Assume that the ends are pin connected. 


d Q := 50mm 


Given: E := 73.1-GPa 

a Y := 414MPa P := 40kN 

Solution: 

Section Property: 


7T*d n 


A := 


n-d n 


I := 


64 


A = 1963.50 mm 


I = 306796.16 mm 


441 kN 


I 

50 mm 


40 kN 




Yy = 12.50 mm 


KL 


Slenderness Ratio : 

Forpinned ends, K := 1.0 

Aluminum Association Formula : X' = 

E 

P 

a := — 

A 

Assume a long column, using Eq. 13.26 


378125MPa 


378125MPa 


a allow " 


X 1 


Hence, 




KL 


À'-r.. 


L := 


K 


X 1 := 

yj a 

X' = 136.24 >55 (Assumption is correct.) 

L = 1.703 m Ans 
















Problem 13-91 


The 50-mm-diameter rod is used to support an axial load of 40 kN. Determine its greatest allowable 
length L if it is made of 2014-T6 aluminum. Assume that the ends are fixed connected. 


Given: E := 73.1-GPa d Q := 50mm 
a Y := 414MPa P := 40kN 

Solution: 

Section Property: 


7T*d n 


A := 


411 kN 


I 

50 mm 


A = 1963.50 mm 


40 kN 


n-d n 


I := 


64 


I = 306796.16 mm 




Yy = 12.50 mm 


KL 


Slenderness Ratio : 

For fixed ends, K := 0.5 

Aluminum Association Formula : X' = 

E 

P 

a := — 

A 

Assume a long column, using Eq. 13.26 


378125MPa 


a allow " 


X 1 := 


378125MPa 


X 1 


Hence, 




KL 


X'-Y x] 


L := 


K 


X' = 136.24 >55 (Assumption is correct.) 


L = 3.406 m Ans 
















Problem 13-92 


The tube is 6 mm thick, is made of a 2014-T6 aluminum alloy, and is fixed at its bottom and pinned at 
its top. Determine the largest axial load that it can support. 


Given: E := 73.1-GPa 


a Q := 150mm 


t := 6mm 


ay := 414MPa L := 3m 


Solution: 


Section Property: 

a i := a o - 2t 

2 2 

2 

A:=a 0 -aj 

A = 3456 mm 

4 4 


a o “ a i 

4 

I :=- 

I = 11964672 mm 

12 


IT 


r := / — 

r = 58.84 mm 


Slenderness Ratio : 

For fixed-pinned ends, K := 0.7 

Aluminum Association Formula : X' := 


KL 


ISQmm 


K = 35.69 


Since 12 < X' < 55, it is an intermediate column. Applying Eq. 13.25 
CT allow : = ( 214 - 5 - l-628A.')MPa 
CT allow = 156.4 MPa 



Hence, the allowable load is 
^allow *“ a allow‘A 
P allow= 540 - 5kN Ans 






Problem 13-93 


The tube is 6 mm thick, is made of a 2014-T6 aluminum alloy, and is fixed connected at its ends. 
Determine the largest axial load that it can support. 


Given: E := 73.1-GPa 


a Q := 150mm 


t := 6 mm 


ay := 414MPa L := 3m 


Solution: 


Section Property: 

a i := a o - 2t 

a 2 2 

A:=a 0 -aj 

A = 3456.00 mm^ 

4 4 


a o “ a i 

4 

I :=- 

I = 11964672.00 mm 

12 


IT 


r := / — 

r = 58.84 mm 


Slenderness Ratio : 

For fixed ends, K := 0.5 

Aluminum Association Formula : X' 


KL 



K = 25.49 


Since 12 < X' < 55, it is an intermediate column. Applying Eq. 13.25 : 
CT allow : = ( 214 - 5 - l-628A.')MPa 
CT allow = 173.00 MPa 


Hence, the allowable load is 
^allow *“ a allow*^ 
p albw = 597.9 kN Ans 







Problem 13-94 


The tube is 6 mm thick, is made of a 2014-T6 aluminum alloy, and is pin connected at its ends. 
Determine the largest axial load that it can support. 


Given: E := 73.1-GPa 


a Q := 150mm 


t := 6mm 


ay := 414MPa L := 3m 


Solution: 


Section Property: 

a i := a o - 2t 

a 2 2 

A:=a 0 -aj 

A = 3456.00 mm^ 

4 4 


a o “ a i 

4 

I :=- 

I = 11964672.00 mm 

12 


IT 


r := / — 

r = 58.84 mm 


Slenderness Ratio 
For pinned ends, 


K := 1.0 


Aluminum Association Formula : X' 


KL 


K = 50.99 


Since 12 < À,’ < 55, it is an intermediate column. Applying Eq. 13.25 
CT allow : = ( 214 - 5 - l-628A.')MPa 
CT allow= 131.49 MPa 



Hence, the allowable load is 
^allow *“ a allow*^ 

P allow = 454 - 4kN Ans 






Problem 13-95 


A = th 
h-t 3 

l y 12 


r y = 


A = b-fl.5bl 


V = 


(1.5-b)b 

12 


A = 1.5-b 
b 4 

l y~ s 


r y = 


r y = 


8-(1.5 - b 2 ) 

Slenderness Ratio : 

Forpinned ends, K := 1.0 

Aluminum Association Formula : X' = 


b 

\[Ü 


KL 




P 

G = — 

A 


y/U-K-L 
b 


c> = 


1.5-b 

Assume a long column, using Eq. 13.26 


378125MPa 


a allow “ 


V 


378125MPa 


V 


VT2-K-l V _ 378125MPa-(l.5-b 2 ) 
b ) P 


b := 


2 2 

12-K -L -P 


Hence, 


y " 


V := 


378125MPa-(1.5) 
b = 20.89 mm 
KL 


4kN 


The bar is made of aluminum alloy 2014-T6. Determine its thickness b if its width is 1.56. Assume that 
it is pin connected at its ends. 

Given: E := 73.1-GPa P := 4kN t = b 

c> Y := 414MPa L := 1.5m h=1.5-b 

Solution: 

Section Property: 



- y 

X' = 248.75 > 55 (Assumption is correct.) 


Thus, 


b = 20.89 mm Ans 
























Problem 13-96 


Using the AISC equations, check if a column having the cross section shown can support an axial 
force of 1500 kN. The column has a length of 4 m, is made from A-36 Steel, and its ends are pinned. 


—— 20 mm 


bf := 300mm 

d f := 

= 20mm 

P 

:= 1500kN 


t w := lOmm 

d w 

:= 310mm 

L 

:= 4m 

20 mm -f 

E := 200-GPa 

CT Y 

:= 250MPa 





Solution: 

Section Property: D := d w + 2df 
A:= b f D - d w -(b f - t^,) 
(2df)‘1 


V= 


12 


3 3 

•bf d w -t w 

+ ' 


12 


A = 15100 mm 


I y = 90025833.33 mm 


10 mm 


300 mm 

1 


y " 


AISC Column Formula : X' = 


KL 


Yy = 77.21 mm 


À,’c •- 


From Eq. 13.22, 

For pinnd ends, K := 1.0 


KL 

V :=- X' = 51.804 


2n E 

ay 


<X' r 


X' c = 125.66 


Thus, it is an intermediate column. Using Eq. 13.23 : 


f 


,- 2 ^ 


i - 


•cta 


a allow • 


V 


TK\ 


5 3>; 

3 SX' 


X'~ 


SX' r 


CT allow = 126.2 MPa 

P allow -= A -CJ allow 


P allow = 1905.8 kN > p = 1500 kN (O.KA) 
Thus, the column is adequate. Ans 




















Problem 13-97 


A 1.5-m-long rod is used in a machine to transmit an axial compressive load of 15 kN. Determine its 
diameter if it is pin connected at its ends and is made of a 2014-T6 aluminum alloy. 

Given: E := 73.1-GPa L := 1.5m 

cr Y ;= 414MPa P := 15kN 

Solution: 

Section Property: 



Slenderness Ratio : 

For pinned ends, K := 1.0 


Aluminum Association Formula : X' = 


KL 


X' 


4-K-L 


P 

G = — 

A 


4P 


c> = 


jr-d„ 


Assume a long column, using Eq. 13.26 


378125MPa 


a allow “ 


X' 


X' 


378125MPa 


ía.v.t \ 2 378125MPa-( 7T-d^ 


4-K-L ) _ 

^o ) 


4P 


2 2 

64-K -L -P 


d °' yj 378125MPa-(7i) 


d 0 = 36.72 mm 


Hence, 


y 


— K 


KL 


X' = 163.39 >55 (Assumption is correct.) 


d Q = 36.72 mm Ans 


Thus, 




















Problem 13-98 


Solve Prob. 13-97 if the rod is fixed connected at ends. 
Given: E := 73.1-GPa L := 1.5m 
cr Y ;= 414MPa P := 15kN 

Solution: 

Section Property: 



Slenderness Ratio : 

For fixed ends, K := 0.5 


Aluminum Association Formula : X' = 


KL 


X' 


4-K-L 


P 

G = — 

A 


4P 


c> = 


jr-d„ 


Assume a long column, using Eq. 13.26 


378125MPa 


a allow 


X' 


378125MPa 


X' 


ÍA.v.r\ 2 378125MPa-( n-d^ 


4-K-L ) _ 
^o ) 


4P 


2 2 

64-K -L -P 


d °' yj 378125MPa-(7i) 


d Q = 25.97 mm 


Hence, 



X' := 


K-L 


X' = 115.54 


> 55 (Assumption is correct.) 


d Q = 25.97 mm Ans 


Thus, 




















Problem 13-99 


The timber column has a square cross section and is assumed to be pin connected at its top and 
bottom. If it supports an axial load of 250 kN, determine its side dimensions a to the nearest multiples 
of 10 mm. Use the NFPA formulas. 

Given: L := 4.2m P := 250kN 

Solution: 

A 2 
A = a 


Section Property: 

Slenderness Ratio : 

Forpinned ends, K := 1.0 

NFPA Timber Column Formula 
P 




KL 


P 

a = — 

A 


a = 


a 


Assume a long column, using Eq. 13.29 : 


a allow " 


3718MPa 


3718MPa 



K-O) 2 _ 3718MPa-(a 2 ) 
CVJ P 


2 2 

K L P 


a := 


a = 185.58 mm 


Thus, 


V := 


KL 


. 3718MPa 
À/ = 22.63 < 26 Assumption N.G. 


Assume an intermediate column, using Eq. 13.28 

f V V 1 


a allow " 

X' 2 = 2028- 

K . L f 

- = 2028- 

a ) 


1 

1- 

3 

1 - 


1 - 


Thus, 


V := 


126.0 ) _ 

8.25MPaj 

P 

(8.25MPa)-a 2 
KL 


MPa 


2 2 

K -L 


a := 


+ 


2028 8.25MPa 


X' = 21.27 


a = 197.49 mm 


Since 11 < X' < 26, assumption of an intermediate column is correct. 


Use 


= 200mm Ans 


































Problem 13-100 


Solve Prob. 13-99 if the column is assumed to be fixed connected at its top and bottom. 
Given: L := 4.2m P := 250kN 

Solution: 

2 

Section Property : A = a 

Slenderness Ratio : 

For fixed ends, K := 0.5 

NFPA Timber Column Formula 
P 




KL 


P 

a = — 

A 


a = 


a 



Assume a long column, using Eq. 13.29 : 


a allow " 


3718MPa 


3718MPa 


K-L^ 2 _ 3718MPa-(a 2 ) 
CVJ P 


2 2 

K L P 


a := 


a = 131.23 mm 


Thus, 


V := 


KL 


. 3718MPa 
À/ = 16.00 <26 Assumption N.G. 


Assume an intermediate column, using Eq. 13.28 

f V V 1 


a allow " 8-25' 
X' 2 = 2028- 

K ' L ^ 2 

- = 2028- 

a ) 


1 

1- 

3 

1 - 


1 - 


Thus, 


V := 


126 . 0 ) _ 

8.25MPaj 

P 

(8.25MPa)-a 2 
KL 


MPa 


2 2 

K -L 


a := 


+ 


2028 8.25MPa 


X' = 11.65 


a = 180.22 mm 


Since 11 < X' < 26, assumption of an intermediate column is correct. 


Use 


= 190mm Ans 




































Problem 13-101 


The wood column is used to support an axial load of P = 150 kN. If it is fixed at the bottom and free at 
the top, determine the minimum width of the column based on the NFPA formulas. 

Given: L := 2.4m b := 150mm P := 150kN 

Solution: 

Section Property : A = b- d 

Slenderness Ratio : 

For fixed-free ends, K := 2.0 

NFPA Timber Column Formula : 

P 


P 

a = — a = - 

A b-d 

_ 3718MPa 

Assume a long column, using Eq. 13.29 : a allow ^ ^ 


X\ 


KL 


(if d<b) 


X\ 


2 3718MPa 


KL 


X v 


if d>b) 


y b 

2 3718MPa 



150 mm 


2.4 m 


^K-lY _ 3718MPa-(b-d) 

l ~) P 


d := 


2 2 

K -L -P 


3718MPa-(b) 
d = 183.68 mm 

> b = 150mm Assumption N.G. 


YjY _ 3718MPa-(b-d') 

l ~) P 

d’ := 


2 2 

K L P 


check: 


3718MPa-(b 3 ) 
d' = 275.42 mm 

> b = 150mm Assumption O.K. 
KL 


X 1 := 


X 1 = 32.00 


Since 26 <X' < 50, assumption of a long column is correct. 


Hence, d m j n := max(d,d') 


d m in - 275.42 mm Ans 





















Problem 13-102 


The timber column has a length of 6 m and is pin connected at its ends. Use the NFPA formulas to 
determine the largest axial force P that it can support. 

Given: L := 6m a := 200mm 

Solution: 

2 2 

Section Property : A := a A = 40000 mm 


Slenderness Ratio : 
For pinned ends, 


K := 1.0 


NFPA Timber Column Formula : X' := 


KL 


X' = 30.00 


Since 26 < X 1 < 50, it is a long column. Applying Eq. 13.29 
3718MPa 


a allow • 


CT allow = 4 - 13MPa 


X' 


P max • a allow'^ 


P 

É 200 mm 


v 


6m 


P max = 165.2 kN 


Ans 












Problem 13-103 


The timber column has a length of 6 m and is fixed connected at its ends. Use the NFPA formulas to 
determine the largest axial force P that it can support. 

Given: L := 6m a := 200mm 

Solution: 


Section Property : A := íi 

Slenderness Ratio : 

For fixed ends, K := 0.5 


NFPA Timber Column Formula : X' := 


A = 40000 mm 


KL 


X' = 15.00 


1 

1 - 

3 


a allow • ^.25 

^max *“ a allow*^ 


MPa a allow = 7.33 MPa 




/ 

2 mm 


Since 11 < X' < 26, it is an intermediate column. Applying Eq. 13.28 : 

v26.0 ) 


C. 


200 mm 


6 m 


T 


p max = 293.4 kN Ans 
















Problem 13-104 


The column is made of wood. It is fixed at its bottom and free at its top. Use the NFPA formulas to 
determine its greatest allowable length if it supports an axial load of P = 10 kN. 

Given: b := lOOmm d := 50mm P := 10kN 

Solution: „ 

Section Property : A := b d 

Slenderness Ratio : 

For fixed-free ends, K := 2.0 


NFPA Timber Column Formula 
P 


7 / 


KL 


P 

a = — 

A 


a = 


b-d 


Assume a long column, using Eq. 13.29 : 


a allow " 


3718MPa 


3718MPa 



K-lY _ 3718MPa-(b-d) 
~T) P 


L := 


3718MPa- b-d 


P-K 


Check: X' := 


K-L 


X' = 43.12 


L = 1.078 m 


Ans 


Since 26 < X' < 50, assumption of a long column is correct. 



















Problem 13-105 


The column is made of wood. It is fixed at its bottom and free at its top. Use the NFPA formulas to 
determine the largest allowable axial load P that it can support if it has a length I = 1.2m. 

Given: b := lOOmm d := 50mm L := 1.2m 

Solution: p 

2 

Section Property : A := b-d A = 5000 mm 

Slenderness Ratio : 

For fixed-free ends, K := 2.0 

KL 


NFPA Timber Column Formula : ■= 


a allow • 


3718MPa 


7J 


a allow 1.61 MPa 



^max • a allow*^ 
P max =8.07kN Am 















Problem 13-106 


The W360 X 79 stmctural A-36 Steel column supports an axial load of 400 kN in addition to an 
eccentric load P. Determine the maximum allowable value of P based on the AISC equations of Sec. 
13.6 and Eq. 13-30. Assume the column is fixed at its base, and at its top it is free to sway in thex-z 
plane while it is pinned in the y-z plane. z 


Given: E := 200-GPa 


L := 3.6m 


P 0 := 400kN 


ay := 250MPa e y := 250mm 


Solution: 

Use W 360x79 : T : = 227 

X 


(io 6 ) 


mm A := lOlOOmm := 48.9mm 


Iy := 24.2 


AISC Column Formula : A’ = 


(l0 6 )n 4 
KL 


mm d := 354mm r v := 150mm 

À 


From Eq. 13.22, 
Slenderness Ratios : 


r c := 


2n^-E 

Gy 


X' c = 125.66 


For fíxed-free ends, K := 2.0 

K -L 

X' := X' = 147.24 

y r y 


For fíxed-pinned ends, K x := 
K x -L 
X 



' X • 


A f x = 16.80 


Buckling abouty-y axis : (because A' v > A’ ) 

y x 

Since A' c < A’ < 200, it is a long column. Applying Eq. 13.21 : 


1271^-E 


a allow • 


a allow = 47 - 50MPa 


23A\ 


Maximum Stress : Bending is about x-x axis. M' = P-e, 


a max " a allow c * 


P' = P 0 + P 


Applying Eq. 13.30 : 

P M'c 


'max ^ 1 j 

P 0 + P P e (0.5d) 


a allow " 


+ 


E 


P := 


a allow’^ P o 


1 + 


e y* d 

^7 


P = 26.90 kN 


Ans 




















Problem 13-107 


The W310 X 67 stmctural A-36 Steel column supports an axial load of 400 kN in addition to an 
eccentric load of P = 300 kN. Determine if the column fails based on the AISC equations of Sec. 13.6 
and Eq. 13-30. Assume that the column is fixed at its base, and at its top it is free to sway in thex-z 
plane while it is pinned in the y-z plane. 

] 


Given: E := 200-GPa 


L := 3.6m 


o • 


400kN 


ay := 250MPa e^ := 250mm P := 300kN 


Solution: 

Use W 310x67: T : = 145 

X 


Iy := 20.7 


mm A := 8530mm^ 


AISC Column Formula : X' = 


(io 6 ) 

•(lO^)mm^ d := 306mm 
KL 


Ty := 49.3 mm 


r v := 130mm 

À 


From Eq. 13.22, 
Slenderness Ratios : 


r c := 


2n^-E 
ct y 


X' c = 125.66 



250 mm 


F or fíxed-fre e e nds, K, 

K -L 
L' y := — 


y •' 


2.0 

146.04 


For fíxed-pinned ends, K := 0.7 


X' 


K x -L 


X • 


19.38 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since À,' c < X' < 200, it is a long column. Applying Eq. 13.21 : 


1271^-E 


a allow • 


a allow = 48 * 28MPa 


23X\ 


Maximum Stress : Bending is about x-x axis. M' 


x := Pe y 


c := 0.5d 


P f := P 0 + p 


Applying Eq. 13.30 : 

P f 


M’x-c 


"max • 


E 


a max = 161.20 MPa 


><x 


allow 


Since <j > <^ a ii ow , the column is not adequate. 


Ans 

















Problem 13-108 


The W200 X 22 stmctural A-36 Steel column is fixed at its top and bottom. If it supports end moments 
ofM = 7.5 kN-m, determine the axial force P that can be applied. Bending is about the x-x axis. Use 
the AISC equations of Sec. 13.6 and Eq. 13-30. 


Given: E := 200-GPa 


L := 4.8m 


M y := 7.5kN-m 

A 


ay := 250MPa e y := 250mm 


Solution: 



1 

í 6) 

1 4 


I x 

:= 20.0-1 

Uo°J 

1 mm 

A := 

V 

:= 1.42-1 

(io 6 ) 

1 4 

1 mm 

d := 


r v := 83.6mm 

A 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 
Slenderness Ratios 


For fixed ends, 

v y := 


K y L 


^'c := 


K y := 0.5 


2j7e 

Gy 


X' c = 125.66 


For fixed ends, K„ := 0.5 

A 


107.62 


K x -L 


Â 


M 


48 m 




' x • 


k' x = 28.71 


Buckling about y-y axis : (because X' > X' ) 

y x 

Since X' <X' ,it is an intermediate column. Applying Eq. 13.23 : 

y c 


,'U 


i - 


•Gy 


a allow • 


V 


2 ^’c ) 


CT allow = 82.92 MPa 


5 2A.' y X' y 




8A,', 


Maximum Stress : Bending is about x-x axis. 

a max " a allow c * = 
Applying Eq. 13.30 : 

P Mc 


"max 


A I 

M *(0.5d) 


P 

a allow 7 + 


L 


^ • a allow*^ 
P = 126.67 kN 


M (0.5d)-A 


L 


Ans 























Problem 13-109 


The W200 X 22 stmctural A-36 Steel column is fixed at its top and bottom. If it supports end moments 
ofM = 32 kN-m, determine the axial force P that can be applied. Bending is about the x-x axis. Use the 
interaction formula with (<r ò ) allow =168 MPa. 

Given: E := 200-GPa L := 4.8m 


M y := 32kN-m 

A 


ay := 250MPa e y := 250mm a p ow := 168MPa 


Solution: 


Use W200x22: I x := 20.0-(l0 6 )mm 4 A := 2860mm 2 r y := 22.3mm 


Iy := 1-42 


-(10^)mrrd d := 206mm r x := 83.6mm 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 

Slenderness Ratios : 
For fixed ends, 


U c := 


2n^-E 
ct y 


X' y := 


K y -L 


K y := 0.5 
X' y = 107.62 


X' c = 125.66 


For fixed ends, K„ := 0.5 

A 


^ x :_ 


K X L 


k' x = 28.71 



4.8 m 


Buckling about y-y axis : (because X' > X' ) 

y x 

Since X' <X' ,it is an intermediate column. Applying Eq. 13.23 : 
y c 


,'U 


i - 


•°Y 


a a allow • 


2 ^c ) 


5 3X' y X'y 


CT a allow 82.92 MPa 


— + 

3 8 A,' 


8X' r 


Bending Stress : Bending is about x-x axis. c := 0.5 d := 


M x -c 


a b = 164.80 MPa 


Axial Stress : 


a 0 = — 


Applying the Interaction Formula : 


a b 


= 1 


a a allow a b allow 


a b 


^* a a allow a b allow 


= 1 


f 


P := A a 


a allow* 


% ^ 


i - 

V CT b_allow ) 


P = 4.52 kN Ans 


Note: o := — r„ := 

a A a 


r„ = 0.02 < 0.15. Therefore the method is allowed. 

CT a allow a 





























Problem 13-110 


The W310 X 33 stmctural A-36 Steel column is fixed at its bottom and free at its top. Determine the 
greatest eccentric loadP that can be appliedusing Eq. 13-30 and the AISC equations of Sec. 13.6. 


Given: E := 200-GPa 


L := 1.8m 


ay := 250MPa e x := 300mm 

Solution: 

Use W 310x33 : i x ;= 65.0-(l0^)mm^ A := 4180mm^ 

Iy := 1.92-(l0^)mm 4 
K* L 

AISC Column Formula : X' = - 


bf := 102.Omm 


From Eq. 13.22, X' c 

Slenderness Ratios : 

For fixed-free ends, K := 2.0 

KL 

X' := X' = 168.22 

y v y 


2tt^-E 

ay 



300 mm 


Yy := 21.4mm 


r v := 125mm 

À 


A,' c = 125.66 


For fixed-free ends. 


r x := 


K X L 


1.8 m 


K x := 2.0 


A,' x = 28.80 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since X' < X' < 200, it is a long column. Applying Eq. 13.21 : 


a allow • 


1271^-E 


23X\ 


a allow “ 36.39 MPa 


Maximum Stress : Bending is about y-y axis. 


M y = Pe x 


a max " a allow c * ®.5bf 


Applying Eq. 13.30 : 


p My- c 


"max 


P := 


_ P | P-e x -(0-5b f ) 
A + l y 

a allow’ ^ 


CT allow “ a + 


e v -b 


1 + 


x‘ D f 


2r, 


p = 4.42 kN 


Ans 






















Problem 13-111 


The W250 X 22 stmctural A-36 Steel column is fixed at its bottom and free at its top. Determine the 
greatest eccentric loadP that can be appliedusing Eq. 13-30 and the AISC equations of Sec. 13.6. 


Given: E := 200- GPa 

L := 

1.8m 



ay := 250MPa 

e x := 

= 300mm 



Solution: 






Use W 250x22 : T : = 

X 

28.8-1 

(io 6 ) 

4 

mm 

A := 2850mm^ 

Ty := 20.7mm 

!y : = 

1.22-1 

(io 6 ) 

4 

mm 

bf := 102.Omm 

r v := 101 mm 

À 

AISC Column Formula 

: X' ■ 

KL 
r 



From Eq. 13.22, 

v c 


12n 2 -E 

X' c = 125.66 


"j 

ct y 





Slenderness Ratios : 








For fixed-free ends, K := 2.0 

KL 

X' := X' = 173.91 

y r y 


For fixed-free ends, 


À/ x •- 


K x -L 


1.8 m 


K x := 2.0 


A,' x = 35.64 


300 mm 


Buckling abouty-y axis : (because / ' , > X' ) 

y x 

Since X' c < X' < 200, it is a long column. Applying Eq. 13.21 


12tt^-E 


a allow • 


a allow = 34 * 05 MPa 


23AA 


Maximum Stress : Bending is about y-y axis. My = P- e^ 

a max " a allow c * = ®.5bf 
Applying Eq. 13.30 : 

p My* c 

CTmax = Ã + ~ç~ 

P P-e x -(0.5b f ) 


G allow “ ^ + 


P := 


G allow’ ^ 


1 + 


e x' b f 


2r„ 


P = 2.64 kN 


Ans 






















Problem 13-112 


The W250 X 22 stmctural A-36 Steel column is fixed at its bottom and free at its top. If it is subjected 
to a load of P = 10 kN, determine if it is safe based on the AISC equations of Sec. 13.6 and Eq. 13-30. 


Given: E := 200- GPa 

L := 1.8m P 

:= 10kN 


ay := 250MPa 

e x := 300mm 



Solution: 




Use W 250x22 : T : = 

X 

28.8-(l0 6 )mm 4 

A := 2850mm^ 

r y 

y= 

1.22-(10^) mird 

bf := 102.Omm 

r x 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 
Slenderness Ratios : 


r c := 


2n^-E 
ct y 


A,' c = 125.66 



For fíxed-free ends, 

A := 


K, 


K y -L 


y •' 




2.0 


173.91 


For fíxed-free ends, 
X\ 


K x -L 


' X • 


1.8 m 


K x := 2.0 


A,' x = 35.64 


300 mm 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since X' c < X' < 200, it is a long column. Applying Eq. 13.21 


1271^-E 


a allow • 


a allow = 34 * 05 MPa 


23X\ 


Maximum Stress : Bending is about y-y axis. My := Pe x My = 3.00kN-m 

CT max = CT allow c := 0.5b f c = 51 mm 
Applying Eq. 13.30 : 

p M y’ c 

CT max := Ã + ~Ç 

CT max = 128 - 92 MPa > a aiiow 


Since a max > a allow , the column is not adequate. Ans 


















Problem 13-113 


The W310 X 33 stmctural A-36 Steel column is fixedat its bottom and free at its top. If it is subjected 
to a load of P = 20 kN, determine if it is safe based on the AISC equations of Sec. 13.6 and Eq. 13-30. 


Given: E := 200-GPa 


L := 1.8m 


P := 20kN 


ay := 250MPa e x := 300mm 

Solution: 

Use W 310x33 : I ;= 65.0-(l0^)mm^ A := 4180mm^ 


Iy := 1-92 


AISC Column Formula : X' = 


íin 6 "l 4 

•^10 ) mm 
KL 


bf := 102. Omm 


From Eq. 13.22, 
Slenderness Ratios : 


r c := 


2n^-E 
ct y 


A,' c = 125.66 



300 mm 


Ty := 21.4mm 


r Y := 125mm 

À 


For fíxed-free ends, K := 2.0 

K -L 

X' := X' = 168.22 

y r y 


For fíxed-free ends, 
X'- 


K X L 


' x • 


1.8 m 


K x := 2.0 


A,' x = 28.80 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since X' c < X' < 200, it is a long column. Applying Eq. 13.21 


1271^-E 


a allow • 


a allow “ 36.39 MPa 


23X\ 


Maximum Stress : Bending is about y-y axis. My := Pe x My = 6.00 kN-m 

CT max = CT allow c := 0.5b f c = 51 mm 
Applying Eq. 13.30 : 

p M y’ c 

CT max := Ã + ~Ç 

CT max — 164.16 MPa ^ ^aiiow 


Since a max > a allow , the column is not adequate. Ans 


















Problem 13-114 


A 6-m-long column is made of aluminum alloy 2014-T6. If it is pinned at its top and bottom, and a 
compressive load P is applied at point A, determine the maximum allowable magnitude of P using the 
equations of Sec. 13.6 and Eq. 13-30. 

Given: E := 73.1-GPa bf := 200mm df := lOmm e., := 105mm 


bf := 200mm df := lOmm 
ay := 414MPa d w := 200mm t w := lOmm 

Solution: 

Section Property : D := d w + 2df 
J f u ~ (b f - t w )’d w 

3 


y * 

L := 6m 


A := bf D 


A = 6000 mm 



(bf-twj-d 
12 

2df 

f - 

12 


w 


I v = 50.80 x 10 mm 


Iy = 13.35 x 10 6 mi/ 


47.17 mm 



"x * 


r Y = 92.01 mm 

À 


Slenderness Ratio : 

For pinned ends, K := 1.0 
Aluminum Association Formula 


X' := 


K-L 


X' y = 127.20 


Since X' > 55, it is a long column. Applying Eq. 13.26 : 

378125MPa 
CT allow •“ j 

X' 


CT allow = 23.37 MPa 

Maximum Stress : Bending is about x-x axis. 

CT max “ a allow c -= 0.5D 

Applying Eq. 13.30 : 

P 

Ã 


M x = P ' e y 


M x -c 


^max 


L 


p Pe y (0.5D) 
a allow " H j 


P := 


a allow* ^ 


1 + 


e y D 


2r^ 


P = 59.31 kN 


Ans 

























Problem 13-115 


A 6 -m-long column is made of aluminum alloy 2014-T6. If it is pinned at its top and bottom, and a 
compressive load P is applied at point.4, determine the maximum allowable magnitude of P using the 
equations of Sec. 13.6 and the interaction formula with (<^) allow = 140 MPa. 


Given: E := 73.1 GPa bp := 200mm dp := lOmm 

ay := 414MPa d w := 200mm t w := lOmm 

Solution: 

Section Property : D := d w + 2dp 


A:= b fD-(bf-tw)-dw 
' 3 (bf-Vj^w 3 


x • 


b f D 

12 


V= 


d w 't 


w 


12 


+ 


12 

2 dp bp 
12 


Qy := 105mm 


A = 6000 mm 


I v = 50.80 x 10 mm 

A 


ly = 13.35 x 10^ mi/ 


L := 6 m 

a b_allow 140MPa 

P 



y - 


"x • 


_y 

A 


Yy = 47.17 mm 


r Y = 92.01 mm 

A 


Slenderness Ratio : 

For pinned ends, K := 1.0 
Aluminum Association Formula 


X'. 


KL 


y 


x\ 


127.20 


Since X' > 55, it is a long column. Applying Eq. 13.26 : 

378125MPa 
a a allow *” 9 

X\f 


a a allow 23.37 MPa 


Bending Stress : Bending is about x-x axis. M = P* e 


Axial Stress : 

Applying the Interaction Formula : 


= — 

a A 


x y 

c := 0.5D 

a b 


a b = 




M x -c 


a a allow CT b allow 


a b = 


P-e y -(0.5D) 


P e (0.5D) 

+---= 1 


A' c a allow ^x a b allow 


P := 


1 


1 


e y -D 


A' CT a_allow c b_allow 

P = 114.21 kN Ans 


Note: := — 


r a := 


a a allow 


0.81 >0.15. Therefore the method is notallowed. 


























Problem 13-116 


Check if the wood column is adequate for supporting the eccentric load of P = 3 kN applied at its top. 
It is fixed at its base and free at its top. Use the NFPA equations of Sec. 13.6 and Eq. 13-30. 


Given: L := 1.2m b := 50mm 
P := 3kN 

Solution: 

Section Property: 


Qy := 75mm 


A := b h 
b-h 3 


U := 
x 12 

Slenderness Ratio : 

For fixed-free ends, K := 2.0 


NFPA Timber Column Formula : ;= 


h := lOOmm 


A = 5000 mm 


I Y = 4.17 x 10 6 mm^ 

À 


K-L 


V = 48.00 


Since 26 < À,' < 50, it is a long column. Applying Eq. 13.29 : 
3718MPa 


°allow • 


G allow 1.61 MPa 


V 


Maximum Stress : Bending is about x-x axis. 

CT max “ a allow c -= 
Applying Eq. 13.30 : 


M x = P ' e y 


P ^x' c 


'max 


U 


G allow “ 


P allow • 


P allow P allow' e y’^'^^ 


+ 


A 

a allow' ^ 


1 + 


e y -h-A 

2U 


P allow= 1 - 4 7kN 


75 mm 
50 mm 

100 mmf 



1.2 m 






Since P.allow < P = 3 kN, the column is not adequate. Ans 



















Problem 13-117 


Determine the maximum allowable eccentric loadP that can be applied to the wood column. The 
column is fixed at its base and free at its top. Use the NFPA equations of Sec. 13.6 and Eq. 13-30. 


Given: L := 1.2m b := 50mm 
Qy := 75mm 


Solution: 

Section Property: 


A := b-h 


h ■= 


b-h 

~12 


h := lOOmm 


A = 5000 mm 


I = 4.17 x lO^mrn^ 

À 


Slenderness Ratio : 

For fixed-free ends, K := 2.0 

NFPA Timber Column Formula : X' 


KL 


K = 48.00 


Since 26 < X 1 < 50, it is a long column. Applying Eq. 13.29 : 
3718MPa 


a allow • 


a allow 1.61 MPa 



X' 


Maximum Stress : Bending is about x-x axis. M x = P- e^ 
a max " a allow c * = 

Applying Eq. 13.30 : 

P M x' c 

° max = ã + “77 

p P-e y -(0.5h) 

CT allow “ j 


a allow' ^ 

e p=l.47kN Ans 

+ ^T 

















Problem 13-118 


The W360 X 57 stmctural A-36 Steel column is fixed at its bottom and free at its top. Determine the 
greatest eccentric loadP that can be appliedusing Eq. 13-30 and the AISC equations of Sec. 13.6. 


P 0 := 200kN 


Given: E := 200-GPa L := 3m 

ay := 250MPa e x := 400mm 

Solution: 

Use W 360x57 : i x ;= 160-(l0^)mm^ A := 7200mm^ 

\y := ll.l*(l0^)mm^ 

K* L 

AISC Column Formula : X' = - 


Vy := 39.3 mm 


bf* := 172.Omm r v := 149mm 


From Eq. 13.22, 
Slenderness Ratios : 


r c := 


2tt^-E 

ay 


For fixed-free ends, K := 2.0 
KL 

:= = 152.67 

y r y 


X' c = 125.66 


For fixed-free ends, 


200 tN 



400 mm 


A,'x 


K x -L 


3m 




K x := 2.0 


A,' x = 40.27 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since X' c < X' < 200, it is a long column. Applying Eq. 13.21 


1271^-E 


a allow • 


a allow “ 44.18 MPa 


23X\ 


Maximum Stress : Bending is about y-y axis. My = P- e 
a max " a allow c * = ®-5bf ^ 


x 

P 


Applying Eq. 13.30 : 


p» My- c 


w max y 
a allow " 


l Y 

P 0 + p Pe x -(0.5b f ) 
A + L, 


P := 


a allow’A Pq 


1 + 


e x b f 


2r, 


P = 5.08 kN 


Ans 






















Problem 13-119 


The W250 X 67 stmctural A-36 Steel column is fixed at its bottom and free at its top. If it is subjected 
to a load of P = 10 kN, determine if it is safe based on the AISC equations of Sec. 13.6 and Eq. 13-30. 

Given: E := 200-GPa 


Solution: 


AISC Column Formula : X' = 


From Eq. 13.22, 
Slenderness Ratios : 


KyL 


' y 


L := 3m 

P G := 200kN 

e x := 400mm 

P := 10kN 

104-(l0 6 )mm 4 

A := 8560mm 2 r y 

22 .2-(10^) mird 

bf := 204.Omm r x 

KL 


: X' = - 


r 


12n 2 -E 


v c ■■= - 

X' c = 125.66 

4 CT Y 


K := 2.0 

For fíxed-free ends, 

J 

K x -L 

X' y = 117.88 

, 

A x 


2ÍK) kN 



4ÜÜ mm 


3m 


il 


K x := 2.0 


A,' x = 54.55 


Buckling abouty-y axis : (because X' > X' ) 

y x 

Since X' < X 1 , it is an intermediate column. Applying Eq. 13.23 : 

y c 




•a Y 


2X' 


a allow • 


5 ^ 

3 8À,\ 






a allow “ 73.10 MPa 


Maximum Stress : Bending is about y-y axis. My := P- e^ 


M y = 4 kN • m 


c := 0.5bf 


Applying Eq. 13.30 : 


'max 


'max • 


'max 


p» My- c 

— + —— 

A iy 

P 0 + P M y -(0.5b f ) 
A V 

42.91 MPa <CTajiow 


P' := P G + P 


Since a max < a a n ow , the column is safe. Ans 
























Problem 13-120 


The 3-m-long bar is made of aluminum alloy 2014-T6. If it is fixed at its bottom and pinned at the top, 
determine the maximum allowable eccentric load P that can be appliedusing the fomulas in Sec. 13.6 
and Eq. 13-30. 

Given: E := 73.1-GPa b := lOOmm h := 152mm 


ay := 414MPa L := 3m 


Qy := 38mm 


Solution: 


A := b h 

A = 15200 min^ 

b-h 3 

I x :=- 

x 12 

I Y = 29.27 x 10 6 mi/ 

h-b 3 

l y ■“ i2 

Iy = 12.67 x 10 6 mi/ 

[V 

r y := Jj 

Vy = 28.87 mm 



fx := Jã 

r Y = 43.88 mm 

À 



Slenderness Ratio : 

For fixed-pinned ends, K := 0.7 


KL 


Aluminum Association Formula : V := —— À,' = 72.75 

y r y 
y 

Since À,' > 55, it is a long column. Applying Eq. 13.26 : 

378125MPa 
CT allow •“ 7 

A 

CT allow = 71 -45MPa 

Maximum Stress : Bending is about x-x axis. M x = P* e^ 
a max " a allow c * = 


Applying Eq. 13.30 
P 


M x -c 


'max 


P := 


p Pe y -(0.5h) 

~x 

a allow’ ^ 


CT allow “ ^ + 


1 + 


e y'h 

^7 


p = 434.43 kN 


Ans 















Problem 13-121 


The 3-m-long bar is made of aluminum alloy 2014-T6. If it is fixed at its bottom and pinned at the top, 
determine the maximum allowable eccentric load P that can be applied using the equations of Sec. 13.6 
and the interaction formula with (<r ò ) allow =126 MPa. 

Given: E := 73.1 GPa b := lOOmm h := 152mm a p ow := 126MPa 

ay := 414MPa L := 3m e^ := 3 8 mm 


Solution: 


Section Property: 


A := b-h 

A = 15200 mm 


b-h 3 

6 

4 

l x ■=- 

12 

I x = 29.27 x 10 

mm 

h-b 3 

6 

4 

í y :=- 

12 

I y = 12.67 x 10 

mm 

r x . := 1 

ÍJy 

r x/ = 28.87 mm 


y V 

A 

y 


r := 1 


r v = 43.88 mm 


x V 

A 

X 



P 



Slenderness Ratio : 

For fixed-pinned ends, K := 0.7 


KL 


Aluminum Association Formula : V := —— À,’ = 72.75 

^ r Tr ^ 


Since À/ > 55, it is a long column. Applying Eq. 13.26 : 

378125MPa 
a a allow *” 9 


a a allow 71.45 MPa 


Bending Stress : Bending is about x-x axis. M x = P- e^ 

c := 0.5h G b = ~ 


M x -c 


Axial Stress : 


<J~ = — 

a A 


a b 


Applying the Interaction Formula : 




a a allow a b allow 


a b = 


P-e y -(0.5h) 


P-e y -(0.5h) 

+---= 1 


^' c a allow ^x a b allow 


xt p CTa 

Note: a a := — r a :=- 

A a a allow 


1 

P :=- 

1 e y' h 

-h- 

A ' CT a_allow 2 I X - a b_allow 

P = 586.87 kN Ans 

r 0 = 0.54 > 0.15. Therefore the method is not allowed. 

d 





















Problem 13-122 


The 250-mm-diameter utility pole supports the transformer that has a weight of 3 kN and center of 
gravity at G. If the pole is fixed to the ground and free at its top, determine if it is adequate according 
to the NFPA equations of Sec. 13.6 and Eq. 13-30. 


Given: d Q := 250mm L := 5.4m 

Solution: 2 

71 - d , 

Section Property : A := 


o 


I := 


7T-d 0 

64 


e := 375mm P := 3kN 


A = 49087.39 mm 


I = 191.748 x 10 6 mm 4 


Slenderness Ratio : 

For fixed-free ends, K := 2.0 

NFPA Timber Column Formula 


KL 

V :=- V = 43.20 


Since 26 < À,’ < 50, it is a long column. Applying Eq. 13.29 : 
3718MPa 


a allow • 


CT allow= L99MPa 


V 


Maximum Stress : Bendingmoment is M := P-e M = 1.125 kN-m 



c := 0.5d, 


o 


Applying Eq. 13.30 : 

_ P Mc 
a max + j 

a max = 0.795 MPa Ans 

<cf allow (O. KA) 















Problem 13-123 


Using the NFPA equatíons of Sec. 13.6 and Eq. 13-30, determine the maximum allowable eccentric 
load P that can be applied to the wood column. Assume that the column is pinned at both its top and 
bottom. 


Given: L := 3.6m b := 75mm 


e x := 18mm 


Solution: 

Section Property: 


A := b-h 
h-b 3 

'y-ir 


Slenderness Ratio : 

For pinned ends, K := 1.0 


h := 150mm 


A = 11250 mm 
Iy = 5.27 x 1 0 6 mm^ 


KL 


NFPA Timber Column Formula : X' 

y b 


V y = 48.00 


Since 26 < X' < 50, it is a long column. Applying Eq. 13.29 : 



3718MPa 


a allow • 


a allow 1.61 MPa 




Maximum Stress : Bending is about y-y axis. My = P- e^ 
a max " a allow c * = ®.5b 
Applying Eq. 13.30 : 


p My- c 


"max 


p P-e x -(0.5b) 


a allow " ^ + 


a allow* ^ 

e .^.a P = 7.44kN Ans 

1 + —- 

2L. 















Problem 13-124 


Using the NFPA equatíons of Sec. 13.6 and Eq. 13-30, determine the maximum allowable eccentric 
load P that can be applied to the wood column. Assume that the column is pinned at the top and fixe d 
at the bottom. 


Given: L := 3.6m b := 75mm 


e x := 18mm 


Solution: 

Section Property: 


A := b-h 
h-b 3 

'y-ir 


h := 150mm 


A = 11250 mm 
Iy = 5.27 x 1 0 6 mm^ 


Slenderness Ratio : 

For fixed-pinned ends, K := 0.7 


KL 


NFPA Timber Column Formula : X' 

y b 


V y = 33.60 


Since 26 < X' < 50, it is a long column. Applying Eq. 13.29 : 



3718MPa 


a allow • 


CT allow = 3.29 MPa 




Maximum Stress : Bending is about y-y axis. My = P- e^ 
a max " a allow c 
Applying Eq. 13.30 : 


p My- c 


"max 


p P-e x -(0.5b) 


a allow " ^ + 


a allow*^ 

e -b-A P = 15.18kN Ans 

1 + —- 

2L. 














Problem 13-125 


The wood column is 4 m long and is required to support the axial load of 25 kN. If the cross section is 
square, determine the dimension a of each of its sides using a factor of safety against buckling of F.S. 

= 2.5. The column is assumed to be pinned at its top and bottom. Use the Euler equation. E w = 11 GPa, 


and <j y = 10 MPa. 

L .= 4m F sa f et y .= 2.5 
P := 25kN 


4 
a 

12 

Buckling Load : 


Given: E := 11-GPa 
ay := lOMPa 
Solution: 

Section Property: 

A = a 2 I = 


25 kN 



Applying Euler' s formula, 
For pinned ends, K := 1.0 


p •— F p 

r cr • r safety r 


P = 

1 cr 




(KL)' 


^ safety' ^ " 


2 Th 4 

n -E-a 


12(K-L)" 


a := 


12(KL) (F safety -P) 


it 2 -E 


a = 102.5 mm Ans 


Criticai Stress : Euler's formula is only valid if a cr < o Y . 

p 

2 cr 

A := a <5 nr :=- 

cr A 

a cr = 5.94 MPa <a Y =10MPa (O.KA) 










Problem 13-126 


The wood column is 4 m long and is required to support the axial load of 25 kN. If the cross section is 
square, determine the dimension a of each of its sides using a factor of safety against buckling of F.S. 
= 1.5. The column is assumed to be fixed at its top and bottom. Use the Euler equation. E w = 11 GPa, 


and a Y = 10 MPa. 

L .= 4m F sa f et y .= 1.5 
P := 25kN 


4 
a 

12 

Buckling Load : 


Given: E := 11-GPa 
ay := lOMPa 
Solution: 

Section Property: 

A = a 2 I = 


25 kN 



Applying Euler' s formula, 


For fixed ends, 


P = 

1 cr 




(KL)' 


K. 0.5 P cr . F sa fety'P 


^ safety' ^ " 


2 Th 4 

n E-a 


12(K-L)' 


a := 


12(K-L) (F safety -P) 


it 2 -E 


a =63.8 mm Ans 


Criticai Stress : Euler's formula is only valid if a cr < o Y . 

p 

2 cr 

A := a <5 nr :=- 

cr A 

a cr = 9.21 MPa 


< a Y = 10 MPa (O.KA) 










Problem 13-127 


The member has a symmetric cross section. If it is pin connected at its ends, determine the largest 
force it can support. It is made of 2014-T6 aluminum alloy. 

t := 12mm L := 1.5m 


Given: E := 73.1-GPa 

ay := 414MPa a := 50mm 

Soiution: 

Section Property : b := 2a + t 


A:= b 

I := 


4a 


í 3 
t-b 2 a 
+ 


,t 3 ^ 


Ü2 12 ) 


I 

r '~ Ã 


A = 2544 mm 


I = 1.4193 x 10 6 mm 4 


r = 23.62 mm 


Slenderness Ratio : 

Forpinned ends, K := 1.0 

Aluminum Association Formula : X' := 


KL 


V = 63.51 


Since X' > 55, it is a long column. Applying Eq. 13.26 

378125MPa 
a allow •“ õ 

X’ 


12 mm 
50 


13 m 




G allow = 93 - 76MPa 


P allow • a allow' ( 

P a iiow = 238.5 kN Ans 















Problem 13-128 


A Steel column has a length of 5 m and is free at one end and fixed at the other end. If the cross- 
sectional areahas the dimensions shown, determine the criticai load. E st = 200 GPa, and <j y = 360 


MPa. 

Given: E := 200-GPa b Q := 80mm d Q := 60mm 

ay := 360MPa bj := 60mm dj := 50mm 

L := 5m 

Solution: 

Section Property: 

°- 5 d o( b o d o) - ( 0 5 d i)( b i d i) 


y c : = 


h ■= 


b O d O b i d i 


1 


y c = 38.33 mm 


1 


1Ü mm 


60 mm 


n 

h— 30 mm —H 

li 


h*—10 mm 




JZ 


m 




^-0 *! 


—- b o- d o +(b o -d o )-(0.5d o -y c ) - —-bj-dj + (bj-d £ )-(O^dj - y c ) 


12 


1 3 1 3 

I v :=-d n -b n -d- - b* 

y 12 0 0 12 1 1 


Buckling Load : 

Applying Euler 's formula, I := min(l x , I j 
For fixed-free ends, K := 2.0 

n 2 -E-l 

P •=- P„ r = 12.14kN Ans 

cr ^ cr 

(K- L) 

Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P 2 

1 cr m 

<j rr :=- <j rr = 0.01 -MPa 

cr A cr A 

< c> Y = 360 MPa (O.K.l) 

Therefore, Euler 's formula is valid. 























Problem 13-129 


The distributed loading is supported by two pin-connected columns, each having a solid circular cross 
section. If AB is made of aluminum and CD of Steel, determine the required diameter of each column 
so that both will be on the verge of buckling at the same time. E st = 200 GPa, E al = 70 GPa, (oy) st = 



For Member ,4i?: 
P cr := F AB 


d al 




d a ] = 68.79mm Ans 


For Member CD: 


P 'cr := F CD 


64L 


st 


7l 3 -E 


-P' 


cr 


st 


d § t = 40.20 mm Ans 


Check Criticai Stress : Euler's formula is only valid if a cr < g y . 

P 


v al 


7i ? 1 cr 

:= -*d al a cr := — a cr = 8.17MPa <a Yal = 100 MPa (O.KA) 


v al 


a cr • 


cr 


v st 


a' cr = 7.98 MPa 


71 2 

A st := ^- d st 


<g y = 250 MPa (O.KA) 









































Problem 13-130 


The Steel pipe is fixed supported at its ends. If it is 4 m long and has an outer diameter of 50 mm, 
determine its required thickness so that it can support an axial load of P = 100 kN without buckling. E st 


= 200 GPa, and ci Y = 250 MPa. 


Given: L := 4m 


d Q := 50imn 


Solution: 

Section Property: 

n ' ( d 0 4 - d i 4 

I = —-- 

64 

Buckling Load : 


E := 200-GPa 
c> y := 250MPa 


P cr := 100kN 


A = 


jT-( d 0 2 - dj 2 


Applying Euler' s formula, P = 




cr 9 

(KL) Z 


p cr -(KLr 


I = 


For fixed ends, K := 0.5 
Thus, n ■ (dd - dj^ 


64 


7l 2 -E 


P cr -(K-Ly 

7í 2 -E 



2 

1 

o 

64P cr -(KL) 

1 

w 

1 _ 


d i := 


dj = 38.17 mm 
t := 0.5(d o - d^ 
t = 5.92 mm 


Ans 


4 m 


Criticai Stress : Euler's formula is only valid if a cr < a Y . 

P, 


A 


7T-1 d Q 2 - dj 2 


cr 

CT cr •- ~ 

cr cr = 122.03 MPa < a Y = 250 MPa ( O.K .!) 



















Problem 13-131 


The Steel column is assumed to be pin connected at its top and bottom and fully braced against 
buckling about th ey-y axis. If it is subjected to an axial load of 200 kN, determine the maximum 
moment M that can be applied to its ends without causing it to yield. E st = 200 GPa, and <j y = 250 
MPa. 

df := 15mm 
d w := 120mm 


bf := 150mm 


t w := 15mm 


Given: E := 200-GPa 
ay := 250MPa 
L := 8m 

Solution: 

Section Property: D := d w + 2df 
A:= b f D — d w - (b f - t^,) 


P := 200kN 
200 kN 


bf-D 


h ■= 


12 

Buckling : 

For pinned ends, 


(bf-Vj^w 3 

12 


r v := 


K := 1.0 


ti; 2 -EL 


P - 
cr • 


P cr = 701.59 kN 


(KL) 

Yielding about x-x axis : 


>P= 200 kN (O.AT.!) 




120 mm 


15 mm —' I 

Sm 1 


-15 mm 


iji 

tJt 

15 mm 


150 mm ■ 


y ,m 

200 kN 


Given 


a Y = 


e max‘ c 


-•sec 


: := 0.5D 


( K -L 

p"T 


l 2r x 

V EA j 

( 1 ) 

error: 

Cness e max 

:= lmm 


"max 


:= Find(e max ) 


e max “ 221.24 mm 


Maximum Moment: 

^inax *“ e max’ k 

M max = 44 - 25kN ' m Ans 
























Problem 13-132 


The Steel column is assumed to be fixed connected at its top and bottom and braced against buckling 
about the y-y axis. If it is subjected to an axial load of 200 kN, determine the maximum moment Mthat 
can be applied to its ends without causing it to yield. E st = 200 GPa, and cr Y = 250 MPa. 


Given: E := 200-GPa 
ay := 250MPa 
L := 8m 


bf := 150mm dp := 15mm P := 200kN 
t w :=15mm d w := 120mm 


Solution: 

Section Property: D := d w + 2df 
A:= b f D — d w - (b f - t^,) 

b f° 3 (bf-Vj^w 3 
Ix 12 _ 12 
Buckling : 

For fixed ends, K := 0.5 
tt 2 -E-I x 

P rr :=- P rr = 2806.36 kN 

er 2 er 

(K-L) > P= 200 kN (O. KA) 



120 mm 

15 mm —' I’-'I — 15 mm 

n . 

150 mm ■ 


iji 

tJt 

15 mm 


I 


M 


200 kN 


Yielding about x-x axis : 


Given 


Gy = 


e max‘ c 


•sec 


: := 0.5D 


^KL 

p“T 


^ 2r x 

V E-Aj 

(1) 

error: 

Cuess e max 

:= lmm 


"max 


:= Find(e max ) 


e max “ 302.31 mm 


Maximum Moment: 

^max *“ e max’ ^ 

M max = 60.46 kN-m Ans 






















Problem 13-133 


The W250 X 67 Steel column supports an axial load of 300 kN in addition to an eccentric load P. 
Determine the maximum allowable value of P based on the AISC equations of Sec. 13.6 and Eq. 13-30. 


Assume that in the x-z plane K x = 1.0 and in the y-z 

Given: E := 200-GPa 

L := 3m 

K x 

ay := 350MPa 

Solution: 

e y := 200mm 

K y 

Use W 250x67 : T : = 

X 

104-(l0 6 )mm 4 

A := 

y= 

22 .2-(l0^)mm 4 

d := 


1.0 


o • 


300kN 


I P 

300 kN 


r v := 11 Omin 

À 


AISC Column Formula : X' = 


KL 


From Eq. 13.22, 

Slenderness Ratios 
For y-z plane, 

v y := 


r c := 


2t7-E 
ct y 


A,' c = 106.21 


K, 


K y -L 


y •' 




2.0 


117.88 


For x-z plane 

r 


K x -L 


X • 


Buckling abouty-y axis : (because À,’ > X' ) 

y x 

Since X' c < X' < 200, it is a long column. Applying Eq. 13.21 


1271^-E 


a allow • 


a allow = 74.12 MPa 


23X\ 



K 


x • 


1.0 


k' x = 27.27 


200 mm 


Maximum Stress : Bending is about x-x axis. 

a max " a allow c * = ®-5d 

Applying Eq. 13.30 : 

P f M ? c 
A + I 


M 'x = Pe y 


P' = P 0 + P 


'max 


a allow " 


P 0 + P Pe y (0.5d) 


P := 


a allow’^ P o 


1 + 


e y* d 

^7 


P = 107.1 kN 


Ans 


















Problem 13-134 


The Steel bar AB has a rectangular cross section. If it is assumed to be pin connected at its ends, 
determine if member AB will buckle if the distributed load w = 2 kN/m. Use a factor of safety with 
respect to buckling of F.S. = 1.5. E st = 200 GPa, and oy = 360 MPa. 


Given: h 

:= 20mm 

E := 200-GPa 

:= 5m 

b 

:= 30 mm 

ay := 360MPa 

kN 

L 

:= 3m 

p safety •“ 

w := 2 — 
m 


fsF^O; F ba + F^-w-L k = 0 

Fd A = Fr 


Solution: 

Support Reactions : For member BC. 

C ~ W 'H) 

7 ba = F c 

"BA := UJW-L b (1 ) 

Fq := O.Sw-L^ 

Section Property: A := h-b 

3 


y -BA 
By symmetry, 

Hence, Fn A := 0.5w-L 


V := 


b-r 


I v := 


h-b 


12 A 12 

Buckling Load : Applying EuleF s formula, 

About x-x axix: 

Forpinned ends, K x := 1.0 



7c 2 -E-L 


P' - 

i cr • 


( K X' L ) 


About y-y axix: 

Forpinned ends, Ky := 1.0 

pn ._ _£_ 


cr 


(•V L )‘ 


P ? cr = 9.87 kN 


P" cr = 4.39 kN 


P cr := mm 


(P cr >P cr ) 


cr 


4.386 kN 


Check Criticai Stress : Euler's formula is only valid if a cr 
p 

1 cr 

a cr := - a cr = 7 -31 MPa < a Y.ai = 100 MPa 

A. 

Factor of Safety : 


< <j y . 

( O.KA ) 


P max • p BA‘ p safety 

P max = 7 - 5 kN > P cr =4-386kN 

Hence, memeber BA will buckle. Ans 




































Problem 14-01 


A material is subjected to a general State of plane stress. Express the strain energy density in terms of 
the elastic constants E , G, and vand the stress components <j x , cr y , and z m . 


Sirüin Energy Due to Normal Sirrss**: Wc will consider lhe ifplkadün of 
normal stresses on the cLemenl in (wo limHVB stages, For the fuslstagc, wç 
apply onJy the elemenL Since o, is a constam, from Éq. U - 3 h we ha ve 


(íí), 





Whcm is apphcti in lhe sccqnd stage, the normal s crain will bt strained 

VCT 

by - = - wc — Thcreíore, the stnifi cnergy fw lhe second suge is 

t 


<to, 




5 ince cr f and cr ;r are consianLS, 


(tí) = = 2Í^~ 2veTia ^ 


Strwn Energy Doe to SHeor Stresse The Application of t TY does notscntin 
the elcmenE in normal direcõDrt. Th lis. frmn Er). 14 - 1 l p have 





■r 1 

2 U 



The lotai Jlrain enjergy 


ZE Z E 

V 

1E 

and the scrain energy density is 


e{v V,J . , 

= + — ( or -2vcf, a, 1 + -±1~ 

IE 2£ -^ í 1 2G 
V , i , . T*. K 

= °*+«; - ^ ) +- 


*y , 

2 G 


^- = — (o* + &* - 2va E & ) + -ü 
^ 3r ' ' " 20 


Áits 
















Problem 14-02 


The strain-energy density must be the same whether the State of stress is represented by o x , <j y , and 
, orby the principal stresses cr 1 and cr 2 . Thisbeingthe case, equate the strain-energy expressions 
for each of these two cases and show that G = E/[ 2(1 + v)\. 

Strain En*rgy Bu* to Normal Simías: Wc will consider lhe applicacún of 
normal 5ETO5ÇS Oíl lhe cLemeiU in tWQ íUCC«5Ífve StagM, Rff Ihç fim 5Eigt P wç 
apply orüy the elemenL Since is i coutará fiom Ég. 14 - we hawe 



Wben & 7 is applicd in the seci^nd jsliLge, the núrnsa] s Enún £ 1 wiil be strained 

ViT 

by ê/ =- Vê v Iherefore, the strmin energy íor the ietrgnd suge is 



Smcft ff, and afe tonsianLi 



Síwjs EMe ííí Strrs&tThc SLppU.ca.doii of t M7 does cvot-sifain 

the eLemcnt Lrt nünflal d iiection. Ttms. frcun Eq. 14- 1 l p we have 



The lQtal Strain energy Lí 





and thí stnifl energy densiiy k 


^-n( 


Ana 




Problem 14-03 


Determine the strain energy in the rod assembly. Portion AB is Steel, BC is brass, and CD is aluminum. 


E st = 200 GPa, E hr = 101 GPa, and £ al =73.1 GPa. 


Given: L 


st 


0.3m 


L br := 0.4m 


"al 


0 .2m 


at 


15 mm 


d br := 20mm 


a al 


E st := 200GPa P A 
E br := 101 GPa P B 
E al := 73.1 GPa P c 


= 2 5 mm 
= 3kN 
= 4kN 
= -10kN 



Solution: 

Section Properties 


n -d, 


A st : 


st 


ti - di 


A br := 


u br 


n -d, 


A al : 


* u al 


A st = 176.71 mm 


A br = 314.16 mm 


A a i = 490.87 mm 



Internai Axial Forces 
P st := P A 


P br := P A + P B 


P al := P A + P B + P C 


Axial Strain Energy: U, = y N 2 L/(2EA) 

2 


Ui := 


P 2 -l 
r st L st 


P br L br 


Pal 2 L al 


+ ' 


+ ' 


E s f A st p br' A br p al' A al 


Uj = 0.372 J Ans 























Problem 14-04 


Determine the torsional strain energy in the A-36 Steel shaft. The 
Given: := 0.6m := 8kN-m r := 40mm 

L bc := 0.4m T B :=-6kN-m G := 75GPa 

Lqq := 0.5m := -12kN*m 

Solution: 

Section Properties : 


shaft has a radius of 40 mm. 



4 

J := J = 4021238.60 mm 4 

2 


Internai Torsional Moment: 


t ab := t a 
t bc := t a + t b 
t cd := t a + t b + t 

Axial Strain Energy: 

t ab 2 ' l ab 


c 

U,=£T 2 L/(2GJ) 



2-G-J 


CD L CD 
2-G-J 



Uj = 149.2 J 


Ans 








Problem 14-05 


Determine the torsional strain energy in the A-36 Steel shaft. The shaft has a radius of 30 mm. 


Given: L := 0.5m r := 30mm G := 75GPa 



2 


Internai Torsional Moment: 

t ab := t a 


t bc := t a + t b 


t cd := t a + t b + t c 


Axial Strain Energy: U = ^ T L/(2GJ) 


Uj := 


T AB L T BC L T CD L 


2G-J 


2G-J 


2-G-J 



Uj = 26.20 J 


Ans 







Problem 14-06 


Determine thebending strain energy in the beam. Elis constant. 

Solution: 

Sunport Reactiom : By symmetry, A = B = R 
ZF_y=0; 2R - P = 0 
R = 0.5P 

Internai Montent Function: 

M = R-x 

Bending Strain Energy : u, = £M 2 /(2EI)dx 
Applying Eq. 14-17: 


Uj = 


2E-I 


M 2 dx = 2 


2E-I 


•0.5L 


M 2 dx = 


r 0.5L 


2E-I 


l> 

1 


3 , 


L 

L 

1 2 

2 

t 

\ 

7 

\ 




(Rx) dx 


P_ 


tfl.) 

■ Ví*) 


U; = 


4E-I 


■0.5L 


2 P 
(P-x) dx = 


r 0.5L 


4EI 


X 2 dx 





tbj 


Ans 





























Problem 14-07 


30 kN 


Determine thebending strain energy in the A-36 stmctural Steel W250 X 18 beam. Obtain the answer 
using the coordinates (a) x x andx 4 , and (b) x 2 andx 3 . 

Given: a := 4m b := 2m P := 30kN 

E := 200GPa 

Solution: L:=a + b 

Use W 250x18: I := 22.5-(l0 6 )mm 4 


Sunport Reactiom : 

4 




A + B-P = 0 


?IM b = 0; A-a + Pb = 0 


( 1 ) 

( 2 ) 


-P-b 


Solving Eqs. (1) and (2): A := 

a 

A = -15kN 

InternaiMoment Function: 

Mj = A-xj M 2 = A-^a — X 2 ) 

M 4 =-P-x 4 M 3 =-P-(b-x 3 ) 


Bending Strain Energy : Uj = J L M 2 /(2EI) dx 
a) Using coocrdinates x x and x 4 and applying Eq. 14-17: 
(^b ^ 





czzJ) 






irtXÍ 


1 

Uj = - 

1 2E-I 


U: := 


Mj dxj + 


M 4 2 dx 4 


V) 


y 0 




2E-I 


V 0 

ra pb 

(A-xj) 2 dxj + ( p ' x 4) 2 dx 4 

0 ‘'o 






1 ' w K 


i|) 






i 





Í«U 

JDvM 

Uj = 800 J 

Ans 



1 










— 1 


b) Using coocrdinates x 2 and x 3 and applying Eq. 14-17: 




Ui- 


1 


a 


2E-I 
1 

U,- :=- 

1 2E-I 


M 2 dx + 


V 0 
/•a 




m 3 dx 3 


: ff= 

(j6j Wia)‘ 


rb 


[A- (a - x 2 )] dx 2 + [-p-(b-x 3 )] dx 3 
J Q 


Uj = 800J 


Ans 
















































Problem 14-08 


Determine the total axial and bending strain energy in the A-36 Steel beam. A = 2300 mm 2 , / = 9.5(10 6 ) 


mm 4 . 


Given: L 
P 
E 

Solution: 


= 10m A := 2300mm 


15kN I 


:= 9.5-(lO 6 ) 


mm 


= 200GPa . . kN 

w := 1.5 — 
m 

















D? - - 



-10 m 

- 

L-"| 


15 kN 


Sunport Reactions : 

A SF v =0: A y + B v - w L = 0 
C+ ZM b =0; A v -L - w-L(0.5L) = 0 
Solving Eqs. (1) and (2): A := 0.5w-L A = 7.5 kN 


( 1 ) 

( 2 ) 


B v :=0.5wL B y = 7.5kN 


L / 7 x —®’ Ajj + P = 0 


A h := -P 


A h = -15 kN 


Internai Moment and Force Function: 

2 

M' = A x - w x-(0.5x) = A x - 0.5w x 


N' = -Ai 


h 

Axial Strain Energy: u,. = £ N 2 /(2EA) dx 

rL 


IN; = 


1 


U, 


ãA 2E-A 
1 


N' 2 dx 


0 

rL 


ãA ' 2E-A 


( A h) 2 dx 


mnm annn*-' 




KM . 


75 ** 


tsti 






U ai = 2.4457 J 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 
. rL 


U b .i = 


2E-I 


M' 2 dx 


U b .i := 


2EI 


A v *x-0.5w-x ] dx 


U bi = 493.4211 J 


Total Strain Energy: 

Ui := U a .i + U bJ 


Uj = 495.9 J Ans 
















































Problem 14-09 


Determine the total axial and bending strain energy in the A-36 stmctural Steel W200 X 86 beam. 
Given: a := 3m Pj ; = 25kN 

0 := 30deg P 2 := 15kN 

E := 200GPa 

Solution: L := 2a 

Use W 200x86 : I : = 94.7-(l0 6 ) mm 4 


A := llOOOmm 


Sunport Reactions : 

0; A v + B v -P 1 -P 2 - S 
C + ZM b = 0; Ay- (2a) - P r a = 0 


ZF x =0; + P2-cos(0) = 0 


InternaiMoment and Force Function: 



M 1 = A v -x 1 

Ni = A h 




=-(■ 


B y - P2*sin 


N 2 = Ah 



Axial Strain Energy : u, = £n 2 /(2EA) dx 


U 0 1 = 


1 


ãA 2E-A 


r a 


Nj dxj + 


rã ^ 

N 2 2 dx 2 


ro 


u. 


i 


ãA ' 2E-A 


r a 


'0 

rã 


A^ dxj + 


A h 2 dx 2 


V 


u a j = 0.23 J 


Bending Strain Energy: u, = £ M 2 /(2EI) dx 


U b .i = 


1 


u b .i : = 


2E-I 
1 


rã 


Mj 2 dxj 


ra ^ 

M 2 dx 2 
'0 ) 


2E-I 


rã rã 

( A v x l ) 2 dxj + (-A v -x 2 ) 2 dx 2 

0 j 0 


U b j = 74.25 J 


Total Strain Energy: 

Ui := U a .i + u b-i 


Uj = 74.48 J Ans 













































Problem 14-10 


Determine thebending strain energy in the beam. Elis constant. 

Solution: 

"d 


Support Reactions : 

By symmetry, A = B = R 


ZM b = 0; RL + M o -M o =0 

R = 0 

Internai Montent Function: 


M= M, 


o 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 
Applying Eq. 14-17: 


Uj = 


1 


2E-I 


M 2 dx = 1 


M 


0 

2 -L 


2EI 


M q 2 dx 


U; = 


o 


4EI 


1 dx 


0 


U; = 


m 0 2 l 

2E-I 


Ans 


■A, 

Ce 


Ci-, i; 

KH 





















Problem 14-11 


Determine the bending strain energy in the A-36 Steel beam due to the loading shown. Obtain the 
answer using the coordinates (a) x x andx 4 , and (b) x 2 andx 3 . 1= 21 ( 10 6 ) mm 4 . 

Unit used: kJ := 1000J 

kN 120 kS/m 


Given: a := 3m b := 1.5m w := 120 — 

m 

E := 200GPa 
Solution: L := a + b 

Section Property : I := 21 - (lO 6 ) mm 4 


( 1 ) 


Siwport Reactions : 

IF V = 0 ; A + B - wb = 0 

ZM b = 0; A-a+ (w-b)A0.5b) = 0 (2) 

2 

^ . _ x , _ x -w-b w-b-(b + 2 a) 

Solvmg Eqs. (1) and (2): A :=- B :=- 

2 a 2 a 

A = -45 kN B = 225 kN 

Internai Montent Function: 

Mj = Axj M 2 = A-^a - X2^ 

M 4 = -0.5w-X4 2 M 3 = -0.5w-^b - X 3^ 2 

Bending Strain Energy : \j = J L M 2 /(2EI) dx 
a) Using coocrdinates x x and x 4 and applying Eq. 14-17: 


J 

r, .t. , 

>- 


-XI -| ^ 

1 — II- 

- 3 m- 

-X3-| 

• -L 5 m- 


U i = 


1 


U; := 


2EI 

1 


r a 


v;° 

/•a 


2EI 


Mj dxj + 

i2 


r b A 

2 

M 4 dx 4 

0 J 

rb 


( a ' x i)' 


dx 


1 


-0.5w-X 4 ) dx4 


Uj = 2.821 kJ Ans 


b) Using coocrdinates x 2 and x 3 and applying Eq. 14-17: 

( rã 

1 2 

M 2 dx 2 + 

V j 0 J o J 


Ui- 

Ui := 


2EI 

1 


b 2 ^ 
M 3 2 dx 3 


2E-I 


rb 

7 r ?i 2 

|^A-|a-X2jJ dx2 + -0.5w-(b-X3j 


tMKil/h. 

nmr 


I rnrrr 

-- 1 1 j ti 4 

: ** f lí h 1 

[|sK'í Kl/ 


WN 


= -CrS J*, 




fibÈd 


(f 




frR 


22-5 Jttj 

MXj 




Ai 














dx- 


Uj = 2.821 kJ Ans 

























































Problem 14-12 


Determine the bending strain energy in the cantilevered beam due to a uniform load w. Solve the 
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx acting on a segment dx of the beam is 

displaced a distance y, where y = w (-v 4 + 4 L 3 x - 3L 4 )/(24E7), the equation of the elastic curve. Hence 
the internai strain energy in the diflferential segment dx of the beam is equal to the externai work, i.e., 
dUj^ = Vi (w dx)(-y). Integrate this equation to obtain the total strain energy in the beam. Elis constant. 

Síroin Energy Due ta Normal Wc vill cúnsidcr lhe applicahürt of 

normal s Groses on ihe cLcmcni in two sucwjstve stag»- For lhe fintitage, wç 
ipply Q-niy íj^on theelemínL fiince u s ii a com Esmin from Êq. 14-8. we haue 







Whcn ii appSjcd in lha Second slüjge, lhe- nórxa] S nniin wiü bí- sirained 


VfJ , 


by é/ - -V£ y - —-^.HiCTcfore, the strain energy for lhe ieeond slagc is 


-ílí-wh 


W dx 


8 ~T 


úív- 


Since-tf^ and ít^ are eonsian ís, 


yfiL 


(tí) 3 =-(^-2vo í ff í ) *«=- 

Strain Energy Da* ta Shear Siress: The applicadon of f JT does noismtin 
the eLcrriénE Ln normal d ii^cciún. Ttui^. from Eq, 14- 11, wé have 




M 


f r 1 x* V 


The lOtãJ strain energy t$ 


i y 


« = (!/,-),+£f/ J .j í +r í/j, 

o?*' V,* , K r; 

= —I— 4--{ -2vtf. <7 )4- — 

IE IE k j j jJ 2G 

V , , - r. l t V' 

- r^( o; + o; - ^ a f ) + 


20 


ind the simin energy density i£ 


V 




Aiiü 
























Problem 14-13 


Determine the bending strain energy in the simply supported beam due to a uniform load w. Solve the 
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx acting on a segment dx of the beam is 

displaced a distance y, where y = w (-v 4 + 2 Lx 3 - L 3 x)/(24EI), the equation of the elastic curve. Hence 
the internai strain energy in the diflferential segment dx of the beam is equal to the externai work, i.e., 
dUj = Vi (w dx)(-y). Integrate this equation to obtain the total strain energy in the beam. E7is constant. 

Strjoín Ettêfgy Duê lo Nürm&l Strtsjfxí Wc will Cúnsider lhe applicstún of 
normal í enfies on tbe elemeni m (wo iuwuivç jtages- For lhe Fim sage, wç 
apply only tf, ou the elemeriL Sinee u, is a Mfistaju, from Eq. 14 - we hawe 





~2Ê~ 


Wben is appIioJ ~W ihç Spcond .ç lii^e, the normal s tnán £ i will be Strained 
by " = - VÉ* * —Ihoefore, the strain energy for lhe seeond suge is 

E yvdx 


«Oi 




S mee ff, and er^ are eonsiants H 




Jfmiie Í3u*e íft SHmt Síresstlhc applicadon of t, T 

the eleríienE bí nünaal d iròCEiün. Thuj. fn}m Eq. 14 — I l p wtí ha ví 




L 


LU 



The U)tãl strain energy i$ 


í y 


oj V V. , . 

= -i— +■ -2vrt t, , 

1 E 1 E X 3 ‘ JJ 2 G 

V , * , , d V' 


20 


does novstrtdn 



and the strain energy density is 


V 


2 £ 


(oí + oJ-ív(T i <r í ) 



Ans 
































Problem 14-14 


Determine the shear strain energy in the beam. The beam has a rectangular cross section of area A, and 
the shear modulus is G. 

Sirmn Energy Du* lo Normal Sírtssss: Wc will Cônsãder títe applicaíiúit of 
normal sCrçsics o-n lhe eLcmçnt in two Stiweastvç stages- For lhe Fust 5 cage, wç 
appl y onJy t^on the elemenL Sbice & x ii a cfinitajii, from Eq. 14 - 8 fe we ha ws 





t%V 

~2E 


When ff r ii appUoO in lhe seciínd stage. lhe nona! S tnin £, will be Straincd 
VO 

by è, ' — - VÉ y ~ —7-. Hicnefone, the stimin «vergy for lhe iccurtd sUgc is 




11111111111 


«t: 


2 L 


SinetíT, and cr. r are consnjns H 




Strain Èntrgy Dut te S ftear Stnss :The Application of r IT does noi strain 
[heelemenl Ln nurmii dlrcCLÍun. Thus. frura Elj. 14 — 11. wê hlvt 


f t 1 v* V 
fí/jlj = - 

’ 3 J „ 2li 2U 


The 10 Lai ílrain energy L$ 


y ; = ((/,-),+£ v^+Wih 

o*v v , -i tjy v 

IE 2£ v J J 2G 

= ^(oí + ^-Zv< Jj a,) + -^- 


L*J 



r::r' J i 




Jatk 

2 


and lhe Stnifl energy denvily is 
























Problem 14-15 


The concrete column contains six 25-mm-diameter Steel reinforcing rods. If the column supports a 
load of 1500 kN, determine the strain energy in the column. E st = 200 GPA, E c = 25 GPa. 


Given: L := 1.5m r c := 300mm 


■*st 


E st := 200GPa 


p conc • 25GPa 


2 5 mm 

P := 1500kN 


Solution: 


n -d, 


Section Properties : A st := 6 


st 


A conc : 71 ‘ r c A st 


Given 

Equilibrium : 

P conc 

Compatibility : A conc =A st 


p st - p=0 


A st = 2945.24 mm 


A CO nc = 279798.10 mm 


( 1 ) 


1500 kN 



1,5 m 


P T 

cone 

A F 
cone cone 


P sf L 

A sf p st 


Solving Eqs. (1) and (2): Guess P 


( 2 ) 


cone • 


cone 




^st ) 


: Find^P conc ,P st j 


lkN 


cone 


P st := lkN 


^st ) 


1383.50 ^ 

116.50 ) 


kN 


Axial Strain Energy: Uj = ^N 2 L/(2EA) 

2 


Ui := 


P T 

1 cone ^ 


+ ■ 


P s t 2 L 


7F A ?.F A 

cone cone st st 


1500 N 


i 


1 

Ul 


Uj = 222.51 J Ans 
















Problem 14-16 


Determine the bending strain energy in the beam and the axial strain energy in each of the two rods. 
The beam is made of 2014-T6 aluminum and has a square cross section 50 mm by 50 mm. The rods 
are made of A-36 Steel and have a circular cross section with a 20-mm diameter. 

Given: L st := 2m E st := 200GPa 


u al := 4m ü al := /: 
a := lm b := 2 m 

Solution: 

Section Properties : 

2 


n -d, 


st 


v st' 


I 


al 


1 al 

12 


Sunport Reactions : By symmetry, A = B = F st 

+t 


ZF= 0; 2F st - 2P = 0 


st 


F st= 8kN 


InternaiMoment and Force Function: 
N st" F st 


M 1 = F sf x l 

M 2 = F sf( a + x 2 )- p ' x 2 = Pa 

Axial Strain Energy: u, = J L N 2 /( 2 EA) dx 

r^st 


Ua.i = 


2E sí A st 


N st 2 dx 


r L st 


Ua.i == 


2 E sf A st 


U ai = 1.019 J 


F st 2 dx 


Ans 



[■-1 m —- 2 jtj --j-— 1 m-1 


L _1 _ i _J 

r f/n ' stfl T I 


st 

(?) 


Lr 

□ 1 }<+&,): S ax-I 


SOKH Qfr 


<*} 


by hd 


3-30 & ifr > 


K) 


Bending Strain Energy : u, = £M 2 /(2EI)dx 
Using coocrdinates x x andx 2 and applying Eq. 14-17: 


Ubi = 


2 E al -I al 


f 
2 

V "o 


Mj 2 dxj 4 


M 2 2 dx 2 




'0 


U bi := 


^ F af ^al 


ra 


2 

( F sf x l) dx l + 


(P-a) dx 2 


U bi = 2241.3 J 


Ans 









































Problem 14-17 


Determine the bending strain energy in the beam due to the distributed load. EI is constant. 

Solution: 

Internai Montent Function: 


x 

M = — 
2 


f 


x \ x 


— •— = 


L ) 3 


6 L 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 

r\r\l\/in(T Fn 1 A- 1 7 ■ 



ie =- 

1 2E-I 


M 2 dx = 1 


w, 


0 

2 rL 


2EI 


3 Y 

K 1 


w~-| dx 


0 6L ) 


Ui" 


O 


72EIL 


6 , 
x dx 


0 




jT [ ITTTTr nr i ± 

r- z - 


U; = 


2 T 5 

W 0 -L 
504E-I 


Ans 




























Problem 14-18 


The beam shown is tapered along its width. If a force P is applied to its end, determine the strain 
energy in the beam and compare this result with that of a beam that has a constant rectangular cross 
section of width b and height h. 

Strain Energy Due ía N&rmaJ StrrjS^Í* Wc wiil Cúmsider lhe apphcaiion of 
nmal stresses q\i lhe elemeni m (wo SUCWJ3 tvç 5 tag«_ For lhe flRl S&g€ P wç 
apply only ort the elemenL Siira a s ii a «nutaní, from Eq. U - 8 fc we haue 





FF 


When is appUocj in lhe SecQnd sla^e, the rtOnísal s tram. é í WÍil be Strained 
Vff 

by £," = -Vé, = —Hícrefore, lhe strain cnergy ft>r lhe Sec^ind suge is 



= 2 ^(^- Zvo ;* í ) 


Strain Energy Due Shear Strestr The applieaiion of t TT does m>t strain 
the clcmcnL in nüntial d iiecãün. Thuj. fmni Elj. 14 - 1 1 f wé ha ve 




1 y 

2 J" 


The strain. energy Ls 

ti - éw, 

/ V 
V 

2 £ 

and ítrain energy dsnsi*)i is 


t^V V, , „ , 

v , , , , v 

= v- ( ot + aí - 2,v<r. or ) + 

ír' 1 ? 1 M 2(3 



MOTJ 

MfO*-Px £ tjT^ 




Ans 
















Problem 14-19 


The bolt has a diameter of 10 mm, and the link AB has a rectangular cross section that is 12 mm wide 
by 7 mm thick. Determine the strain energy in the link due to bending and in the bolt due to axial force. 
The bolt is tightened so that it has a tension of 500 N. Both members are made of A-36 Steel. Neglect 
the hole in the link. 


Given: L Q := 60mm 

d Q := 10 mm 

a := 50mm 

b := 30mm 

E := 200GPa 

P := 0.5kN 

Solution: 

, 2 
n-d Q 

Section Properties : 


A ° ' 4 

Support Reactions : 

XF=0; P-A- 

B = 0 


d := 12 mm 
t := 7 mm 


ZM b = 0; A-(a + b) - P b = 0 
Solving Eqs. (1) and (2): A 


I := 

( 1 ) 

( 2 ) 


P-b 


a + b 
A = 0.1875 kN 

Internai Moment and Force Function : 

N 0 := P 

Mj = A-Xj 

M 2 = B-x 2 

Axial Strain Energy : u, = £ N 2 /(2EA) dx 

/»L ry 

1 


U Q ; = 


ãA 2E-A, 


N Q 2 dx 


o •’ 


U 


1 


f L o 


ãA ' 2E-A, 


P 2 dx 


o A) 


U a i = 4.77 x 10 


Ans 


d-t 

Ti 


B := P - A 
B = 0.3125 kN 



ff— r— 




8 f"\ 

n T" 


fM*'j*3foSXi. 


I * 


tcj 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 
Using coocrdinates x x andx 2 and applying Eq. 14-17: 


u bi = 


1 


u, 


2-E-I 

1 


a 


Mj dxj + 


V.O 
fà 


bi 


2-E-I 
U bi = 0.0171 J 


^b ^ 

M 2 2 dx 2 
0 ) 

fb 

(A-xj ) 2 dxj + (B-x 2 ) 2 dx 2 

j 0 

Ans 










































Problem 14-20 


The Steel beam is supported on two springs, each having a stiffiiess of k = 8 MN/m. Determine the 
strain energy in each of the springs and the bending strain energy in the beam. E st = 200 GPa, / = 

5(10 6 ) mm 4 . 


L := 4m 

E 

:= 200GPa 

I := 5-(10 6 

a := lm 


kN 

kN 

k 

:= 8000 — 

w := 2 — 

b := 2 m 


m 

m 


2 kN fm 


1 mm 


Solution: 

Sunport Reactiom : By symmetry, A = B = R 
ZF y =0; 2R-wL=0 

R := 0.5w-L R = 4kN 


-1 ui - 


Internai Montent Function: 

w ? 

Mj = --XJ 

w / ^2 

M 2 = y( a + X 2j - R ' x 2 

Spring Strain Energy: U = kô 2 1 2 
The spring deforms 5 ; = — § = 0.500 mm 

U sni := -k- 8 2 
sp.i 2 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 
Using coocrdinates x x andx 2 and applying Eq. 14-17: 


u bi = 


2E-I 


Mj dxj + 


V o 

rã 


'0 


’ b 2 ^ 

M 2 dx 2 


U bi := 


2E-I 


rb 


■ 1 ni ■ 


W 2^ 

— x l j dx 1 + 






1. -1 

f il 

n 

r 

i’** i j".«i 

1 




X] 

CrJt 




u spi = 1.000 J 


li 

Ans jl-, 

r-J 


t*T, I ^ 4 . ^ 


-i 2 


W / w 

T‘( a + x 2j “ Rx 2 


dxn 


U bi = 0.400 J 


Ans 









































Problem 14-21 


Determine the bending strain energy in the 50-mm-diameter A-36 Steel rod due to the loading shown. 
Given: a := 0.6m b := 0.6m 
E := 200GPa P := 400N 


d Q := 50mm 


Solution: 

Section Properties : I ;= 


71 ' d o 

64 


Internai Montent Function: 

Mj = Pxj M 2 = Pa 

Bending Strain Energy: u, = J o L M 2 /(2EI)dx 


400 N 



400 N 


U: = - 

1 2E-I 


U; := 


Mj dxj + 


V 0 

ra 


2EI 


(P-xjj 2 dx 


-b ^ 

M 2 2 dx 2 

■0 J 

+ (P*a ) 2 dx 2 


Uj = 0.469 J Ans 

































Problem 14-22 


The A-36 Steel bar consists of two segments, one of circular cross section of radius r, and one of 
square cross section. If it is subjected to the axial loading of P, determine the dimensions a of the 
square segment so that the strain energy within the square segment is the same as in the circular 
segment. 

Axial Strain Encrgj: Applyoijj B_|. L4- 16 Lil< Üli Ctí-CUl-lí SGjjroenL 




P 


Bfc. )4~ IA W iqUiK SÉJfT-í nL £lV£3 


N 1 !, _ F z L _ P*L 
2Ã£ w ÜCfl^ÍE " 


ÜÈquire, 


P*L P 1 ! 



Problem 14-23 


Consider the thin-walled tube of Fig. 5-30. Use the formula for shear stress, r avg = T/2tA m , Eq. 5-18, 

and the general equation of shear strain energy, Eq. 14-11, to show that the twist of the tube is given 
by Eq. 5-20. Hint : Equate the work done by the torque T to the strain energy in the tube, determined 
from integrating the strain energy for a differential element, Fig. 14-4, over the volume of material. 


J y v 2G 2iA^ 


Th ui, 

°* m K 


r 3 




r 1 f iiv r r 5 r j m 

t 1 * JjtíC í f 1 A t 1 


#4 ■ tdx, Thua, 








Problem 14-24 


Determine the horizontal displacement of joint C. AE is constant. 

Afrmbtr Forces~ Applymg thi: mrilhijíJ gf jotnii Ll< €, V-C hlYC 


+ Tlf, =0: JJ ç «i3<)i*-5 c m»*=0 

AíJ 5=0; j*-£.ftin 30**0 F=P 


Ifenoe, F Jct PÍQ Jy e *J»m 

,4 rtad Jjfraijr Entrgjt: App^-ing E 4 |4- ]6 , wç fejfi-e 


pi L 

7T 


ffarífFwaJ lVpfà-- The wort ione by force F Ls 







* 



-t 


y.-t: 

1 . p : í 
2 ^ (i<r)í " 7? 


(4c)* = 


1FL 

Je 


Ans 


CejfjffFkff/rúH of Energy: 









Problem 14-25 


Determine the horizontal displacement of joint A. Each bar is made of A-36 Steel and has a cross- 
sectional areaof 950 mm 2 . 

Given: a := 0.9m b := 1.2m A := 950mm^ 

E := 200GPa P := 10kN 


10 kN a 


Solution 


: c :=7 


2 T 2 
a + b 


Member Forces: Applying the method of joints to Joint A. 
Given 


+t ^v=o; 

+► IF =0; F 


f ab _ f ad- 


3 - 


AD' 


c) ~ P = 0 


( 1 ) 

( 2 ) 


Solving Eqs. (1) and (2): Guess F A g := F AD := 


AB 




fi 


F AD ) 


:= Find( 


F AB’ F AD 


1 


AB 




Applying the method of joints to Joint D. 
Given 

í) + F 

3 - 


-f SF = 0; 


±*.SF x =0; 


- F CD + F bd - 


AD’ 


BD' 


A F 
-j ~ f AD 


f ad ) 


3 - 


Vc 



Solving Eqs. (3) and (4): Guess F^g := lkN 




BD 


f cd ) 


:= Find( 


F BD’ F Cd) 


BD 




F CD ) 


12.50^ 
15.00 J 


kN 


(C) 

(T) 



Axial Strain Energy: U = y N 2 L/(2EA) 
1 


U; := 


2-E-AL 


F AB 2 ’( 2a ) + f AD 2 ’(c) + f BD 2 ’(c) + F CD 2 '( b ) 


Uj = 2.211 J 


Externai Work: The externai work done by the force P is 



Conservation of Energy: U { = U e 

Ui=F p ( â A.h) 

2 -Uj 

A A.h : =— A Ah = 0.442 mm Ans 


























Problem 14-26 


Determine the vertical displacement of joint D. AE is constant. 
Given: L := m a := 0.6L b := 0.8L c := L 
EA := kN P := kN 

Solution: 

Member Forces: 

By inspection of Joint D , := 0 

F CD := P (T) 


Applying the method of joints to Joint C. 
Given 


-f ZF= 0; 


CA' 


EF >°; f cb _ f ca' 


Võj - P=0 
-%0 


d 


(1) 

( 2 ) 


SolvingEqs. (1) and (2): Guess := lkN F^g := lkN 

/p CA^l f F CA^l A .25^ 

= Findp " ' 


? CB J 


(F CA’ F Cb) 


f cb; 


0.75 ) 


(T) 


Applying the method of joints to Joint A. 
4lF,=0; f ab -F ca .^ = 0 F 
Axial Strain Energy: 



SC 


P 

* 




\ 


AB 


F CA'7 


f Ab= 1 -0° p (t) 


-- 

fiz 


U: : 


1 


1 ' 2-EA 


F CD 2 '( b ) + (- f Ca) 2 '( c ) + F CB 2 '( a > + F AB 2 '( b ) 


P 2 L 

IL = 1.750- 

1 EA 


Externai Work: The externai work done by the force P is 



Conservation of Energy: U| = U e 

Ui - 7 p '( Ad .v) 

2-Uj 

A D.v := — 


*D.v 


= 3.50- 


PL 

EA 


Ans 




























Problem 14-27 


Determine the slope at the end B of the A-36 Steel beam. / = 80(10 6 ) mm 4 . 


Given: L := 8 m 


I 


:= 80-(l0 6 ) 


mm 


E := 200GPa M Q := 6 kN m 

Solution: 

Support Reactiom : 


-t SF v =0; A + B = 0 

0 ; A-L + 1VL=0 


O 


( 1 ) 

( 2 ) 


-1VL 


Solving Eqs. (1) and (2): A := 


6 kN- m 


E * 


& [U 


B := -A 


F 






A = -0.75 kN B = 0.75 kN 


Internai Moment Function : 

M = A-x 

Bending Strain Energy : u, = J L M 2 /(2EI)dx 
r L 


U: :=- 

1 2E-I 


(A-x) dx 


Uj = 3.000 J 


Externai Work: The externai work done by the moment M 0 is 

U e=7 M o- 0 B 

Conservation of Energy: Uj = U e 
Ui=~M o -0 B 


2-Uí 


0 B := 


IVL 


0 B = 0-0010 rad Ans 






















Problem 14-28 


mm 


/•a 


U; :=- 

1 2E-I 


(Px) dx 


3 m 


40 kN 


Determine the displacement of point B on the A-36 Steel beam. / = 97.7(10 6 ) mm 4 . 

Given: a := 4.5m b := 3m I := 97.7• (10^) 

E := 200GPa P := 40kN 

Solution: 

InternaiMoment Function: 

M = Px 

Bending Strain Energy : \j = £M 2 /(2EI) dx 


-A- 


2 m 






Uj = 1243.603 J 


Externai Work: The externai work done by the force P is 

U e = 7 p '( a b) 

Conservation of Energy: \] { = U e 

Ui=f p M 


2-U; 




k B = 62.18 mm Ans 

















Problem 14-29 


The cantilevered beam has a rectangular cross-sectional area.4, a moment of inertia /, and a modulus 
of elasticity E. If a load P acts at point B as shown, determine the displacement at B in the direction of 
P, accounting for bending, axial force, and shear. 

StTfti* Extrxj: Afp]?-Ul£ Eq. 14 — 15 P I •* — ET and 14 -1#, We tjav 

„ A 

ftfiPdx f L M'dx _-"i 

.y\ 


r^-A/ 3 !* ffj 


1GX 


Howcvct, í = - for n recbjigular tecdan. 


"‘■j, 


A I?)j:) í cü: ti f L {P$ÍA ff) 1 /* 


+ Jo Í£í + jj*' 




“ "3Õ"[ AE + Õ + GA J 

Extfrsiat Hrir^Jfc: l^ÉélGÉmâJ wtirt düní füfCfi P eS 


j^=k:z 


afieis- 

HL 


J& = ;(*>(&,) 


Cuflíípvaritfff of Enfrçpr 


ít-« 






ÜT 

[ A£ 

£tr 

ISços 1 ^ 


A£ 


íy 


"gãT" J 


£/ 


GA 


ÀCli 



























Problem 14-30 


Use the method of work and energy and determine the slope of the beam at point B. £7 is constant. 


Z£jf 0 a * J 


3BT 


I, 


U t m-tfô =■ ;AMa 


<c 


Mn \ 


Çí^uscrvaiiran of êãerfy; 






3£í 



An* 

3E/ 


11 

+ 


j 

* íit, 1 

= 0j+ I 

fM . 

— dx { 

^ J 

* m 

_ 4.W 0 i 

i 

~TET 

£f 


Am 


v,i_-i 

( r7T7fTÍ 

M. I 

a 


M. 

1-jjTl 


M--& l cm 


«-#/, ní 


far 




























Problem 14-31 


Determine the slope at point A of the beam. EI is constant. 


2 Mèv 
3 El 


Vi * -Afd* -Md 9a 
2 - 2 


Mo 




CiinsÉrvadfln of mergy' 

(4 =* K 


2 3iEÍ 



^=^1 Am 

Kf 


( i— 


*f=<S f 


HE 


FH 


'jMt 
4 
















Problem 14-32 


l K 


■X. 




2 m 


fí } 


Determine the displacement of point B on the 2014-T6 ahirmnnm beam. 

20 kN 

Given: a := 2m bp := 150mm d w := 150mm 

b := 6m dp := 25mm t w := 25mm 1 

P := 20kN E := 73.1GPa 
Solution: L := a + b 
Section Property : h := dp + d w 

_ S-(^-Aj) 

Yc " U A 0 

(b f df)-(0.5d f ) + (t w d w ).(0.5d w + d f ) 

y c ; =- 


6 m 


25 mm 

75 mm \ ^75 mm 

c=r^i =p“ 25 mm 
_|I50 mm 


(b f d f) + (Vdw) y c = 56.25 mm 

1 : = 77 ’bf d/ + (b f d f )-(0.5d f - y c ) 2 + -b'V d w 3 + (V d w)'( 0 - 5 dw + d f- Y c )" 


( 1 ) 

( 2 ) 


SuDport Reactions : 

ZF y = 0: A + C - P = 0 
C+T.M c = 0 A L - P b = 0 
SofvingEqs. (1) and (2): A:=P~ A=15kN 

C := P - A C = 5kN 

Internai Montent Function: 

Mj = A-xj M 2 = C-X 2 

Bending Strain Energy: u, = £M 2 /(2EI) dx 


I = 21582031.25 mm 


U.- = - 

1 2E-I 


U; := 


2 3 

Mj dxj + 

) J o 


M 2 2 dx 2 


2E-I 


y° 

/•a rb 

(A‘ Xi ) 2 dxj + (C'X 2 ) 2 dx 2 

0 J 0 


Uj = 760.63 J 







iE KV 


J. E KH 


Zü M 


pTft 

P 








jx, I 


Externai Work : The externai work done by the force P is 

U e =kP'(A B ) 

Conservation of Energy: Uj = U e 
1 2 * U i 

Uj = —-P-^Àgj Ag := Ág = 76.06mm Ans 




■Xíp: 


ElW 








































Problem 14-33 


The A-36 Steel bars are pin connected at C. If they each have a diameter of 50 mm, determine the 
displacement at E. 


Given: a := 3.6m 


b := 3m 


c := 2.4m 


E := 200GPa P := 10kN d n := 50mm ,_* 

o A € 


10 kN 


V 


Solution: 

Section Properties : I ;= 


B- 


C 

i# T 


K ' d o 

64 


Sunport Reactions : By symmetiy A=B=R, and D=0 
ZF, =0; 2R- P = 0 R := 0.5P R = 5kN 


Internai Montent Function: 


Mj = R-xj 


M 2 = R-x 2 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 


U; = 


1 


2EI 
1 

U: :=- 

1 2E-I 


•0.5a 


Mj dxj + 


•0.5a ^ 

M 2 dx 2 


'0 


•0.5a /0.5a 

r\ r\ 

(R-xjj dxj + (R' x 2) 


«■ri 


i 


ITT 


£ j>J * 1 ^ 


D 


(-U mH -3 m-[—2.4 m—| 


j —i‘ 


Uj = 792.057 J 

Externai Work : The externai work done by the force P is 

Ue-f^E) 

Conservation of Energy: \] { = U e 
1 2 * U i 

Uj — — *P*^Agj Ag := ——— Ag = 158.41 mm Ans 
























Problem 14-34 


Determine the deflection of the beam at its center caused by shear. The shear modulus is G. 

Support Rfaziinnr: As íhowra ofi 


.S "hzaf Fumiiaitt: Al Sílü-TMfi urt THD(h). 


Shêftr Strmn Emrgy; Apfiyinf ]4 - ]9 wifli/ » - fçc i 

cctlan^iiJLii: 3£LÚúü r Wí havc 


* f* 

Jí 


aéV 


i 


2tàG 

3P : L 


ma* 


IGWiC 

Exitr/tai Werk; Th« e^lemal wm t dorse by faree P is 

^=fni 


í? í7ii r trtalia n úf Entrgj: 


U w m U, 



1PL 

2<X>tiG 



iPL 

m*G 


Am 





















Problem 14-35 


The A-36 Steel bars are pin connected at B and C.If they each have a diameter of 30 mm, determine 
the slope at E. 


Given: a := 3m b := 2m d Q := 30mm 
E := 200GPa M n := 0.3kN-m 


Solution: 

Section Properties : I ;= 


300 N-m 

B ^ C 


jXI f 

r S 


7T-d 0 

64 


Equations of Equilibrium : For member BC , 
±ÍJ^=0; B + C = 0 (1) 

C ZM b = 0; B- (2 b) + M 0 = 0 (2) 


-3 m-1— 2 m —|— 2 m —|-3 m- -\ 


***** TFT* fy* Jw 7s# 

7*** 7S 


-M, 


Solving Eqs. (1) and (2): B := 


o 


2-b 
B = -75 N 


C := -B 
C = 75 N 


Internai Moment Function : 
Mj = -B-Xj 
M 2 = B-x 2 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 
Using coocrdinates x x andx 2 and applying Eq. 14-17: 


u bi = 


1 


u, 


2E-I 
1 


a 


Mj dxj + 2 


0 
fà 


bi 


2EI 
U bi = 8.252 J 


-b ^ 

M 2 2 dx 2 

0 J 

rb 


(-Bx^ dxj + 2 (b*X 2) dx2 

0 


Cí 


* " 






Externai Work : The externai work done by the moment M 0 is 

U e=7 M o- e E 

Conservation of Energy: Uj = U e 

Uw-^Mo-Oe 

2 'Ubi 

0g - 0.05502 rad 


0 E = 3.152 deg 


Ans 





























Problem 14-36 


The A-36 Steel bars are pin connected at B. If each has a square cross section, determine the vertical 
displacement at B. 


Given: a := 2.4m 


b := 1.2m c := 3m 


E := 200GPa P := 4kN d Q := 75mm 

Solution: 4 

d 0 

Section Properties : I •=- 

12 


4 IcN 


-êr 


/?! c 


hwport Reactions : 

' xr =0: c + D 


Support Reactions : A:-0 

P = 0 


24 m- 


Ar 


75 mm 
D H 

/fj D±75 


mm 


-Um-j* 


3 m 


-1 


J-EM r =0 -P b - Dc = 0 


( 1 ) 

( 2 ) 


SoívingEqs. (1) and (2): D := -P — D = -1.6 kN 

c 


C := P - D C = 5.6 kN 


InternaiMoment Function: 


Mj = -P-Xj 


M 2 = -D-x 2 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 


( r b 


U: = - 

1 2E-I 


U; := 


Mj dxj + 


rC 2 ^ 
M 2 dx 2 

J 


2E-I 


•'o 

~b rC 

(-P xj) 2 dxj + (D-x 2 ) 2 dx 2 

0 J o 


l iJi-k 


1 t 


if ^ 




T JL- 

w * J 


“kf 

hH* 


Cí-J 









Uj = 30.583 J 


Externai Work: The externai work done by the force P is 

u e -f p 'M 


Conservaüon of Energy : U ; = U e 


2-U; 


A b := 


Ag = 15.29 mm Ans 


u i=f p M 


































Problem 14-37 


The rod has a circular cross section with a moment of inertia /. If a vertical force P is applied at A, 
determine the vertical displacement at this point. Only consider the strain energy due to bending. The 
modulus of elasticity is E. 


Rciiding Strain Entrfy? 


Appíykig 14 - 97 witfl dí ü WC bivc 


t/, 


JílF 

T- f (Písin 0) 1 r4A 
1EIJ n 


fV f* 
2Sh 

P^r 1 j -" 

4£f Jb 


iki l 9JQ 

(l-íoj 


jifV 


iEl 


Esiemui W&rk: The eT«ruü wotlc doní ly Force P ií 

Constrvaltali úf Et líPgy.' 






V* 


4EÍ 








Problem 14-38 


The load P causes the open coils of the spring to make an angle 6 with the horizontal when the spring 
is stretched. Show that for this position this causes a torque T = PR cos 6 and a bending moment M = 
PR sin #at the cross section. Use these results to determine the maximum normal stress in the 
material. 


T* Pi fcosft M = 

BenUing: 


Tc PR cos 9 


- - 2^ * 


16 P R sin Q 

f(l&PHs\n $\ 


ir - | 

L j J 

l J 


l6/> Jg 

jf/ 


[me + i] 


Ana 
















Problem 14-39 


The coiled spring has n coils and is made from a material having a shear modulus G. Determine the 
stretch of the spring when it is subjected to the load P. Assume that the coils are close to each other so 
that 6 ~ 0 o and the deflection is caused entirely by the torsional stress in the coil. 


J-rnJprf- Slrvin Emtrfj: AfiplyiJii 14-Ü. watum 

FWL 3ü^ a JT J lr 

Híi^vçfn - inrrjr. 


*í = 




WüfIt Thfl ufexnaJ wnrfc dane "hy Íotue JP i| 



CfTwtwfvaiia/t af Emrfjr: 

v, = v, 

_ 


An * 



P 



P*' 








Problem 14-40 


A bar is 4 m long and has a diameter of 30 mm. If it is to be used to absorb energy in tension from an 
impact loading, determine the total amount of elastic energy that it can absorb if (a) it is made of Steel 
for which E st = 200 GPa, <j y = 800 MPa, and (b) it is made from an aluminum alloy for which E al = 70 

GPa, g y = 405 MPa. 

Unit used: kJ := 1000J 
Given: L := 4m E 1 := 200GPa 

d Q := 30mm oy\ : = 800MPa 

Solution: 2 

7T-d 0 

Geometric Property : V ;= -L 

4 

a Yl 

a) Strain Energy: cy ] :=- 

E 1 

1 1 

u rl := 2 ' ct Y1' s Y 1 u rl := ^" CT Y 1 u rl = iJ 

Uil := u rl'V 
Ujj = 4.524 kJ Ans 


E 2 := 70GPa 
<jy2 ' = 405MPa 

V = 2827433.39 mm 3 

2 .6 J 


CT Y2 

b) Strain Energy: sy 2 :=- 

E 2 

1 12 6 J 

u r2 := 2 ' ct Y 2 ' s Y 2 u rl := ^“' CT Y2 u r2 = L172 x 10 ~ 

^2 m 

U i2 == %2-V 

U i2 = 3.313 kJ 


Ans 









Problem 14-41 


Determine the diameter of a brass bar that is 2.4 m long if it is to be used to absorb 1200 J of energy 
tension from an impact loading. Take <j y = 70 MPa, E = 100.GPa. 

Given: L := 2.4m Uj := 1200J 

E := lOOGPa a y := 70MPa 

Solution: 2 

n-d 0 

Geometric Property : V =-L 

4 


CTy 

Strain Energy: ev '=- 

Y E 

1 J 

u r := — ay-Sy % = 24500.00- 

m 

Conservation of Energy: Uj = U r 


U; = IV V 

( 2 
7T-d 0 

Uj = iv - 

1 r v 4 


' L J 


rrür 

J rc-L-u,- 


d Q = 161.20 mm 


Ans 








Problem 14-42 


The collar has a weight of 250 N (~25 kg) and falis down the titanium bar. If the bar has a diameter of 
12 mm determine the maximum stress developed in the bar if the weight is (a) dropped from a height 
of h = 300 mm, (b) released from a height h *0, and (c) placed slowly on the flange at A. E ti = 120 

GPa, (Jy = 420 MPa. 


Given: d Q := 12mm 
W := 250N 

Solution: 

Section Property : 

Static Displacement: 


L := 1.2m 

E := 120GPa a y := 420MPa 


ti • d ~ 


A := 


A st - 


WL 

EA 


3 


A st = 0.02210 mm 


1.2 m 


a) Drop Height: h := 300mm 


h 


Impact factor: r| := 1 + /1 + 2-r| = 165.76 


^st 


^ •= Wn 

max • vv 1 1 

P 


"max • 


"max 


max 
A 

366.4 MPa 


Ans 


12 mm 


b) Drop Height: h := Omm 


Impact factor: r| := 1 + /1 + 2--^— r| = 2.00 


P max • ^ 


max 


"max • 


max 


"max * 


st 


a max = 4 - 421 MPa Ans 


c) No impact: p := 1 

P max - = W-p 


a max = 2.210 MPa Ans 






















Problem 14-43 


The collar has a weight of 250 N (~25 kg) and falis down the titanium bar. If the bar has a diameter of 
12 mm, determine the largest height h at which the weight can be released and not permanently damage 
the bar after striking the flange at A. E ti = 120 GPa, <j y = 420 MPa. 

L := 1.2m 

E := 120GPa a y := 420MPa 


Given: d Q := 12mm 
W := 250N 


Solution: 

Section Property : A := 

Static Displacement: A 

Maxim um Drop Height: 
Impact factor: r| = 1 - 


7i-d n 


st' 


WL 

EA 


A st = 0.02210 mm 


1 + 2 - 


i st 


'max 


~ A/ 


1 + 1 + 2 - 


V 


h) 

A st ) 


CT max “ a Y 


h := 


'st 


^c>y'A ^ 
v W 


■') ■' 


3 


1.2 m 


12 mm 


h = 394.8 mm Ans 























Problem 14-44 


The mass of 50 Mg is held just over the top of the Steel post having a length of L = 2 m and a cross- 
sectional area of 0.01 m 2 . If the mass is released, determine the maximum stress developed in the bar 
and its maximum deflection. E st = 200 GPa, a Y = 600 MPa. 


Given: L := 2m A := O.Olm 

E := 200GPa a y := 600MPa 

Solution: 

Weight: W := m 0 g 
Static Displacement: 

Drop Height : h := 0 


m. 


:= 5o(l0 3 ) 


kg 


k st 


WL 

EA 


A st = 0.4903 mm 


Impact factor: 


h 

t| := 1 + 1+2- 

J ^st 


r| = 2.00 


max 


:= W*r| 
P 


max 


"max • 


a max 98.1 MPa 


^max : A sf 1 l 


A max 


Ans 

<a Y = 600MPa (O.K .!) 
= 0.981 mm Ans 


1 













Problem 14-45 


Determine the speed v of the 50-Mg mass when it is just over the top of the Steel post, if after impact, 
the maximum stress developed in the post is 550 MPa. The post has a length of L = 1 m and a 

cross-sectional area of 0.01 m 2 . E t = 200 GPa, <j y = 600 MPa. 


Given: L := lm 


A := O.Olm 




E := 200GPa ay := 600MPa a max 

Solution: 

Weight: W := m 0 g 


:= 5o( 10 3 ) kg 
= 550MPa 


Equivalent Spring Stiffness: k := 
Maximum Displacement: 

A 


P ■ — A . (T 
1 max • ^max 


E-A 


max 


6 kN 

2.00 x 10 — 
m 


1 


max • 


A max = 2 - 75mm 


Conservation of Energy: U { = U r 


Given 


1 2 
-m^v + WA 


max 


= —kA 


max 


(i) 


Solving Eq. (1): Guess v := 1 — 

s 


v := Find(v) 


in 

0.499 — Ans 











Problem 14-46 


The composite aluminum bar is made from two segments having diameters of 5 mm and 10 mm. 
Determine the maximum axial stress developed in the bar if the 5-kg collar is dropped from a height of 
h = 100 mm. E ãl = 70 GPa, cr Y = 410 MPa. 


Given: dj : 

:= 5mm 

d 2 := 10mm 

E := 70GPa 

L 1 

:= 0.2m 

L 2 := 0.3m 

ay := 410MPa 

m o 

:= 5kg 

h := O.lm 


Solution: 




Weight: 

W := m 0 

•g 



7i • d 


Section Property : 
Static Displacement: 


Aj := 


U 1 


n-d 


A 2 := 


' u 2 


A st - 


4 4 

( m 0 'g)' L l ( m o'g)' L 2 


E-A, 


E-Ao 


5 mm —- 


20Ü nmi 


n 


10 mm —- 


300 mm 


À s t = 0.00981 mm 


Impact factor: r| := 1 + 1 + 2--^— r| = 143.78 

J ^st 


^max • W* P 


"max • 


max 


L 1 


a max = 359.1 MPa 


Ans 

< g y = 410 MPa (O.K .!) 























Problem 14-47 


The composite aluminum bar is made from two segments having diameters of 5 mm and 10 mm. 
Determine the maximum height h from which the 5-kg collar should be dropped so that it produces a 
maximum axial stress in the bar of <r max = 300 MPa. E A = 70 GPa, <j y =410 MPa. 

E := 70GPa 

ay := 410MPa 

300MPa -. I 200'nnn 


Given: dj : 

:= 5mm 

d 2 := 

L 1 

:= 0.2m 

L 2 := 

m o 

:= 5kg 

°max 

Solution: 



Weight: 

W := m 0 

•g 


max 

lOmm 


ti- di 


n -dn 


Section Property : 
Static Displacement: 


Aj := 


A st - 


WL] 
E-Ai 


A 2 := 


WL- 


EAo 


A st = 0.00981 mm 


5 mm —- 


n 


10 mm —- 


300 mm 


Maximum Drop Height: 
Impact factor: r| = 1 + 


1 + 2 - 


^st 


^max 


W 

Ãf 


1 + 1 + 2 - 


V 


o 

A stJ 


h := 


'st 


CT max‘ A l 3 

V 


W 




h = 69.6 mm Ans 





























Problem 14-48 


A Steel cable having a diameter of 16 mm wraps over a drum and is used to lower an elevator having a 
weight of 4 kN (~400kg). The elevator is 45 m below the dmm and is descending at the constant rate 
of 0.6 m/s when the dmm suddenly stops. Determine the maximum stress developed in the cable when 
this occurs. E st = 200 GPa, <j y = 350 MPa. 


Given: d Q := 16mm 
W := 4kN 


Solution: 

Section Property : 


E := 200GPa 
ay := 350MPa 

A 2 
n -d ( 

A := 


L := 45m 
m 

v := 0.6 — 
s 


o 


Eq. Spring Constant: k := 


4 

EA 


kN 

k = 893.61 — 
m 


Conservation of Energy: Uj = U r 


Given 


i ^ 

— -v + W-A 


g 




max 


= - kA 


max 


( 1 ) 


Solving Eq. (1): Guess A 


max • 


^max * Fi n d(A ma x) ^ 


max 


lOmm 

= 18.05 mm 


Maximum Stress: 


p •— V.A 

1 max • max 


45 m 



"max * 


"max 


A max 
A 

80.2 MPa 


Ans 


<g y = 350 MPa (O.K. !) 





















Problem 14-49 


Solve Prob. 14-48 if the elevator is descending at the constant rate of 0.9 m/s 

L := 45m 

ay := 350MPa 
2 


Given: d Q := 16mm E := 200GPa 


W := 4kN 

Solution: 


m 

v:= 0.9 — 
s 


TC • d. 


o 


4 

EA 


Section Property : A := - 

Eq. Spring Constant: k := 

E 

Conservation of Energy: Uj = U r 


kN 

k= 893.61 — 
m 


Given 


i ^ 

— -v + W-A 


g 




max 


= - kA 


Solving Eq. (1): Guess A 


max • 


max 


lOmm 


( 1 ) 


^max • Find(A max ) ^max 24.22 mm 


Maximum Stress: 


p •— V.A 

1 max * max 


"max • 


"max 


A max 
A 

107.6 MPa 


Ans 


□b 


45 m 




< a Y = 350 MPa (O.K. !) 




















Problem 14-50 


The 250-N (~25-kg) weight is falling at 0.9 m/s at the instant it is 0.6 m above the spring and post 
assembly. Determine the maximum stress in the post if the spring has a stiffness of k = 40 MN/m. The 
post has a diameter of 75 mm and a modulus of elasticity of E = 48 GPa. Assume the material will not 
yield. 


Given: d Q := 75mm h := 0.6m 

E := 48GPa v := 0.9 — 
s 


W := 250N 


40 


■(io 3 ) 


L := 0.6m 
kN 


sp “ 


m 


Solution: 

Section Property : A := ■ 

Eq. Spring Constants : kp := 


7T-d n 


4 

E-A 


kN 

kp = 353429.17 — 


m 


Equilibrium requires: F 0 _ = F_ 

sp p 

Hence, k sp -A gp = kp-A p 

Conservation of Energy: Uj = U r 
1 2 


kp 

4 sp= —\ 
sp 


W 2 / \ 1 2 1 

+ W-^h + A max j - — -k S p-A S p +—-kp-Aj. 


0.9 m/s 


= — A n (1) 


( 2 ) 


li. 


0.6 m 



However, A max =A p + A sp 


( 3 ) 


Substituting Eqs.(l) and (3) into (2): 
Given 


W') 


v 2 + W- 


g. 


h + Ap + 


kp ^ 


•A. 


sp 


1 

2 ks P’ 


V 

V sp 



SolvingEq. (4): Guess Ap := lOmm 
Ap := Find^Apj Ap = 0.3044mm 



( 4 ) 


Maximum Stress: 

^max ^p‘^p 
p 

1 max 

a max •“ ^ 

CT max = 24 - 4MPa Ans 















Problem 14-51 


The A-36 Steel bolt is required to absorb the energy of a 2-kg mass that falis h= 30 mm. If the bolt has 
a diameter of 4 mm, determine its required lengthZ so the stress in the bolt does not exceed 150 MPa. 


Given: d Q := 4mm 
m 0 := 2-kg 

Solution: 

Weight: W := m Q g 
Section Property : 

Static Displacement: 

Allowable Length: 


h := 30mm 

E := 200GPa a a llow 150MPa 


A := 
A st •■= 


7T-d 0 

4 

W-L 


EA 


Impact factor: 


rj = 1 + 1+2- 

y ^st 

- W 

a allow j ^ 


Given 


a allow " 


= ® 
^ A/ 


/ 




1+1 + 2-h- 


E-A 1 
W-L ) 


( 1 ) 



Solving Eq. (1): Guess L := lOmm 

L := Find(L) L = 850.1 mm Ans 























Problem 14-52 


The A-36 Steel bolt is required to absorb the energy of a 2-kg mass that falis h = 30 mm. If the bolt has 
a diameter of 4 mm and a length of L = 200 mm, determine if the stress in the bolt will exceed 175 


MPa. 

Given: d Q := 4mm 
m 0 := 2-kg 

Solution: W := m 0 g 

Section Property : 

Static Displacement: 
Maximum Stress: 
Impact factor: r| 


L := 200mm h := 30mm 
E := 200GPa a a llow 175MPa 


A 2 
7T-d 0 

A :=- 

4 

WL 

A gt := - A gt = 0.00156mm 

E- A. 


I 

:= 1 + /1 + 2- t| = 197.07 

yj ^st 



a max • 


f w ^l 

7T r n 

va; 


c>max = 207.6 MPa 


> CT aiiow = 175 MPa 


(Exceeded!) Ans 























Problem 14-53 


The A-36 Steel bolt is required to absorb the energy of a 2-kg mass that falis along the 4-mm-diameter 
bolt shank that is 150 mm long. Determine the maximum height h of release so the stress in the bolt 
does no exceed 150 MPa. 


Given: d Q := 4mm L := 150mm 

m Q := 2-kg E := 200GPa a a llow := l^OMPa 

Solution: 

Weight: W := m 0 g o 


7T-d n 


Section Property : 
Static Displacement: 
Allowable Length: 


A := 


A st := 


4 

WL 


EA 


Impact factor: 

" a/ 


ti = 1 + 1 + 2- 

J A st 


'max 


1 + 1 + 2 - 




_h_ I 

A st ) 


h := 


^ st 


CT allow' A ^ 
LV 


W 






T 


Tujl 


h = 5.293 mm Ans 

























Problem 14-54 


The collar has a mass of 5 kg and falis down the titanium TÍ-6A1-4V bar. If the bar has a diameter of 
20 mm, determine the maximum stress developed in the bar if the weight is (a) dropped from a height 
of h = 1 m, (b) released from a height h «0, and (c) placed slowly on the flange at A. 


Given: d Q := 20mm 
m 0 := 5kg 

Solution: 

Weight: W := m Q -g 
Section Property : 

Static Displacement: 

a) Drop Height: h := lm 
Impact factor 
P 


L := 1.5m 

E := 120GPa a y := 924MPa 


7i-d n 


A := 


A st== 


4 

W-L 


EA 


A st = 0.00195 mm 


h 

t| := 1 + 1+2- 

J A st 


max 


:= W*r| 
P 


max 


"max • 


"max 


A 

= 158.2 MPa 


Ans 



r| = 1013.49 


b) Drop Height: h := Omm 


Impact factor: 

^inax •- W*T| 
P 


h 


n := 1+1+2- ti = 2.00 


"max • 


"max 


max 
A 

0.312 MPa 


*st 


Ans 


c) No impact: r\ := 1 


P_ ov ;= W*T| 


max 


"max • 


max 


a max = 9-156 MPa 


Ans 


Note: since all of the a max < a Y = 924 MPa, the above analysis is valid. 


























Problem 14-55 


The collar has a mass of 5 kg and falis down the titanium TÍ-6A1-4V bar. If the bar has a diameter of 
20 mm, determine if the weight can be released from rest at any point along the bar and not 
permanently damage the bar after striking the flange at^. 


Given: d Q := 20mm 
m 0 := 5kg 

Solution: 

Weight: W := m Q g 
Section Property : 

Static Displacement: 


L := 1.5m 
E := 120GPa 


7i-d n 


A := 


A st := 


Drop Height: h mr „ := 1.5m 


ay := 924MPa 


4 

WL 


EA 


A st = 0.00195 mm 


Impact factor: r| 


max 


:= 1 + 1 + 2 - 


max 


*st 


'max 


= 1241.04 


max 


:= W*r| 



max 


max 


"max • 


"max 


A 

= 193.7 MPa 


Note: since a max <a Y = 924 MPa, the weight can be released from rest 
at any point along the bar without causing permanently damage to the bar. 


Ans 























Problem 14-56 


A cylinder having the dimensions shown is made from magnesium Am 1004-T61. If it is struck by a 
rigid block having a weight of 4 kN and traveling at 0.6 m/s, determine the maximum stress in the 
cylinder. Neglect the mass of the cylinder. 


Given: d Q := 150mm 
W := 4kN 


E := 44.7GPa 
a Y := 152MPa 


L := 0.5 m 



— 5Ü0 mm 

i- 


15Ü mm 



Solution: 

Section Property : 

Eq. Spring Constant: 



k = 


1579828.41 


kN 

m 


Conservation of Energy: Uj = U r 


1 fw^l 2 1 . . 

— • — -v = — kA 

2 IgJ 2 


max 


max • 


W 

g-k 


max 


0.3049 mm 


Maximum Stress: 

p •— V .A 

1 max * max 
p 

1 max 

a max *“ ^ 

CT max = 27 - 3MPa Ans 


< a Y = 152 MPa (O.K.\) 
























Problem 14-57 


The wide-flange beam has a length of 2Z, a depth 2c, and a constant EL Determine the maximum 
height h at which a weight JF can be dropped on its end without exceeding a maximum elastic stress 
(■ in the beam. 




Ac- = 


A,. - 


IPl} 

2BI 

2WL* 

3fl 


" u v*iE 




í^ickifcJ — 


WLc 
































Problem 14-58 


The sack of cement has a weight of 450 N (-45 kg). If it is dropped from rest at a height of h = 1.2 m 
onto the center of the W250 X 58 stmctural Steel A-36 beam, determine the maximum bending stress 
developed in the beam due to the impact Also, what is the irrmact faetor? 


Given: L := 7.2m 

E := 200GPa 

Solution: 

Use W250x58: 


h := 1.2m W := 450N 
ay := 250MPa 


I := 87.3 - (10 6 ) 
d := 252mm 


K7 


mm 


-3.6 m- 


Static Displacement: 
(From Appendix C) 


Maximum Stress: 
Impact factor: 


A st := 


WL 

48E-I 


k st 


0.20041 mm 



1 h 

ti := 1 + i 

[1 + 2- T| = 110.44 

V 

A st 


Maxi m um moment occurs at mid-span, where M max := 


Ans 

WL 


T 

h 

i 


-3.6 m- 


M max = 0.810 kN-m 


c := 0.5d 


'max • 


^max‘ C ^1 

~~i~. J 


•11 


a max 129.1 MPa 


Ans 


Since a max <a Y = 250 MPa, the above analysis is valid. 



















Problem 14-59 


The sack of cement has a weight of 450 N (-45 kg). Determine the maximum height h from which it 
can be dropped from rest onto the center of the W250 X 58 stmctural Steel A-36 beam so that the 
maximum bending stress due to impact does not exceed 210 MPa. 

Given: L := 7.2m W := 450N 

E := 200GPa c> allow := 210MPa 


Solution: 

Use W 250x58 : I : = 87.3-(lO 6 ) mm 4 
d := 252mm 

3 




-3.6 m- 


Static Displacement: 
(From Appendix C) 


A st := 


W'L" 

48E-I 


À st = 0.20041 mm 


Maximum Stress: 
Impact factor: 


r| = 1 + 1+2- 

J ^st 


Maximum moment occurs at mid-span, where 

^^max* C ^1 


^max * 


WL 


c := 0.5d 


'max 


V 


i J 


•ii 


G max “ a allow 


G allow 


_ f W-L-d^ 

81 / 


1 + 1 + 2 - 




_h_ i 


h := 


k st 


^^allow ^ 

v WL-d J 


F T 

h 

I 


-3.6 m- 


h = 3.197 m Ans 

























Problem 14-60 


A 200-N (~20-kg) weight is dropped from a height of h= 0.6 m onto the center of the cantilevered 
A-36 Steel beam. If the beam is a W250 X 22, determine the maximum bending stress developed in the 
beam. 


Given: L := 1.5m h := 0.6m W := 200N 
E := 200GPa a y := 250MPa 


A 


Solution: 

Use W 250x22 : I : = 28.8-(lO 6 ) mm 4 
d := 254mm 

3 

WL 

StaticDisplacement: A st :=- A st = 0.03906 mm 

(From Appendix C) ^E-1 

Maximum Stress: _ 


1 5 m - 


h 


□ 


T 


1.5 m - 


B 


Impact factor: r| := 1 + /1 + 2- r\ = 176.27 

yj ^st 

Maximum moment occurs at support^, where M max := W-L M max = 0.300kN-m 


c := 0.5d 


'max • 


'max 


^max* C ^1 

= l ~) 

= 233.2 MPa 


*T| 


Ans 


Since a max <a Y = 250 MPa, the above analysis is valid. 

















Problem 14-61 


If the maximum allowable bending stress for the W250 X 22 stmctural A-36 Steel beam is <r allow = 140 

MPa, determine the maximum height h from which a 250-N (~25-kg) weight can be released from rest 
and strike the center of the beam. 

Given: L := 1.5m W := 250N 


E := 200GPa a a llow 140MPa 

Solution: 

Use W 250x22 : I : = 28.8-(lO 6 ) mm 4 
d := 254mm 

WL 3 


A 


-1.5 m - 


Static Displacement: A st := 

(From Appendix C) ^E-1 

Maximum Stress: _ 


A st = 0.04883 mm 


Impact factor: r| = 1 + 1 + 2--^— 

V ^st 

Maximum moment occurs at mid-span, where M max := W-L 

^M ma x‘ c ^ 

c .= 0.5d a max" ^ j a max" a allow 


a allow " 


_ ( W-L-d^ 

21 / 


1 + 1 + 2 - 


_h_l 

t ) 


h := 


k st 


2la 


allow 


WL-d 


s 

1 - 1 


Y 

i 


□_ 
T 

h 


1.5 m- 


B 


h = 0.171 m Ans 
























Problem 14-62 


A 200-N (~20-kg) weight is dropped from a height of h = 0.6 m onto the center of the cantilevered 
A-36 Steel beam. If the beam is a W250 X 22, determine the vertical displacement of its endi? due to 
the impact. 


Given: L := 1.5m h := 0.6m W := 
E := 200GPa a y := 250MPa 

Solution: 

Use W 250x22: I := 28.8-(lO 6 ) mm 4 

d := 254mm 

Static Displacement: 

(From Appendix C) 

At mid-span, ^ ^3 

Ast ' _ 3E-I 

W-L 2 
st 2E-I 

At end B, A' st := A st + 0 st -L 
Maximum Displacement: 

r I h” 

Impact íactor: r| := 1 + /1 + 2- 

yj ^st 

^ B.max st)* ^ 


n_ 


T 


h 

A 

\ 


- 1.5 m - 

--1.5 m- 


A st = 0.03906 mm 

0 st = 0.00003906 rad 
A’st = 0.09766 mm 

r\ = 176.27 


A 'B.max= 17 - 21mm Ans 
















Problem 14-63 


The Steel beam^4i? acts to stop the oncoming railroad car, which has a mass of 10 Mg and is coasting 
towards it at v = 0.5 m/s. Determine the maximum stress developed in the beam if it is stmck at its 
center by the car. The beam is simply supported and only horizontal forces occur at A and B. Assume 
that the railroad car and the supporting framework for the beam remains rigid. Also, compute the 
maximum deflection of the beam. E ci = 200 GPa, <j y = 250 MPa. 

(l0 3 )kg 


Given: L := 2m 

E := 200GPa 
ay := 250MPa 

Solution: 

Weight: W := m 0 g 
Section Properties : 
Static Displacement: 


m, 


o • 


10 


d Q := 200mm 
m 

v := 0.5 — 
s 



I := 


“"O 


12 

At mid-snan. 


(From Appendix C) 

W.L 3 

A - 

À st = 0.61292 mm 


st ' 48E-I 

Equivalent Spring Stiffness: 

k := — 
A s 

t 

kN 

k = 160000 — 
m 

Maximum Displacement: 

A — 1 

I a sf y2 

Amax = ^-^53 mm 

max • / 

g 

Maximum Force: 

P —kA 

1 max • max 

P max “ 632.46 kN 

Maximum Stress: c := 0.5d Q 
Maximum moment occurs at mid-span: 

^max 

:= 0.25P max -L 



a max 

^max* c 

i 



a max 

= 237.2 MPa Ans 


<<J Y = 250 MPa (O.K .!) 























Problem 14-64 


The tugboat has a weight of 600 kN (~60-tonne) and is traveling forward at 0.6 m/s when it strikes the 
300-mm-diameter fender post AB used to protect a bridge pier. If the post is made from treated white 
spruce and is assumed fixed at the river bed, determine the maximum horizontal distance the top of the 
post will move due to the impact. Assume the tugboat is rigid and neglect the effect of the water. 

Given: := 3.6m := 0.9m d Q := 300mm 

m 


E := 9.65GPa v := 0.6 — 

s 

Solution: 

7T-d 4 

Section Properties : o 


W := 600kN 


64 


Maximum Displacement: 
(From Appendix C) 


At point C, P 


max 


3-E-I 


"BC 


*C.max 



(i) 


3.6 m 


B 


Conservation of Energy: 


1 


1 


—-m-v = — P 


2 2 
I (W ^i 2 


max' A C.max 


1 ( 3 E-I 


g. 


v L BC 


X 

J 


’^C.max ‘^C.max 


W-v 2 -L bc 3 


*C.max • 


From Eq.(l): P 
(From Appendix C) 

At point C, 0 Cmax : 


3gE-I 

3-E-I 


max • t 

L BC 


^C.max 


^max* ^BC 
2E-I 


^C.max = 298.79 mm 


p max- 7 3-72kN 


©Cmax = 0.12450rad 


At endA 


^A.max ’ ^C.max + ®C.max‘^CA 


A A.max = 410.8 mm 


Ans 























Problem 14-65 


The W250 XI8 beam is made from A-36 Steel and is cantilevered from the wall at B. The spring 
mounted on the beam has a stiffiiess ofk = 200 kN/m. If a weight of 40 N (-4 kg) is dropped onto the 
spring from a height of 1 m, determine the maximum bending stress developed in the beam. 

Given: L := 2.5m h := lm 

E := 200GPa 


^sp : 


W := 40N 
200kN 


ay := 250MPa m 

Solution: 

Use W 250x18: I := 22.5-(l0 6 )mm 4 
d := 251mm 

3EI 


Eq. Spring Constants: 
(From Appendix C) 


k b := 


k b = 864 — 


kN 

m 


■25m- 


□. 


1 m 


A 


F sp = F b 


Equilibrium requires: 

Hence 

Conservation of Energy: \] { = U, 


k sp A sp= k b’ A b 


—•A h (D 


(h + A max j - -kgp-z 


W'(h + A max 
However, A 


A sp= —- A b 
sp 

2 


k sp 


— ku-A 


b' A b 


max 


A b + A sp 


( 2 ) 

(3) 


Substituting Eqs.(l) and (3) into (2): 
Given 


f 


W- 


h + Au + 


V 


sp 




=i k . 


sp 


-Ai 


sp 


Solving Eq. (4): Guess A b := 10mm 
A b := Find^A b j A b = 4.2184mm 


-ku-A 


b -Zi b 


(4) 


i*” 


Maximum Stress: c := 0.5d 

^max ^b' A b 


Pmax = 3.64 kN 


^max * Pmax‘L 


M m; 


ax 


9.11 kN-m 


^max' c 


"max • 


a max = 50.82 MPa 


Ans 


<g y = 250 MPa (O.K. !) 




















Problem 14-66 


The 375-N (~37.5-kg) block has a downward velocity of 0.6 m/s when it is 0.9 m from the top of the 
wooden beam. Determine the maximum bending stress in the beam due to the impact, and compute the 
maximum deflection of its end D. E w = 14 GPa. Assume the material will not yield. 

Given: d := 300mm L := 3.0m h := 0.9m 


-CD 


1.5m 


E := 14GPa W := 375N A m 

v := 0.6 — 

Solution: . s 

d 4 

Section Property : I •= — 

12 

Eq. Spring Constants: 48E-1 

(From Appendix C) b •“ 3 


kN 

k b = 16800 — 
m 


Conservaúon of Energy: Uj = U r 


0.6 m/s 


IQ 


0.9 m 

l 


D 


300 mm 


S c= H 

—1.5 m— 1.5 m—|—1 5 m—|—1.5 m— 300 ram 


1 


~ J' v ^ + W-|h + A max j 

V § J 


^'(h + ^max) “ 2 


k b' A b 


However, A b = A max 


( 1 ) 

( 2 ) 


Substituting Eq.(2) into (1): 

Given 

1 fw'] 2 t \ 1 2 

—J Y + W-|h + A max ) - ~ k b‘ A max 


V g 


( 3 ) 


Solving Eq. (3): Guess A max := lOmm 


^max • Find(A max ) ^max 6.425 mm 
Maximum Stress: c := 0.5d A b := A 


^max : ^b*^b 


max 

P„,ax= 107.95 kN 


Maximum moment occurs at mid-span: 


^max • ^max* 
^max* c 




'max • 


I 


M max = 80.96 kN-m 


a max 17.99 MPa 


Ans 


Maximum Displacement: 
(From Appendix C) 


AtpointC, 0 Cmax := 


max 


16E-I 


0 


C.max 


= 0.006425 rad 


At end D , 


A D.max 0 C.max L CD 


A D.max = 9 - 638mm Ans 
















Problem 14-67 


The 375-N (~37.5-kg) block has a downward velocity of 0.6 m/s when it is 0.9 m from the top of the 
wood beam. Determine the maximum bending stress in the beam due to the impact, and compute the 
maximum deflection of point B. E w = 14 GPa. 


Given: d := 300mm L := 3.0m h := 0.9m 

E := 14GPa W := 375N A . m 

v := 0.6 — 

Solution: . s 

d 4 

Section Property : I •= — 

12 

Eq. Spring Constants: 48E-1 


-CD 


1.5m 


0.6 m/s 


IQ 


(From Appendix C) 


kN 

k b = 16800 — 
m 


0.9 m 

L 


—1.5 m—j—1.5 m—|—13 m—|— \5 m— 


D 0 J_300 mm 

I—I 

300 mm 


Conservation of Energy: Uj = U r 
1 2 


W 2 / \ 1 2 

- V +W.(h + i max )=-.k b -A b 


2 V g 

However, A b = A max 

Substituting Eq.(2) into (1): 
Given 


( 1 ) 

( 2 ) 


1 


V f}'' 2 + W 'l h + A max 


/ \ 1 2 

'y 1 + A max j - --k b -A m a X 


( 3 ) 


Solving Eq. (3): Guess A 


max • 


lOmm 


^max • Find(Amax) ^max 6.425 mm 
Maximum Stress: 


^max : ^b*^b 


c : 0.5d A^ : A max 
P„,ax= 107.95 kN 


Maximum moment occurs at mid-span: 


M m; 


ax * 


"max • 


P max'^ 4 j 

^max 

^max‘ c 

I 

a max 


80.96 kN-m 


17.99 MPa 


Ans 














Problem 14-68 


□ 


Determine the maximum height h from which an 400 N (-40 kg) weight can be dropped onto the end 
of the A-36 Steel W150 X 18 beam without exceeding the maximum elastic stress. 

Given: L := 3m W := 0.4kN 

E := 200GPa a y := 250MPa 

Solution: 

Use W 150x18: I : = 9.19-(l0 6 )mm 4 d := l53mm 

Static Displacement at B : 


Support Reactions : 

+ ‘ Y.F =0: 


Jv 


A + C-W= 0 


(!) 

J T.M C =0 A- L + W- L = 0 (2) 

Soíving Eqs. (1) and (2): A := -W A = -0.4 kN 

C := W - A C = 0.8 kN 


3 m ■ 


■ 3 m ■ 


rtflO* -o** 


Internai Montent Function: 


Mj = Axj 


Mn = M 


1 


| 53 


oit 


Bending Strain Energy: u, = J o L M 2 /(2EI)dx 


r L 


U; = - 

1 2E-I 


( 2 ) 


2 2 
Mj dxj Uj : 


rL 


2E-I 


(A-Xifdxj 


0.3 ^ T 

QjJ- i>J 0.â% 


Uj = 0.783 J 


0.3 ft 


Externai Work : The externai work done by the weight W is U e = • W- (Ag st j 

Conservation of Energy: Uj = U p 

1 2 * U i 

Uj = --W-(a b st ) Ag st := — Ag st = 3.917mm 


W 


Eq. Spring Constant : 


Maximum Force : c := 0.5d 


C B 


W 


'B.st 


kN 

k R = 102.11 — 
B m 


Maximum moment occurs at mid-support: M max = P max - L 


max 


^max' c 

I 


B max’ B ’d 


a Y = 


21 


max • 


2 Iay 

Ld 


p msx = 10.01 kN 


Maximum Displacement at B : 

P. 


A max • 


max 




A max = 98.04 mm 


Conservation of Energy: Uj = U r 

1 2 
W*(h + A max j - ~*kg*A max 




^ • 2W ^B'^max ^max 


h = 1.129m Ans 


























Problem 14-69 


The 400 N (-40 kg) weight is dropped from rest at a height of h = 1.125 m onto the end of the A-36 
Steel W150 X 18 beam. Determine themaximumbending stress developedin thebeam. 

Given: L := 3m W := 0.4kN h := 1.125m 

E := 200GPa a Y := 250MPa 

Solution: 

Use W 150x18: I : = 9.19-(lO 6 )mm 4 d := 153mm 

Static Displacement at B : 


Support Reactiom : 

íllF=0; A + C - W = 0 


( 1 ) 

( 2 ) 


-3 m ■ 


tj- YM c =0 A-L + W-L = 0 
Soíving Eqs. (1) and (2): A := -W A = -0.4 kN 

C:= W-A C = 0.8 kN 

InternaiMoment Function: 

Mj = Axj M2 


■ 3 m ■ 


□_ 


rtíO* -oitf. 


l M JI 


r L . .0_ . 

QJf D.Ô X 


0 >>| 


DJw. 




U; = 


2EI 


( 2 ) 


2 2 
Mj dxj Uj := 


2E-I 


(A-xj) 2 dxj 


Uj = 0.783 J 


Externai Work : The externai work done by the weight W is U e = ~ W- ^Ag st j 

Conservation of Energy : Uj = U e 

1 2 * U i 

U i = T" w '( A B.st) A B.st := A B.st = 3 - 917mm 


Eq. Spríng Constant: 


<B 


W 


'B.st 


<B 


kN 

102.11 — 

m 


A B = A max 


Maximum Displacement at B : 

Conservation of Energy : Uj = U r 

Given W.(h + A maI )=kk B -A maI 2 (1) 
SolvingEq. (1): Guess A max := 10mm 

A max : = Find ( A max) A max = 97 - 88 mm 


Maximum Stress: c := 0.5d An := A rv , ov 

d max 

^max *“ '^B ^max = 9.99kN 

Maximum moment occurs at mid-support: 

M •= P L ^max‘ c 

iVA max • r max ^ çr •=- = 249.60 MPa Ans 

max j max 

< c Y = 250 MPa (O.K.l) 























Problem 14-70 


The car bumper is made of polycarbonate-polybutylene terephthalate. If E = 2.0 GPa, determine the 
maximum deflection and maximum stress in the bumper if it strikes the rigid post when the car is 
coasting at v = 0.75 m/s. The car has a mass of 1.80 Mg, and the bumper can be considered simply 
supported on two spring supports connected to the rigid frame of the car. For the bumper take 1 = 

300(10 6 ) mm 4 , c = 75 mm, oy =30 MPa, and k = 1.5 MN/m. 


Given: L := 1.8m 


c := 75mm 


nv 


1 


, 8 (l 0 3 ) 


kg I := 30o(lO^)mm 
(jy := 30MPa 
m 

v := 0.75 — 
s 

1 


E := 2GPa 


kN 

k sp : = 150 ° — 


Solution: 


m 


Equilibrium : Thisrequires, F sp = —-P^eam 
Then, k sp A sp = lk b -A beam 


1 k b 


A„ n = - 

S P 2 k. 


meam 


sp 


( 1 ) 


Weight: W := m 0 *g 

Static Displacement: At mid-snan, 
(From Appendix C) 

A sG 


WL 

48E-I 

W 


»t 


Equivalent Spring Stiffness: k b :=- 


st 


3.575 mm 


kN 

4938.27 — 
m 


Conservation of Energy: U ; = U r 


1 

— m 

2 


2 _ 1 2 
o v “ 2 k b' A beam 


1 


2 ^ 


v 2 ' k sp A sp j 


( 2 ) 


n Ü m I I O m 



0,75 m/t 




V 


í 


j' c-ífl T j”'* 

4- 


Substituting Eq.(l) into (2): Given 


1 2 
2 ' m o' v 


i 2 

1 2 1 k b 2 

^" k b' A beam + 4 A beam 


( 3 ) 


Solving Eq. (3): Guess A beam := lOmm 


^beam : ^^(^beam) 

A beam = 8 - 803 mm 

Maximum Displacement : 

: 1 k b 

A sp •“ 7 t ' A beam 
z K sp 


(From Eq.(l) 

A Qn = 14.490 mm 

sp 

Hence, 

^max ^sp + ^beam 

À max = 23.29 mm 

Maximum Stress: 

^max • ^b*^beam 

p = 43 47 kN 



Ans 










Maximum moment occurs at mid-span: 


^max * ^max* 
^max* c 


(h) 

U j 


'max • 


I 


M max - 19.56kN-m 


a max 4.89 MPa 


< a Y = 30 MPa 


Ans 

(O.K. !) 





Problem 14-71 


Determine the horizontal displacement of joint B on the two-member frame. Each A-36 Steel member 
has a cross-sectional areaof 1250 mm 2 . 


4 kN 


Given: L 


BC 


1.5m P := 4kN 0 := 30deg 


E := 200GPa A := 1250mm 


Solution: 


Member Lengths: 


-BC 


-AB •= 


Lab - 3.000 m 


sin(o) 
Member Real Forces : 


NaB := P 


n bc := 0 

Member Virtual Forces : 

Apply Virtual Force F' := lkN 

F' 

n AB : 


cos(o) 
n BC := -n A B' sin ( 0 ) 


Member 

AB 

BC 


Virtual 

n 

n l := n AB 
n 2 := n BC 


N 


Real 

N 

N 


1 


AB 


n 2 := N BC 


Virtual Work Equation: 1 • A = ^ nNL/(EA) 
Sum 


F’-A 


B.h 


*B.h := 


EA 
Sum 1 


E A F' 
Ag = 0.0554 mm 


Ans 


n AB = 1-1547 kN 
n Bc = -0.5774 kN 


M •- L AB 
l 2 := L BC 



pí := n r N rLi 

p 2 := n 2 -N 2 -L2 

Sum := p| + P 2 


















Problem 14-72 


Determine the horizontal displacement of joint B. Each A-36 Steel member has a cross-sectional area of 
1250 mm 2 . 

Given: Lg C := lm L AC := 1.5m 

P := 3kN E := 200GPa A := 1250mm 2 

^ L Act 


Solution: 0 : = atan 

Member Lengths: 


L B c) 


"AB 


L BC +l ac 


0 = 56.310deg 


Lab - 1-803 m 


Member Real Forces : 
P 


NAB - sin(0) 

n A b = 

n BC := - n AB' cos ( 0 ) 

n bc = 

ember Virtual Forces: 


Apply Virtual Force F' 

:= lkN —• 

n AB := 0 

II 

PQ 

< 

n BC := F ’ 

n BC = 





Member 


Virtual 

n 


Real 

N 


Length 

L 


Product 

P 


AB 

n l := n AB 

Ni 

:= n ab 

L 1 

l ab 

Pl 

:= nj-Nj-Lj 

BC 

n 2 := n BC 

n 2 

:= n bc 

L 2 

:= l bc 

P2 

:= n 2‘-^2'^2 


Virtual WorkEquation: 1 • A = ^ nNL/(EA) 

Sum 


F-A 


B.h 


*B.h := 


EA 

Sum 1 
E A F' 


Ag Yi - -8.00 x 10 mm <— Ans 


Sum := p| + P 2 























Problem 14-73 


Determine the vertical displacement of joint B. Each A-36 Steel tnemher has a cross-sectional area of 


1250 mm 2 . 

Given: L BC := lm L AC := 1.5m 


P := 3kN E := 

200GPa A := ^SOmm^ 

( ^AC^ 

Solution: 0 : = atan - 

I l bcJ 

Member Lengths : 

0 = 56.310 deg 

L AB := J L BC 2 + l ac 2 

L AB = 1.803 m 

Member Real Forces : 


NaB " sin(e) 

N ab = 3.6056 kN 

N BC := -N AB* C 0 S 1 9 ) 

N BC = -2.0000 kN 

Member Virtual Forces: 


Apply Virtual Force F' 

= IkN i 

" AB - sin(e) 

n AB = 1-2019 kN 

n BC := -n A B' cos ( 0 ) 

n Bc = -0.6667 kN 



íember 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l := n AB 

Nj := N AB 

L 1 := l ab 

Pi := n r N rLi 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L 2 


Sum := p| + p 2 


Virtual WorkEquation: 


F-A 


B.v 


Sum 

EA 


1-A = £nNL/(EA) 


*B.v ■= 


Sum 1 
E A F' 


^B v - 36.58 x 10 mm 


Ans 
























Problem 14-74 


Determine the horizontal displacement of point B. Each A-36 Steel member has a cross-sectional area 
of 1250 mm 2 . 



Member Virtual Forces: 

Apply Virtual Force F’ := lkN 

-F’ 

n AB 


2 cos(o) 
n BC : = _n AB 


n^g = -0.8333 kN 
n BC = 0.8333 kN 



n AC := ' 

- n AB' cos (e) 

n AC = 0.5000 kN 



Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l := n AB 

Nj := N AB 

L 1 := l ab 

Pl := nj-Nj-Lj 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L 2 

AC 

n 3 := n AC 

N 3 := N AC 

L 3 := L AC 

p 3 := n 3 -N 3 -L 3 


Virtual WorkEquation: 1 • A = ^ nNL/(EA) 

Sum 


F’A 


B.h 


*B.h 


EA 
Sum 1 
E A F' 


Àfi f = 20.27 xlO 3 mm- 


Ans 


Sum := Pi + P 2 + P 3 
































Problem 14-75 


Determine the vertical displacement of point B. Each A-36 Steel member has a cross-sectional area of 

B IkN 


1250 mm 2 . 


Given: b := 1.8m h 

:= 2.4m 

P := IkN E 

:= 200GPa A := 1250mm^ 

( hA 

Solution: 0 : = atan — 

U ) 

0 = 53.130 deg 

Member Lengths : 


l ab : = Vo 2 + h 2 

Lab = 3 000 m 

L BC : = Vb 2 + h 2 

= 3.000 m 

l ac := 2-b 

Lac = ^-600 m 



Member Real Forces : 

-P 

n AB 


2 cos( 0 ) 


N BC 

n AC 


- n ab 

-N ab -cos(o) 


N AB = -0-8333 kN 
N bc = 0.8333 kN 
N AC = 0.5000 kN 



Member Virtual Forces: 

Apply Virtual Force F' := IkN \ 


-F' 


n 


AB 


2 sin( 0 ) 
n BC := n AB 


n AB 

n BC 


-0.6250 kN 
-0.6250 kN 



n AC := ' 

_n AB' cos (o) 

n Ac = 0.3750 kN 



Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l := n AB 

Nj := N AB 

L 1 := l ab 

Pi := n r N rLi 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L2 

AC 

n 3 := n AC 

N 3 := N AC 

L 3 := L AC 

p 3 := n 3 -N 3 -L 3 


Sum := pj + p 2 + P 3 


Virtual Work Equation: 1 • A = ^ nNL/(EA) 
Sum 


F’-Ai 


‘B.v 
A B.v := 
k B.v 


E-A 
Sum 1 


E A F' 

An = 2.70 xlO 3 mm \ 


Ans 

































Problem 14-76 


Determine the horizontal displacement of point C. Each A-36 Steel member has a cross-sectional area 
of 400 mm 2 . 


Given: b := 1.5m h := 2m 


1 


5kN 


E := 200GPa A := 400mm P 2 := 10kN 


Solution: 0 : = atan 

Member Lengths: 


b J 


0 = 53.130 deg 


l CD := h 
L DA := b 


L AB := h 
l BC := b 


"AC 


:=J 


b^ + L A £ = 2.5 m 



Member Real Forces: 


N 

N 

N 

N 


CD P 2 

- p 2 

^ sin(o) 

Bc : = p i -N AC cos 

AB := -N AC -sin(e) 


(e) 


N DA := 0 

N cd = 10kN 

N AC = -12.5 kN 
N bc = 12.5 kN 

N AB = 10kN 


Member Virtual Forces: 

Apply Virtual Force F' := lkN <— 

n DA := 0 

n CD := 0 

n AC := 0 

n BC := F ’ 

n AB := 0 



Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 


P 

DA 

n l := n DA 

Ni := N DA 

L 1 := l da 

pi 

■= nj-Nj-Lj 

CD 

n 2 := n CD 

n 2 := N CD 

l 2 := L CD 

P 2 

:= n 2 *N 2 *L 2 

AC 

n 3 := n AC 

N 3 := N AC 

L 3 := L AC 

P3 

:= n 3 -N 3 -L 3 

BC 

n 4 := n BC 

n 4 := N BC 

l 4 := L BC 

P4 

:= 

AB 

n 5 := n AB 

N 5 := N AB 

L 5 := L AB 

P5 

:= n 5' N 5' L 5 


Sum := Pi + P 2 + P 3 + P 4 + P 5 

































Virtual WorkEquation: 1 
Suin 


F-A 


C.h 


EA 
Sum 1 


^C.h 


E A F f 
h “ 0.234 mm 


A = ^nNL/(EA) 


Ans 





Problem 14-77 


Determine the vertical displacement of point D. Each A-36 Steel member has a cross-sectional area of 
400 mm 2 . 


Given: b := 1.5m h := 2m 


1 


5kN 


E := 200GPa A := 400mm P 2 := 10kN 


Solution: 0 : = atan 

Member Lengths: 


b J 


0 = 53.130 deg 


l CD := h 
L DA := b 


L AB := h 
l BC := b 


l AC := Vb 2 + h 2 


l AC = 2 - 5 m 



Member Real Forces: 


N CD := p 2 


-Pi 


n AC 

n bc 


sin 


(e) 

■N 


AC 


COS 


(e) 


N AB := -N AC -sin(e) 


N DA := 0 


N cd = 10kN 

N AC = -12.5 kN 
N bc = 12.5 kN 

N AB = 10kN 


Member Virtual Forces: 

Apply Vir uai Force F' := lkN | 


2 DA 


2 CD 


:= 0 


2 DA 


:= 0 


:= F’ 


n AC •= 


sin(o) 


n CD = 1 kN 

n Ac = -1.25 kN 




n BC := 

-n AC cos ( 0 ) 

ngQ = 0.75 kN 



n AB := 

_n AC sin ( 0 ) 

n AB = 1 kN 




Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 


P 

DA 

n l := n DA 

Nj := N DA 

L 1 := l da 

pi 

:= n r N r L 

CD 

n 2 := n CD 

n 2 := N CD 

l 2 := L CD 

P2 

:= n2*N2*L' 

AC 

n 3 := n AC 

N 3 := N A C 

L 3 := L AC 

P3 

:= n 3 -N 3 -L 

BC 

n 4 := n BC 

n 4 := N BC 

l 4 := L BC 

P4 

:= n 4 -N 4 -L, 

AB 

n 5 := n AB 

N 5 := N AB 

L 5 := L AB 

P5 

:= n 5'N 5 'L 


Sum := Pi + P 2 + P 3 + P 4 + P 5 


































Virtual WorkEquation: 1 

Suin 


F-A 


D.v 


*D.v ;z 


EA 
Sum 1 
E A F' 


Aq = 1.164 mm 


I 


A = 2>NL/(EA) 


Ans 





Problem 14-78 


Determine the vertical displacement of point B. Each A-36 Steel member has a cross-sectional area of 



Member Real Forces : 


N BE : = p 


N 


N AE = -20.8333 kN 


AE 2sin(o) 

N AB := -N ae -cos(0) N ab = 16.6667 kN 


n EF := 0 


N AF := 0 


Member Virtual Forces: 

Apply Virtual Force F' := lkN \ 


N, 


n BE := F ' 


-F' 


nAE ;= 2sin(e) nAE = _0 ’ 8333 kN 

n A g := -n AE -cos(o) n A g = 0.6667 kN 


N ce = -20.8333 kN 


EE 2sin(o) 

Ng C := -N CE -cos(e) Ng C = 16.6667 kN 


n DE := 0 


n CD := 0 



-F' 


nCE := 2 sin(e) nCE = _0 ’ 8333 kN 

ng E := -n EE cos(o) ng E = 0.6667 kN 


n EF := 0 


n DE := 0 
n CD := 0 



n AF := 0 










































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l : = n AB 

Ni := N AB 

L 1 := l ab 

Pl := npNj-Lj 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L2 

EF 

n 3 := n EF 

n 3 := N EF 

L 3 := L EF 

p 3 := n 3 -N 3 -L3 

DE 

n 4 := n DE 

n 4 := N DE 

l 4 := L DE 

p 4 := n 4 -N 4 -L 4 

AF 

n 5 := n AF 

N 5 := N AF 

L 5 := L AF 

P5 := n 5' N 5' L 5 

CD 

n 6 := n CD 

n 6 := N CD 

L 6 := L CD 

P6 := n 6' N 6' L 6 

AE 

n 7 := n AE 

N 7 := N AE 

L 7 := L AE 

Py 1= IlyNyLy 

CE 

n 8 := n CE 

n 8 := N CE 

L 8 := L CE 

p 8 := n 8 -N 8 -L 8 

BE 

n 9 := n BE 

n 9 := N BE 

l 9 := L BE 

Pç := nç-Nç-Lç 


Sum := p ] + 

P2 + P3 + P4 + P5 

+ P6 + P7 + P8 

+ P9 


Virtual WorkEquation: 

Sum 


FA 


B.v 


*B.v •= 


EA 
Sum 1 
E A F f 


1A = £nNL/(EA) 


Ag v = 0.3616mm 


l Ans 








Problem 14-79 


Determine the vertical displacement of point E. Each A-36 Steel member has a cross-sectional area of 



Member Real Forces: 

N BE == p 


N 


AE •= 


2sin(0) 


N AE = -20.8333 kN 


N, 


N ce = -20.8333 kN 


N 


AB 


n EF := 0 


n af := 0 


:= -N ae -cos(0) N ar = 16.6667 kN 


AB 


EE 2sin(o) 

N bc := -N CE -cos(0) N bc = 16.6667 kN 


Member Virtual Forces: 

Apply Virtual Force F' := lkN \ 



-F 


n BE := 0 

nAE 2sin(o) 
n AB : = _n AE‘ cos (®) 




A AE 


n^ E = -0.8333 kN 
n AB = 0.6667 kN 


n CE 

n BC := -n^u-cos 


2sin(o) 
ç E -cos(o) 


n CE = -0.8333 kN 
= 0.6667 kN 


n EF := 0 
n AF := 0 


n DE := 0 









































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l : = n AB 

Ni := N AB 

L 1 := l ab 

Pl := npNj-Lj 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L 2 

EF 

n 3 := n EF 

n 3 := N EF 

L 3 := L EF 

p 3 := n 3 -N 3 -L3 

DE 

n 4 := n DE 

n 4 := N DE 

l 4 := L DE 

p 4 := n 4 -N 4 -L 4 

AF 

n 5 := n AF 

N 5 := N AF 

L 5 := L AF 

P5 := n 5' N 5' L 5 

CD 

n 6 := n CD 

n 6 := N CD 

L 6 := L CD 

P6 := n 6' N 6' L 6 

AE 

n 7 := n AE 

N 7 := N AE 

L 7 := L AE 

Py 1= IlyNyLy 

CE 

n 8 := n CE 

n 8 := N CE 

L 8 := L CE 

p 8 := n 8 -N 8 -L 8 

BE 

n 9 := n BE 

n 9 := N BE 

l 9 := L BE 

Pç := nç-Nç-Lç 


Sum := p ] + 

p 2 + P 3 + P 4 + P 5 

+ P6 + P7 + P8 

+ P9 


Virtual WorkEquation: 

Sum 


FA 


B.v 


*B.v •= 


EA 
Sum 1 
E A F f 


1A = ]TnNL/(EA) 


Ag v = 0.2813 mm 


l Ans 








Problem 14-80 


Determine the horizontal displacement of point D. Each A-36 Steel member has a cross-sectional area 
of 300 mm 2 . 


Given: h := 3m 


b := 3m 


1 


4kN 


E := 200GPa A := 300mm P 2 := 2kN 


Solution: 0 : = atan 


2-h\ 

- 0 = 63.435 deg 

b ) , _I 


Member Lengths : 

c:= V (0.5-b) + h 

L AE := b 

l ED := h L CD := c 

l EC := °- 5 ' b 

l BC := c L AC := c 


Member Real Forces : 


-P 


n cd 

cos(0) 

n cd = 

n ed 

:= -N^£j-sin(0) 

n ed = 

n ae 

:= n ed 

n ae = 

n ec 

:=- p 2 

n ec = 

Nac 

-0.5N EC 

cos(0) 

n AC = 

n bc 

-0.5N EC 

• = N CD r 0 \ 

cos(0J 

n bc = 


-8.9443 kN 
8kN 
8kN 
-2kN 


D 




Member Virtual Forces: 


Apply Virtual Force F' 

:= lkN —► 

-F' 

n CD - ( a \ 

cos{Q) 

n CD = -2.2361 kN 

n ED : = -n C D' sin ( 0 ) 

n ED = 2kN 

n AE := n ED 

n AE = 2kN 

n EC := 0 

n EC = 

n AC := 0 

n AC - 

n BC := n CD 

n Bc = -2.2361 kN 



3 






























Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 


P 

CD 

n l := n CD 

N 1 := n cd 

L 1 : = l CD 

pi 

:= nj-Nj-Lj 

ED 

n 2 := n ED 

n 2 := N ED 

L 2 := L ED 

P2 

:= n 2 -N 2 -L2 

AE 

n 3 := n AE 

N 3 := N AE 

L 3 := L AE 

P3 

:= n 3 -N 3 -L 3 

EC 

n 4 := n EC 

n 4 := N EC 

L 4 := L EC 

P4 

:= 

AC 

n 5 := n AC 

N 5 := N AC 

L 5 := L AC 

P5 

: = n 5’ N 5' L 5 

BC 

n 6 := n BC 

n 6 := N BC 

L 6 := L BC 

P6 

: = n 6 N 6 L 6 




Sum := p| 

+ p 2 + 

P3 + P4 + P5 + P6 


Virtual WorkEquation: 


FA 


D.h 


Sum 

EA 


A D.h := 


Sum 1 
E-A F' 


1A = ^nNL/(EA) 


Aj) = 4.116mm —► Ans 









Problem 14-81 


Determine the horizontal displacement of point E. Each A-36 steel member has a cross-sectional area 
of300mm 2 . D 

Given: h := 3m b := 3m Pj := 4kN 

E := 200GPa A := 300mm 2 P 2 := 2kN 


Solution: 0 : = atan 


2-h\ 

- 0 = 63.435 deg 

b ) , _I 


Member Lengths : 

c:= V (0.5-b) + h 

L AE := b 

l ED := h L CD := c 

l EC := °- 5 ' b 

l BC := c L AC := c 


Member Real Forces: 


-P 


n cd 

cos(0) 

n cd = 

n ed 

:= sin(o) 

n ed = 

n ae 

:= n ed 

n ae = 

n ec 

:=- p 2 

n ec = 

Nac 

-0.5N EC 

cos(0) 

n AC = 

n bc 

-0.5N EC 

• = N CD / 0 \ 

cos(0J 

n bc = 


-8.9443 kN 
8kN 
8kN 
-2kN 




Member Virtual Forces: 


Apply Virtual Force 

F’ : = lkN —► 

n CD := 0 

n CD= 0kN 

n ED := 0 

n ED = 0kN 

n AE := 0 

n AE = OkN 

n EC := _P 

n EC = “ lkN 

-°.5 n Ec 
nAC ’“ cos(0) 

n Ac = 1.118kN 

-0.5 n E c 

n BC •- ( a \ 

cos{Q) 

ng^ = — 1.118kN 

































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 


P 

CD 

n l := n CD 

N 1 := n cd 

L 1 : = l CD 

pi 

:= nj-Nj-Lj 

ED 

n 2 := n ED 

n 2 := N ED 

L 2 := L ED 

P2 

:= n 2 -N 2 -L2 

AE 

n 3 := n AE 

N 3 := N AE 

L 3 := L AE 

P3 

:= n 3 -N 3 -L 3 

EC 

n 4 := n EC 

n 4 := N EC 

L 4 := L EC 

P4 

:= 

AC 

n 5 := n AC 

N 5 = N AC 

L 5 := L AC 

P5 

: = n 5’ N 5' L 5 

BC 

n 6 := n BC 

n 6 := N BC 

L 6 := L BC 

P6 

: = n 6 N 6 L 6 




Sum := p| 

+ p 2 + 

P3 + P4 + P5 + P6 


Virtual WorkEquation: 


FA 


D.h 


Sum 

EA 


A D.h := 


Sum 1 
E-A F' 


1A = ^nNL/(EA) 


A D h = 0-8885 mm —► Ans 









Problem 14-82 


Determine the horizontal displacement of joint B of the truss. Each A-36 Steel member has a 
cross-sectional area of 400 mm 2 . 


Given: h := 1.5m b := 2m 


5kN 


E := 200GPa A := 400mm Pj := 4kN 


Solution: 0 : = atan 

Member Lengths: 


b J 


0 = 36.870 deg 


l CD := h 


L AB := h 


"DA 


:= b 


"BC 


:= b 


"AC 


>71 



Member Real Forces: 


n bc := P 1 


-Pi 


N 


AC 


COS 


(e) 


N AB := 0 


N bc = 4kN 


N 


AC 


-5kN 


N CD : =- p 2- N AC sin ( e ) N cd = -2kN 
N DA : =- N AC cos ( 0 ) N DA = 4kN 



Member Virtual Forces: 


Apply Virtual Force 

F’ := lkN 




n AB := 0 

j tlS w i 

i 

n BC := F ’ 

-F 

n BC = 1 bb* 

n Ac = -1.25 kN 

■3 

J&i 

^ cos( 0 ) 




n CD := 

-n AC sin ( 0 ) 

iiqj^ = 0.75 kN 


n DA := 

_n AC cos ( 0 ) 

n DA = 1 kN 



Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

DA 

n l := n DA 

Ni := N DA 

L 1 := l da 

Pi := n E N l L l 

CD 

n 2 := n CD 

n 2 := N CD 

l 2 := L CD 

p 2 := n 2 -N 2 -L 2 

AC 

n 3 := n AC 

N 3 := N AC 

L 3 := L AC 

p 3 := n 3 .N 3 .L 3 

BC 

n 4 := n BC 

n 4 := N BC 

l 4 := L BC 

p 4 := n 4 .N 4 .L 4 

AB 

n 5 := n AB 

N 5 := N AB 

L 5 := L AB 

P5 := n 5' N 5' L 5 




Sum 

:= Pi + P 2 + P 3 + P 4 + p 5 































Virtual WorkEquation: 1 
Suin 


F-A 


B.h 


^B.h 


EA 
Sum 1 
E A F' 


Ag ~ 0.367mm 


A = ^nNL/(EA) 


Ans 





Problem 14-83 


Determine the vertical displacement of joint C of the tmss. Each A-36 Steel member has a 
cross-sectional areaof 400 mm 2 . 


Given: h := 1.5m b := 2m P 2 := 5kN 

E := 200GPa A := 400mm 2 Pj := 4kN 


Solution: 


0 := atan 


ÍM 

w 


Member Lengths: 


0 


l CD h L AB h 

l da := b l bc := b 


36.870 deg 
l AC := Vh 2 + h 2 



Member Real Forces: 

N BC := P 1 

- p l 

nac := ^( 5 ) 

N CD := _P 2 “ N AC -sin(e) 
N DA : = -N AC cos(0) 


N AB := 0 

N bc = 4kN 
N AC = “ 5kN 

n cd = “ 2kN 
N DA = 4kN 



Member Virtual Forces: 

Apply Virtual Force F' := lkN \ 



n CD := _F 


n DA := 0 


Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

DA 

n l := n DA 

Ni := N DA 

L 1 := l da 

Pl := n r N r Lj 

CD 

n 2 := n CD 

n 2 := N CD 

l 2 := L CD 

p 2 := n 2 -N 2 -L 2 

AC 

n 3 : = n AC 

N 3 := N AC 

L 3 := L AC 

p 3 := n 3 -N 3 -L 3 

BC 

n 4 := n BC 

n 4 := N BC 

l 4 := L BC 

p 4 := n 4 -N 4 -L 4 

AB 

n 5 := n AB 

N 5 := N AB 

L 5 := L AB 

P5 := n 5’ N 5' L 5 


Sum := Pi + P 2 + P 3 + P 4 + P 5 






























Virtual Work Equation: 1 - 

Suin 


FA, 


v C.v 
A C.v := 
k C.v 


EA 
Sum 1 


EA F 
Ar- = 0.0375 mm | 


= ^nNL/(EA) 


Ans 





Problem 14-84 


Determine the vertical displacement ofjoint A. Each A-36 steel member has a cross-sectional areaof 



Soíving Eqs. (2) and (3): 


T 


( b l + h 2) 


+ P r b 


Solving Eq. (1): 


Member Lengths: 


C h := 


D h := -C h 


D v P 1 + P 2 


2‘ D 2 


C h = 180kN 


D h = -180kN 


D y = 100kN 


"AE 

"AB 


:= bi 


:= ei 


1 := J*1 


2 u 2 
n 


c 2 


■-J 


, 2 ,2 

b 2 +h 


ED 


:= bn 


l BE := h 


L BC b 2 L BD c 2 



Member Real Forces: 


Member Virtual Forces: 

Apply Virtual Force F' := lkN \ 


N 


1 


AB 


sin 


(ei) 


n ae 

N- 

n ed := n ae 


N AB' cos 


(e.) 


S BE := P 2 


N BC := C h 


D, 


N- 


BD 


sin^) 


N ab = 50 kN 
N AE = -30 kN 
N be = 60 kN 
N ed = -30 kN 

N bc = 180kN 

N bd = -180.3 kN 


F 


n 


AB 


sin 


í 0 i) 


n AE : = - n AB cos 
n BE := 0 


N 


n ED 
n BC 
n BD := 


n 


AE 


•( b i +b 2 ) 
h 
F' 


s m( 0 2 ) 


n AB = 1 -25 kN 
n^E = -0.75 kN 

n BE = 0kN 
n^j^ = —0.75 kN 


n BC = 2.25 kN 


n BB = — 1.80kN 




































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 


P 

AB 

n l := n AB 

Nj := N AB 

L 1 := l ab 

pi 

:= nj-Nj-Lj 

AE 

n 2 := n AE 

N 2 := N AE 

L 2 := L AE 

P 2 

:= n 2 -N 2 -L 2 

BE 

n 3 := n BE 

n 3 := N BE 

L 3 := L BE 

P3 

:= n 3 -N 3 -L 3 

ED 

n 4 := n ED 

n 4 := N ED 

l 4 := L ED 

P4 

:= 

BC 

n 5 := n BC 

n 5 := N BC 

L 5 := L BC 

P5 

: = n 5’ N 5' L 5 

BD 

n 6 := n BD 

n 6 := N BD 

L 6 := L BD 

P 6 

: = n 6 N 6 L 6 




Sum := p| 

+ p 2 + 

P3 + P4 + P5 + P 6 


Virtual Work Equation: 

Sum 


F-A 


A.v 


*A.v 


EA 
Sum 1 
E-A F' 


1A = ^nNL/(EA) 


Aa v = 33.05 mm 


\ Ans 









Problem 14-85 


DetermiNe the vertical displacemeNt of joiNt C. Each A-36 Steel member has a cross-sectioNal area of 
2800 mm 2 . * t 


tí 



Sunport Reactions : 
-ty*-=n. 2R-(2P 


ZF= 0 ; 


By symmetry, A=E=R 
1 


p 2 )=0 


R = 0 5.(21', + l\) 


R = 50kN 


Member Lengths: 


:=i\ 


c := V b 2 + h 2 


c = 5m 


"AI 

"AB 


:= c 


:= b 


L AJ := h 
L JI := b 


l bh := c 
l bc := b 
l bi := h 
l ih := b 


l ch := h 


"DH 

"CD 

"DG 

"HG 


= L 
= L 
= L 


BH 

BC 

BI 

"IH 


l eg L AI 


"DE 


"AB 


l ef L AJ 


"GF 


"JI 


Member Real Forces: 

-R 


-P- 


N CH := P 2 


Nai - sin(e) 


NbH '“ 2sin(0) 

N] 

n ab : = n af cos 

(e) 

n bc := n ab + N BH -cos(e) 

N ( 

2 : 

> 

«-H 

lí 

0 


n BI := N Ar sin(e) 

N] 

Njl := 0 


N IH := N A j-cos(o) 

N] 

0 

I 

é6,er** cC H á b - bl ç 0 xz 








Member Virtual Forces : 

Apply Virtual Force F’ := lkN \ 


Sunport Reactions : 

4 


DH 

CD 

DG 

HG 


= Ni 


BH 


N- 


= N] 
= N, 


BI 

IH 


N EG := N AI 


BC N DE 


N 


AB 


N EF := N AJ 


N, 


GF 


N 


JI 



zf= 0 ; 


By symmetry, A—E —R' 

2R - F' = 0 R := 0.5-F' R = 0.5 kN 


° AI - sin(e) 

nBH ’“ 2 sin( 6 ) 

n DH := n BH 

n EG := n AI 

n AB := n AI C0S ( e ) 

n BC := n AB + n BH' cos (Q) 

n CD := n BC 

n DE := n AB 

n AJ := 0 

n BI := n AI sin ( e ) 

n DG := n BI 

n EF := n AJ 

n JI : = 0 

n IH : = n AI -cos(e) 

n HG := n IH 

5 

C 

JI 

PP 

O 

G 


















































Member 

Virtual 

Real 

Length 

Product 


N 

N 

L 

P 

CH 

n l : = n CH 

N 1 := n ch 

L 1 := l ch 

Pi : = n r N rLi 

AI 

n 2 := n AI 

N 2 := N AI 

L 2 := L AI 

p 2 := n 2 -N 2 -L 2 

AB 

n 3 : = n AB 

N 3 := N AB 

L 3 := L AB 

p 3 ;= n 3 .N 3 -L 3 

AJ 

n 4 := n AJ 

N 4 := N aj 

L 4 := L AJ 

p 4 := n 4 -N 4 -L 4 

JI 

n 5 : = n JI 

N 5 := % 

L 5 := L JI 

P5 : = n 5’ N 5' L 5 

BH 

n 6 := n BH 

N 6 := N BH 

L 6 := L BH 

P 6 := n 6 ’ N 6' L 6 

BC 

n 7 := n BC 

n 7 := N BC 

L 7 := L BC 

py := IlyNyLy 

BI 

n 8 := n BI 

n 8 := N BI 

L 8 := L BI 

p 8 := n 8 -N 8 -L 8 

IH 

n 9 := n IH 

N 9 := N IH 

L 9 := L IH 

P 9 := n^-N^-L^ 

DH 

n 10 := n DH 

N 10 := n dh 

L 10 := l dh 

Pio := n 10 N 10 L 10 

CD 

n ll := n CD 

N 11 := n cd 

L 11 := l cd 

Pu : = n ir N ir L n 

DG 

n 12 := n DG 

n 12 := N DG 

L 12 := L DG 

P 12 := n 12 ‘ N 12' L 12 

HG 

n 13 := n HG 

N 13 := N HG 

L 13 := L HG 

P13 := n l3' N 13' L 13 

EG 

n 14 := n EG 

N 14 := N EG 

L 14 := L EG 

Pl4 := n 14‘ N 14' L 14 

DE 

n 15 := n DE 

N 15 := N DE 

L 15 := L DE 

Pl5 : = n l 5' N 15' L 15 

EF 

n 16 := n EF 

N 16 := N EF 

L 16 := L EF 

Pl6 := n 16 N 16' L 16 

GF 

n 17 := n GF 

n 17 := N GF 

L 17 := L GF 

P17 := n 17‘ N 17' L 17 


Virtual Work Equation: 

Sum 


F-A 


C.v 


k C.v - = 


EA 
Sum 1 
E-A F' 


Sumj := pi + p 2 + p 3 + p 4 + p 5 + p 6 + P 7 + Pg + P 9 
Sum 2 :=Pio + Pn +Pl 2 + Pl3 + Pl4 + Pl5 + Pl 6 + Pl7 
Sum := Sum j + Sum 2 

1-A = £nNL/(EA) 


Aq = 5.266 mm 


| Ans 













Problem 14-86 


Determine the vertical displacement of joint H. Each A-36 Steel member has a cross-sectional area of 
2800 mm 2 . f * 


tí 



Siwport Reactiom : 

+ t 


By symmetry, A=E=R 


2F= 0 ; 


2R- 2P 


( 2 


1 


P 2 )=0 


Member Lengths: c ■= \fb~ - h 


i. A i •= c 
L AB := b 

l aj := h 

L JI := b 


R:= 0.5-í 
c = 5 m 

l bh := c 
l bc := b 
l bi := h 
l ih := b 


2Pi + Pn 


R = 50kN 


"CH 


:= h 


"DH 

"CD 

"DG 

"HG 


= L 
= L 


= L 


BH 

BC 

"BI 

IH 


"EG 


:= L 


AI 


L DE L AB 


"EF 


"AJ 


L GF L JI 


Member Real Forces: 

-R 


N, 


CH 


NAI - sin(o) 

n bh 

2sin(o) 

n dh := 

n bh 

n eg := n ai 

n ab := N A r C 0 S (e) 

n bc 

:= n ab + N B H-c° s (e) 

n cd := 

n bc 

n de := n ab 

O 

Jl 

5 

< 

n bi : 

= N Ar sin(e) 

n dg := 

n bi 

n ef := n aj 

Njl := 0 

N ffl : 

:= N A j-cos(o) 

n hg := 

n ih 

n gf := N JI 



SuDoort Reactiom : 

4 




By symmetry, A—E —R' 
2R'-F'=0 R' := 0.5 F' 


-R' 


-F 


R = 0.5 kN 
n CH := 0 


° AI - sin(e) 

nBH ’“ 2sin(0) 

n DH := n BH 

n EG := n AI 

n AB := n AI C0S ( e ) 

n BC := n AB + n BH' cos (Q) 

n CD := n BC 

n DE := n AB 

n AJ := 0 

n BI := n AI sin ( e ) 

n DG := n BI 

n EF := n AJ 

n JI : = 0 

n IH : = n AI -cos(e) 

n HG := n IH 

5 

Jl 

O 

c 





















































Member 

Virtual 

Real 

Length 

Product 


N 

N 

L 

P 

CH 

n l := n CH 

N 1 : = n ch 

L 1 := l ch 

Pl := nj-Nj-Lj 

AI 

n 2 : = n AI 

N 2 := N AI 

L 2 := L AI 

p 2 := n 2 -N 2 -L 2 

AB 

n 3 := n AB 

N 3 := N AB 

L 3 := L AB 

p 3 := n 3 -N 3 -L 3 

AJ 

n 4 : = n AJ 

N 4 := N aj 

L 4 := L AJ 

p 4 := n 4 -N 4 -L 4 

JI 

n 5 := n JI 

N 5 := % 

L 5 := L JI 

P5 := n 5’ N 5' L 5 

BH 

n 6 := n BH 

N 6 := N BH 

L 6 := L BH 

P 6 := n 6 ’ N 6' L 6 

BC 

n 7 := n BC 

n 7 := N BC 

L 7 := L BC 

py := IlyNyLy 

BI 

n 8 := n BI 

n 8 := N BI 

L 8 := L BI 

p 8 := n 8 -N 8 -L 8 

IH 

n 9 := n IH 

N 9 := N IH 

L 9 := L IH 

pg := n^-Nç-L^ 

DH 

n 10 := n DH 

N 10 := n dh 

L 10 := l dh 

Pio := n 10 ' N 10' L 10 

CD 

n l 1 := n CD 

N 11 := n cd 

L 11 := l cd 

Pu := n ir N ir L n 

DG 

n 12 := n DG 

n 12 := N DG 

L 12 := L DG 

P 12 := n 12 ‘ N 12' L 12 

HG 

n 13 := n HG 

N 13 := N HG 

L 13 := L HG 

P13 := n l3' N 13' L 13 

EG 

n 14 := n EG 

N 14 := N EG 

L 14 := L EG 

Pl4 := n 14‘ N 14' L 14 

DE 

n 15 := n DE 

N 15 := N DE 

L 15 := L DE 

P 15 := n 15' N 15' L 15 

EF 

n 16 := n EF 

N 16 := N EF 

L 16 := L EF 

Pl6 := n 16 N 16' L 16 

GF 

n 17 := n GF 

n 17 := N GF 

L 17 := L GF 

P17 := n 17‘ N 17' L 17 


Virtual Work Equation: 

Sum 


F-A 


C.v 


^C.v 


EA 
Sum 1 
E-A F' 


Sumj := pi + p 2 + p 3 + p 4 + p 5 + p 6 + P 7 + Pg + P 9 
Sum 2 :=Pio + Pll +P 12 + P13 + P14 + P15 + P 16 + P17 

Sum := Sum j + Sum 2 
1-A = £nNL/(EA) 


Aq = 5.052 mm 


| Ans 













Problem 14-87 


Determine the displacement of point C and the slope at point B. EI is constant. 

ktãl M As shown <jsi fafuíi(i), 

Vimtai Momtni Faatflairj wi(m) and tn t (*]; Aa thown&n 
jffid (cj. 



Virtual Eçti&itott: Foi ihc displasmem ai pciLrw C r upply 
Bq. 14-42. 




Aíie 


For lhe slope ac U. appEy Bq. I * -^3. 


f - - IÍL g H 

1 Jo 


19. 


























Problem 14-88 


Determine the displacement atpoint C. EI is constant. 


1 4r =•/ 


l mM 


o EI 


A c = Mr, +jjx i y.Px 1 kfrj 1 



IPa* 

a “w7 


Ans 


F 






I 



Vtl* Jí 


















Problem 14-89 


Determine the slope atpoint C. £7 is constant. 


B i^i , 

£7 J s 

Pa 3 Pa 8 5f»a 3 
~3£7 + 2Eí" &£7 
























Problem 14-90 


Determine the slope at point A. EI is constant. 



1 

Ú El 

*• * èir í - h - s i 


ÀIU 


























Problem 14-91 


Determine the displacement of point C of the beam made from A-36 Steel and having a moment of 
inertia of / = 21 (10 6 ) mm 4 . ^ ^ N 

Given: a := 1.5m b := 3m P := 40kN 
E := 200GPa I := 21 (10 6 ) mm 4 

Solution: Virtual Force F' := lkN \ 


.1 4 

d 

1 a: 1 



1.5 m^f- 

-3 m-— L 5 m — 


RealSupport Reactions : 


-U 7 y= 0 ; 


A + B-P = 0 


( 1 ) 


SuDport Reactions due to Virtual Force at C: 

4 


C+ Y.M b = 0; A b - P (a + b) = 0 (2) 

Solving Eqs. (1) and (2): 

P(a + b) 

A := —-- B := P - A 


JF y = 0; A' + B' - F = 0 

0; A'-b + F'-a = 0 
Solving Eqs. (E) and (2’): 

-F-a 


A’ := 


A = 60 kN 


B = -20kN 


Internai Moment Functions: 
0->A 

Real Mj = P- 

Virtual m | — 0 


1 


B->A 

M 2 = Bx 



b 

A’ = -0.5 kN B' = 


C->B 

: 2 

m 3 = 0 

b -X 2 ) 

m 3 = -F'-x 3 

|W?N fc 

ír-fr^ 

*\kr.**—i 


B' := F’ - A’ 


" 1 m>í 

*1 i L 


E#’ C — 

(•í 

Virtual Work Equation: 1 • A = £ mM/(EI)dx 


FA C = 


1 

EI 

1 1 

Ar :=- 

c E I F f 


f 


r a 


mj-Mj dxj + m2*M2 dx2 + m^-M^ dx^ 

V^O •'O •'O ) 

rb 


0 


A'-( b -X 2 )-( B -x 2 ) dx 2 + 0 


0 


= 10.71 mm \ Ans 


(!’) 

( 2 ’) 


& 


M- 


fr~ :3 































Problem 14-92 


Determine the slope at B of the beam made from A-36 Steel and having a moment of inertia of I = 
21(10 6 ) mm 4 . 

Given: a := 1.5m b := 3m P := 40kN 


40 kN 


E := 200GPa I := 2l(l0 6 )mm 4 
Solution: Virtual Moment m' := lkN-m 


Real Support Reactions : 


JF y = 0; 


A + B-P = 0 


( 1 ) 


C+ ZM b = 0; A b - P (a + b) = 0 (2) 

Solving Eqs. (1) and (2): 

P(a + b) 

A := —--- B := P - A 


A = 60 kN 


B = -20kN 


J^ 

B 

ia 


ai 

—15 m—^- 

-3 m -|- 1,5 m — 


C 


Sunport Reactions due to Virtual Moment at B: 

4 


~f,=0: 


A’ + B’ = 0 


k + XM B =0; A'-b + m' = 0 
Solving Eqs. (1') and (2'): 
-nV 


(!') 

( 2 ’) 


A’ := 


B' := 


A’ = -0.33 kN B' = 0.33 kN 


Internai Moment Functions. 

0->A 

Real Mj = -Pxj 
Virtual mj = 0 ni 2 = A'-|b - X 2 ) m 3 = 0 


B->A 

M 2 = B-x 2 


C->B 

m 3 = 0 


. | 1^.*. N 


T 0 


X 


nti 


ID-SEM 

‘tãf 


l=»f j M'Wi, 

rrj 


■20 M 


Virtual WorkEquation: 1 • 0 = £ mM/(EI)dx 


m'0 B = 


EI 


fa fb fa ^ 




( 

m^-Mj dxj + I m2*M2 dx2 + m^-M^ dx^ 

v 0 ‘'o ^0 ) 

rb 


E I m f 


0 + 


A’-( b - x 2 )-( B -x 2 ) dx 2 + 0 


0 


0g = 7.143 x 10 3 rad 


0g = 0.409 deg (clockwise) Ans 


























Problem 14-93 


Determine the displacement of point C of the W360 X 39 beam ma He trom A-3b steel 

Ail lí W 

Given: a := 1.5m b := 3m P := 40kN . 

E := 200GPa 1 Á 


40 kN 


Solution: Virtual Force F' := lkN \ 


(io 6 ) 


Use W 360x39: I : = 102 

RealSupport Reactions : 

YF= 0; A + B - 2P = 0 

Due to symmetry: A = B 

Solving Eqs. (1) and (2): 

A := P B := P 

A = 40 kN B = 40 kN 


mm 


(1) 

( 2 ) 


B 


V 


■— 1.5 m—■ — 1.5 m- 




■ 1,5 m - - 1.5 m —- 


D 


Suüüort Reactions due to Virtual Force at C: 

4 


ZF= 0; A’ + B ? - F f = 0 


(l f ) 


Due to symmetry: A’ = B' (2 f ) 

Solving Eqs. (E) and (2’): 

A’ := 0.5F' B' := 0.5F' 

A’ = 0.5 kN B' = 0.5 kN 


Internai Moment Functions: 

O->A B->A 


M x = -Px 


Real 
Virtual m | — 0 


1 


M2 = -Pa 
m 2 = B’-x 2 
(for x 2 <0.5b) 


D->B 

m 3 = _Px 3 
m 3 = 0 


.MN MN 

iíh J r ií hl iík l|l iík'Í 

■rij n ^ 



Virtual WorkEquation: 1 • A = £ mM/(EI)dx 


FA C = 


1 

EI 

1 1 

Ar :=- 

c E I F' 


f 


r 0.5-b 


mj-Mj dxj + 2 


Vo 


m2*M2 dx2 + 


m^M^ dx^ 


r 0.5-b 


0 + 2 


B'-X2*(-P*a) dx2 + 0 


Aç = -3.31 mm f Ans 





























Problem 14-94 


Determine the slope at^4 of the W360 X 39 beam ma He fmm A 36 steel 

Ml lí w 

Given: a := 1.5m b := 3m P := 40kN . 

E := 200GPa 1 Á 

Solution: Virtual Moment 


40 IcN 


Use W 360x39: I : = 102-(l0 6 )mm 4 


Real Support Reactions : 

ZF= 0; A + B - 2P = 0 

Due to symmetry: A = B 

Solving Eqs. (1) and (2): 

A := P B := P 

A = 40 kN B = 40 kN 


( 1 ) 

( 2 ) 


B 


m' := lkN-m 

^ »! 

i) 4 

) mm 

-ES- 

- — 1 .5 m — -|— L 5 m — - 

c - 

-— 1.5 m -|" \,5 m —- 


D 


Suüüort Reactions due to Virtual Moment at A: 

4 


=0; A’ + B’ = 0 


(!’) 


0; A’-b + m'=0 (2') 


a B 

Solving Eqs. (E) and (2’): 
-m’ 


A’ := 


B' := -A’ 


A’ = -0.33 kN B' = 0.33 kN 


Internai Moment Functions: 

0->A B->A 

Real Mj = -Pxj M 2 = -Pa 

Virtual iTij = 0 ni 2 = B ? X 2 


D->B 

m 3 = _Px 3 
m 3 = 0 


hh tnii yW 

' EJk r Wn* Uh" r (S * 1 

w ™** 


Virtual WorkEquation: 1 • 0 = £ mM/(EI)dx 




m '.0 A = — 


EI 


1 1 


V 

mj-Mj dxj + I rr^-JV^ dx2 

V 0 •'O 

b 


m^-M^ dx^ 

0 ) 


0 A :=- 

A E I m’ 


0 + 


(-P a)-^B'-X2j dx2 + 0 


y 0 


0^ = -4.412 x 10 rad 


0^ = -0.253 deg 


(anticlockwise) Ans 





























Problem 14-95 


Determine the displacement at B of the 38-mm-diameter A-36 Steel shaft. 


:= 0.6m b : 

= 1.6m c 

> D := 1.4kN 

d Q := 38mm 

’ E := 3.2kN 

E := 200GPa 

, := a + b + c 


Virtual Force 

F’ := lkN 


Section Property : 

4 


I := 


*' d O 

64 


I = 102.35 x 10^ mm^ 


Real Support Reactions : 

A + C - (P D + P E ) = 0 (1) 

C+ Y.M c =0 AL- P D - (b + c) - P E - c = 0 (2) 

Soíving Eqs. (1) and (2): 

A := d[p D . (b + c) + P E - c] A = 1.626 kN 

C:=(P D + P E )-A C = 2.974 kN 




0-SÍ0+ 








f 




^)l ) m-esaf+CQtfUi B ; 



rr 




n 


Siri i-TO-ri 


i jat 






, ..I -0.99K tOüt(, 

A4j=í.,5ítf/f i- - 


,H*£ 

^■l.3S0S-OJ14 


flW- J>.' 


3-.W ri 
Wíh 


fl* 1 X. 








Sunport Reactions due to Virtual Force at B: 

4 




A' + C - F = 0 


( 1 ') 




o+iwí 


1^4—J 


C+ SM c =0 A’- L - F- (b - a + c) = 0 (2') 

Soíving Eqs. (!') and (2'): 


A’ := —[F' (b - a + c)] 
A’ = 0.547 kN 


C := F’ - A' 
C = 0.453 kN 


Internai Moment Functions: 



A->D 

D->B 


E->B 


C->E 


Real 

Mj = Axj 

li 

<N 

s 

A-(a + x 2 )-P D -x 2 

li 

$ 

g(c + X4) - p e' x 4 

m 3 = 

Cx 

Virtual 

m | = A’- x j 

m 2 = 

A’-( a + x 2 ) 

li 

a 

C'-(c + x 4 j 

m 3 = 

C’x 



























Virtual WorkEquation: 1 • A = mM/(EI)dx 


fa b = 


EI 


VO 


mj-Mj dxj + m2*M2 dx2 + 


rC 


m 4 -M 4 dx 4 + 


m^-M^ dx^ 

0 ) 



rã 


rã 

h m 

Jl 

HH 

"O 

£ 

B 


A^xyÍA-x^j dxj 

J 

0 

J 

0 


Ij = 0.06407 kN 2 -m 3 



rã 


rã 

h = 

m 2' M 2 dx 2 l 2 := 


A’-( a + x 2 )-[A-(a + x 2 ) - P D -x 2 ] dx 2 

J 

0 

J 

0 


I 2 = 0.31064 kN 2 -m 3 


'4 = 


<*b-a 

0 


m 4 - M 4 dx 4 


l 4 := 


rb-ã 


C'-(c + X 4 )‘[C- + x 4 j - Pg-x 4 J dx 4 


I 4 = 0.51840 kN 2 -m 3 



rc 


rc 

'3 = 

m 3' M 3 dx 3 : 3 := 


C-X 3 -( c -x 3 ) dx 3 

J 

0 

J 

0 


I 3 = 0.04090 kN 2 m 3 


1 1 




E I F'( 


: 1 + I 2 + I 4 + I 3 


Ag = 45.63 mm | Ans 























Problem 14-96 


Determine the slope of the 30-mm-diameter A-36 Steel shaft at the bearing support A. 
Given: a := 0.6m b := 1.6m c := 0.45m 
Pj) := 1.4kN d 0 := 38mm 

P E := 3.2kN E := 200GPa 
L := a + b + c 


Solution: Virtual Montent 


itT := lkN-m 


Section Property : 

4 


I := 


*' d O 

64 


I = 102.35 x 10^ mm^ 


Real Support Reactions : 

A + C - (P D + P E ) = 0 
C+T.M c =0 A L-P D -(b + c) -P E -c= 0 

Soíving Eqs. (1) and (2): 

A:= ^[ p D'(b + c) + P E -c] 

C:= (P D + P E )-A 


( 2 ) 


A = 1.626 kN 
C = 2.974 kN 



rr 




n 


tü i.w j>j 




\M* #4 

, J 10.23* 

l.íiíM" IbW HvZSUtff ] 

#■ 1,3303 - 021 * 

1'üJ 1R.W *4 
CÃS», 




0.ÜWM ,/j jíM 


í= 


rijii-e •. 




Support Reactions due to Virtual Moment at A 

+f ' 


3F y = 0; 


A' + C = 0 
A'L + m'= 0 
Soíving Eqs. (1') and (2'): 

—m' 

A’ :=- C := -A' 

L 

A’ = -0.377 kN C = 0.377 kN 


IM C =0 


(!') 

( 2 ’) 


Internai Moment Functions: 

A->D 

Real Mj = Axj 
Virtual mj = m' + A’-xj 


E->D C->E 

M4 = C-^c + x^j - P E *X4 M3 = C x^ 

m^ = C-^c + x^j m^ = Cx^ 























Virtual WorkEquation: 1 • 0 = £ mM/(EI)dx 


m ’ 0 A= — 


EI 


mj-Mj dxj + m^-M^ dx^ 


m^-M^ dx^ 

0 ) 



rã 


rã 

h m 

Jl 

HH 

"O 

£ 

B 


+ A^x^WA-x^ dxj 

J 

0 

J 

0 


Ij = 0.24857 kN 2 -m 3 


'4 = 


m 4 - M 4 dx 4 


u ■= 


rb 


C'-(c + x 4 )-[C-(c + x 4 j - P E - 


I 4 = 0.84403 kN 2 -m 3 



rC 


rc 

i 3 = 

m 3' M 3 dx 3 : 3 := 


C ’ x 3-( C x 3) dx 3 

J 

0 

J 

0 


I 3 = 0.03408 kN 2 -m 3 


1 1 


e A : =i^('l + I 4 +I 3) 


0 A = 55.038 x 10 rad 


0 A = 3.153 deg 


(clockwise) 


Ans 


















Problem 14-97 


Determine the displacement at pulley B. The A-36 Steel shaft has a diameter of 30 mm. 

A 4kN 


Given: a := 0.4m 

b := 0.3m 

P D ;= 4kN 

d Q := 30mm 

P E := 3kN 

E := 200GPa 

P c := 2kN 

L := 2a + 2-b 

Solution: Virtual Force 

F’ := lkN \ 

Section Property : 


1—I 

'lí 

: A 

o 

I = 39.76 x 10 3 


3kN 



64 




Real Support Reactiom : 

A + C - (P D + P E + P c ) = 0 (1) 

C+ Y.M c =0 A-L - P d -(L - a) - P E -b - P c (2-b) = 0 (2) 

Soíving Eqs. (1) and (2): 

A := -[P d *(L - a) + P £ -b + P c (2 b)] A = 4.357kN 






C: =( 


P D + P E + Pl 


C 


:) 


A = 4.357 kN 

4 ti" 44 

C = 4.643 kN 

4 


£ 

■ JSM, 




fiíl 


r o*- + 

LirJ * 


n 


ifíftí 




*tí 


V 

M*+H**i 

m 








h 




0-Í4J* 

Support Reactiom due to Virtual Force atB: 


â- fÊtfíí** 


fn 1 oVníflí* 


tf J.V* *■ 


)Up Á 

f 








!)«* 0 - 






XF,=0; A' + C = F’ (1') 

C+ 2M C =0 A'-L - F'(2-b) = 0 (2') 
Soíving Eqs. (E) and (2’): 

2-b-F’ 


A’ 


A f = 0.4286 kN 


C := F’ - A’ 

C = 0.5714 kN 


Internai Moment Functions: 



A->D 

D->B 


E->D 


C->E 


Real 

Mj = Axj 

li 

<N 

s 

A ‘( a + x 2)- p D' x 2 

li 

$ 

C-(b + x 4 )-P E -x 4 

m 3 = 

Cx 

Virtual 

m | = A’- x | 

m 2 = 

A'-(a + x 2 ) 

li 

a 

C’-(b + x 4 ) 

m 3 = 

Cx 

















Virtual WorkEquation: 1 * A 


£ L mM/(EI)dx 


F’A B = 


EI 


r a 


rb 


mj-Mj dxj + m2*M2 dx^ + 


rb 


m 4 - M 4 dx 4 


m 3' M 3 


VO "0 "0 "0 



rã 


rã 

h m 

Jl 

HH 

"O 

£ 

B 


A’-xg^A-x^j dxj 

J 

0 

J 

0 


Ij = 0.03984 kN 2 -m 3 



rã 


f a 

'2 = 

m 2' M 2 dx 2 : 2 := 


A '-( a + x 2)'[ A ‘( a + x 2) “ P D' X 2] dx 2 

J 

0 

J 

0 


I 2 = 0.18743 kN 2 -m 3 



rb 


4 b 

>4 = 

Jl 

i—i 

"O 

s 


C-(b + x 4 J-[C-(b + x 4 J - Pg-x 4 J dx 4 

J 

0 

J 

0 


I 4 = 0.12857 kN 2 -m 3 



~b 


4) 

>3 = 

m 3' M 3 dx 3 Z 3 : = 


C- x 3 -(Cx 3 ) dx 3 

J 

0 

J 

0 


I 3 = 0.02388 kN 2 -m 3 

Ab:= ^I?( Ii + I 2 + I4 + I3 ) 

Ag = 47.75 mm \ Ans 























Problem 14-98 


The simply supported beam having a square cross section is subjected to a uniform load w. Determine 
the maximum deflection of the beam caused only by bending, and caused by bending and shear. Take 
E = 3G. 


Ft» "bwdinj ífid 


.r=s**r 

*** 

Jfr £/ Jp 

ai 

, f m íj^Kf 1 * 

..f 

J* Jc 

1 ftrfi J 

r*fe 

£?Lt "tJ 

'lo cA 2 

Swí. 1 3wi z 


3I4BT 20 GA 



ir 


SwL 4 


3wl? 


3í4(3tí)t£ í )o* 20(G]d 3 

ÍOwt 4 3 
3MGa* + 2 UCflí 

©©behi 


Ans 
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Problem 14-99 


Determine the displacement atpoint C. EI is constant. 


l-Aço f 


* m tf 

• U" 



Ei 


fias* 

a EI 



" 6 EI 


Am 


























Problem 14-100 


Determine theslope at pointi?. EI is constant. 


1-ti' 


í* 




Ui 


da 


B ÍJ 


3ÍÍ 


Adi 





























Problem 14-101 


The A-36 Steel beam has a moment of inertia of / = 125(10 6 ) mm 4 . Determine the displacement at D. 


Given: a := 4m M Q := 18kN-m 
b := 3m E := 200GPa 

I := 125-(l0^)mm^ 

Solution: Virtual Force F’ := lkN \ 

Real Support Reactions : 

+f *F= 0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 


ISkN-m 


ISkN-m 






-4 cii——3 ui—'I'—3 m—-1*^—4m- 


) M=t& 

tf Tr— 






Aí* ti Ç 1 


■jfrinr 


' | 1 ' T—' 

i r “ r ** Ví ^ 




Sunport Reactions due to Virtual Force at D: 

4 


'-F=»: 


B' + C - F = 0 
Due to symmetry: B' = C 

Solving Eqs. (1') and (2'): 

B' := 0.5F' C := 0.5F' 


B' = 0.5 kN 


C = 0.5 kN 


(!') 

( 2 ’) 


Internai Moment Functions: 


A->B 

Real 
Virtual m | = 0 


M 1 = M 0 


B->D 

m 2 = m g 

m 2 = b ' x 2 
(for x 2 < b) 


Virtual Work Equation: 1 • A = j* mM/(EI)dx 


f’a d = 




1 

EI 

1 1 


C->D 

m 3 = m g 

m 3 = c ‘ x 3 


r a 


Í b 



T> 




mj-Mj dxj 

+ ni2* M 

2 dx 2 

+ 

m 3 

•m 3 

dx 3 

; + 

J 0 




J 

0 



j 

- 

T> 


T> 






■ 0 + 

B’x 2 i 

(Mo) *2 + 

C- 

x 3' 

(“o) 

dx 3 

+ 0 


J 

0 

j 

0 







E->C 
M 4 = M 0 
m 4 = 0 


m 4 -M 4 dx 4 


Aq = 3.24 mm f 


Ans 






























Problem 14-102 


The A-36 Steel beam has a moment of inertia of / = 125( 10 6 ) mm 4 . Determine the slope at A. 

Given: a := 4m := 18kN-m IStNm IStN- 

b := 3m 


M 0 := 18kN-m 
E := 200GPa 


I:= 125 


(io 6 ) 


mm 


Solution: Virtual Moment m' := lkN-m 

Real Support Reactions : 

+f 2Fy=0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 


tm 




~i—,— 

\*»f , 

Wt +- 1 

MUI** 




-4 ni- 


B I 


-3 cu —‘I'—3 m——4 j 


) 


tí’*/ 


J 


f* 


) 




/A- Jtu-P* 
) 


Suvport Reactions due to Virtual Moment at A 
±í_£F v =0; B’ + C = 0 (1’) 

C + ZM C = 0; B’-(2-b) + m' = 0 (2') 

Solving Eqs. (T) and (2'): 

-m' 


B' := 


2-b 


C := -B’ 


B' = -0.1667 kN C = 0.1667 kN 


Internai Moment Functions: 


Real 


A->B 

M 1 = M 0 


Virtual m | = m' 


Virtual Work Equation: 1 • 0 = J* mM/(EI)dx 


m '0 A = 


E-I 


C->B 

m 3 = m g 

m 3 = c ‘ x 3 
(for x 3 <2b) 


1 1 


mj-Mj dxj + I m 3 -M 3 dx 3 + 

V o •'o 

ra r2-b 


rí\ 


E->C 
M 4 = M 0 
m 4 = 0 


m 4 -M 4 dx 4 

0 ) 


0 A :=- 

A EI m' 


m'-M 0 dxj + 


'0 


C-x 3 -( M o) dx 3 + 0 


"0 


0A = 5.040 x 10 rad 


0 A = 0.289 deg 


(anticlockwise) Ans 































Problem 14-103 


The A-36 stmctural Steel beam has a moment of inertia of 1= 125(10 6 ) mm 4 . Determine the slope of 
the beamati?. 


Given: a := 4m M Q := 18kN-m 
b := 3m E := 200GPa 


ISkN-m 


ISkN-m 


I := 125 


(io 6 ) 


mm 


Solution: Virtual Moment m’ := lkN-m 

Real Support Reactions : 

+f *F= 0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 


: i 


i —ÍE 


-4 ni- 


-3 ui—‘I'—3 m——4 j 


6===>) «= 


PÍJtfJ J 




Suvport Reactions due to Virtual Moment at B: 

4 


I4ii’— 


_SF=0; B' + C = 0 


(!') 


í + SM c =0; B'-(2-b) + m' = 0 (2’) 


tia 


Solving Eqs. (E) and (2'): 
-m' 


B' := 


2-b 


C := -B’ 


B' = -0.1667 kN C = 0.1667 kN 


Internai Moment Functions: 


A->B 

Real 
Virtual mj = 0 


M 1 = M 0 


B->C 

m 2 = m g 

m 2 = m' + B'-x 2 
(for x 2 <2b) 


E->C 
M 4 = M 0 
m 4 = 0 


Virtual Work Equation: 1 • 0 = j* mM/(EI)dx 


m '0 A = 


E-I 


1 1 


m^-Mj dxj + I m2*M2 dx2 + 

V 0 •'O 

/•2-b 


/•a 


m 4 -M 4 dx 4 

0 ) 


0 B — — 


E-I m f 


0 


(m'+ B'-x 2 )-(M 0 ) dx 2 + 0 


"0 


0 B = 2.160 x 10 rad 


0g = 0.124deg 


(anticlockwise) Ans 



























Problem 14-104 


Determine the slope at A. EI is constant. 


0, 


ri m 4 M 
^ tf 


dx 


- 0 + 


















X 

; c 


L 

-1- 

L 
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.-tf ^ 


24 Ef 
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Problem 14-105 


Determine the displacement at C. EI is constant. 


Ac ■ 


ri mM 

0 ~ÊF 


dx 


= ,j‘ íiipü* 

0 Et 


- 2 



Wt 


An» 





























































Problem 14-106 


Determine the slope ati?. EI is constant. 


í 


El 





w L* 

«IFi * sTi 


A 119 


IV 









1 , 


- L - 1 - 

□_ A 

- L - 




























































Problem 14-107 


The beam is made of oak, for which E 0 = 11 GPa. Determine the slope and displacement at A. 
Given: L := 3m E := llGPa 

h := 400mm 4kN 

t := 200mm 

Solution: 


w, 


O • 


4ÜQ mm 


m 


Section Property : I ;= 


t-r 

~L2 


a) Applying Virtual Force at A: F' := lkN \ 
Internai Moment Functions: 



A->C 


Real 


X 1 

Mi =- 

í o 


f 


A x i 


C->B 




v w °*T7/T Ml = ~ L * " + x ° 1 + ~ x 


^ w 0 2 


Virtual m | = F'xj ir^ = F'-^L + X 2 ^ 

Virtual WorkEquation: 1 • A = £ mM/(EI)dx 


f-a a = 


EI 


A a := 


EI 


'0 

rL 


L 

0 


dxj + I rr^-JV^ dx2 
rL 


r 1 j 1 

Ff 

1- F-. -z 

I--JC, •;-►Jít 

J ^ 

_,i( 


iz. i 


x r 


2 


x A x i 

w n-I- 

. 0 Lj 3. 


dx 


1 


( L + x 2)' 


w o _ ÍL 


-L- 

2 


^ W o 2 

— + x 2 ) + ~ x 2 
V 3 J 2 


dxn 


'0 


A A = 27.38 mm \ Ans 




b) Applying Virtual Moment at A: m' := lkN-m 

Internai Moment Functions: 






A->C 


Real 


Mi =- 

1 2 


v C->B 

X 1 1 X 1 

w^-— M 2 = • L 


3 m 1 


P 




w o rL 


0 ij 3 


w 0 2 
v t +X2 ; + t' x 2 


m-> = m 


Virtual m j = m' 

Virtual WorkEquation: 1 • 0 = £ mM/(EI)dx 


rL 


m’*0 a =- 

A EI 


mj-Mj dxj 


I* i,T1 l4|ot*n 

( 


IVI2 dx2 


1 1 

1-1 


! ^ 

I 

*J 

^Ai 

.7 — 



0 a := 


E-I 


_ 2 
3 


X 1 1 X 1 

w n -,- 

V ° L) 3j 


dxj + 


w o ÍL ) w o 2 

-L- — + xo +-x 9 

.2 V3 Z ) 2 z _ 


dx- 


0 A = 5.753 x 10 rad 


(clockwise) Ans 






































































Problem 14-108 


Determine the displacement at B. EI is constant. 
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J u £7 8 £7 
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Problem 14-109 


Determine the slope and displacement at point C. £7 is constant. 
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Problem 14-110 


Bar ABC has a rectangular cross section of 300mmby 100 mm. Attached voàDB has a diameter of 20 
mm. If both members are made of A-36 Steel, determine the vertical displacement of point C due to the 
loading. Consider only the eflfect of bending in ABC and axial force in DB. 

Given: a := 4m h := 300mm P := 20kN E := 200GPa 

b := 3m t := lOOmm d Q := 20mm 

Solution: Virtual Force F' := lkN \ 

Section Properties : 




2 U 2 A 71 d ° 
a + b A^ :=- 


^o 


I := 


t-h 

~12 


Virtual Suppo rt R eaction s : 

A' v + B' v - F' = 0 (1) 
C + ^M b = 0; A' v -b + F' b = 0 (2) 



A V := -F’ 

> 
< ~ 

II 

B' v := F' - A' v 

B V = 

L o 

n BD := B 'v~ 

d 

n BD 


Real Support Reactions : Similarly, A y := -1-P 

B v := 2P 
N BD := 2.5 P 

Internai Moment and Force Functions: 

A->B B->C 

Real 
Virtual 



M 1 = A v x l M 2 =P-x 2 
m l = Ay-xj m 2 =F-x 2 



Virtual Work Equation: 1 • A — £ mM/(EI)dx + E nNL/(EA) 

f rb rb \ n r N r L r 


iP) 


F-Ar = 


EI 


mj-Mj dxj + 


m2*M2 dx2 + 


1 3* 1N 3^o 

EA 


1 1 
EI F 


V 0 "o ) 

rb rb 

A V x r( A v x l) dx l + f ’ x 2-( P x 2) dx 2 


2.5 F’-(2.5 P)-L 0 


E.A 0 .F 


Ap = 17.95 mm \ 


Ans 







































Problem 14-111 


Bar ABC has a rectangular cross section of 300mm by 100 mm. Attached rod DB has a diameter of 20 
mm. If both members are made of A-36 Steel, determine the slope at.4 due to the loading. Consider 



l o yd-t 


Virtual Support Reactions : 
- 1 


ZF y = 0; A' v + B’ v = 0 (!') 


nr 

| Í' A. 5 J ‘ 

Í d.-n 

■in? 


+ I.M b =0; A’ v -b + m'=0 Í2'l 

Solving Eqs. (1) and (2): A’ := -f 11 ,. 

b 


-m' 


-0.3333 kN 


&iÍ>}Kr) 




B' v := -A' v 


B' y = 0.3333 kN 


Axial Force in the Rod BD 


Internai Moment and Force Functions: 

A->B B->C 

Real 
Virtual 


n BD := B' v - n BD = 0-417kN 

a 


M 1 = A v' x l 


m 2 = Px 2 


B->D 

n 3 = n BD 


m ] = m' + A' y -X] 


m-, = 0 


n 'i = n 


BD 


Virtual WorkEquation: 1 % 0 — £ mM/(EI)dx + Z nNL/(EA) 

í <*> r h ^ n^-No-L 


m'0* = - 

A E-I 




0 a := 


1 1 
E I m' 


mj-Mj dxj + 


(m’ + A' v -xj)- 


iri2' M2 dx2 + 
0 ) . 

)'( A v' x l) dx l +0 


3' N 3' L o 
EA 

n’ BD .(2.5 P) L 0 


E-A 0 -m’ 


-6 


0 A = 991.20 x 10 rad 


(anticlockwise) Ans 













































Problem 14-112 


Determine the vertical displacement of point.4 on the angle bracket due to the concentrated force P. 
The bracket is fixed connected to its support. EI is constant. Consider only the eflfect of bending. 


. UmM , 

m* 


V *7; f 1 (jiXf*i>£i| *f L tiutPL)d^ 
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Problem 14-113 


The L-shaped frame is made from two segments, each of lengthZ and flexural stiffness EI. If it is 
subjected to the uniform dis tribute d load, determine the horizontal displacement of the end C. 


■ j l LmM 




iwL* 


Au 



4 ^-, 


































Problem 14-114 


The L-shaped frame is made from two segments, each of lengthZ and flexural stiffness EI. If it is 
subjected to the uniform distributed load, determine the vertical displacement of the point B. 




LmM 


o et 


A *- * r/[W¥K 


wL* 

4 £1 


Àns 
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Problem 14-115 


Determine the horizontal displacement of point C. £7is constant. There is a fixed support at A. 
Consider only the effect of bending. 

Given: a := 1.6m b := 1.5m c := 1.5m 


P v := 3kN 


P h := 4kN 


M, 


o • 


1.8kN-m 


l 


B 


Solution: Virtual Force F’ := lkN 


LSkN*m 






1.5 m 


3K4 




4 kN 


1.5 m 



Internai Moment Functions: 
C->B 

Real M 1 = M 0 + P v -x 1 

Virtual in | — 0 


B->E 

M2 = Mq + Py‘ a 

m 2 = F' -x 2 


Virtual Work Equation: 1 • A = £ mM/(EI)dx 
Set EI := lkN-m 2 


E->A 

m 3 = M o + P v‘ a + P h' x 3 
m 3 = F-(b + x 3 ) 


P-A C = 


EI 


dxj + 


Vo 


rc 


m.2 • M 2 dx2 + 


1x13* M3 dx^ 

0 ) 


1 1 

Ar :=- 

c EI F' 


0 + 


rc 


F'-X2^M 0 + P v -a) dx2 + F'-^b + + P y a + P^^j <1x3 

0 J 0 


Aq = 40.95 m <— 


A C = 


40.95 

-m 

EI 


Ans 











































Problem 14-116 


The ring rests on the rigid surface and is subjected to the vertical load P. Determine the vertical 
displacement at B. EI is constant. 

V 

1Í Ibí fiiig CHS bé íüiXSibd u a. hilf ring M íhúwn in figiuí{ij. 

Nrai Múm rní Funditín Jf Ai jhown on ÍlgLUC[a). 

PlrtUtfí Âfúmtnt Fàittdiõns m{£) and Jjijíi): Â5 íJinwTi on 
tij ând 

Virfimí H^-urJfc Etjuniian ‘ Due in % yiTwrstey. lhe 3lopc ac & rcrniini 
IitirâjniaL Lt, cqujJwzír^ ApjC> ing E^. L4 - 43. w^havç 


Wlicra ds = riífi 1 


-r*- 

& ã =í\= l.oofyíúi 0 - M u JnJfl 


Pr 

^ 

ilT 


Fir chc vcnucoj JúpJLtfimmC 31 S, upply Ej, 34-42. 


r^mM 

li* —— dh- 

Jti Ei 


1- 


3 r* . /jPjr 

ij 11 — J (rtin â) yíin tf - J 

r K 

= 2-— { n3ÍA 2 S- '23ÍJl «eÜfi" 

r\ , 

= -— [jrti-cw eus 

4iTEJ / o 
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Problem 14-117 


Solve Prob. 14-71 using Castigliano's theorem. 



n BC = - n AB’ sin ( 0 ) n BC = - p 'tan(e) 


Member 

õn/ (Set P'= 0) 
/ÔV 

Real 

N 

Length 

L 

Product 

P 

AB 

n'j := sec(0) 

Ni := N AB 

L 1 := l ab 

Pi := n, r N r L ! 

BC 

n '2 := -tan(0) 

n 2 := N BC 

l 2 := L BC 

p 2 := n’2'N 2 -L2 


Sum := p| + p 2 

Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 

Sum 


Ab h = 0.0554 mm —► Ans 















Problem 14-118 


Solve Prob. 14-73 using Castigliano’s theorem. 

Given: := lm := 

P := 3kN E := 200GPa A := 1250mm 2 

^ l acÍ 


Solution: 0 ;= atan 

Member Lengths: 


l b cj 


0 = 56.310deg 


L AB 

J L BC 2 + L AC 2 

l ab - 

ember Real Forces : 


NaB := 

P 

n A b = 

sin(0) 

n bc := 

_N AB' cos ( 0 ) 

n bc = 


Member Virtual Forces : 

Apply Virtual Force P' \ 

p? 

nAB= MÕ) n AB = P'csc(0) 

n BC = _n AB‘ cos ( 0 ) nBC " _P COt ^^ 

Member 


õn/ (Set P- 0 ) 

/ÕP' 


Real 

N 

AB n’j := csc(0) Nj := 

BC n’ 2 := -cot(0) N 2 := Ng C 


Castigliano's Theorem: A = ^(õn/ôP')NL/(EA) 
Sum 


*B.v 


EA 


Ab v “ 36.58 x 10 ^ mm \ Ans 


1.5 m 





Length 

L 

L 1 := l ab 

l 2 := L BC 


Product 

P 

Pi := n 'r N r L i 

p 2 := n’ 2 -N 2 -L 2 

Sum := p| + P 2 























Problem 14-119 


Solve Prob. 14-74 using Castigliano’s theorem. 


Given: b := 1.8m h 

:= 2.4m 

P := lkN E 

:= 200GPa A := 1250mm^ 

( hA 

Solution: 0 : = atan — 

W 

0 = 53.130 deg 

Member Lengths: 


L AB : = A 2 + h 2 

Lab = 3.000 m 

L BC : = V t > 2 + h 2 

Lgç = 3.000 m 

L AC := 2-b 

L A ç = 3.600 m 

Member Real Forces : 


-P 

N AB •- , / Q \ 

2 cos( 0 J 

N AB = -0-8333 kN 

n bc := _n ab 

N bc = 0.8333 kN 


N AC : =- N AB’ COS ( 0 ) N ac = 0.5000 kN 


Member Virtual Forces: 

Apply Virtual Force P' —► 


n 

n 

n 


-F 

^ 2 cos( 0 ) 

BC = _n AB 

AC = -n A B- cos ( 0 ) 


= -O.5P'*sec(0) 
n BC = O.5P'sec(0) 
n Ac=0.5.F 



B 1 kN 



Member 

ôn/ (Set P- 0) 

7õP' 

Real 

N 

Length 

L 

Product 

P 

AB 

n'j := -0.5 sec(o) 

Ni := N AB 

L 1 := l ab 

Pi := n V N r L l 

BC 

n '2 := 0.5-sec(o) 

n 2 := N BC 

l 2 := L BC 

p 2 := n’2-N 2 -L2 

AC 

n 3 := °- 5 

N 3 := N AC 

L 3 := L AC 

p 3 := n’ 3 -N3-L 3 


Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 
Sum 


*B.h 


EA 


Sum := Pi + P 2 + P 3 


_ 3 

Àb h = 20.27 x 10 mm—► Ans 


































Problem 14-120 


Solve Prob. 14-72 using Castigliano’s theorem. 
Given: := lm := 


P := 3kN 


E := 200GPa A := 1250mm 


Solution: 0 ;= atan 

Member Lengths: 

l ab : = J 


l ac) 

l b cj 


0 = 56.310deg 


L BC + L AC L AB = 1-803 m 


Member Real Forces: 


P 


Nab sin(e) 

n AB = 

n BC := - n AB* cos ( 0 ) 

n bc = 

Member Virtual Forces : 


Apply Virtual Force P' 

—► 


3.6056 kN 
-2.0000 kN 


n AB := 0 



n BC = p ' 



Member 

õn/ 

/ÕP' 

(Set P’= 0) 

AB 

n 'l : = 

0 

BC 

n'? := 

1 


Real 

N 

Nj := N AB 
n 2 := N BC 



Length 

Product 

L 

P 

L 1 := l ab 

Pi := n 'r N r L i 

l 2 := L BC 

p 2 := n’2-N 2 -L2 


Castígliano's Theorem: A = ^(õn/õP')NL/(EA) 


Sum := p| + p 2 


*B.h 


Sum 

EA 


Ag Yi - -8.00 x 10 3 mm 


Ans 





















Problem 14-121 


Solve Prob. 14-75 using Castigliano’s theorem. 
Given: b := 1.8m h := 2.4m 


P := lkN 


E := 200GPa A := 1250mm 


( h^\ 

Solution: 0 : = atan — 

W 

0 = 53.130 deg 

Member Lengths: 


L AB : = A 2 + h 2 

Lab = 3.000 m 

L BC : = V t > 2 + h 2 

Lgç = 3.000 m 

L AC := 2-b 

L A ç = 3.600 m 

Member Real Forces : 


-P 

N AB •- , / Q \ 

2 cos( 0 J 

N AB = -0-8333 kN 

n bc := _n ab 

N bc = 0.8333 kN 

N AC := -N AB -cos(e) 

N AC = 0.5000 kN 

Member Virtual Forces: 


Apply Virtual Force P’ 

1 

nAB 2 sin(e) 

= -0.5P’csc(o) 

n BC = n AB 

n BC = _ 0.5-P'-csc(o) 


B UN 




0 

> 

O 

II 

i 

-n AB -cos( 0 ) n AC 

0 

0 

i r) 

O 

II 



Member 

õn/ (Set P- 0) 

/ÕP' 

Real 

N 

Length 

L 

Product 

P 

AB 

n'j := -0.5 csc(o) 

Ni := N AB 

L 1 := l ab 

Pi := n V N r L l 

BC 

n '2 := -0.5 csc(o) 

n 2 := N BC 

l 2 := L BC 

p 2 := n’ 2 -N 2 -L 2 

AC 

n '3 := 0.5-cot(o) 

N 3 := N AC 

L 3 := L AC 

p 3 := n’ 3 -N 3 -L 3 


Sum := p| + p 2 + P 3 


Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 
Sum 


*B.v •= 


EA 


v - 2.70 x 10 mm 


l Ans 






























Problem 14-122 


Solve Prob. 14-76 using Castigliano’s theorem. 


Given: b := 1.5m h := 2m 

E := 200GPa A := 400mm 


1 


5kN 


Solution: 0 ;= atan 

Member Lengths : 


b ) 


P 2 := 10kN 
0 = 53.130 deg 


l CD := h 


L AB := h 


"AC 




h 


l AC = 2 - 5 m 


L DA b L BC 
Member Real Forces: 

N CD := p 2 

- p 2 
N/ 


N AC •= 


sin(o) 


N BC := P 1 _n ac cos 

N AB := -N AC -sin(e) 

Member Virtual Forces: 
Apply Virtual Force P' 


(e) 


N DA := 0 

N cd = 10kN 

N AC = -12.5 kN 
N bc = 12.5 kN 

N AB = 10kN 


'DA 

n CD 

n AC 

‘'BC 

1 AB 


0 
:= 0 


= P' 




>0 hA 


Member 

õn/ ( Set P- 0 ) 

/õ P' 

Real 

N 

Length 

L 

Product 

P 

DA 

nj := 0 

Ni 

:=n da 

L 1 := l da 

Pi := n r N r L 

CD 

n 2 := 0 

n 2 

:= N cd 

l 2 := L CD 

p 2 := n 2 -N 2 -L ; 

AC 

n 3 : = 0 

n 3 

:=n ac 

L 3 := L AC 

p 3 := n 3 -N 3 -L 

BC 

n 4 := 1 

n 4 

:= N BC 

l 4 := L BC 

p 4 := n 4 -N 4 -L, 

AB 

n 5 := 0 

N 5 

:=n ab 

L 5 := L AB 

P5 := n 5’ N 5' L 


Castígliano's Theorem: 

Sum 


A = ^(5n/ôP')NL/(EA) 


Sum := P] + p 2 + p 3 + p 4 + P 5 


'C.h 


'C.h 


EA 

= 0.234 mm 


Ans 


(i )ff* 0'ú/ 




























Problem 14-123 


Solve Prob. 14-77 using Castigliano’s theorem. 

Given: b := 1.5m h := 2m Pj := 5kN 

E := 200GPa A := 400mm 2 P 2 := 10kN 


Solution: 


0 := atan 


ÍM 

w 


0 = 53.130 deg 


Member Lengths: 

l CD := h L AB := h L AC := Vh 2 + h 2 
L DA := b L BC := b 


l ac = 2 - 5 m 


Member Real Forces: 


N 

N 

N 

N 


CD P 2 

- p 2 

sin( 0 ) 

Bc : = p i - n AC cos 
AB := -N AC -sin(0) 


(e) 


N DA := 0 

N cd = 10kN 

N AC = -12.5 kN 
N bc = 12.5 kN 

N AB = 10kN 



ff> 



P 


Member Virtual Forces: 
Apply Virual Force P' \ 

n DA = 0 

n CD = p ' 


" AC " sin( 0 ) 


> 

O 

II 

í -P' csc(0) 






n BC = “ 

n AC cos 

(e) 

n BC = 

0 

0 

r-K 






1 

II 

PQ 

< 

" n AC‘ s * n (®) 

n AB = 

: p» 






Member 

ôn/ 

/ÕP' 

(Set P’= 

=0) Real 

N 

Length 

L 

Product 

P 


DA 

n l := 

0 

Ni 

:=n da 

Li := 

l da 

Pl 

:= n r N r 

L 1 

CD 

n 2 : = 

1 

n 2 

:= n cd 

L 2 := 

l cd 

P2 

:= n 2 -N 2 - 

L 2 

AC 

n 3 := 

-csc(o) 

n 3 

:=n ac 

L 3 == 

l ac 

P3 

:= n 3 -N 3 - 

L 3 

BC 

n 4 := 

cot(o) 

n 4 

:= n bc 

L 4 := 

l bc 

P4 

:= n 4 -N 4 - 

l 4 

AB 

n 5 := 

1 

n 5 

:=n ab 

L 5 == 

l ab 

P5 

:= n 5 -N 5 - 

L 5 


Sum := Pi + P 2 + P 3 + P 4 + P 5 




























Castígliano's Theorem: A = ^(õn/ôP')NL/(EA) 
Sum 


*D.v 


*D.v 


EA 

1.164 mm \ Ans 




Problem 14-124 


Solve Prob. 14-80 using Castigliano's theorem. 


Given: h := 3m 


b := 3m 


1 


4kN 


E := 200GPa A := 300mm P 2 := 2kN 


Solution: 0 ;= atan 


2-h\ 

- 0 = 63.435 deg 

. b ) ,_I 


Member Lengths : 

c:= V (0.5-b) + h 

L AE := b 

l ED := b LcD := c 

l EC := °- 5 ' b 

l BC := c L AC := c 


Member Real Forces : 


-P 


n cd 

cos( 0 ) 

n cd = 

n ed 

:= sin(o) 

n ed = 

n ae 

:= n ed 

n ae = 

n ec 

:=- p 2 

n ec = 

Nac 

-0.5N EC 

cos( 0 ) 

n AC = 

n bc 

-0.5N EC 

• = N CD / 0 \ 

cos( 0 J 

n bc = 


-8.9443 kN 
8 kN 
8 kN 
-2kN 


Member Virtual Forces: 
Apply Virtual Force P ? 


D 




'CD = 

-r 

cos( 0 ) 

n CD = 

-P'-sec(0) 

'ED = 

- n CD sin ( 0 ) 

n ED = 

P'-tan(0) 

AE = 

n ED 

n AE = 

P'-tan(0) 

l EC := 

0 



AC := 

0 




n BC = -P'-sec(0) 


n BC = n CD 































Member 

ôn/ ( Set P- 0) 

/ÕF 

Real 

N 

Length 

L 

Product 

P 

CD 

nj := -sec( 0 ) 

N 1 := n cd 

L 1 : = l CD 

pj := n r N r L 

ED 

n 2 := tan( 0 ) 

n 2 := N ED 

L 2 := L ED 

p 2 := n 2 -N 2 -L : 

AE 

n 3 := tan( 0 ) 

N 3 := N AE 

L 3 := L AE 

p 3 : = n 3 -N 3 -L 

EC 

n 4 := 0 

n 4 := N EC 

L 4 := L EC 

p 4 := n 4 -N 4 -L, 

AC 

n 5 : = 0 

N 5 := N AC 

L 5 := L AC 

P5 := n 5’ N 5' L 

BC 

ng := -sec( 0 ) 

n 6 := N BC 

L 6 := L BC 

P 6 : = n 6 ‘ N 6 ' L ' 


Sum := P! + p 2 + P 3 + P 4 + P 5 + P 6 


Castígliano's Theorem: A = ^(õn/õP')NL/(EA) 
Sum 


Dh ' E A 
Ad Yí - 4.116 mm 


Ans 








Problem 14-125 


Solve Prob. 14-78 using Castigliano’s theorem. 


Given: b := 2.4m h : 

:= 1.8m P := 2 

E := 200GPa A 

:= 2800mm 2 

Solution: 0 : = atan^j 

0 = 36.870 deg 

Member Lengths : 


l BE := h 


L AE : = Vb 2 + h 2 

Lae = 3.000 m 

L AB := b L EF := b 

L AF := b 



CE : = Vb 2 + h 2 

l ce 

= 3.000 m 

BC := b L DE := b 

l cd 

:= h 


Member Real Forces: 

N BE : = p 

-p 



NAE - 2sin(0) 

n ae = 

-20.8333 kN 

NcE 2sin(e) 

n ce = 

N AB := -N AE 'COs(e) 

II 

PQ 

< 

£ 

16.6667 kN 

n BC = -N CE cos(e) 

n bc = 

n ef := 0 



n de := 0 


o 

Jl 

PP 

< 

£ 



n cd := 0 



-20.8333 kN 
16.6667 kN 


Member Virtual Forces: 

Apply Virtual Force p' { 


n BE = 

P ? 







n AE = 

2í 

-P f 

5in(0) 

üae = -0.5P'csc(o) 

n CE = 

-P f 

2sin(o) 

n CE = 

-0.5P'csc(o) 

n AB = 

- n AE' cos (o) 

n AB = 0.5P'-cot(o) 

II 

u 

-n^g-cos(0) 

II 

u 

0.5P'-cot(o) 

n EF := 

0 



n DE := 

0 



n AF := 

0 



n CD := 

0 





































Member 


Real 

N 

Length 

L 

Product 

P 

AB 

“’l 

= 0.5 cot(e) 

Ni 

= n A b 


= l ab 

Pl 

= tfj-Nj-Lj 

BC 

n 2 

= 0.5 cot(e) 

n 2 

o 

PQ 

£ 

II 

l 2 

= l bc 

P 2 

= n' 2 -N 2 -L 2 

EF 

n 3 

= 0 

n 3 

= n ef 

L 3 

= l ef 

P 3 

= n' 3 -N 3 -L 3 

DE 

n ’ 4 

= 0 

n 4 

= n de 

l 4 

= l de 

P4 

= n’ 4 *N 4 -L 4 

AF 

n 5 

= 0 

N 5 

= n af 

L 5 

= l af 

P5 

= n *5' N 5' L 5 

CD 

n 6 

= 0 

N 6 

= n cd 

L 6 

= l cd 

P 6 

= n' 6 -N 6 -L 6 

AE 

n 7 

= -0.5 csc(o) 

n 7 

= n ae 

L 7 

= l ae 

P7 

r- 

h-l 

K 

£ 

ll 

CE 

n 8 

= -0.5 csc(o) 

n 8 

= n ce 

L 8 

= l ce 

P 8 

= n' 8 -N 8 -L 8 

BE 

n ’ 9 

= 1 

n 9 

= n be 

l 9 

= l be 

P9 

= riç-Nç-Lç 


Sum 


Pl + p 2 + p 3 + p 4 + p 5 + p 6 + P7 + P 8 + P9 


Castigliano f s Theorem: A = ^(0n/5P')NL/(EA) 
Sum 


*B.v 


*B.v 


EA 

0.3616 mm 


l Ans 







Problem 14-126 


Solve Prob. 14-79 using Castigliano's theorem. 


Given: b := 2.4m h := 1.8m 


P := 25kN 


E := 200GPa A := 2800mm 

0 = 36.870 deg 


Solution: 0 : = atan 

Member Lengths: 
l BE := h 


U j 



1.8 m 


L AE : = Vb 2 + h 2 

L AE 

= 3.000 m 

L CE := Vb 2 + h 2 

l ce 

= 3.000 m 

L AB := b L EF := b 

l af 

:= h 

l BC := b L DE := b 

l cd 

:= h 



NAE - 2sin(0) 

n ae = 

-20.8333 kN 

NcE 2sin(e) 

n ce = 

N AB := “N AE 'COs(e) 

n AB = 

16.6667 kN 

n BC = -N CE cos(e) 

n bc = 

n ef := 0 



n de := 0 


o 

Jl 

PP 

< 



n cd := 0 



-20.8333 kN 
16.6667 kN 


Member Virtual Forces: 
Apply Virtual Force P ? { 


'BE = 0 




-P' 

= -0.5P'csc(o) 

- pf 

n CE = _ 0.5P'csc(o) 

^ 2sin(o) 

nCE 2sin(e) 

l AB = -n A E' cos ( 0 ) 

n AB = 0.5P’-cot(o) 

n BC = -n C E- cos ( 0 ) 

n BC = 0.5P'-cot(o) 

l EF := 0 


n DE := 0 


l AF := 0 


n CD := 0 







































Member 


Real 

N 

Length 

L 

Product 

P 

AB 

“’l 

= 0.5 cot(e) 

Ni 

= n A b 


= l ab 

Pl 

= tfj-Nj-Lj 

BC 

n 2 

= 0.5 cot(e) 

n 2 

u 

PQ 

£ 

II 

l 2 

= l bc 

P 2 

= n' 2 -N 2 -L 2 

EF 

n 3 

= 0 

n 3 

= n ef 

L 3 

= l ef 

P 3 

= n' 3 -N 3 -L 3 

DE 

n ’ 4 

= 0 

n 4 

= n de 

l 4 

= l de 

P4 

= n’ 4 *N 4 -L 4 

AF 

n ’5 

= 0 

N 5 

= n af 

L 5 

= l af 

P5 

= n V N 5' L 5 

CD 

n 6 

= 0 

N 6 

= n cd 

L 6 

= l cd 

P 6 

= n' 6 -N 6 -L 6 

AE 

n 7 

= -0.5 csc(o) 

n 7 

= n ae 

L 7 

= l ae 

P7 

r- 

h-l 

K 

£ 

ll 

CE 

n 8 

= -0.5 csc(o) 

n 8 

= n ce 

L 8 

= l ce 

P 8 

= n' 8 -N 8 -L 8 

BE 

n ’ 9 

= 0 

n 9 

= n be 

l 9 

= l be 

P9 

= riç-Nç-Lç 


Sum 


Pl + p 2 + p 3 + p 4 + p 5 + p 6 + P7 + P 8 + P9 


Castigliano f s Theorem: A = ^(Sn/5P')NL/(EA) 
Sum 


Ab v “ 0.2813 mm \ Ans 







Problem 14-127 


Solve Prob. 14-81 using Castigliano’s theorem. 


Given: h := 3m 

b := 3m Pj := 4kN 

E := 200GPa A := 300mm 2 P 2 := 2kN 

Solution: 0 : = atan 

Member Lengths: 

f 2 -hA 

- 0 = 63.435 deg 

1 b J - - 

c:= V(0.5-b) 2 + h 2 

L AE := h 

l ED := b L CD := c 

l EC := °- 5 ' b 

l BC := c L AC := c 


Member Real Forces : 


N CD •= / a \ 

cos( 0 J 

n cd = 

-8.9443 kN 

N ED := -N CD -sin(0) 

n ed = 

8 kN 

N AE := n ed 

n ae = 

8 kN 

N EC := _p 2 

n ec = 

-2kN 

-0.5N EC 
n ac •= / 0 \ 

COS^OJ 

n AC = 

2.2361 kN 

-0.5N ec 

n bc •= N CD / 0 \ 

cos( 0 J 

n bc = 

-11.1803 kN 


Member Virtual Forces: 

Apply Virtual Force P ? —► 


D 




n CD := 0 

n ED := 0 

n AE := 0 

n EC = _p ' 

-0.5 n Ec 

n AC = -777" 

cos( 0 J 

-0.5 n Ec 

n BC = -77\“ 

cos( 0 J 


n AC = O.5P’-sec(0) 
n BC = _ O.5P'*sec(0) 


































Member 

ôn/ (Set P- 0) 

7õP' 

Real 

N 

Length 

L 

Product 

P 

CD 

nj := 0 

N 1 := n cd 

L 1 : = l CD 

Pi := n r N r L 

ED 

n 2 : = 0 

n 2 := N ED 

L 2 := L ED 

p 2 := n 2 -N 2 -L : 

AE 

n 3 := 0 

N 3 := N AE 

L 3 := L AE 

p 3 := n 3 -N 3 -L 

EC 

n 4 := -1 

n 4 := N EC 

L 4 := L EC 

p 4 := n 4 -N 4 -L, 

AC 

:= 0.5 sec(o) 

N 5 := N AC 

L 5 := L AC 

P5 := n 5’ N 5' L 

BC 

:= -0.5 sec(o) 

n 6 := N BC 

L 6 := L BC 

P 6 : = n 6‘ N 6 L ' 


Sum := pj + p 2 + p 3 + p 4 + p 5 + p 6 

Castígliano's Theorem: A = ^(õn/ôP')NL/(EA) 


A D.h := 


Sum 

EA 


Ad Yí ~ 0-8885 mm 


Ans 








Problem 14-128 


Solve Prob. 14-84 using Castigliano's theorem. 
Given: h := 2m 

E := 200GPa A := 400mnC 
Pj := 40kN P 2 := 60kN 

( hA 

Solution: 0 1 ;= atan — 0i = 53.130deg 

1 W ‘ 

( hA 

02 := atan — 02 = 33.690 deg 

\b 2 ) 

SuDport Reactions : C ;= 0 


-t 


ZF r =0; D v -Pj 


= 0 


'3F X = 0; c h + D h =o 



40 kN 


( 1 ) 

( 2 ) 


C+ Y.M d = 0 -P r (bj + b 2 ) - P 2 -b 2 + c h -h = 0 (3) 


Soíving Eqs. (2) and (3): 


C h := 


T 


( b l + b 2) 


+ P r b 


2’ D 2 


eoicN 





c h = 180kN 


D h := -C h 


D h = -180kN 


Solving Eq. (1): 


D v P 1 + P 2 


D y = lOOkN 


Member Lengths: 


-AE 

AB 


:= bi 


:= ci 


i 


2 ,2 

h 


c 2 


ED 


:= bn 


L BE := b 


L BC b 2 L BD c 2 




, 2 ,2 

b 2 +h 


Member Real Forces: 


N 


1 


AB •= 


sin( 0 |) 


N AE := _n AB' cos 


N BE := p 2 


n ed := n ae 


C.) 


N 


BC 


:= Ci, 


D, 


N 


BD •= 


sin^0 2 j 


N ab = 50 kN 
N AE = -30 kN 
N be = 60 kN 
N ed = -30 kN 

N bc = 180kN 


N bd = -180.3 kN 


Member Virtual Forces: 
Apply Virtual Force p' \ 


P' 


n AB 


sin(o^) 


n AE n An-cos 


n BE := 0 


AB’ 


n 


ED " n AE 


n BC 

n BD 


J '( b l + b 2 ) 


P 


sin^j 


n^g = P'- esc 


■Ci) 


n AE 


a ED 


= -P'cot 


= -P'cot 


Ci) 

CO 

CO 


a BD 


= -P'- CSC 


(« 2 ) 


































Member 

ôn/ (Set P- 0) 

7õP' 

Real 

N 

Length 

L 

Product 

P 

AB 

nj := 

Nj := N AB 

L 1 := l ab 

Pi := n r N rLi 

AE 

n 2 : = - c °t( e l) 

N 2 := N AE 

L 2 := L AE 

p 2 := n 2 -N 2 -L 2 

BE 

n 3 := 0 

n 3 := N BE 

L 3 := L BE 

p 3 := n 3 -N 3 -L 3 

ED 

n 4 := -cot( 8 j) 

n 4 := N ED 

l 4 := L ED 

p 4 := n 4 -N 4 -L 4 

BC 

b l + b 2 

iu := 

5 h 

n 5 := N BC 

L 5 := L BC 

P5 := n 5’ N 5‘ L 5 

BD 

n 6 := -csc( 0 2 ) 

n 6 := N BD 

L 6 := L BD 

P 6 := n 6 N 6' L 6 


Sum := pj + p 2 + p 3 + p 4 + p 5 + p 6 

Castígliano's Theorem: A = ^(õn/ôP')NL/(EA) 

Sum 

A A.v •“ E . A 

A Av = 33.05 mm \ Ans 









Problem 14-129 


Solve Prob. 14-82 using Castigliano’s theorem. 

Given: h := 1.5m b := 2m P 2 := 5kN 

E := 200GPa A := 400mm 2 Pj := 4kN 


Solution: 


0 := atan 


ÍM 

w 


Member Lengths: 


0 


l CD h L AB h 

l da := b l bc := b 


36.870 deg 
l AC := Vb 2 + h 2 



Member Real Forces: 

n A b 

:= 0 

N BC := P 1 

n bc 

= 4kN 

- p l 

Nac - cos(e) 

n AC 

= -5kN 

N CD := _P 2 “ N AC -sin(e) 

n cd 

= -2kN 

N DA := -N AC cos(0) 

Nda 

= 4kN 



Member Virtual Forces: 

Apply Virtual Force P ? ◄— 


n AB := 0 


n BC = 

P' 




> 

O 

II 

-P’ 

n A (2 = -P'-sec(0) 



cos(g) 



n CD = 

-ii Ac sin(o) 

n CD = P'tan(0) 



n DA = 

-n AC' cos (^) 

n DA = p ' 



Member 

ôn/ (Set P'= 

Zõp' 

=0) Real 

N 

Length 

L 

Product 

P 

DA 

n l := 1 

Nj := N DA 

L 1 := l da 

Pi := “l-Ni-Li 

CD 

ri 2 := tan( 0 ) 

n 2 := N CD 

l 2 := L CD 

p 2 := n 2 -N 2 -L 2 

AC 

113 := -sec( 0 ) 

N 3 := N AC 

L 3 := L AC 

p 3 ;= n 3 .N 3 -L 3 

BC 

n 4 := 1 

n 4 := N BC 

l 4 := L BC 

p 4 := n 4 -N 4 -L 4 

AB 

n 5 : = 0 

N 5 := N AB 

L 5 := L AB 

p 5 := n 5 -N 5 -L 5 




Sum 

:= Pi + p 2 + P 3 + P 4 




























Castigliano f s Theorem: 

A = ^(5n/ôP')NL/(EA) 

Sum 

ARh E A 


Ag Yi - 0.367mm 

Ans 




Problem 14-130 


Solve Prob. 14-83 using Castigliano’s theorem. 

Given: h := 1.5m b := 2m P 2 := 5kN 

E := 200GPa A := 400mm 2 Pj := 4kN 


Solution: 


0 := atan 


ÍM 

w 


Member Lengths: 


0 


l CD h L AB h 

l da := b l bc := b 


36.870 deg 
l AC := Vb 2 + h 2 



N AB := 0 

N bc = 4kN 
N AC = “ 5kN 

n cd = “ 2kN 
N DA = 4kN 

n AB := u 
n BC := 0 
n AC := 0 
n CD = _p ' 
n DA := 0 


Member Real Forces: 

N BC := P 1 

- p l 

nac := ^( 5 ) 

N CD := _P 2 “ N AC -sin(e) 
N DA := -N AC cos(0) 

Member Virtual Forces: 

Apply Virtual Force P ? \ 



Member 

ôn/ (Set P'= 0) 

/d?' 

Real 

N 

Length 

L 

Product 

P 

DA 

ni := 0 

Ni 

:=n da 

L 1 := l da 

Pi := “l-Ni-Li 

CD 

n 2 : = - 1 

n 2 

:= n cd 

l 2 := L CD 

p 2 := n 2 -N 2 -L2 

AC 

n 3 := 0 

n 3 

:=n ac 

L 3 := L AC 

p 3 : = n 3 -N 3 -L3 

BC 

n 4 := 0 

n 4 

:= n bc 

l 4 := L BC 

p 4 := n 4 -N 4 -L 4 

AB 

n 5 : = 0 

N 5 

:=n ab 

L 5 := L AB 

P5 := n 5' N 5' L 5 


Sum := Pi + P 2 + P 3 + P 4 + P 5 



























Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 


Suin 

Ac - V E-A 

Aq v = 0.0375 mm | 


Ans 




Problem 14-131 


Solve Prob. 14-85 using Castigliano’s theorem. 
Given: b := 4m h := 3m 

E := 200GPa A := 2800mm 2 
Pj := 30kN P 2 := 40kN 


Solution: 


0 := atan 


ÍM 
U j 


0 = 36.870 deg 




Sunport Reactiom : By symmetry, A=E=R 

A ZF y =0; 2R-(2Pj + P 2 ) = 0 R := 0.5-(2Pj + P 2 ) R = 50kN 

V - 2 2 

b + h c = 5 m 


l ch := h 


l ai := 

c L BH := c 

L DH := l bh 

L EG := l ai 

l ab := 

= b L bc := b 

l cd := l bc 

l de := l ab 

l aj := 

h L bi := h 

l dg := l bi 

l ef := l aj 

L JI := 1 

b L ih := b 

l hg := l ih 

l gf := L JI 

Member Real Forces : 




-R 

_P 2 N CH := P 2 



Nai sin(a) 

NbH '" 2 sin(ô) 

n dh := n bh 

n eg := n ai 

N AB := N AI -cos(e) 

N BC N AB + N BH* cos ( e ) 

n cd := n bc 

n de := n ab 

o 

Jl 

5 

< 

£ 

n BI := N Ar sin(e) 

n dg := n bi 

n ef := n aj 

Njl := 0 

Njh := N A j-cos(0) 

n hg := n ih 

n gf := N JI 

Member Virtual Forces : 




Apply Virtual Force P ? i 

1 



Sunport Reactiom : By symmetry, A-E-R' 



+ l IF v =0; 2R'-F' = 

0 R = 0.5 P' 




Ti , n CH = p ' 



-R' 

-P' 



" AI “ sin(e) 

nBH " 2 sin(o) 

n DH = n BH 

n EG = n AI 

n AB = n AI' cos ( 0 ) 

n BC = n AB + n BH' cos ( 0 ) 

n CD = n BC 

n DE = n AB 

n AJ := 0 

n BI = n Ar sin ( 0 ) 

n DG = n BI 

n EF = n AJ 

n JI : = 0 

n IH = n AI cos(0) 

n HG = n IH 

n GF = n JI 
















































n CH = p ' 


= -0.5P'-csc(o) 

n BH = _ O-5P'csc(0) 

n DH = n BH 

n EG = n AI 

n^g = -0.5P'cot(o) 

n BC = _ P'cot(o) 

n CD = n BC 

n DE = n AB 

n AJ := 0 

n BI = _0 - 5P ' 

n DG = n BI 

n EF = n AJ 

n JI := 0 

njH = -0.5P'-cot(e) 

n HG = n IH 

n GF = n JI 


Member 

ôn/ 

Zõp 

, (SetP'= 0) 

Real 

N 

Length 

L 

Product 

P 

CH 

n 'l := 

1 

Nj := 

n ch 

Li := 

l ch 

Pl := 

^VNi-Lj 

AI 

n ' 2 := 

-0.5 csc(o) 

N 2 := 

Nai 

L 2 := 

l ai 

P2 : = 

: n’ 2 -N 2 -L 2 

AB 

n 3 := 

-0.5 cot(o) 

N 3 := 

Nab 

L 3 == 

l ab 

P3 := 

: n’ 3 -N3-L 3 

AJ 

n' 4 := 

0 

N 4 := 

n AJ 

L 4 := 

l aj 

P4 : = 

: n 4*N4‘L4 

JI 

n 5 := 

0 

N 5 = 

NJI 

L 5 == 

L JI 

P5 := 

: n ’5-%L 5 

BH 

n 6 : = 

-0.5 csc(o) 

N 6 := 

n bh 

L 6 == 

l bh 

P6 : = 

: n ' 6 'N 6 'L 6 

BC 

n 7 := 

-cot(o) 

N 7 := 

n bc 

L 7 := 

l bc 

P7 := 

: Il'yNyLy 

BI 

n 8 := 

-0.5 

Ng := 

n bi 

Lg := 

l bi 

P8 := 

: ng-Ng-Lg 

IH 

n' 9 := 

-0.5 cot(o) 

N 9 := 

Nffl 

L 9 := 

l ih 

P9 := 


DH 

n 10 := 

= -0.5 csc(o) 

Nl 0 := 

= n dh 

L 10 := 

= l dh 

PIO 

0 

s 

b 

£ 

b 

b 

II 

CD 

n l 1 := 

= -cot(o) 

Nu, 

= n cd 

Lu := 

= l cd 

Pll 

= n 'ir N ir L n 

DG 

n 'l2 : = 

= -0.5 

Nl2 := 

= n dg 

L 12 := 

= l dg 

P12 

= n' 12 -N 12 -L 12 

HG 

n 'l3 := 

= -0.5 cot(o) 

N13 := 

= n hg 

L 13 := 

= l hg 

Pl 3 

= n' 13 N 13 L 13 

EG 

n 'l4 := 

= -0.5 csc(o) 

Nj4 := 

= n eg 

L 14 := 

= l eg 

P14 

^1" 

s 

b 

jT 

b 

b 

II 

DE 

n 'l5 := 

= -0.5 cot(o) 

Nl 5 := 

= n de 

L 15 := 

= l de 

P15 

s 

i n 

b 

b 

II 

EF 

n 'l6 := 

= 0 

Ni 6 := 

= n ef 

L 16 := 

= l ef 

P16 

VO 

s 

b 

b 

b 

II 

GF 

n 'l7 := 

= 0 

N17, 

= n gf 

L 17 := 

= l gf 

P17 

r- 

s 

K 

íT 

K 

b 

II 


Sumj := P! + p 2 + P3 + P4 + P5 + P6 + P7 + Pg + P9 
Siim 2 := p 10 + Pu + P12 + Pl3 + P14 + Pl5 + Pl6 + Pl7 
Sum := Sum ] + Sum 2 


Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 
Sum 


Á£ v = 5.266 mm \ Ans 














Problem 14-132 


Solve Prob. 14-86 using Castigliano’s theorem. 
Given: b := 4m h := 3m 

E := 200GPa A := 2800mm 2 


H 


1 


30kN 


Solution: 0 : = atan 


b ) 


-- 40kN 

0 = 36.870 deg 




Sun no ii Reactions : 

4 


By symmetry, A=E=R 



^F y = 0 ; 


2R- 2P 


( 2 


1 


P 2 )=0 


R := 


:= 0.5-(2P 1 +P 2 ) R = 50kN 


Member Lengths: c 


:=/\ 


c = 5m 


"CH 


Member Real Forces: 

-R 


N AI : 

n AB 


sin 
: N 


AI' 


N A J - 0 


N 


JI 


l ai := c l bh := c 

l dh := 

l bh 

l eg 

:= l ai 

l ab := b l bc := b 

L CD := 

l bc 

l de 

:= l ab 

l aj := h l bi := h 

L DG := 

l bi 

l ef : 

= l aj 

L JI := b l ih := b 

L HG := 

l ih 

l gf 

:= L JI 

_P 2 N CH := P 2 

-) NBH '“2sin(0) 

n dh := 

n bh 

n eg 

:=N AI 

•cos (o) Ngç := N A g + Ngg-cos(o) 

n cd := 

n bc 

n de 

:=N ab 

n BI := N Ar sin(0) 

n dg := 

n bi 

n ef : 

:=N A j 

Njh := N A j-cos(o) 

n hg := 

n ih 

n gf 

:= N JI 


Member Virtual Forces : 

Apply Virtual Force P ? \ 


Sunport Reactions : 

4 




By symmetry, A—E —R' 
2R'-F'=0 R = 0.5 P' 


-R' 


-P' 


Vh 


= 0 


nAI “ sm(e) 

nBH " 2sin(0) 

n DH = n BH 

n EG = n AI 

n AB = n A F cos ( 0 ) 

n BC = n AB + n BH' cos ( 0 ) 

n CD = n BC 

n DE = n AB 

n AJ := 0 

n BI = n AI' sin ( 0 ) 

n DG = n BI 

n EF = n AJ 

n JI : = 0 

n IH = n A F cos ( 0 ) 

n HG = n IH 

5 

II 

PP 

O 

c 














































n CH= 0 


= -0.5P'-csc(o) 

n BH = _ O-5P'csc(0) 

n DH = n BH 

n EG = n AI 

n^g = -0.5P'cot(o) 

n BC = _ P'cot(o) 

n CD = n BC 

n DE = n AB 

n AJ := 0 

n BI = _0 - 5P ' 

n DG = n BI 

n EF = n AJ 

n JI := 0 

njH = -0.5P'-cot(e) 

n HG = n IH 

n GF = n JI 


Member 

ôn/ 

Zõp 

, (SetP'= 0) 

Real 

N 

Length 

L 

Product 

P 

CH 

n 'l := 

0 

Nj := 

n ch 

Li := 

l ch 

Pl := 

^VNi-Lj 

AI 

n ' 2 := 

-0.5 csc(o) 

N 2 := 

Nai 

L 2 := 

l ai 

P 2 : = 

: n’ 2 -N 2 -L 2 

AB 

n 3 := 

-0.5 cot(o) 

N 3 := 

Nab 

L 3 == 

l ab 

P3 := 

: n’ 3 -N 3 -L 3 

AJ 

n' 4 := 

0 

N 4 := 

n AJ 

L 4 := 

l aj 

P4 : = 

: n 4’^4 L 4 

JI 

n 5 := 

0 

N 5 = 

NJI 

L 5 == 

L JI 

P5 := 

: »’ 5 '% L 5 

BH 

n 6 : = 

-0.5 csc(o) 

N 6 := 

n bh 

L 6 := 

l bh 

P 6 : = 

: n ' 6 'N 6 'L 6 

BC 

n 7 := 

-cot(o) 

N 7 := 

n bc 

L 7 := 

l bc 

P7 := 

: Il'yNyLy 

BI 

n 8 := 

-0.5 

Ng := 

n bi 

Lg := 

l bi 

P 8 := 

: ng-Ng-Lg 

IH 

n ' 9 := 

-0.5 cot(o) 

N 9 := 

Nffl 

L 9 := 

l ih 

P9 := 


DH 

n 10 := 

= -0.5 csc(o) 

Nl 0 : = 

= n dh 

L 10 := 

= l dh 

PIO 

0 

s 

b 

£ 

b 

b 

II 

CD 

n l 1 := 

= -cot(o) 

Nu, 

= n cd 

Lu := 

= l cd 

Pll 

= n 'ir N ir L ii 

DG 

n 'l 2 := 

= -0.5 

Nl 2 := 

= n dg 

L 12 := 

= l dg 

P 12 

= n' 12 -N 12 -L 12 

HG 

n 'l3 := 

= -0.5 cot(o) 

N 13 := 

= n hg 

L 13 := 

= l hg 

Pl 3 

= n' 13 N 13 L 13 

EG 

n 'l4 := 

= -0.5 csc(o) 

Nj 4 := 

= n eg 

L 14 := 

= l eg 

P14 

^ 1 " 

s 

b 

íT 

b 

b 

II 

DE 

n 'l5 := 

= -0.5 cot(o) 

Nl 5 := 

= n de 

L 15 := 

= l de 

P15 

s 

i n 

b 

b 

II 

EF 

n 'l 6 := 

= 0 

Nl 6 : = 

= n ef 

L 16 := 

= l ef 

P16 

VO 

s 

b 

b 

b 

II 

GF 

n 'l7 := 

= 0 

N 17 , 

= n gf 

L 17 := 

= l gf 

P17 

r- 

s 

K 

K 

b 

II 


Sumj := P! + p 2 + P3 + P4 + P5 + P6 + P7 + Pg + P 9 
Siim 2 := p 10 + Pu + P 12 + Pl3 + P14 + Pl5 + Pl6 + Pl7 
Sum := Sum ] + Sum 2 


Castigliano f s Theorem: A = ^(5n/õP')NL/(EA) 
Sum 


Aç y = 5.052 mm \ Ans 














Problem 14-133 


Solve Prob. 14-87 using Castigliano’s theorem. 





1 ♦ 

ie: 

|C £ 

! T| 

L 

L 


2 

2 



IntfrnQí FmtiifiH .Vf(jfX" Tb? inicmiJ ítioratm fu-Pjcrisn 

m ilttt-í úf Lhe ] i :■ a:5 P' Ml co ijple >1" and m L-nodJy nppLinã 

Iciaid are ^h.<Twrt irai figuicita) 4Tid (b?_ Ctàp£ÍU.veE> 

Cajjíí 'i Srreoratí F^í^íTííb.-I lic dijplMmêftLaL Cian Tw 

- , ãM{x} Jfc . _ 

hiciíriDiJlcd ÜSÍJlg Eq, L4-4P widi -■ = - àaid itt P ■ P. 


ri 

Ac-31 


■J/« 

[UTrXF 


SÃ 


Todcbvniine thí 5topc ar Jí fc wt apply Eq.t4 -30 WLlh 
*|rO Jfj 

—_ p 1 - -1 and scliri e Af = 0. 

L 


-/>$)£ 

^/‘(^X-rh 


A ru 

5M<jíi) * k 
ai' * i 1 


pt : 

lóff 





i 1 

ir & 

t > 4 +*?)*' I 

^—J 

* í. 

* p- 

T 

1 -f—-í , 1 

U- 

3 =f 




í>; 


^ .*1 


Acu 






















Problem 14-134 


Solve Prob. 14-89 using Castigliano’s theorem. 

S«Af' = U 



í- (^*4 )&i tu [Pa íj ijíi*-. 

& +J a Êí 



_ Ps 1 5Pj j 1 

" * 2É/ " 6£í 




_ 

f — z r 


, b 

*■ (* 5-u, 


m’ 


C c 


h P «' 


* Fí, 


















Problem 14-135 


Solve Prob. 14-90 using Castigliano’s theorem. 

ÍW L = 1 -Kl r0 

SM' a ot*:T 

_ 



p 

i 

S«M = U 

eL^ 

h — 

ú — ^ — 

í? 

i 


M,= Px i M t - Pxi 
















Problem 14-136 


Solve Prob. 14-88 using Castigliano’s theorem. 


II 

£ 

—— ^2 

Stí P i- P r 


Mi — F.í[ 

£ 

a 


t 2lV 
" 3E7 

Aiu 




;.í^=U= 




r <1 



‘1 

F I 

P a 

A 


!' 





















Problem 14-137 


Solve Prob. 14-91 using Castigliano’s theorem. 
Given: a := 1.5m b := 3m P := 40kN 
E := 200GPa I := 2l(l0 6 )mm 4 

Solution: Apply a Virtual ForceP'at C \ 


40 kN 


1 , 


B 

a 



JUL 

|—1.5 m—j- 

— 3 m — 

-1—Um— 


Real Support Reactions : 


JF y = 0; 


A + B-P = 0 


( 1 ) 


C+ Y.M b = 0; A b - P (a + b) = 0 (2) 

Solving Eqs. (1) and (2): 

P(a + b) 

A := —--- B := P - A 


Sunport Reactions due to Virtual Force at C: 

SF v =0: A’ + B’ - P’ = 0 (1') 

C+ Y.M b = 0; A’- b + P’- a = 0 (2') 

Solving Eqs. (!') and (2'): 


A’ = 


-P'a 


B' = 


P'(a + b) 


A = 60 kN 


B = -20kN 


20 A 


JrC K<J' -, 

I à_ 


□ 


10 H 


C=) 


(i > = 

f- 

isr 


Internai Moment Functions: 


0->A 

Real 
Virtual mj = 0 


Mj = P-Xj 


B->A 

M 2 = B-x 2 


ôm/ 

/ÔP’ 

SetP '=0 


0 

0 


m 2 = A '( b “ x 2) 
-f ( b_x 2 ) 


C->B 

m 3 = 0 

mi = -P'x 


' x 3 


--.( b -x 2 ) 


_x 3 

_x 3 


Castígliano's Theorem: A = J o L ( ôr % p , )M/ ( EI)dx 

rb 


A r = 


Ar := 


ra 


1 

EI 

1 

EI 


d A, a 

—mi -Mi dxi + 

dp l j 


"d E , 

— mo -Mo dxo 

v dP' Z J 


r a 


0 


M’ 


<F 


1 


(d A, . 

— mo .-Mo dxo 

Up' J 


rb 


A( b-X 2)'( B ' X 2) dx 2 + 0 


Ap = 10.71 mm | Ans 







































Problem 14-138 


40 kN 40 kN 


Solve Prob. 14-93 using Castigliano’s theorem. 

ÍtIVPTI * q •— 1 Sin h # — P •— /IHVAT > 

\ * 

B l 

vjivcii* (X .— JL.JII1 U .— •Jlll ± .— H-UJvJLM L 


E := 200GPa 

-ruE- 

-7 —- 

Solution: Apply a Virtual Force P' at C \ 

■— 15 m—-|— 15 m—- 

L 

-— 1.5 jtl —-|-— 1.5 m — t 


Use W 360x39: I : = 102-(l0 6 )mm 4 


RealSupport Reactions : 

IF= 0; A + B - 2P = 0 

Due to symmetry: A = B 

Solving Eqs. (1) and (2): 

A := P B := P 

A = 40 kN B = 40 kN 


Sunport Reactions due to Virtual Force at C: 

(1) IF= 0; A' + B' - P' = 0 (1') 

(2) Due to symmetry: A’ = B' (2 f ) 

Solving Eqs. (E) and (2’): 

A’ = 0.5P' B' = 0.5P' 



Internai Moment Functions: 



0->A 

B->A 

Real 

Mj = -P-Xj 

M 2 = -Pa 

Virtual 

O 

II 

B 

m 2 = b ' x 2 
(for x 2 <0.5b) 

dm/ 

/ÔP' 

0 

0.5x 2 

SetP '=0 

0 

0.5x 2 


D->B 

m 3 = _Px 3 
m 3 = 0 

0 

0 


Castigliano f s Theorem: A = J o L ( ôr % p , )M/ ( EI)dx 

/•0.5-b 


A r = 


/•a 


Ar 


EI 


EI 


7 E/r 4 

—mi * Mi dxi + 2 

dp V 


— mo -Mo dxo + 

dp z j 


ra 


d ^ 


— mo -Mo dxo 

dp y 


/•0.5-b 


0 + 2 


0.5x2* (-P-a) dx2 + 0 


Aç = -3.31 mm f 


Ans 































Problem 14-139 


Solve Prob. 14-94 using Castigliano’s theorem. 
Given: a := 1.5m b := 3m P := 40kN 
E := 200GPa 


40 kN 


40 kN 


Solution: Apply a Virtual MomentM T atA 
Use W 360x39: I : = 102-(l0 6 )mm 4 


1 „ 

. 1 

X 1 

- T0X - 

- 

■— J.5 m—-|— Í5 m—- 

-— 1.5 m —-|-— 1.5 m — 


D 


Real Support Reactions : 

SF=0; A + B - 2P = 0 


( 1 ) 


Sunport Reactions due to VirtualMoment at A: 

4 


=0; A’ + B’ = 0 


(!’) 


Due to symmetry: A = B (2) 

Solving Eqs. (1) and (2): 

A := P B := P 

A = 40 kN B = 40 kN 


0; A’-b + M'=0 (2') 


Solving Eqs. (E) and (2’): 
-M' 


A’ = 


M' 

B' = — 
b 


V. 

M' 

>*• 

\ 

_j_ 

• ^ 

— 2-|-jfV\ * — tVI ' 

O 

-i 

7 x 1 

d 




3 rrt 


I Lt-o km 

M = -4-OX M - 40KM.VH. 

4-0 KM 

M - -4-0X 

) 1 . 1-- 

4-*-4 L 1 

At 

P \s* T ISn. T l£ "’ 

q i swl 


Internai Moment Functions: 



0->A 

B->A 

D->B 

Real 

Mj = -P-Xj 

M2 = -Pa 

M3 = -Px 

Virtual 

O 

II 

s" 

m 2 = B’-x 2 

m 3 = 0 

dm/ 

/ÕW' 

0 

x 2 

b 

0 



x 2 


SetM f =0 

0 


0 


X 


Castigliano f s Theorem: ® ~ J 0 (^ n }g|\/|')M/(EI)dx 

rb „ 


0 A = 


EI 


r a 


d V, . 

— m i ,• dxj + 

dM' ) 


d ... ^ 


—im 2 -M 2 dx 2 
VdM' J 


a 


d X, . 

-m 3 .•M 3 dx 3 


Um 1 ) 


0 a := 


E-I 


rb 


0 + 


0 A = -4.412 x 10 rad 


x 2 

— *(-P-a) dx 2 + 0 


.-3 


0 A = -0.253 deg 


(anticlockwise) Ans 












































Problem 14-140 


Solve Prob. 14-92 using Castigliano’s theorem. 
Given: a := 1.5m b := 3m P := 40kN 
E := 200GPa I := 2l(l0 6 )i 4 


I mm 


Solution: Apply a Virtual MomentM T at B 


40 kN 


1 


[■—1.5 m- 




■3m- 


-L5 m — 


Real Support Reactions : 


JF y = 0 ; 


A + B-P = 0 


( 1 ) 


C+ Y.M b = 0; A b - P (a + b) = 0 (2) 


Sunport Reactions due to Virtual Moment at B: 

SF v =0: A’ + B’ = 0 

Ç??.M b =0; A’-b + M'=0 


Solving Eqs. (1) and (2): 


Solving Eqs. (E) and (2’): 

P-(a + b) 

A := v 7 B := P 

b 

A 

% * 

i 

a 

M' 

B' = — 
b 

A = 60 kN B = -20 kN 

Ls 




r-y- «■»! 

Internai Moment Functions : 


r 1.5*1 3* J I.E*~Í 

Éfl - DOT' 20 tt<f - ' 

Wj(‘J 

0->A 

Real Mj = -Pxj 

Virtual mj = 0 

õm/ a 

/õM u 

B->A 

M 2 = B-x 2 
m 2 = A'-(b-x 2 ) 

-( b - x 2) 
b 

C->B ! 

M 3 =0 A c 
m 3 = 0 

0 

1rÍ 

. / 

+■ Mh, - DJSWV, M 

ifl Ktf - DM ' 

SetM'= 0 0 

X 

1 

^7^ 

0 



Castígliano's Theorem: ® _ J 0 ')M/(EI)dx 

>b , 


0 B = 


EI 


ra 


d ^ 


— m l ,-Mj dxj + 
VdM' J 



_ 0 


_ 0 


r 

f b / \ 

-1 

i 

0 + 

-( b - x 2) 

•(B- x 2 ) dx 2 + 0 

EI 

b 


J 

0 



d . 

—m 2 ) -M 2 dx 2 

dM’ ) 


ra 


+ 


d . 

—m 3 -M 3 dx3 
VdM' J 


J B 


0B = 7.143 xlO 3 rad 


0g = 0.409 deg (clockwise) Ans 









































Problem 14-141 


Solve Prob. 14-95 using Castigliano’s theorem. 
Given: a := 0.6m b := 1.6m c := 0.45m 
Pj) := 1.4kN d 0 := 38mm 

P E := 3.2kN E := 200GPa 
L := a + b + c 

Solution: Apply a Virtual ForceP f atB \ 


Section Property : 

4 


I := 


*' d 0 

64 


I = 102.35 x 10^ mm^ 


Real Support Reactions : 
íIjFy-O; A + C - (P D + P E ) = 0 
CtZM c =0 AL — P D (b + c) — Pg-C = 0 

r 



r=T 


M-í tti? 


n 


SiVJ 


4í4W*p- 


U D.HSfi + 023*^ 
7I V t Ml* P. £ffjf. ^ 

* 


1600 N 1600 N 


(1) 

( 2 ) 

Solving Eqs. (1) and (2): 

A:= 2-[P D ( b + c) + p E-c] A = 1 
C:-( P D +P e)-A 


.626 kN 


C = 2.974 kN 


itUMP 

IM- fA 

f**mr 

* tjm* ± t üü-?ot f 


tf * II 

to>?otr.í^ tojrfl rfc 


Suvport Reactions due to Virtual Force at B: 

4 


SFy-O-, 


A' + C - P' = 0 


í+£M c =0 A'L - P'-(b - a + c) = 0 
Soíving Eqs. (E) and (2'): 

L - 2a 


(!’) 

( 2 ’) 




A’ = P'- 


2a 

C = P'— 
L 


ií m í,m 

TTi t t*if 


Internai Moment Functions: 



A->D 

D->B 

Real 

Mj = A-Xj 

M 2 = A-( a + x 2 )- 

Virtual 

mj = A'-xj 

m 2 = A'-(a + x 2 ) 

dm/ 

L - 2a 

L — 2a / \ 

/ÔP' 

L ' Xl 

L 'l a + x 2j 


SetP '=0 


L -2a 


L -2a 


" X 1 


( a + x 2 ) 


E->B 


m 4 = C'-(c + x 4 j 
2a / \ 

r'( c+x 4) 

2a / \ 

-•( c + x 4 ) 


C->E 


m 3 = c ‘ x 3 


2a 

L 

2a 


' x 3 


” x 3 


























Castigliano f s Theorem: ^ - J 0 L ( ôr %P')M/(EI) dx 
A B = Êã^ 1 +l 2 + l 4 + : 3) 


!l = 


f a 



r a 


(a ^ 


L - 2a / x 


Jl 

1—I 

ír 

B 

,1% 


L ’ x r(A‘ x !) dxj 

*^0 


J 

0 


ra 


| 2 = 


A d ^ .. , T 

—m 2 -M 2 dx 2 I 2 


U1P’ 


ra 


L - 2 a 


(a + x 2 )-[A-(a + x 2 ) 


0 


'4 = 


•b-a 


1 M , T 

—m 4 -M 4 dx4 I 4 : 


Up’ V 


I 2 = 0.31064 kN-m 
rb-a 


2a 


—•(c + x 4 )-[C-(c + x 4 ) 


0 


I 4 = 0.51840 kN-m 


I 3 = 


rc 



rc 


(d ^ 


2a / \ 


—m -Mt) dx:> It> := 

Up- y 


— x 3 -( C x 3j dx 3 

J0 


J 

0 


A B := Íã( Tl + : 2 + : 4 + b) 
Ag = 45.63 mm \ Ans 


j = 0.06407 kN-m 


P D' X 2 ] dx 2 


P E' X 4] dx 4 


= 0.04090 kN-m 3 

























Problem 14-142 


Solve Prob. 14-97 using Castigliano’s theorem. 
Given: a := 0.4m b := 0.3m 


4kN 



SoívingEqs. (1) and (2): A := — [Pj) (L - a) + P E *b + Pç-(2-b)J A = 4.357kN 


r 


L 






C: =( 


p D + p E + p c) “ A c = 4 643 kN 




4 Ml 


X, 

ÍSt*.4iUf> 




£=JK píI 


Support Reactiom due to Virtual Force atB: 
+ ~ ZF y = 0: A ' + C = p ’ 

C + ZM c =0 A'-L - F(2-b) = 0 
Soíving Eqs. (1') and (2'): 


(!’) 

( 2 ’) 


'■*<* 1 4 


, -WííAit 

M »****?-**% 


A’ = 


2-b-F 


C 


fL-2-b^ 
- -F 

l L J 


híi 

jsti-stori 

fy=a J.. I 


j^r+mf 


Internai Moment Functions: 
A->D 

Real 

Virtual m j = A'- x | 

2 b 


Mj = A-Xj 


dm. 


'ôV 


: 1 


O u 

5 ^i >'=0 —x, 

L 1 


D->B 

E->D 

M 2 = A-(a + x 2 )- p D -x 2 

M 4 = C-(b + x 4 ) 

m 2 = A'-(a + x 2 ) 

m 4 = C- (b + x 4 

2-b / x 

L - 2-b , 

—'i a + X 2j 

L '( b + x 4. 

2-b , x 

L - 2-b , 

—'i a + X 2j 

L '( b + x 4. 


C->E 


m 3 = c ‘ x 3 


L-2-b 

L 

L -2 b 


' x 3 


" x 3 




















Castigliano f s Theorem: ^ ~~ l^/sp.)Mim dx 
A, 


1 í 

\ 

B ~ E-I' 

íj + í 2 + í 4 + 1 3 ) 

rã 


h m 

(d a 

—m] -Mj dxj 


r& 


'2 = 


Up’ ) 


'4 = 


'3 = 


2-b , v 

— •xj-fA-xjJdxj 


Ij = 0.03984 kN-m 


—m 2 -M 2 dx 2 I 2 := 


ra 


2-b 


—• (a + x 2 )-[A-(a + x 2 )-P D -: 


0 


'd ^ . , T 

—m 4 -M 4 d x 4 I 4 := 

UlP’ J 


I 2 = 0.18743 kN-m 

rb 


L - 2-b 


•(b + x 4 )-[C-(b + x 4 ) - 


'0 


I 4 = 0.12857 kN-m 





rb 


f d ^ 


L - 2-b , v 


— m~> -Mtí axn I~> := 

\dP' ) 


L ' x 3'( C ' x 3j dx 3 

•'O 


J 

0 


I 3 = 0.02388 kN-m 


A B := ^( T l + I 2 + I 4 + I 3) 
Ag = 47.75 mm \ Ans 

























Problem 14-143 


Solve Prob. 14-99 using Castigliano’s theorem. 






V 


Et 


dx +■ j 


«0 Ü*> 

El ‘ 


JiHga 1 

6E/ 


Afl* 



Pa 

•i --; 

M ' P ^ 1 

:-#~.l 

ÜZ±[ 

r~ h 

1 ‘ 1 

r~-s— h 

ip 




















Problem 14-144 


Solve Prob. 14-96 using Castigliano’s theorem. 
Given: a := 0.6m b := 1.6m c := 0.45m 
Pj) := 1.4kN d 0 := 38mm 

P E := 3.2kN E := 200GPa 
L := a + b + c 


Solution: Apply a Virtual MomentM f at A 
Section Property : 



I := 


71 ' d o 

64 


102.35 x 10^ mm^ 


RealSupport Reactions : 

Aj:f=0; a + c-( p d + P E ) = 0 

SM C =0; A- L - P D - (b + c) - P E - c = 0 



V ♦ 

1600 N 1600 N 

( 1 ) 

( 2 ) 


Solving Eqs. (1) and (2): 


rt J 


Ij tZí 

-tf tm/f 




lê-intH 






ti- 


jt*Lssas - o.tíikK r r i i ^ 

tOJWÍk + ü*Sl ^ 7, F^l 

tflfi+H' 


1, 


■t 


ÍF,=0: A' + C = 0 


y 


^+SM C =0 A’-L + M'=0 

Soíving Eqs. (1') and (2'): 

-M' 


A’ = 


M' 

C = — 
L 


A = 1.626 kN 


1 

—1 —] 

L L ^ J 


lit- fií 

1 

3i ^ ítmr , 

C:= (P D+ P E )-A 

C = 2.974 kN 


(!') 

( 2 ’) 


Internai Moment Functions: 

A->D 

Real Mj = Axj 
Virtual mj = M' + A'-xj 

dm/ i _L „ 

/õM' 1 l 1 

SetM '=0 1 -i. Xl 

L 1 


E->D 

C->E 

M 4 = C-^c + x 4 j - P E *x 4 

M 3 = Cx : 

m 4 = C’-(c + x 4 j 

m 3 = C'x 

1 / \ 

1 

r'( c+x 4) 

— x 3 

L 3 


1 

7'(' + x 4) 

— x 3 

T 3 



















Castigliano f s Theorem: 9 - £< an >3M , > M, < EI > dx 

rb , 


0 A = 


EI 


a 


í— 

v dM' 


m l^-Mi dxj + 


d V, . 

—m 4 •M 4 dx 4 

VdM J 


fC 


VdM' 


-mq 


ra 


h m 


(d , 

— m l ,- M l dx l 
VdM J 


>4 = 


fd . 

— : m 4) -M 4 dx4 
VdM J 




r a , . 



( 1 ^ / 3 

h ■= 


l ^ 1 ---Xj jfA-xjjdxj 


J 

0 


Ij = 0.24857 kN-m 2 


í 4 := 


~b 

-•(c + x 4 )-[G(c + x 4 )-P E 

^0 


I 4 = 0.84403 kN-m 2 


rC 


i 3 = 


fd V, . 

—m 3 -M 3 dx 3 
VdM 1 J 




c c 

-• x 3 -( c -x 3 ) dx 3 

h ■= 



J 

0 


I 3 = 0.03408 kN-m 2 


»A : = E y( i 1 +i 4 + i 3) 

0A = 55.038 x 10 ^rad 


0A = 3.153 deg 


(clockwise) 


Ans 




























Problem 14-145 


Solve Prob. 14-101 using Castigliano’s theorem. 


Given: a := 4m M Q := 18kN*m 
b := 3m E := 200GPa 

I := 125-(l0^)mm^ 

Solution: Apply a Virtual Force P f at D j 
Real Support Reactions : 

+f ZF y = 0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 
Internai Moment Functions: 

A->B B->D 

Real Mj = M Q 

Virtual m | = 0 


18 kN-m 


IStN-m 


A- 


|--4 m——3 m—-|-—3 m ——4 m-* 


Sunport Reactions due to Virtual Force at D: 
ZF y = 0; B' + C - F = 0 (1') 

Due to symmetry: B' = C (2 f ) 

Solving Eqs. (E) and (2’): 

B' = 0.5P' C = 0.5P' 


m 2 =m 0 


dm/ 

XdP' 

SetP '=0 


0 

0 


m 2 = b ' x 2 
(for x 2 < b) 

0.5-x 2 
0.5-x 2 


C->D 

m 3 = m 0 

m 3 = c ‘ x 3 


0.5 -Xq 


0.5-x 


' x 3 


E->C 

m 4 = m 0 

m 4 = 0 


0 

0 


Castígliano's Theorem: A = £ (dm£ pi )m/(EI) dx 
A D = +l 2 + l 3 + : 4) 




j 


l j 



1 

| J Jí- | 

-irn 


!l = 


'2 = 


'3 = 


'4 = 


ra 


—mi -Mi dxi 

dP' V 


[Jj Rn 1*1 

(cn) m , = iõ 


I, := 0 


li 


— 1 U 2 j*M 2 dx2 


VdP’ V 

f d V, . 

— mo .JVE ax~! 

Up’ ) 


h ■= 


4) 

j 0 

rb 


0.5- x 2 -( M o) dx 2 


0.5- x 3 -( M o) dx 3 


( l.. i ÍJ 'fg-esrxt 
I 2 = 40.50000 kN-m 3 


I 3 = 40.50000 kN-m 


^d V, . 

—m 4 -M 4 dx 4 


VdP’ J 

A D := ^f 1 ! +l 2 + l 4 + : 3) 


Ia := 0 


Aq = 3.24 mm f Ans 

































Problem 14-146 


Solve Prob. 14-102 using Castigliano’s theorem. 
Given: a := 4m M Q := 18kN-m 
b := 3m E := 200GPa 

•(io 6 )i 4 


ISkN-m 


IStN-m 


I := 125- 


f mm 


Solution: Apply a Virtual Moment M f at A Ç+ 
Real Support Reactions : 

+f ZF y = 0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 

Internai Moment Functions: 


• 

'fV 

4 i-^-i p 

- 

1--4 m——3 ni—-1-— 

■|- C 4 m -- 


Sunport Reactions due to Virtual Moment at A: 

4 


=0; B' + C = 0 


(!') 


14=1 0; B'-(2-b) + M' = 0 (2') 

Solving Eqs. (!') and (2'): 


B' = 


-M' 

1T 


c = 


M' 

2d> 



A->B 

C->B 

E->C 


Real 

li 

£ 

m 3 = m g 

£ 

II 

M ( 

Virtual 

mj = M’ 

m 3 = c ‘ x 3 
(for x 3 < 2 b) 

II 

a 

0 

dm/ 

/divr 

1 

1 

2 -b 3 

0 


SetM f =0 

1 

1 

2 -b 3 

0 



m' 

(<= 


rr ~r 


=0 




* 








Castigliano f s Theorem: 9 - m ,)M/(EI)dx 

'/■ 2 -b 


9a = 


0 a := 


EI 


EI 


r a 

0 

ra 


^d \, . 

— m i ,-M! dxj + 
\dM’ ) 


fd \, . 

—m 3 -M 3 dx 3 
VdM' ) 


a 


4 '* 0=0 


d V, . 
- m 4/ M4d x4 




1-M 0 dx^ + 


• 2 -b 

— x 3 -( M o) dx 3 + 0 


-3 


0A = 5.040 x 10 rad 


0A = 0.289 deg 


(anticlockwise) Ans 


































Problem 14-147 


Solve Prob. 14-103 using Castigliano’s theorem. 

Given: a := 4m M Q := 18kN-m IStN m 

b := 3m E := 200GPa 


IStN-m 


I := 125 


(io 6 ) 


mm 


Solution: Apply a Virtual Moment M f atB Ç+ 
Real Support Reactions : 

+f ZF y = 0; B + C = 0 (1) 

Due to symmetry: B = C (2) 

Solving Eqs. (1) and (2): 

B := 0 C := 0 


• 

'fV 

4 i-^-i p 

- 

1--4 ni——3 ni—-1-— 

■|- C 4 m -- 


Sunport Reactions due to Virtual Moment at B: 

4 




B' + C = 0 


(!') 


ZM c =0; B'-(2-b) + M' = 0 (2') 

Solving Eqs. (!') and (2'): 


B' = 


-M' 

1T 


c = 


M' 

2-b 


Internai Moment Functions: 


Real 


A->B 

Mj = M, 


o 


Virtual mj = 0 


õm/ 

/oM’ 

Set M'=0 


0 

0 


B->C 

m 2 = m g 

m 2 = M’ + B’-x 2 
(for x 2 <2b) 

1 

-x? 

2 b 2 

1 


1 


1-Xo 

2 b 2 


E->C 
M 4 = M 0 
m 4 = 0 


0 

0 


Castigliano's Theorem: ® _ Í^%A ,)M/(EI)dx 

r 2-b 


0 B = 


EI 


r a 




. j 

— m i ,-M! dxj + 
VdM ) 






«I 


pf~-. ^ 






jv 


^d , ,. , 
—m 2 -M 2 dx 2 

VdM 1 ) 


ra 


í4*i- 


T 7 

* 




+ 


d V, . 

- m 4 / M 4 dx 4 




f 2 ' b ^ 

1 


( 1 ^ / X 

0 o :=- 

tí EI 

0 + 

~ 2^‘ X2 j'( M °) dX 2 + 0 


J 

0 


0 B = 2.160 x 10 3 rad 


0g = 0.124deg 


(anticlockwise) Ans 

































Problem 14-148 


Solve Prob. 14-100 using Castigliano’s theorem. 























Problem 14-149 


Solve Prob. 14-105 using Castigliano’s theorem. 

àf=-Px - 

l 


dAf 

-* -x 

dP 


StíLP =C 



âjjfdx 

i iPEt 



Ef 


tk 


= z 


2EJ 



vV_ 
4 El 


Aiu 


W 










< 



- L - 


- L - 

^4 





frt 





































Problem 14-150 


Solve Prob. 14-106 using Castigliano’s theorem. 


M, - 


2~ 

= 0 


Mi 



■*4 

2 


JMj _xj 

* L 


SçtAf = 0 


W 



4 * 



ífr _ üil 

£i ~ èEl 


Am 










































Problem 14-151 


Solve Prob. 14-107 using Castigliano’s theorem. 
Given: L := 3m E:=llGPa 


h := 400inm 
t := 200mm 


w, 


Solution: 

Section Property : I ;= 


o * 


t-r 

~L2 


4kN 


m 


4Ü0 nujj 


a) Apply a Virtual Force P f at A. { 

Internai Moment Functions: 

A->C 



Real 


X 1 

Mi =- 

a o 


f 


A x i 


C->B 




-I- Mo =-L--b Xo H-X' 


V 


v 0 


L ) 3 


W, 


O 2 


m 2= P’-(l + x 2 ) 


Virtual in ] = P'- x ] 

Castigliano f s Theorem: A = { o L ( 5r %p. )M/ ( EI ) dx 




> í fr t&o 

* j .. 


A A = 


EI 


d V, . 

—mi -Mi dxi + 
dP' l ) 


rL 


r d ) 

— mo -Mo dxo 
l ) 


? 

4 í-Qlú&P 


taj 


A a := 


EI 


r L 




rL 





~ X 1 

f x A x f 

dxj + 

(l+x 2 )- 

" w o, i 

(L V W ° 2~ 

^3 Z J 2 2 J 

dx 2 

x r 

_ 2 ' 

w n-1- 

1 ° Lj 3] 



A A = 27.38 mm \ Ans 


b) Apply a Virtual Moment M f at A: 
Internai Moment Functions: 


A->C 


f 


Real 


Mi =- 

1 2 


A X 1 


C->B 


w, 


o 


W~ - I - Mo = - L* I - b Xo H-X' 


V ° Lj 3 


w, 


O 2 


” x 2 




m.2 = M' 


Virtual mj = M' 

Castigiiano f s Theorem: ® = J 0 (^ l /g|\/|')M/(EI)dx 

rL 




0A = 


EI 


d 7 


— m i ,-M! dxj + 
VdM ) 


d 7 


£ 


h 


—m 2 -M 2 dx 2 

VdM' J 




MU 

- 

r— 7 - —7 


1 3 -Ofüi 


d» 


0 a := 


EI 


2 


w, 


_4 1 M 
° L / 3 


rL 


dxj + 


w o Vl 

-L 

2 


^ w 0 2 

j + X2 j + T' X2 _ 


dxn 


0 A = 5.753 x 10 rad 


(clockwise) Ans 




































































Problem 14-152 


Solve Prob. 14-104 using Castigliano’s theorem. 


ATâoe& íuM ámlucibtiL; tbt wilJiiii dai: 

















































Problem 14-153 


Solve Prob. 14-109 using Castigliano's theorem. 


m 












A4J-. 

11 1 

fi- r-J—V 

-2l7--1--lT-“■ 


s "'*o 

diSíi 

= jS_ 


n>, 


dM l 

2ã 


nm 

ScãingAT = 

fc 

Mi 

wa 1 

~ ~ P 


H? 

M 

*fAf, 

2 

*-ç«l 

f— 1 

Lí«'J 

dx 

ÊJ 

2 

EÉ 

Hr 

tá 




•rm 


if' rft *1 

í Au*-' 


9 / 


ÍIM* * 








2*ja 3 

3£J 


t 


Ní*, 


Ans 


M 


3P " df‘ ~ àP 


ác 


fwf—]- 

J p iãpJEf 


U.5*, 


Si-IIÍDí P m. (V. 

U - M lí WQI 

™i - —r~ Aíj * —— Mi = —— 

3 3-2! 


u/« 


“/a 

iam_ j 

mu 

1 

p i 

t— 1 

1 v-l 

*+-j1 







Hb. 


«fc4> 


!"—-JP 4 *H - 

u ^7 h 1 






■ á K CtV» * C (¥)*■>*> * r 


t ^pç 

Kll‘íí^ 


D| Mj* ^ *Wíi 
























































Problem 14-154 


Solve Prob. 14-113 using Castigliano's theorem. 


Af, 


: Pxi 




BP ~ Xi BP “ 


5ètun$ P = O 
2 


Mi 


Mi 


2 



-C-fflOí-iCPf—Cf-] 


K0| 


Au 


P_ c 
w □ 


Pll4‘ 

= 1 * 3 - 





tíjf, l t 


4'A*# ,pu 4 * 

jPÍwL 
































Problem 14-155 


Solve Prob. 14-114 using Castigliano's theorem. 


M = Px = 


2 


SttfpQ 


4 '^ J 'l3rJ5"U-T J"5“« 





Wl 




























Problem 14-156 


Solve Prob. 14-108 using Castigliano’s theorem. 



— - -j 


w 





T, 





* 

J 

L 

3 

1 L 1 

2 

1 2 1 

























Problem 14-157 


Solve Prob. 14-116 using Castigliano’s theorem. 

The ririgíin be as a huIF ring stiown ía flggrç(a>, 

InurnaS Mumtni Funtiiôn .WfjeJr 'nieificmal roomenc Mprtssed 
yi kjtdí -nf thc üdkü P aad cuuple raomcnL W ^4 e.iiçrn.a 3 applied 
]D4d iLrçjhown í^n FifUTO(b> Mid (ir), raSpÉCEÍwely. 


C , cufE^Íj'tfij^ , i Síeifjfídf Tháorétt i: Due w syrauntiry. *hc slopc ai # 
mr^in harizoruaJ ihw ü cqua] io iero. Appfyin| Eq. 14 - Sd wliK 
w - L ,CK) -uid Kl W = iWíj , -wí ha^e 





Tu determine l£ie vcrtiLid dípLmoncnL aí B, vrc anpljr E}. 1-1-49 ^i r Jl 

A# . P 

- = rSiJi $, 4 nd SelMg jP = 

3P 2 





4 



‘•íXS)í 

^ J c [y sul ! fJ5Ln 

p r 1 r K 

■ —— í Jfciii 1 ^- lib ff) á& 
2ntJSa 

I 

[ I - coe 2 Éfi - 45 in $j d$ 


— f"t 

t > 


À r\f, 


£ 









Problem 14-158 


Solve Prob. 14-115 using Castigliano’s theorem. 
Given: a := 1.6m b := 1.5m c := 1.5m 
P v := 3kN P h := 4kN 
M 0 := 1.8kN*m 

Solution: Apply a Virtual Force P f atC ◄— 


_UN 



1 *5 m 


Internai Moment Functions: 



C->B 


Real 

Mj = 

M 0 + P v -x 

Virtual 

m l = 

0 

dm/ 

/SP' 

0 


SetP ’=0 

0 




B->E 

M 2 = Mq + Py* a 

m 2 = P' x 2 
x 2 
x 2 


E->A 

m 3 = M o + P v a + P h- x 3 
m 3 = P'(b + x 3 ) 

b + xq 


b + Xq 


Castigliano f s Theorem: A = J o L ( ôr % p , )M/ ( EI)dx 

Set EI := kN-m 2 EI 0 := 1 


A C 


1 

EI 


r a 


d V, . 

—mi ,-Mi dxi + 

dP' l j 


rb 


d 

v dP' 




~ m 2j M 2 dx 2 



f C 


+ 


fd E, , 

— m 3 r M 3 dx 3 



VdP’ V 

J 

0 



Ar := — 
c EI 


0 + 


x 2 '( M o + p v' a ) dx 2 + 


(b + x 3 )-(m o + P v -a + P h -x 3 ) dx 3 



f m^i 

A c = 40.95 

W 


Ans 


4kN 








































Problem 14-159 


Determine the bending strain energy in the beam due to the loading shown. EI is constant. 





















Problem 14-160 


The L2 Steel bolt has a diameter of 5 mm, and the link AB has a rectangular cross section that is 10 
mm wide by 4 mm thick. Determine the strain energy in the link AB due to bending, and in the bolt due 
to axial force. The bolt is tightened so that it has a tension of 1750 N. Neglect the hole in the link. 


Given: L := 160mm d Q := 5mm E := 200GPa 

a] := 120mm := 80mm P := 1750N 


b := lOmm 

Solution: 

Section Property : 


I := 


b-li 

12 


71 • d^ 


molt 


h := 4mm 


I = 53.33 x lO^rnrn^ 


Aboit = 19.63 mm 


For Link AB: 


Suoport Reactiom : 

s/r =Q; A + B - P = 0 
1,M b =0; A-|aj + a 2 j ~ Pa 2 = 0 


Solving Eqs. (1) and (2): A := 


a 2 


a l + a 2 

B := P-A 


( 1 ) 

( 2 ) 


—120 mm —|-S0 mm- 
4 mm 


■ 


A = 700 N 

B = 1050N 


lí 


■ 160 mm 


TTT 


ICWH 




E rf^ 4 . 

/tem* r ^ ' 

ÍDD V M ' DDE) 


^ I 

mo 4 


Internai Moment Functions: 


Mj = Axj 


M 2 = B-x 2 


Bending Strain Energy : u, = J o L M 2 /(2EI)dx 


U b .i = 


1 


Ui 


2E-I 
1 


Mj dxj + 




b.i 


2EI 


M 2 dx 2 


r à 2 


(a* xj) dxj + (b-x 2 ) dx 2 


U b j = 22.05 J 


For Bolt: 

Axial Strain Energy : u, = £N 2 /(2EA) dx 
rL 


U a .i := 


1 


2E-A, 


bolt 


P 2 dy 


0 


U ai = 0.0624 J 
































Problem 14-161 


The cantilevered beam is subjected to a couplemoment M 0 applied at its end. Determine the slope of the 
beam at B. EI is constant. Use the method of virtual work. 




Í 1 ÜÍT*. fíüBL* 

El J fl El 


El 


Ana 
































Problem 14-162 


Solve Prob. 14-161 using Castigliano’s theorem. 



























Problem 14-163 


The cantilevered beam is subjected to a couple moment M 0 applied at its end. Determine the 
displacement of the beam at B. EI is constant. Use the method of virtual work. 


J 1 

f‘ j. 



J * Et 

*9 Et 

A 

1 


AM 


- L - 

B* 

-1 


! )"■ 





















Problem 14-164 


Solve Prob. 14-163 using Castigliano’s theorem. 















Problem 14-165 


Determine the vertical displacement of joint^4. Each bar is made of A-36 steel and has a cross-sectional 



Applying the method of joints to Joint B. 
Given 


+t s/ \=o; 

-±fc. SF =0; 


BD' 


lA 

- -F 

w 


AB' 


3- 


F BC “ F BD' 


M F 
-j ~ b AB' 


3- 


SolvingEqs. (3) and (4): Guess Fgg := lkN 




BD 


7 BC ) 


:= Find( 


F BD’ F Bc) 




BD 


f bcJ 


( 3 ) 

( 4 ) 


OS 



fit 




f bc : = lkN 

6.25^1 

kN 

\7-50j 


(C) 

(T) 


Axial Strain Energy: Uj = ^N 2 L/(2EA) 

u i := Í^[ F AB 2 -( c ) + F AD 2 '( 2b ) + f bD 2 (0 + F BC 2 ( b ) 
Uj = 1.341 J 

Externai Work : The externai work done by the force P is 

Ue=7 P ( A A.h) 

Conservation of Energy: Uj = U e 

Ui - 7 p '( a a.v) 

2-Uj 

A A.v := — A A.v = 0.536 mm Ans 




































Problem 14-166 


Determine the displacement of point B on the aluminum beam. E ãl = 75 GPa. Use the conservation of 
energy. 

Given: a := 4m bp := 150mm d w := 150mm E := 75GPa 


P := 15kN dp := 25mm t w := 25mm 


Solution: L := 2a 
Section Property: 
h := df + d w 
_ S-(yi'Aj) 
S.(Ai) 


15 fcN 




a- 


25 mm 

r 5 mm / 5 mm 

■25 mm 


TJ 


150 mm 


y c 


-4m ■ 


■4tn ■ 


y c ; 


( b f df)-(0.5df) + (t w d w ).(0.5d w + d f ) 


(b f d f) + (V^) y c = 56.25 mm 

1 : = 7^-bf d / + (bf d f ) (°.5df- y c ) 2 + -í--V d w 3 + (V d w)-(°- 5d w + d f “ y C )" 


Support Reactiom : 

ZF y = 0: A + C - P = 0 
C + SM c =0 A L - P a = 0 


I = 21582031.25 mm 


( 1 ) 

( 2 ) 


iF K4 


SofvingEqs. (1) and (2): A:=P — A = 7.5kN 

C := P - A C = 7.5 kN 

Internai Montent Function: 

Mj = A-xj M 2 = C-x 2 

Bending Strain Energy: u, = £M 2 /(2EI) dx 


* t, ». ' I* ». f 

íí *>J 7 s Vi 

I l l HtJSM 

,hn 


Uj = - 

1 2EI 


U; := 


r a 


Mj dxj + 


rã ^ 

M 2 dx 2 

'o J 


2E-I 


ro 

rã rã 

(A-xj) 2 dxj + (C-x 2 ) 2 dx 2 

0 J 0 


Uj = 741.36 J 

Externai Work: The externai work done by the force P is 

Ue-fr-M 

Conservation of Energy: Uj = U e 
1 2 * U i 

Uj — — P-(Agj Ag := ——— Ag = 98.85 mm Ans 

































Problem 14-167 


A 100-N (~10-kg) weight is dropped from a height of 1.2 m onto the end of a cantilevered A-36 Steel 
beam. If the beam is a W310 X 74, determine the maximum stress developed in the beam. 


Given: L := 3.6m 

E := 200GPa 


h:=1.2m W := 100N 
ay := 250MPa 


□ 


Solution: 

Use W 310x74: I := 165-(l0 6 )mm 4 
d := 31 Omm 


Static Displacement: 
(From Appendix C) 


W.L 3 
Ast * 3E-I 

A st = 0.04713 mm 


1.2 m 



Maximum Stress: 

Impact factor: r| := 1 + 1 + 2--^— r| = 226.67 

V ^st 

Maximum moment occurs at support^t, where M max := W L 


c := 0.5d 


a max • 


^max* c 

l i '/ 


a max = 76 - 7MPa Ans 


M max = 0.360 kN-m 


Since a max <o Y = 250 MPa, the above analysis is valid. 
















Problem 14-168 


Determine the vertical displacement of joint B. For each member a! = 400 mm 2 , E = 200 GPa. Use the 
method of virtual work. 

2 


Given: b := 2m 
h := 1.5m 

Solution: 0 ;= atan 


A := 400mm 
E := 200GPa 

V 


p ;= 45kN 


b ) 


0 = 36.870 deg 


SuDport Reactions : By symmetry, A=C=R 
A £F= 0; 2R - P = 0 R := 0.5P 



V 2 2 

h + b c — 2.5 m 


1.5 m 


C 


AF h 

l BE := h 

l cd 

:= h 



AE := c 

l BD := c 

l ef : 

= b 

l de 

:= b 



l ab 

:= b 

l bc 

:= b 


Member Real Forces : 


By inspection, 

n af := 

n cd 

:= -R 


n bd 

“ n CD 


sin(o) 

cos(o) 

n de 

:= -N bd - 

n be 

:= p -N BD sin (e) 

n ae 

“ n BE 


sin(o) 

cos(o) 

n AB 

:= _N AE’ 


n EF := 0 N bc := 0 
N CD = -22.5 kN 
N bd = 37.5 kN 
N de = -30 kN 
N BE = 22.5 kN 
N AE = -37.5 kN 
N ab = 30 kN 


Pd € P 



Member Virtual Forces: 

Apply Virtual Force atB, F':= lkN \ 

Similarly, Support Reactions : R' := 0.5F ? 


n AF 

:= 0 n EF 

:= 0 

n CD 

:= -R' 



n CD 


n BD 

sin(o) 

(0) 

n DE 

:= _n BD' cos 

n BE 

:= F - n BD - 

sin(o) 


n BE 


n AE 

sin(o) 

(0) 

n AB 

:= _n AE' cos 


l BC := 0 


n CD = 

-0.5 kN 

n BD = 

0.833 kN 

n DE = 

-0.667 kN 

n BE = 

0.5 kN 

n AE = 

-0.833 kN 

II 

PQ 

< 

0.667 kN 



































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l : = n AB 

Nj := N AB 

L 1 := l ab 

Pi := n r N r L 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L : 

CD 

n 3 := n CD 

n 3 := N CD 

L 3 := L CD 

p 3 := n 3 -N 3 -L 

DE 

n 4 := n DE 

n 4 := N DE 

l 4 := L DE 

p 4 := n 4 -N 4 -L, 

EF 

n 5 := n EF 

n 5 := N EF 

L 5 := L EF 

P5 := n 5’ N 5' L 

AF 

n 6 := n AF 

N 6 := N AF 

L 6 := L AF 

P6 := n 6‘ N 6 L ' 

AE 

n 7 := n AE 

N 7 := N AE 

L 7 := L AE 

py := ny-NyL' 

BE 

n 8 := n BE 

n 8 := N BE 

l 8 := L BE 

P8 := n 8‘ N 8’ L 

BD 

n 9 := n BD 

n 9 := N BD 

l 9 := L BD 

P 9 := n 9 N 9 L, 


Sum := P! + p 2 + P 3 + P 4 + P 5 + P 6 + P 7 + P 8 + P 9 


Virtual Work Equation: 

Sum 


F-A 


B.v 


*B.v •= 


EA 
Sum 1 
E-A F' 


1-A = £nNL/(EA) 


Ag v = 3.375 mm 


| Ans 









Problem 14-169 


Solve Prob. 14-168 using Castigliano’s theorem, 

2 


Given: b := 2m A := 400mm 

h:=1.5m E := 200GPa 


P := 45kN 


Solution: 0 : = atan 


b ) 


0 = 36.870 deg 


Suoport Reactions : By symmetry, A=C=R 
A IF= 0; 2R - P = 0 R := 0.5P 

V - 2 2 

h + b c = 2.5 m 
L AF := h L BE := b l CD := b 



-AE 


-BD 


:= c 


Member Real Forces : 


n cd := _R 


T — U 

T u 

F 


ç 



J- 


L ef b 

l DE •- b 







J 

L AB := b 

l BC := b 

0 

$ 


tjjF 

S 


tis 










0 N EF := 0 

n BC := 0 



ú 


J 



0‘f 

D 

■> 



'■w 

N CD = ■ 

-22.5 kN 

Jr 







-N 


N 


CD 


BD 


sin(o) 

n DE := - n bd' cos ( 0 ) 
N be := p ~ Ngjy s in(0) 


-N- 


N 


'BE 


AE 


sin(o) 

N AB := -N ae -cos(0) 


N bd = 37.5 kN 
N de = -30 kN 
N be = 22.5 kN 
N AE = -37.5 kN 
N ab = 30 kN 



Member Virtual Forces: 

Apply Virtual Force P f at B. j 

Similarly, Support Reactions : R' = 0.5P' 


n AF := 0 n EF := 0 
n CD = - R ' 

_n CD 

nBD= MÕ) 

n DE = -n B D-cos(e) 
n BE = p ' - n BD sin (°) 
_n BE 

nAE= MÕ) 

n AB = -n AE -cos(0) 


l BC := 0 



n CD = 

-0.5P' 


n BD = 

0.5P'-csc(o) 

n DE = 

Ph 

*T) 

O 

1 

■cot(0) 

n BE = 

0.5P' 


n AE = 

Ph 

*T) 

O 

1 

■csc(0) 

II 

PQ 

< 

^3" 

o 

o 

Ph 

*T) 

O 







































Member 

ôn / /p i (SetP- 0) 

Real 

N 

Length 

L 

Product 

P 

AB 

n'j := 0.5 cot(o) 

Nj 

: =N AB 

L 1 := l ab 

Pl := n 'r N r L i 

BC 

n 2 : = 0 

n 2 

:= n bc 

l 2 := L BC 

p 2 := n’ 2 -N 2 -L 2 

CD 

n ' 3 := -0-5 

n 3 

:= n cd 

l 3 := l cd 

p 3 := n’ 3 -N 3 -L 3 

DE 

n ' 4 := -0.5 cot(o) 

n 4 

:= n de 

l 4 := L DE 

P 4 := n 4 'N 4 -L 4 

EF 

n 5 0 

N 5 

:= N ef 

L 5 := L EF 

P5 : = n 5' N 5' L 5 

AF 

n 6 : = 0 

N 6 

:= N af 

L 6 := L AF 

P 6 := n 6 N 6 L 6 

AE 

n '7 := -0.5 csc(o) 

n 7 

:= n ae 

L 7 := L AE 

py := Üy-NyLy 

BE 

n'g := 0.5 

n 8 

:= n be 

l 8 := L BE 

p 8 := n’ 8 -N 8 -L 8 

BD 

rig := 0.5-csc(o) 

n 9 

:= n bd 

l 9 := L BD 

P 9 := n' 9 -N 9 -L 9 



Sum := p| + 

p 2 + P 3 + P 4 + P 5 

+ Pó + P7 + P 8 + P9 


Castigliano f s Theorem: A = ^(5n/5P')NL/(EA) 
Suin 


Ab v = 3.375 mm \ Ans 








Problem 14-170 


Determine the vertical displacement of joint E. For each member a! = 400 mm 2 , E = 200 GPa. Use the 
method of virtual work 

2 


Given: b := 2m 
h := 1.5m 

Solution: 0 ;= atan 


A := 400mm 
E := 200GPa 

V 


p ;= 45kN 


b ) 


0 = 36.870 deg 


SuDport Reactions : By symmetry, A=C=R 
£F= 0; 2R - P = 0 R := 0.5P 


/ 2 2 

Member Lengths: c := y h +b c = 2.5 m 

L AF := b L BE := h 1 

l CD := h 

L AE := c L BD := c 1 

] 

L EF := b L DE := 
L AB := b L BC := 

Member Real Forces: 


By inspection, N^p := 0 

n ef := 0 n bc 

n cd := _R 

N CD = -22.5 kN 

-n cd 

NbD " sin(e) 

N bd = 37.5 kN 

N DE := -N BD* COS ( 0 ) 

N de = -30 kN 

N be := P _ N BE) - sin(o) 

N be = 22.5 kN 

-N BE 

Nae sin(e) 

N AE = -37.5 kN 

N AB := -N AE' COS ( 0 ) 

N ab = 30 kN 

Member Virtual Forces: 


Apply Virtual Force atE, F':= lkN \ 

Similarly, Support Reactions : R' := 0.5F' 

n AF := 0 n EF := 0 n BC := 0 


n CD : 
n BD : 


-R' 

“ n CD 


sin( 0 ) 

:= -nnn 1 cos(o) 


n DE := _I1 BD 
n BE := -n B D sin ( 0 ) 
-(f 1 + n BE ) 


n AE : 
n AB 


sin(o) 

:= -n AE -cos( 0 ) 


nçj} = —0.5 kN 


ngj-) = 0.833 kN 


n DE = -0.667 kN 


n EE = —0.5 kN 
n^p = -0.833 kN 


n AB = 0.667 kN 





































Member 

Virtual 

Real 

Length 

Product 


n 

N 

L 

P 

AB 

n l : = n AB 

Nj := N AB 

L 1 := l ab 

Pi := n r N r L 

BC 

n 2 := n BC 

n 2 := N BC 

l 2 := L BC 

p 2 := n 2 -N 2 -L : 

CD 

n 3 := n CD 

n 3 := N CD 

L 3 := L CD 

p 3 := n 3 -N 3 -L 

DE 

n 4 := n DE 

n 4 := N DE 

l 4 := L DE 

p 4 := n 4 -N 4 -L, 

EF 

n 5 := n EF 

n 5 := N EF 

L 5 := L EF 

P5 := n 5’ N 5' L 

AF 

n 6 := n AF 

N 6 := N AF 

L 6 := L AF 

P6 := n 6‘ N 6 L ' 

AE 

n 7 := n AE 

N 7 := N AE 

L 7 := L AE 

py := ny-NyL' 

BE 

n 8 := n BE 

n 8 := N BE 

l 8 := L BE 

P8 := n 8‘ N 8’ L 

BD 

n 9 := n BD 

n 9 := N BD 

l 9 := L BD 

P 9 := n 9 N 9 L, 


Sum := P! + p 2 + P 3 + P 4 + P 5 + P 6 + P 7 + P 8 + P 9 


Virtual Work Equation: 

Sum 


F-A 


B.v 


*B.v •= 


EA 
Sum 1 
E-A F' 


1A = ^nNL/(EA) 


Ag v = 2.953 mm 


| Ans 









Problem 14-171 


Solve Prob. 14-170 using Castigliano's theorem. 

2 


Given: b := 2m 
h := 1.5m 

Solution: 0 ;= atan 


A := 400mm 
E := 200GPa 

V 


P := 45kN 


b ) 


0 = 36.870 deg 


SuDport Reactions : By symmetry, A=C=R 
EF= 0; 2R - P = 0 R := 0.5P 


Member Lengths 


’ c := yj 


+ b^ c = 2.5 m 



AF h 

L BE := h 

l cd 

:= h 



AE := c 

l BD := c 

l ef : 

= b 

l de 

:= b 



l ab 

:= b 

l bc 

:= b 


Member Real Forces: 


By inspection, 

n af := 

n cd 

:= -R 


n bd 

N CD 


sin(o) 

cos(o) 

n de 

:= -N bd - 

n be 

:=P-N BD sin (e) 

n ae 

N BE 


sin(o) 

cos(0) 

n AB 

:= _N AE‘ 


n EF := 0 N bc := 0 

N CD = ~ 22 - 5 kN 
N bd = 37.5 kN 

N de = -30 kN 
N BE = 22.5 kN 
N AE = -37.5 kN 
N ab = 30 kN 



Member Virtual Forces: 

Apply Virtual Force P’ atE. \ 


Similarly, Support Reactions : 

R' = 0.5P' 

n AF := 0 n EF := 0 

n BC := 0 

£ 

O 

o 

II 

1 

& 


n CD = _0 - 5F 

_n CD 
" BD " sin(o) 
n DE = -n B D-cos(e) 


n BD = O.5P'*csc(0) 
n DE = _ O.5P'*cot(0) 

n BE = -n B D sin ( 0 ) 


n BE = _0 - 5F 

_ ( P ' + n BE) 

" AE " sin(o) 

n AB = -n A E- cos ( 0 ) 


= -O.5P'*csc(0) 

n AB = O-5P’-cot(0) 





























Member 

ôn / /p i (SetP- 0) 

Real 

N 

Length 

L 

Product 

P 

AB 

n'j := 0.5 cot(o) 

Nj 

: =N AB 

L 1 := l ab 

Pl := n 'r N r L i 

BC 

n 2 := 0 

n 2 

:= n bc 

l 2 := L BC 

p 2 := n’ 2 -N 2 -L 2 

CD 

n ' 3 := -0-5 

n 3 

:= n cd 

l 3 := l cd 

p 3 := n’ 3 -N 3 -L 3 

DE 

n ' 4 := -0.5 cot(o) 

n 4 

:= n de 

l 4 := L DE 

P 4 := n 4 'N 4 -L 4 

EF 

n 5 0 

N 5 

:= N ef 

L 5 := L EF 

P5 : = n 5' N 5' L 5 

AF 

n 6 : = 0 

N 6 

:= N af 

L 6 := L AF 

P 6 := n 6 N 6 L 6 

AE 

n'7 := -0.5 csc(o) 

n 7 

:= n ae 

L 7 := L AE 

py := Üy-NyLy 

BE 

n'g := -0.5 

n 8 

:= n be 

l 8 := L BE 

p 8 := n’ 8 -N 8 -L 8 

BD 

rig := 0.5-csc(o) 

n 9 

:= n bd 

l 9 := L BD 

P 9 := n’ç)'Nç)-Lç) 



Sum := p| + 

P 2 + P 3 + P4 + P 5 

+ P 6 + P7 + P 8 + P9 


Castigliano f s Theorem: A = ^(5n/5P')NL/(EA) 
Suin 


Àb y = 2.953 mm \ Ans 








